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Ld i noi dau 

Phildng t i i i i h l iain la mot chuycn dc quaii troiig thuoc clnrdiig t i i i i h chuyen 
toan trong rac trirdng T H P T chuyen. Cac bai toan lien quan den phuong 
t r inh ham cuug la nhiing bai tap kho, thudng gSp trong cac k i th i hoc sinh 
gioi toan ciia cac cap t inh-thanh, quoc gia, khu vuc, quoc te va Olympic hpc 
sinh, sinh vien. 

Toan phitfing t r iuh ham phong phu, da dang, phiic help nen kho phan loai 
va he thong hoa thanh cac chuyen de rieng biet. Tuy vay, chiing to i c6 gS.ng 
toi da sap xep hdp l i de giiip ban doc tiep can tilfng budc, tijfng miic dp kien 
tinic va luyen tap giai toan. 

Phan 16n ciic bai toan troug sach uay duuc tuycn clipn t i l cac k i th i : 
Olympic toan ciia cac nirdc, khu virc va quoc te, Olympic toan Sinh Vien 
toan qu6c, Olympic 30/04, th i hoc sinh gioi quoc gia, th i chon doi tuygn 
quoc gia du th i toan quoc te, th i hpc sinh gioi ciia cac t inh thanh, th i vao 
he K i s U tai nang cua DHBK Ha Npi va th i vao he Ci i nhan tai nang cua 
DHKHTN-DHQG Ha Npi, hoac tren Tap chi Todn hoc va Tuoi tre. Mot so 
bai toan khac la do tac gia t u bien soan. Nhan day xin cam On tac gia ciia 
cac bai toan ma chung toi da trich chon. Nhfmg Icii giai dUa ra dua tren tieu 
chl t u nhieii, de higu. Tuy nhien, do chua h i n la Idi giai hay nhat va ngan 
gpn nhat, hy vpng cung vdi cuon sach, ban doc se c6 dupc nhiing 16i giai hay 
hdn. 

Vie( phan chia cac churtng, bai, muc deu c6 ti'nh dpc lap titdng doi va do 
do khoiig nhat thiet hie nao ciing phai dpc theo t r inh tU. Kh i sijf dung sach 
ban dpc nen xeni ki phan muc luc dS tra ciiu nhanh nhat nhiti ig van de ma 
minh can t i m hieu. Ciing can noi them rang, that kho ma phan chia c4c van 
de theo mot bien gidi rach roi nhir tieu de cua t img bai. Dau do mot vai van 
dg cua bai nay da xuat hien trong bong dang van dg ciia bai kia. Tuy vay, 
chiing toi van c6 gang xoay quanh chii de ciia bai ay de ban dpc t i^ minh ru t 
ra nhfmg gi thirdng gap va each giai quyet van dc. 

Trong quyen sach nay, cac nhan xet, chii y, liTu y la rkt quan trpng. No 
g i j p ta l i giai dUdc tai sao phai lam nhi l vay, giiip ta t im dupc nhiing suy 
luan rat t i i nhien trong nhiing Idi giai tucing chiing rat thieu ti.r nhien. Nhieu 
khi tCi cac nhan xet ta con r i i t ra dUdc phUdng phap giai toan cung nhu each 
sang tac cac bai toan mdi. 



Tot nhat, doc gia nen tit minh giai cac bai tap c6 trong sach nay. Tuy 
nhien dg giup ban doc thay va lam chii nhung ky xao tinh vi khac, cac bai 
tap deu da duoc giai s&n (tham chi la v6i nhieu each giai) v6i nhiing mufc 
do chi tiet khac nhau. Npi dung sach da c6 ging tuan theo y chu dao xuyen 
suot; Biet diTdc Idi giai cua bai toan chi la yeu cau dau tien, quan trQng hdn 
la lam the nao di giai dvtdc no, each ta xi i ly no, nhiing suy luaii iiao to ra 
"c6 ly", cac ket luan, nhan xet va liTu y ma bai toan dua ra... 

Hy vpng quyen sach nay la tai li^u tham khao c6 I'ch cho hpc sinh cac Idp 
chuyen toan b?Lc trung hoc pho thong, giao vien toan, sinh vien todn cua cac 
trudng DHSP, DHKHTN ciing nhir la tai lieu phuc vu cho cac ky thi hpc 
sinh gioi toan THPT, thi Olympic toan sinh vien gifla cac trirdng Dai hoc. 

Cac ban hoc sinh, sinh vien, giao vien va nhfing ngu6i quan tarn khac c6 
the se tim thay thieu sot d cuon sach nay trong qua trinh su dung. Do vay, 
s\l gcp y tren tinh than khoa hoc va xay diJng tii phia cac ban la dilu chling 
toi luon mong ddi. Hy vong rkng tren h\ldc dirdng t im toi, sang tao toan hoc, 
ban doc sc tim dudc nhfmg y tit6ng tot hdn, mdi hdn, nhhn bfi sung cho cac 
Idi giai dUdc trinh bay trong quyen sach nay. 

Tac gia 
Ths : Nguygn Tai Chung 

Chifdng 1 

Phtfdng trinh ham vdi phep 
bien doi doi so 
1.1 Mot so kien thufc ve ham so va anh xa * 

Muc dich cua quyen sach nay la cung cap cac ki thuat giai toan ve phudng 
trinh ham va thong qua viec giai toan nhSm khac sau mot so kien thtic rat 
quan trong ve ham so, ren luyen tu duy, chuan bi cho cac ki thi hoc sinh gioi, 
van dung nhOng y tucing, suy luan trong quyen sach nay vao cac phan mon 
khac ciia toan hoc ciing nhxt cac mon hoc khac. Vdi muc dich tranh nang ne 
f;ho da so ban doc ngay t\t luc dau tien khi doc sach, trong bai nay chi trinh 
bay rat it mot so kien thutc chung nhat ve ham so va anh xa, con nhiing kien 
thiic thong dung khac dtt^c diing vao giai toan se dildc trinh bay vao ngay 
phan dau cua cac bai tildng ling cua tinig clnfdng, hoac ngay tru6c ho$c sau 
cac bai toan cu the, ho$c trong cac nhgn xet, chu y, luu y. 

1.1.1 A n h xa 

Dinh nghla 1. Cho hai tg,p hap A va B. Neu c6 mot quy tdc f nao do sao 
cho vdi moi a & A tUdng ling vdi dung mot phan titb & B thi ta noi f Id mot 
anh xa tic A den'B, ki hieu Id f : A B. Phan tri b ggi Id anh cua a va viet 
ldb = f{a). 

Chu y 1. Neu cho anh xa f : A -* B thi ta thudng quan tam den hai tap 
hap sau day: Tap hap f{A) = {f{a)\a e A} {goi la anh cua tg,p A, hay goi 
Id tap gia tri cua anh xg. f) vd tap hap = {a€ A\ = 6} {gpi Id 
nghjch anh cua b). * 
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1.1.2 Dcfn a n h , t o a n a n h , song a n h 

D i n h nghia 2. Anh xa f : A —* B diMc (]oi Id ddn dnh neu v&i. m.oi ai,a2 E A 
sao cho a\ ta c6 f{a\) ^ / ( a 2 ) -

C h u y 2. Aiih xa f : A B Id dm dnh niu / ( a i ) = f{a2) keo theo a\ 0 2 -

D i n h nghia 3. Anh xa f : A ^ B diMc goi Id todn dnh neu vdi moi b £ B 
luon ton tai a G A sao cho f(a) = b. 

C h u y 3. Anh xa f : A ^ B Id todn dnh khi vd chi khi f{A) = B. ^ 

D i n h nghia 4. Anh xa f : A B goi Id song dnh neu f iriCa Id dan dnh, 
Vila Id todn dnh. 

C h u y 4. Anh xa f : A ^ B Id song dnh khi vd chi khi vdi moi h € B luon 
ton duy nhdt a G A sao cho f{a) = b. 

D i n h nghia 5. Gid siC f : A —* B la mot song dnh. Khi do dnh xa. cho tuang 
I'ng moi phdn tu y £ B vdi tao dnh x = f~^{y) cua no dilcic goi la dnh xa 
ngMc cua f vd ki hieu Id f~^. 

1.1.3 H a m s6 

D i n h nghia 6. Cho X cR vdY cR. Khi do dnh xa f : X ^ Y dUdc goi 
la mot ham so tic tap X din tap Y. 

C h u y 5. Cho hdm so f : X ~* Y. Khi do: 

• Tap X goi la tap xdc dinh cua hdm so f. 

• Neu xo € X thl f{xo) goi Id gid tri cua hdm so f tai XQ. 

• Tap hop f{X) goi Id tQ,p gid tri cua hdm so f. 

• 2/0 id mot gid tri cua so f khi vd chi khi phuang trlnh f{x) = yo c6 
nghi^m. Hay noi each khdc la: phuang trinh f{x) = yo c6 nghiem khi vd 
chi khi yo thuoc tap gid tri cua hdm f. 

• f Id todn dnh o phuang trinh {an x) y = f{x) {vdi x e X,y e Y) c6 
nghiem. 

• f la song dnh phuang trinh {an x) y = f{x) {vdi x e X,y e Y) eo 
nghiem day nhdt. 
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Day so chinh Id hdm so rd tap xdc dinh Id X = N* {hoac X = N), chdng 
han day so {xn}t=i ^ ''^^ x„ = n - Vn"^ +5, Vn = 1, 2 , . . . , /d hdm so: 

f : N* ^ R ; , , 
" ^ /(") = n - \/r),2 + 5 

{trong day so tren thi f{n) dd dupe ki hieu bdi x„ ) . 

1.1.4 M o t so b a i toan ap dung 

B a i toan 1.1. Cho hdm so f nhu sau: 

/ : R 
,.2 + 5 

a) Hay tinh gid tri cua hdm so tai 2 vd tai -\/5. 
b) Hdy chi ra tap xdc dinh vd tim tap gid tri cua hdm so dd cho. 
c) Hdm so f CO phai Id dan dnh khong? c6 phdi Id todn dnh khong? co phai 
Id song dnh khong? vi sao? 
d) Tim / - ' ( 8 ) . 

G i a i . T a c6 f{x) = x̂  + 5, Vx € R. 
«) /(2) = 2'̂  + 5 = 9, /(-\/5) = ( - y 5 ) 2 + 5 = 1 0 . | i r 
b) Tap xac dinh: R. Tap gia tri ['5; +CXD). 

c) Ham so / khong phai la drtn anh Y\\=^ - \g / ( I ) = / ( - I ) = 6. Ham 
s6 / khong phai la toan anh vi khong ton tai x de cho + 5 = - 2 . Ham so 
/ khSng phai la song anh (do / khong phai la ddn anh). 
d) / 1(8) = {x e K|/(x) = 8} = {xeR|x=^ + 5 = 8} = { - ^ 3 , v ^ } . 

B a i toan 1.2. Cho day hiCu han XQ = \,xi = - 5 , X 2 = 7. Hdy xdc dinh tap 
xdc dinh, tap gid tri, gid tri Idn nhdt, gid tri nho nhdt cua ddy so do. 

G i a i . Tap xac dinh la {0,1,2}. Tap gia tri la {1, - 5 , 7}. Gia tri Idn nhat la 

7, gia tri nho nhat la - 5 . 

B a i toan 1.3. Hdy chi ra mot hdm so Id 

a) Dan dnh; b) Todn dnh; 
c) Song dnh; d) Khong phdi Id dan dnh; 

c) Khong phdi Id todn dnh; f) Khong phdi la song dnh. ' 

G i a i . Ham so / : R ^ E cho hd\g thiic / (x) ^ 2x - \a la ddn anh, 
vira la toan anh, vira la song anh. Ham so / : R [2; + 0 0 ) cho bdi cong thiic 
/ (x) = x̂  + 3 vita khong phai la ddn anh, vita khong phai la toan anh, vita 
khong phai la song anh. 



Bai toan 1.4. Chiing minh rang neu ham so / : K —• iR thoa man diiu kien 
f (/(x)) = ax + b, Vx G K (a 7^ 0) thi f la song anh. '^^'^ 

Giai. Gia suf f{xi) = f{x2). Khi do 

axi+b= f{f{xi)) = f{f{x2))=aX2 + b=>xi=X2. 

Vg-y / la ddn anh. Vcii moi y e M, luon ton t^i x = f 

y-b 

sao cho 

= a.-

Vay / la toan anh, do do / la song anh. 

L i f t i y. Ket qua bai toan 1.4 nay dudc sii dung nhieu. 

Bai toan 1.5. Cho ham 50 : [0; Ij —• [a; b\ sau: 

tfiit) = {I - t)a + tb, V«e [0; 1]. 
a) Chiing minh rdng ^ : [0; 1] —• [a; b] la song anh. 
b Tim ham ngMc ip~^ cua ip. 

Giai. 
a) Ta can chiing minh / la ddn anh va la toan anh de suy ra / la song anh. 

• Chiing minh tp : [0; 1] [a; b] la ddn anh. 

Gia sii tiJ2 e [0,1] sao cho v>(«i) = v?(<2)- Khi do: 
(1 - t.i)a + tib = (1 - t2)a + t2b (^2 - <i)a = {f.2 - h)h 

< » { « 2 -ti){a-b)=0'i^ti=t2 (doa^b). 

Vay / la ddn anh. 

• Chiing minh ;̂  : [0; 1] -> [a;b] \k toan anh. Gia si! y £ [a;b]. Khi do 
t = ^ e [0; IJ va 

b-a 

^{t) = {l-t)a + tb= (l-l-^)a+^-^-b 
f \ - a/ b - a 

{b- y)a {y - a)b y{b - a) 
+ b-a = y. b ~ a ' b - a 

Vay ip : [0; 1] —> [a;b] la toan anh. , , ,v 

Do do : [0; 1] —• [a; b] la song anh. 
6) Do : [0; 1] [a; b] la song anh nen ton tai ham nguqc: 

: [ a ; 6 ] - [ 0 ; l ] , ¥.-'(0 = ^ . 
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Bai toan 1.6 (Kosovo National Mathematical Olympiad 2011, Grade 9). 

Cho ham so / : K\} R thoa, man f{x) = i + - . Ham so f c6 phdi la. 

ddn anh khong ? vi sao ? 

Giai. Vi 2 e R\} , ^ e R\, 2 ^ vh f{2) = / (^^^ nen / khong phai 

la ddn anh. . ^ > ' 

Bai toan 1.7 (Kosovo National Mathematical Olympiad 2011, Grade 11). 

Cho ham so / : R -+ K thoa man /(sinx) = sin(2011x). Tim /(cosi). 

Giai. Ta c6: /(cosx) = / (s in(| - x)j = sin (2011(^ - x ) ) /, , 

= sin (IOOSTT + ( ^ - 201 Ix ) ) , i ' ; 

= - sin ( ( ^ - 2011x)) = - cos(2011x). 

Bai toan 1.8. Cho cdc so thuc a, b, c, d sao cho ad - be ^ Q vd c ^ 0. Xet 

ham so: 

..^ ax + b 
X cx + d 

a) Chiing minh f Id song anh. 

h) Tim ham nguac cua ham so f. | 

Giai . 
a) Theo gia thiet f{x) la ham so xac dinh trcn -oo; 

u 
-d 

• + 0 0 va 

ax + b -d 

Trirdc het chii-ng minh / la ddn anh: Gia sii x i , X 2 G R\| va x i X2 

ta can cluing minh /(xi) ^ / ( . T 2 ) . Ta gia sii phan chiing rkng /(.ri) = / ( x 2 ) . 

Khi do: 
axi + b ax2 + b ' ' ' 
cxi +d CX2 + d ; * 

^acxiX2 + adxi + bcx2 +bd = acxiX2 + adx2 +bcxi + bd 
1, ,̂  I <^{ad - bc)xi = {ad — bc)x2. 
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Ma nd - be # .0 nen suv m a;, = xo Dk\v t-, cn, , -... „ , , ,„ .,„„ , f tJ::j;*.;;;r;ir::.S/'̂ ! 
'"<)! ?/ 6 K\ - |. xet phucmg t n n h y = ^L±± Ta 

rx + d 
I CO 

r.x + d 

.. . cb- cdy = - cdy + ad =^ ad = be. 

Hfm da3 ta gap niau tlmAn. Vay: x = ^ zA 

Tom lai vdi nioi 0 1 y G 

ry - a 

K \ { " } t < l n t a i x = ^ g -d 
ey-a~-'^\a r '̂1'"/W = y. 

/ 1 . 

cx — a 
B a i toan ] 9. Cho ham ,so / nliU sau: 

/ ; i - l ; 8 ] ^ K , v / r T 7 + y 8 ^ + V ^ 8 + 7 x - i ^ . J 
«) rz?« / ' (3) . ^ . . . . . 

/)) Tnii gin tri. Uhi vliat. yid tri nho nhtit va tap yia tri cua ham so f. 
c) Tvin m de phudng trinh y/T+lr. + \/8 - x + \/8 + 7x - x'^ = m c6 nghiem. 
d) Phdi thay tap R bdi tap ndo de f Id todn dnh. 

G i a i . 

a) T a c 6 / - ' ( 3 ) = {j e [ - 1 ; 8]|vTT^ + ^8"" !^ + ^8 + 7x - x^ = 3 } . Dat 

u = v/n-~ -4- > 0. K h i do = 9 + 2^/(1 + x) {8 - x). Thay vao /(.(•) =- 3, ta duuc 

~ 9 

Vay: 

" ~2~ = ^ ̂  + 2 . - 15 = 0 ^ u = 3 (do loai « = - 5 ) . 

J Z ^ l ^ / - ' ( 3 j = { - l , 8 ) . . 
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b) Tap xac dinli cua ham so la [-1;8] va 

f{x) = Vl + x + V8^ + V8 + 7x-x^. 

Ta CO 

+ 
7 -2x 

2va + x 2 v / 8 ^ 2 v ' ( l + a ; ) ( 8 - x ) 

v 8̂ - X - \/rT^ 7 - 2x 
2Vl + x.y/8 - X . 2V^(1 + J ; ) { 8 - . E ) 

,; , : 7 - 2.T 
+ 

7 - 2x 

2 \ / r T ^ . v / 8 ^ ( v T n F + v / 8 ^ ) 2\/(1 + X ) ( 8 - X 

7 - 2x 
+ 

v/m.\/8^(v/m^+\/8^) ^^(1 + x ) ( 8 - x 

Vay /'(x) = 0 <=> X = - G [ -1 :8] ; tai - 1 va tai 8 th i khong ton / ' (x) . Ta ro 

/( 1 ; - 3 , 
/7\ 9 9 9 

/7\
Vay max /(x) = / - = - + 3\/2, min /(x) = / (8) = 3, va do ham / lieu 

[ - 1 -

tuc tren doan [ - 1 ; 8] nen suy ra tap gia t r i ciia ham / la 3 ;^ + 3v/2 

r) r'hUfJng t i i n h da cho c6 nghiom khi va c hi kl i i in thuoc tap gia t r i ciia ham 

/, ti'fc la 3 < m < ^ + 3v^. 

d) Neu thay tap R l)cii tap hdj) 3; ^ + 3^2 t h i / la toan anh. 

1.2 M d d4u ve phiTdng trinh ham * 

1.2.1 P h i f d n g t r i n h h a m d a n g /(.4) = B v riiX 

C a c h giai. Dat A = t. t inh x thco t rfii thay vtio phUdng t r inh ham da cho. 

B a i toan 1.10. Tmi ham sCi / : R* ^ M thoa man dieu kien • " 

' = 3 x + \ / l + 2 x 2 , V x / 0 . (1) 
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G i a i . Gia sil / la ham so thoa mail cac yen cau de bai. Dat t = - =^ x = -
X t' 

Thay vao (1) dUdc f{t) = ? + J l + ^ , V< 7̂  0. T h i i lai diing. Vay c6 duy 

nhat mOt ham sp thoa man cac yeu cau de bai la 

B a i t o a n 1.11. Tim ham so f : 

f 
V 

thoa man dieu kien 

1 
, Va: ^ 0. (1) 

G i a i . Gia siir ham so / thoa man cac yen cau de bai. Dat < = a: - - . Kh i do 
X 

t' = x^ \ - z ( x ~ - \ = ^ x ' - \ t' + M. x^ \ i 

De y rftng t = x - - <^ x"^ - tx - I — Q, phudng t r inh nay lu6n c6 nghiem 
do A = + 4 > 0. Bdi the khi x nhan tat ca cac gia t r i thupc R\} th i t 
nhan tat ca cac gia t r i thuoc R. Vay (1) t rd thanh f{t) = + 3i, V« e R hay 
f{x) = x^ + 3x, Vx e R. Thiif lai t h i y thoa man. 

B a i t o a n 1.12. Tnn ham s5 / : R* - thoa man dieu kien 

/ ( x + - ) - x 3 + ^ , Vx^^O. 

G i a i . Gia siir / la ham so thoa man cac yeu cau de bai. Dat t = x + -. Kh i 

d6\t\>2vkt^ = x^ + ^ + 3fx + ^) ^x' + ^ = t ' - 3t. Thay vao (1) 

dUdc f(t) = (3 _ > 2 . Sau khi th i i lai ta ket luan: 

f(^) = / tuy y khi x =̂  0, |x| < 2 
' \x khi |x| > 2 . 

1.2.2 Phurdng t r i n h chiJa hai bigu thuTc f{A), f{B) 

Cach g ia i . Tir phudng t r inh ham da cho, thay gia t r i thich hop dg thu dUdc 
mot phudng t r inh ham khac. Tvr hai phudng t r inh ham ta suy ra f{A) ho^c 
/(S), t rd lai dang da xet a muc 1.2.1. • 
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B a i t o a n 1.13 (HSG Gia Lai nam hpc 2009-2010). Tim cdc ham so f thoa 
m.dn diiu kien: f {x) + xf {1 - x) = x^y-x eM.. 

G i a i . Gia siir ham so / thoa man f (x) + xf {1 ~ x) — x^, Vx e M. (1) 
Trong (1), thay x bdi 1 - x, ta diTdc 

/ ( l - x ) + ( l - x ) / ( x ) = ( l - x ) 2 , V x 6 R . ' (2) 

^fi^--)-^' Taco: T . ( l ) v . ( 2 ) t a c 6 h e { / ( ! ) + ; ^ ^ ^ ^ ^ ^ ^ _ ^ ^ ^ ^ _ ^ . 

= 1 - x- l -x^ 7^0 -

= x^ - x ( l - 2x -t- x^) = - .7;^ + 3x^ - X 

= 1 - 2x + x^ - x^ -h X * = x^ - 2x - I -1 . 

D = 

Dm = 

Bdi vay 

1 X 
1 - x 

x^ X 
2 1, ( 1 - x ) 

1 
1 - X ( 1 - X ) 2 

- x 3 + 3 x 2 - x 
,Vx € 

— 2r - I - 1 

x ^ - x + 1 ' ^ " " ^ -

Neu ham so / thoa man (3) thi ta c6 

f / i - . _ - ( ! - xf + 3(1 - x)^ - (1 - x) ^ x3 - 2x + 1 
( 1 - . T ) 2 - ( 1 - , T ) + 1 X 2 - X + 1 

Vay neu ham so / thoa man (3) thi no thoa man (4). 
T h i i l9,i; neu / (x) diMc xac dinh bdi (3), thi vdi moi so thi.rc x ta c6 

(3) 

(4) 

, Vx e R. 

/(x) + x / ( l - x) = — 2 -
- x ^ + 3x2 - X _ ^ ^ 3.4 - ^ 3.2 ^ 

-f-
., . , ' X ' - X - h l • X 2 - X 4 - 1 x 2 - X - h l 

Ket luan: 06 duy nhat mot ham so thoa man cac yeu cau do bai la 

= X . 

- x ^ - f 3x2 - X 

x 2 - x + i 
, Vx e R.-

B a i t o a n 1.14 (De th i Olympic toan Dong Nam A-1998). Gid sxi /(x) id 
mot ham so vdi gid tri thiXc, xdc dinh vdi moi x^Q, sao cho 

/{x) + 2/(^) = 3x. (1) 

Tim tat cd cdc nghiem cua phuang trinh /(x) = f{-x) 
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G i a i . Troiig (1) thay x hd\ ta dUdc: / ( - ) + 2f{x) = 3~. Dat f(-) = g{x), 
( f{x) + 2yix) = 3x ^ • ' " 

ta dUdc he I + ^(^) = I . *̂  ... ,;u 

D = 1 2 
2 1 

= - 3 . Df = 
3x 2 
^ 1 = 3x - - , D , = 

.r 
= 6x. 

2 1 1 
Vay / ' ( x ) = X , g(x) = 2.x . thoa man (1) va thoa man / ( - ) = g{x). 

Do do /(./:) = - - X , V.r ^ 0. Bdi vay ' . ^ ; ' Q 

2 / ( X ) = / ( - X ) ^ - - X = - - + X < ^ X - - 4 : > x 2 = 2 ^ r ^ = ^ -
2 2 

X L X = - v / 2 . 

Do do tat CH cat- ngliieni cua ])hitc(ng tr inh / ( x ) = / ( - x ) la: V2, - \ / 2 . 

B a i toan 1.15 (Slovak 2003-2004). Tzm cdc ham so / : R ^ M </tda man 

/ ( x ) + x / ( l - x ) =x'^ + l , V x e R . (1) 

G i a i . Trong (1) thay x bdi 1 - x ta ditdc 

/ ( I - x) + (1 - x ) / ( x ) = (1 - x)2 + 1 = x^ - 2x + 2, Vx € R. (2) 

Ttr (1) va (2) ta c6 he ( /J^^ \^.f^f^ = 'fV ^ 2 ^ ' ^ ^ 1 ( l - x ) y ( x ) + g(x) = x 2 - 2x + 2, 
vdi f f (x) = / ( I - , , ; ) , V x e M . 
Ta CO 

(3) 

l l x f 

1 x2 + l 
1 ' X .7:2 2:,: + 2 

= 1 - x ( l - x) = 1 - X + x^ = x^ - X 4- 1 7̂  0 

= x^ - 2x + 2 - x''̂  - 1 + x^ + X = x^ - X + 1 

.r- + 1 X 
x'̂  - 2x + 2 1 = x^ + 1 - x^ + 2x2 - 2x = _^_ 3^2 _ + 1. 

r> ^ - r ' + 3x2 - 2 i + 1 x - ^ - x + l , 
Dodo J{x) = r, ; , y{x) = - . Takiom tra thay dion 

- x-\-\x + l ^ 
kien (3) dUdc tlioa man. Do do co dny nhat mot ham so thoa man de bai la 

B a i toan 1.16. Tim tat cd cdc ham so / : K —» K thoa man 

••r/(-c)+ / ( - x ) = x + l . V x € R . 
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D a p so. Ham so can t i m la / ( x ) = l , V x € K. 

B a i toan 1.17. Tim tat cd cdc ham so / : E —• R thoa man , 

xf{x)+f{~x) = x + a,\/x&R. ' •!. 

D a p so. Ham so can thn la / ( x ) = — ^ 2 — - ^ , V x e R. 

N h a n xet 1. Cdc bdi todn 1.15, 1.16, 1.17 con c6 the diMc t.rmh bay gidng 
nhu bdi todn 5.38, bdi todn 5.39 trong bdi dung day so gidi mot so dang phuang 
trinh ham. 

B a i toan 1.18 (Kosovo TST-2011). Tim cdc hdm / : R\} R thoa 

mar*. / - — = x, Vx ^ { - 1 , 1 } . (1) 

G i a i . Dat = t k in do x = va = - . l h a y vao 1): 
• X + 1 I t 1 - X ^ + 1 

m + / ( ^ ) = ^ =^ / W + / ( ^ ) = f ^ - Vx- ^ {-1 ,1}. (2) 

Tirdng tir, dat u = '-. ta thiet lap duoc: fix) + f(- ) = (3) 
1 - 1 - .;: ./: + 1 

Cong (2) va (3) roi ket hdp v(':ii (1) ta dUdc 
, x + 3 x - 3 x2-|-4x-|-3 + x - 3 - x 2 + 3x 

2 / X = + - X = 5 X 
^ l - X X + l l - x 2 

8x 8x - X + X-* , £ ^ + J ^ 
. 2 / ( x ) = - X- = - i _ ^ 2 - =̂  ^ - 2 - 2:r2 

R Id 

(1) 

T int lai thay thoa man. 

B a i toan 1.19 (Olympic toan Thai Lan-200G). Gid sic rang J : I 
ham so thoa man dieu kien 

/(x2 + X + 3) + 2/(x2 - 3x + 5) = 6x2 _ + 17, Vx e R. 

Hay thn / ( 85 ) . 

G i a i . Gici sir / la ham s6 thoa man cac yen cau de bai. Trong (1) thay x bdi 
1 - X ta dirdc: /(x2 - 3x + 5) + 2/(,x2 + x + 3) = 6x2 - 2x + ^.j. g 55. (2) 
Nhan liai ve ci'ia (2; vdi - 2 roi cong v6i (1) ta ditdc 

/ ( . r 2 + x + 3) = 2.r2 + 2x + 3 = 2 ( . T 2 + x + 3 ) - 3 , V x 6 R . (3) 
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Thay X = — - vao (3) ta dUOc /(85) = 2.85 - 3 = 167. 
LvTu y. Phep thay x bdi 1 - a: vho (1) dUdc tim ra nhu sau; T a can thay x 
bdi g{x) vao (1), v6i g{x) se tim sau, sao cho van xuat hi§n /(x^ - 3x + 5), 
/ ( i ^ + 1 + 3). Muon v$,y ta xet phaong trinh 

+ X + 3 = - 3x + 5 4x = 2 2x 1 44> X = 1 - X . 

Bdi v$,y ta se chpn g{x) = 1 - x. Phep doi' bien nay chSc chin se thanh cong. 

B a i toan 1.20 (Kyrgyzstan National Olympiad 2009). Gia sv! rdng ham so 
f -.R-^R thoa man dieu kien ' •" 

^'/{x"^ + X + 3) + 2f{x^ - 3x + 5) - 6x^ - 10x+ 17,Vx € R. (1) 

Hay tim /(2009). 

Hufdng d i n . Xem bai toan 1.20. 

B a i toan 1.21. Gia. sii rdng / : R —> R /d ham so thoa man dieu kien 

f {x' - 5x + 1) + 5/ (x2 + X - 5) = x2 - 9, Vx e R. 

Hay tim /(2011). 

G i a i . Gia sii / la ham so thoa man cac yen can de bai. Trong (1) thay x bdi 
2 - X ta dUdc: / (x^ + x - 5) + 5/ (x^ - 5x + l ) = - 4 i - 5, Vx 6 R. (2) 
Nhan hai ve ciia (2) vdi - 5 roi cong vdi (1) ta dildc 

- 2 4 / ( x 2 - 5 x + l ) = - 4 x 2 + 2 0 x + 1 6 , V x e R 

'f* ^ 6 / (x^ - 5x + 1) = x̂  - 5x - 4, Vx 6 R 

<=i>6/ (x2 - 5x + 1) = ( i ^ - 5x + l ) - 5,Vx e R. ^ (3) 

^ . , . , •> 5 ± v/8065 Xet phitdng trinh: x̂  - 5x + 1 = 2011 <̂  x 1—. 

Thayx = ^ ^ ^ { ^ vao (3) tadUdc: 6/(2011) = 2011-5 => /(2011) = — ? l 
^ 3 

B a i toan 1.22 (HSG quoc gia-2000). Tim cac ham so / : R -» R thoa man: 

^^f{^) + / ( I - T ) = 2x - x^ Vx € R. (1) 

G i a i . Trong (1) thay x bcii 1 - x ta dUdc 

(1 - x ) V ( l - x) + / (x ) = 2(1 - x) - (1 - x ) ^ V I e R. (2) 
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Theo (1) ta C O / ( I - x) = 2x - x"" - x2/ (a : ) , the vao (2) dUdc 

(1 - xf [2x - x " - x-'Six)] + J{x) = 2(1 - x ) - (1 - x)* y 

^ [1 - (1 - x ) V ] fix) = 2(1 - x) - (1 - x)' - (1 - x)2(2x - x") 

^ [ l - X + x 2 ] [ l + x - x 2 ] fix) = (1 - x) [2 - (1 - x )3 - (1 - x)(2x - x"); 

[X^ - X + ] J [ x 2 - X - 1] fix) = (1 - X ) ( l + x 3 ) ( x 2 - X - 1) >-'.^ • t ; 

4 ^ [X^ - X - 1] / ( X ) = (1 - x 2 ) ( x 2 - X - 1). 

Nhu vay vdi x ^ a vh x ^ b, trong do a, b \k hai nghiem cua phudng trinh 
x 2 _ x - 1 = 0, ta CO fix) = 1 - x .̂ Tiep theo ta xac dinh / (a ) , /(6). Theo 
djnh li Viet ta c6 a + 6 = 1 va a6 = - 1 . Thay x = a va x = 6 vao (1) ta dUdc 

{ 
a V ( a ) + fib) = 2a - a^ 
b'^fih) + /(a) ^2b-h^ 

( a + l ) / ( a ) + /(6) = -a2 
Th+imb) + fio-) = -h^--^ \ 

=>(a + 1) [-b~ - 1 - (6+ l ) / ( 6 ) ] + fib) = - a ^ - 1 

=̂  [(a + l ) ( t + 1) - Ij /(6) = â ' + 1 - (a + l)ib'^ + 1) . 

=J«(aV - l ) / (6 ) = a + 2 - ( a + l ) ( 6 + 2 ) = a + 2 - ( a 6 + a + fe+a + 2) 

=)^0./(6) = a + 2 - (-1 + 1 + « + 2) = 0 => Q.fib) = 0. 

Bdi vay ta c6 fib) = c, / (a) ^ 2b - b^ - b^c, vdi c tuy y. Tom lai: 

{ 1 - x̂  neu X ^ avk X ^ b 

ceR tuy y ngu x = 6 
26 - 6̂  - neu x - a 

trong do a, b la hai nghiem ciia jihudng trinh x̂  - x - 1 = 0. T h i i lai thay 
thoa man. Vay / (x ) dUdc xac dinh bdi (3) la tat ca cac ham so can tim. 

(3) 

1.2.3 M o t s6 k i thuat t h U ' d n g d i i n g 

Khong CO nlnrng dinh li ciing nhit cac thuat toan chung de giai phitdng trinh 
ham. Mile: dii vay, ta so dita ra mot s6 ki thuat cd ban, thirdng dimg khi giai 
phitdng trinh ham. . 
• 0 childng 1, ta se di sau vao viec giai phifdng trinh ham dita tren cac dac 
triTng ciia ham so sd cap. Trong do hay dung kl thuat tim cac nghiem rieng 
ddn gian nhu ham hang, luun bac nhat, ham da tliiic,... Di;ta vao cac nghiem 
rieng, chiing ta se c6 hilu bigt hdn ve ham can tim va c6 t h i c6 dildc cac 
phitdng hitdng giai phUdng trinh ham da cho. 
• T i l (hildng 2 trc) di ta hay diing cac ki thuat sau: • 

- Tinh cac gia tri dac biet ciia ham so fix), chang han: /(O), / ( ± 1 ) . 
/(2),. . . Doi khi /(O) ho$c / ( I ) khong tinh dUdc, ta c6 the dat chung 



bkng cac chft (tham so). Ki thuat nay dac biet hay sx't dung khi gap 
phudng trinh hain vdi cap bien tu do, se dvtdc de cap nhieu d chUdng 2. 

- Nghien ciJu cac tinh chat dac biet cua ham so can tim nhu ddn anh, 
toan anh, song anh, chan, le, tuan hoan, ddn dieu, dau,... 

- Khai tha:c tfnh doi xiing trong phudng trinh ham da cho. 

- Lcri giai ciia bai toan giai phUdng triuh ham thudng ditdc bat dau bang 
menh de "Gia sii ton tai ham so / thoa man cac yeu cau de bai". Khi 
tim dttdc biiu thiic ciia ham so nghiem, ta phai thii lai roi mdi dUdc ket 
lu$,n. 

1.2.4 PhiTdng phap the gia tri dac biet 

Day la phUdng phap thacJng dimg nhat de giai phUdng trinh ham va se dudc 
de cap nhieu hdn 6 bai 2.1: Giai phUdng trinh ham bang phep the (d trang 
93). Trong muc nay ta chi d§ cap den mot so bai toan de nhkm giup cho ban 
doc lam cjuen v6i vigc giai phUdng trinh ham. Khi the gia tri dac biet cAu 
lim y la cac gia tri do phai nSm trong tap xac dinh, viec the gia tri phai c6 
tinh ke thila. 

Bai toan 1.23. Tim tat cd cac ham / : R R thoa man 

f(^^ + y) + fix - y) = fix) + 6xy ^/fii) + x\ y e R. (1) 

Giai. Gia sut ham so / thoa man cac yeu cau ciia de bai. Trong (1) cho y = 0 
ta dUdc fix) = x^, V i G R. Thii lai thay thoa man. 

Bai toan 1.24. Tim tat cd cac ham / : R -> R thoa man 

fix + y)+ fix -y) = fix) + 2f{y) + x\, y 6 R. (1) 

Giai. Dat /(O) = C. Trong (1) cho y = 0 ta diidc 

/(.r) =.x2 + 2C,VxeR. (2) 

Thijf lai: Thay (2) vao (1) ta dUdc 

(x + y)2 + 2C + (x - yf + 2C = x^ + 2C + 2y'^ + 4C + x^, Vx, y e R. 

Vay C = 0. Do do c6 duy nhat mot ham so thoa man de bai la ^ 

/ (x) = x ^ Vx e R. 

Lmi y. Co the trinh bay each khac nhu sau: Trong (1) cho x = y = 0 ta dUdc 
/(O) = 0. Trong (1) cho y = 0 va sii dung /(O) = 0 ta dUdc / (x) = x^, Vx G R. 
Thiir Igi thay thoa man. 
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(1) 

(2) 

B?ii todn 1.25. Tim tat ca cac ham so / : R —» R thoa man 
f{a^)+fih^)+f{c^)=fi3abc),^a,h,ceR. (*) 

Giai . T i i (*) cho a = 6 = c = 0 ta dudc 3/(0) = /(O) ^ /(O) = 0. TiJt (*) cho 
6 = c = 0 ta dvtdc / (a^) = 0, Va G R. Dat x = a ,̂ khi do / (x ) = 0, Vx G R. 
Thuf l?i.i thay ham so / (x ) = 0, Vx G R thoa man cac yeu cau de bai. 
Bai toan 1.26 (Slovenia National Olympiad 2010). Tim tat cd cac ham 
f : [0, +oo) —> [0, +oo) thoa man 

iy + l ) / ( x + y) = f (x/ (y)) , Vx, y G [0; +oo). 

Giai. Trong (1) cho x = 0, ta dvtdc 
(?/ + !)/(?;) =7(0). Vy G [0;+cx)) 

Thi't lai : thay (2) vao (1), ta dudc 

«iL±ilfL = :k±iL,Vx,.6(0;+cc) 
X + y + 1 ax + y+l 

^ [ X + y + 1 = ax + y + L Vx, y G [0; +oo) 

<^a = 0 hoac a = 1. ^ 

Vay cac ham so thoa man yeu cSu de bai la 

fix) = 0, Vx G [0; +oo) ; / (x) = ^ — , Vx G [0; +oo). 
X + 1 

Bai toan 1.27. Tim tat cd cac ham / : R -» R thoa man 

fix i y) - 2/(x - y) + / (x) - 2/(y) = y - 2, Vx, y G R. 

Giai. Trong (1) cho y =̂  0 ta dUdc /(O) = 1. Trong (1) cho x = 0 ta dUdc 

- 2 / ( - y ) - / ( y ) = y - 3 , V y G R . (2) 
Trong (2) thay y bdi - y ta dildc: -2 / (y ) - / ( - y ) = - y - 3,Vy G R. (3) 
Tvt (2) va (3) ta c6 / (y) = y + 1, Vy G R. Sau khi thuT lai ta ket luan: c6 duy 
nhat mot ham so thoa man dg bai la fix) = x + l ,Vx G R. 

»i 

(1) 



B a i t o a n 1.28 (D? nglii th i Olympic 30/04/2009). Tim tat cd cdc ham s6 
/ : IR ^ R thoa man /(O) = 1 va 

[fix + y)r' = [nx)r' + + 2xy, Vx, y e K. (1) 

G i a i . Gia si'r ham / thoa man cac ycu cau dc bai. Tit (1) lay .r = 0 ta dudc 

[ny)r' = l + y'..yyeR 

^ / ( . T ) = ' "V l+^r^ e R. (2) 

T h u lai: Vdi ham so / xac di i i l i bc3i (2) ta co /(O) = = 1 va 

[/(a:)]'""-' + y' + 2xiy = 1 + + + 2xy = {x + y f + \ 

= [/(•'• + .'y)]^""^ V.r. .V e R (thoa man (1)). 

Vay CO tluy uhat mot ham so thoa man cac yeu c5u de bai la 

/(.r) = '"Vl +.7:2, V.r e R. 

B a i t o a n 1.29. Tun tdt cd cdc hdni so / : R R thoa man 

/{•'•f{z) + y) = zf{x) + y, yx,y.zeR. (1) 

G i a i . Ttr (1) clio x = = 0 ta dime f { y ) = y, Vy e R hay f { x ) = x, Vx G R. 
T h u lai thay thoa man. Vay c6 duy nhat mot ham so th()a man cac yen cau . 
do hai la /(".;:) = x, V.r G R. 

B a i t o a n 1.30 (Switzerland Final Round 2010). Tim tdt cd cdc ham so 
/ : R R fhda man: f (/(x)) + / (/(y)) = 2y + f(x - y ) , Vx, y e R. (1) 

G i a i . Dat a = /(O). Trong (1) cho y = x, ta diWc /(/(x)) = x + - , Vx e R. 

Vay (1) trc) thanh: 

\ + ^ + y + ^ =2(/ + /(x-?/) .Vx, i/eR 

* ^ ' <^/(x - </) X - (/ + r , . Vx, y e R. (2) 

Tir (2), cho (/ = 0, suy ra /(x) = x + a, Vx e R. Thay vao (1) ta ditdc 

X + 2n + i/ + 2o = 2y + X - y + a, Vx, y € R. 

Hay a = 0. Vay i o duy nhat mot ham ,s6 thoa man yeu cau de bai la 

# /(x) = x , V x € R . 
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B a i t o a n 1.31 (Turkey National Olympiad First Round 2008). Tim tdt c& 
cdc ham f : (0, +oo) (0, +oo) thoa man 

10(x + y) 
f{x)f{y) - fixy) - 90 = 

G i a i . Tir (1) cho y = 1, ta ditrtc 

xy 
-, V x , y € (0;+oo). (1) 

/ (x )/ ( l ) - fix) - 90 = l ^ i ^ t i ) , Vx € (0; +oo) 

^[f{\) - l ]/ (x ) = 10 f 1 + + 90, Vx G (0; +oo). 
\ j 

(2) 

/(I ) = 11 
.Ai) = -10 . Trong (1) c'ho x = y = 1, ta dUdc: [/(l)]^ - /(I ) - HO = 0 « 

. Khi /( I ) = 11, thay vao (2), ta dtfdc /(x) = 10+ ^, Vx e (0; +oo). T h i i lai 

thay thoa man. 
• Kh i /(I ) = -10 , thay vao (2), ta durtc ' _ 

10 1\0 - ^ , V x e (0;+a3). (3) 

Thay (3) vao (1), ta drtdc 

10 A 1^ 90 10 / \\0 
11 \  V )  

+  10 
11 

1 \ 
1 + 

90 
* 11 

- 9 0 

. l^_+J^i ,V .x , yG(0 ; . foo ) . 
xy 

(4) 

Ta thay (4) khong dung, chang han khi x = y = -. Vay ham so xac d inh bdi 

(3) khong thoa man (1). 
Kelt luan : ham .so thoa man yeu cau de bai la /(x) = 10 + - , Vx e (0; +oo). 

B a i t o a n 1.32 (Romania Team Selection Test 2011). Tim tdt cd cdc ham 

A'o / ; M R thoa man 

2/(x) = fix + y) + fix + 2y), Vx € R, Vy > 0. (1) 
i. 

G i a i . Gia sit ham so / thoa man cac yen can de bai. K i hioii Pi",") chi viec 
thay X bdi u va thay y bdi v vao (1). 

P(2x, x) ^ 2/(2x) = /(3x) + /(4x), Vx > 0. (2) 
Fix, x ) 2 f i x ) = /(2x) + /(3x), Vx > 0. (3) 
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P(0; x) ^ 2/(0) = fix) + f{2x), Vx > 0. (4) 
P(0; 2x) => 2/(0) = f{2x) + /(4,T), VX > 0. (5) 

TiJt (5) ta CO /(4:;:) = 2/(O) - /(2.r), thay vao (2) ta d\xac . ' • 

2/(2x) = /(3x) + 2/(0) - /(2x) ^ /(3x) = 3/(2x) - 2/(0). (6) 

Thay (6) vao (3) thu ditdc 

2/(x) = /(2x) + 3/(2x) - 2/(0) ^ 2/(2./;) = /(:/:) + /(O). (7) 

Thay (7) vao (4) dan td i : 

y. 4/(0) = 2/(x) + fix) + /(O) ^ fix) = /(O), Vx > 0. (8) 

Trong (1) thay ij bdi 2y, ta ditrtc 

2 / ( x ) = / ( x + 2t/) + /(x + 4y ) ,VxGR , V j/>0. (9) 

T i t (9) va (1) suy ra: /(x + y) = fix + 4y), Vx e R, Vy > 0. (10) 
Trong (10) thay x bcii -4y, ta ditdc / ( -3y) = /(O), Vy > 0. T\X day thay y 
bdi |, ta d U d r / ( - y ) =/(O), Vy > 0. Vay/(<) =/(O). V< < 0 (11) 

Tir (11) va (8) suy ra /(x) = /(O), Vx € R. Do do / la ham hang tren R. 
T h i i lai thay thoa man. 

1.3 H a m so xac d i n h bofi cac phep bien do i t i n h t i en 
va dong dang 

1.3.1 C a c ba i toan l ien quan den cac h a m t u a n hoan 
it)! 

• Ham so / ditdc goi la ham tuau hoan cong t inh (noi gon la ham tuan 
hoan) chu ky a (a > 0) tren M neu M c Df iDj Ik tap xac dinh ciia 
ham /) va i 

/ Vx e A/ => X ± 0 , 6 M 
\x + a) = / ( x ) , V x G M . 

• Cho / la mot ham tuan hoan tren M . Kh i do T (T > 0) dUdc goi la chu 
l\i cd sd ciia ham / ngu / tuan hoan vdi chu ki T ma khong tuan hoan 

vdi bat cu: chu k i nao be hdn T. 

• Ham so / dUdc goi la ham phan tuan hoan cong t inh chu ky a (a > 0) 
t ien M ngu M c Dj (D/ la tap xac dinh cua ham /) va 

/ Vx e A/ => X ± a G M 
t) • 0-'. I /(x + a) = -/ (x ) ,VxGA/. 
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• Ham s6 / ditdc goi la ham tuan hoan nhan t inh chu ky a (a ^ { 0 , 1 , -1 } ) 
tren M neu M c Df (Dy la tap xac dinh ciia ham /) va 

f Vx G A / a ± i x G A/ 
\) = /(x ) ,VxG Af. 

• Trong muc nay t a se giai quyet van de t im tat ca cac ham so tuan hoan, 
phan tuan hoan (cong t inh, nhan t inh) chu k i cho tru6c, mot so dang 
md rong, ki thuat dita dang mci rong ve dang cd ban va mot s6 bai toan 
lien quan den ham tuan hoan. Nhiing van de tren se ditdc giai quyet 
thong qua cac bai toan cu the va cac nhan xet, chii y, luu y. 

Ba i toan 1.33. Tim tat cd cac ham so / : R R thoa man v - . i vv/^^ 

/ ( X + 1) = / ( X ) , V X G R . (1) 

Gia i . Gia sii / la ham so thoa man de bai, khi do ta c6 ( I ) . Bang phitdng 
phap quy nap, ta chitng minh ditdc: /(x + n) = /(x), Vx G R, Vn G Z. 
Dodo : / ( X ) = : / ( [ X ] + { X } ) = / ( { X } ) , V X G R , (2) 
d day [x] la p h l n nguyen cua x va {x } la phan thap phan ciia x. Tiep theo, 
ta goi g la. ham so tuy y, xac dinh tren niifa khoang [0; I) sao cho 

5(x) = / ( x ) ,VxG [0 ; l ) 

hay g la ham so nhit sau: 

g:[0;l)^ R 
X gix) = fix) 

ig ditdc goi la cai thu hep ciia ham / tren niia khoang [0; 1)). V i (2) nen 
fix) = g ( {x } ) , Vx G R. Ngitdc lai, neu /(x) = g ( {x } ) , Vx G R, trong do g la 
ham s6 tuy y, xac dinh tren niia khoang [0; 1) th i 

/(x + 1) = ^ ({x + 1}) = y ( {x } ) = / ( x ) , Vx G R. 

Vay ta k i t luan: Tat ca cac ham so can t i m la /(x) = g ( {x } ) , Vx G R, trong 

do g la ham so tuy y, xac dinh tren ni'ta khoang [0; 1). : 

B a i toan 1.34. Cho a 7̂  0. Tim t&t ca cac ham so / : R —» K thoa man 

. / ( x + a) = / (x ) ,VxGR. • (1) 

G i a i . Ta CO ' ^ .'SJ , ,wo ' r • - : . 

(1) /(ax + a) =/ (ax ) ,Vx G R 

<=> ff(x) = 5(x + l ) ,Vx G R (vdi 5(x) =/ (ax ) ^ / ( x ) = 3 ( ^ ) ) . 
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Ap dung kct qua bai toan 1.33 ta d\Wc g{x) = /i ({./:}), V.r 6 R, trong do h la 
ham so tuy y, xac dinh tren nuta khoang [0; 1). Bdi vay 

C h i i y 6. Hai bai toan 1.33, 1.34 ?/ nghla rat I6n, no giup ta tlw. ducfr tat 
cd cdc ham s6 tudn hodn vd phdn tuan hodn c6 chu ki cho trudc. 

B a i toan 1.35. Tim tat cd cdc ham s6 / : R —> IR thoa man diiu kien 

f{x + a)-fix) = h{x),yxeR, (1) 

trong do h Id ham phdn tudn hodn cong tinh chu ki a tren E . 

Hi^dng d i n . Dua (1) ve phildng t r inh ham cd ban F{x + a) = F{x). Ta c6 

h{x) = -h{x + a)^h{x)=^-[h{x)-h{x + a)\. 

Vay ta bicn d6i (1) thanh 

fix + a)-f{x) = \[h{x)-h{x + a)] 

, h(x^a) , /),(.T) <^/ (x + a) + \ = fix) + 

^Fix + a) = Fix) (vdi Fix) = fix) + 
\ 

hix) 
2 ) • 

B a i toan 1.36. Tim tat cd cdc ham so / : M R thoa man 

/ ( . T + TT) - / ( a : ) = s i n x , V i e R. (1) 

Hvrdng d i n . Ta c6 (1) tUdng diTdng vdi 

fix + TT) + ^ sin(x + TT) = fix) + ^ sinx, Vx G R. (2) 

Dai fix) + ^shix = gix),\/x e R, thay vac (2) ta dUdc 

gix + ir)= gix).yx&R. (3) 

Tiep theo silr dung bai toan 1.34. 

B a i toan 1.37. Tim t&t cd cdc ham s6 / : R —> R thoa man diiu kien 

fix + a)-fix) = hix),\/x€R, (1) 

trong do h Id hdm tudn hodn cqng tinh chu ki a tren R. 

• |:, 22 • ' 

Hxidng dan . Dua (1) ve phUdng trinh ham cd ban F ( i + a) = Fix). Ta c6 

hix + a) = hix) hix) = ^ [hix) + hix + a)], 

ma hix + a)+ hix) khong "dong dang" vdi fix + a) - / ( x ) nen ta phai "nang 

bac" nhir sau: 

. , , 1 , / N 1 . X , / N (x + a)hix) xMx) 
hix) = -.ahix) = -ix + a-x) hix) = '—^ ^—^ 

a a a a 
_ ix + a)hix + a) _ xhix) 

a a % 
Do do ta bien dfii (1) thanh ' '>^i ( i ) '^ 

a a ' ''?k 

a a 

<^F(x + a) = F ( x ) , vdi F ( x ) = fix) -

Ltfti y. Neu h la ham tuEn hoan cong t inh chu k i a t h i k i thuat bicn d6i 

, , , 1 , / N 1 / N , / s ix + a)hix + a) xhOx) 
hix) = -.ahix) ^ -ix+a- x) hix) = -^^ — '- — 

a a a a 

rat hay dung, ta se gap lai ki thuat nay d bai 1.7: PhUdng t r inh ham sai phan 
bac hai, chang han trong cac bai toan 1.115 d trang 77 ; 1.116 d trang 77,... 

B a i toan 1.38. Tim tat cd cdc hdm so / : R -> R thoa man 

/ ( x + 27r) = / ( x ) + cosx,Vx e R. (1) 

X + 27r X 
G i a i . V i cosx — cos(x + 2-K) - — cosx nen y 

2n 27r 

X + 2TT X 
(1) <^ fix + 2n) cos(x + 27r) = / ( x ) - — cosx,Vx e R. (2) 

2n 27r 

Xet ham so ^ (x ) = fix) - cosx,Vx e R. Thay vao (2) ta dUdc 
2TT 

gix + 2n) = gix),yxeR. , 

V?ly g la ham so tuan hoan chu ki 27r tren R. Do do tat ca cac ham so thoa 

man do bai la 

fix) = 5 ( x ) + ; ^ c o s x , V x e R (5 la h^m tuan hoan chu k i 27r, tuy y tren R) . 
2^ 
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L t f u y. Ngoai viec dita tren bai toan 1.37, he thurc 

c o s x = — cos(x + ZTT) - — cosa; 
ZTT ZTT 

con dmc tun nh\t sau: Gia sU cos x = a{x + 27r) cos(.r + 2TT) ~ ax cos .r. K h i do 

cos a; =̂  «(a; + 27r) cos a; - axcosx => 1 = 2na =J- a = 

Bai toan 1.39. Ttm tdt cd car. ham s6 f-.R-^R thua •man di&u kitn 

f{x + a)~ f{x) = P{x), V X - G M , 

Irony do. P{x) Id da thiic bdc n. ,, 
( 1 ) 

Hifdng dtn. Ta bigu dign P(x) = Q{x + a) - Q{x), v6i la da thiic bac 
n + 1 , sau do dung phUdng phap dong nhat he so de t i n i cac he so cua Q( .T) . 
Lvfu y- Cu the cho dang nay la bai toan 1 .69 d trang 42, ban doc hay xem 
de ntnn ditcJc each bieu dien P{x) = Q{x + a) - Q ( . r ) . 

Bai toan 1.40. Tim f.dt cd cac ham so / : E'—» R thoa man dieu kien 

/(:r + l ) - / ( x ) = 2 - ^ V x e R . ( 1 ) 

Hu'dng dan. Ta o6 

/(.r + l ) - / ( x ) = 2 - ^ V x e R 

^ / ( x + 1 ) - fix) = 2 ' -^ - 2'-<^+i' , Vx e R 

,'-->/(x + l ) + 2 ' - ( ^ + i ) = /(x) + 2^-^, V x e R 

^g{x + 1 ) = ,g(x), Vx e R (vdi g(x) = /(x) + 2 i - ^ ) . 

C h u y 7. D P .T7/,(7i /?,ifri rfan^ h{x + 1 ) - h{x), ta chu y car donq nhnt thiic 
Miu: {a - l ) a ^ = a^+' - (a - l ) a - ^ = a '^+i - a"^ = a'"̂ ^ - a^-(^+". 
7ui/ fi/iien <a cd cdch Idm khdc, tdng qudt hdn, gidi quyet diCdc nhieu bdi toan 
kh6 hdn, do Id "mUdn y t.itdvg" cua bdi todn day so truy hdi t.uyen tinh cap 
1 . Dan doc hdy xcm bdi 1.6 J trang 70.' Phildng trinh ham sai phdn bdc mot. 
Bai toan 1 .41 . Tim tdt cd cdc ham so / : R —> R thoa mdn dieu kien 

, 2 0 1 5 . • 
/ ( ^ + 7 ) - / ( . c ) = |^}""Vl , V x € R . 

Giai. Dat h 201,'3 
+ 1 , Vx e R. K h i do vdi nipi x e R ta c6 

h{x + 7) = x + 7 2015 

+ 1 = r X ' 
2015 

1 + - + 1 = 1 
I 7 J [ ^ 1 

2015 1 
+ 1 = h{x). 
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Vay h{x) = ^ ^ / i ( x + 7 ) - ^/i(x) , Vx G R. Do do ' J " ' " ^ 

( 1 ) ^ fix + 7 ) - /(x) = /i(x), Vx G R 

4=̂  /(x + 7 ) - fix) = ^ h i x + 7 ) - ^/i(x), Vx G 

^ /(x + 7 ) - ^ / i ( x + 7 ) = /(x) - 'i^hix) , Vx G 

^ six + 7) = gix), Vx G R (vdi gix) = /(x) - ^/i (x ) ) . ( 2 ) 

TiT ( 2 ) , sii: dung k i t qua bai toan 1 .34 d trang 2 1 ta ditdc • . 

flW = fc({y}).VxGR, 

troiig do k la ham so t f iy .y, xac dinh tren niVa khoang [0; 1) . Vay tat ca cac 
ham so th(m man yeu cau de bai deu c6 dang 

2015 \ 
+ 1 + k Vx G 

trong d6 k la ham s6 tuy y, xac dinh tren niila khoang [0; 1) . 

Chu y 8. Sau day ta sc xet mot s6 bdi todn c6 cdch gidi rdt ddc hiet, ban doc 
cdn ndm b&t vi no xudt Men rkt nhtiu trong cuSn sdch nay, do la sU dung 
cdc bi&n dm rat hiin nhien sau: 

a = h 4^ a = - id + b) : 

'^a---b^c^ a = i ( 2 a + 6 + c). 
o 

1 , , , 
a = - 6 <^ a = - (a - bj ; 

Bai toan 1.42. Cho a Id mot h&ng s6 dUdng. Tim tdt cd cdc ham sS f xac 

dinh tren R sao cho ^ w c Iff , fix + a) = - / ( x ) , V x G M. im :i.<,- (1) 

Giai. De thay 

(1)^1 / ( x ) ^ ^ [ / ( x ) - / ( x + a ) ] ,Vxe (2) 
fix) = fix + 2a).yxeR. ^ . 

Ta se chiing minh ( 1 ) tUdng dudng vdi 

/ /(x) = ^ [ 5 ( i - ) - f f ( x + a ) l , V x G R 

I (/ la ham tnkn lioan cpng t inh chu k i 2a tren R, t i i y y. 

( 3 ) 
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Dg t h a y neu h a m / t h o a m a n (3) t h i thoa m a n (1) . Neu h a m / t h o a m a n (1) 
t h i do (2) nen / c6 d ^ n g (3) . Vay (1) ^ (3). T i r do h a m so can t i m c6 dang 

I ' f{x) = ~[g{x)~9{x + a)]yxeR 

( t r ong do g la h a m so t u a n hoan cpng t i n h chu k y 2a t r e n K, t u y y ) . 

B a i t o a i i 1.43. Tim cdc ham so / : K —> IR thoa man 

/ ( a : ) + / { 4 - i ) = 0 , V x G ] R . (1) 

G i a i . T a c6 * t ' r i 

( l ) ^ / ( x ) = i [ / ( x ) - / ( 4 - x ) l , V x € R 

' f{x)=^-[h{x)-h{4-x)],yx€R 

^ { h la h a m so xac d i n h t r en E , t u y y. 

H a m so can t i m c6 dang f{x) = ^ [h{x) - h{4 - x)]yx £ R, t r o n g do h la 

h a m so xac d i n h t r e n R, t u y y. 

B a i l o a n 1.44. Tim tat cd cdc ham so / : R —> R thoa man 

, / (5x ) = / ( x ) , V x € R . (1) 

G i a i . G i a sit / l a h a m so t h o a m a n do ba i , k h i do t a c6 (1). 
• K h i I > 0, dat X = 5 " (hay u = logj x). T h a y vao (1), t a dUdc 

/ ( 5 " + i ) = / ( 5 " ) , V u e R . €- . ' 

D a t / (5" ) = g{u)yu e R. K h i do g{u + l) = g{u),^u € R. N h u vay g la h a m 
s6 t u a n hoan chu k y 1 t r en R, chang han g{x) - cos(27rx) ,Vx e R. T a c6 

fix) = f (5" ) = g{u) = g {\og, x), Vx e (0; +oo ) . 

T h i i l a i : Vd i m p i x € (0; +oo), k h i do 

/ (5x ) = g (log5(5x)) = /; (1 + logs = fl (logs •') = /(•'•)• 

Vay k h i x > 0 t h i / ( x ) = g (logg x ) [g l a h a m so t u a n hoan c h u k y 1 tren R ) . 

• K h i X < 0, da t - x = 5 " (hay u = log5( -x ) ) . T h a y vao (1), t a d\Mc 

/ ( - 5 " + i ) = / ( - 5 " ) , V u € R . , -

D a t / ( - S " ) = h{u),Vn e R. K h i do h{u + 1) = h{u),yu 6 R. Vay h la h a m 
so t u a n hoan chu k y 1 t r e n R. T a c6 

± % fi^) = / ( - 5 " ) = h{ii) - / i ( log5(-x ) ) ,Vx e ( - oo ;0 ) . 

Thuf l a i : Vd i m p i x < 0, k h i do • m"'^ 

/ (5x ) = /i ( log5(-5x) ) = / i ( l + l o g 5 ( - x ) ) = /i ( log5(-x) ) = fix). 

Vay k h i X < 0 t h i / (x ) = h ( log5(-x) ) (/?. la h a m t u a n hoan c h u k y 1 t r e n R ) . 

K e t l u a n : H a m so / can t i m la 

( g (logs a:) k h i x > 0 

c (c la hang so t i i y y ) k h i x = 0 ' ' % 
/i ( log5(-x) ) k h i X < 0. 

( t r ong do g, h l a cac h a m so t u a n hoan chu k y 1 t r en R, t h y y ) . 

B a i t o a n 1.45. Ttm tdt cd cdc ham so / : R -+ R thoa man 
/ ( - 2 0 1 3 x ) = / ( x ) , V x 6 R . 

(1) 

G i a i . Theo (1) , t a co / (2013^x) = / ( - 2 0 1 3 ( - 2 0 1 3 x ) ) = / ( - 2 0 1 3 x ) , Vx G R ! 
va i (1), t a d,t0c / ( X ) ^ / (2013^x) ,Vx G R. Vay (1) t u d n g d u d n g vPi 

(2) 

(3) 

/ / (x ) = i [ / ( x ) + / ( - 2 0 1 3 x ) ] , V x G R 

\ = / (20132x) ,Vx G R. 

X e t h a m so: / ( x ) = ^ [(/(x) + ( ; ( -2013x) ] , Vx G R. 

t r ong (to g la h a m so tu<\ hoan nhan t i n h chu k y 2013^ t r e n R: 

<y(x) 3 (2013-x ) ,Vx G R. I 

K h i do de t h a y h a m / thoa m a n ( I ) . NgUdc la i ncni h a m / t h o a m a n (1) , k h i 

do h a m / thoa m a n (2) , do do c6 dang (3). Vay 

/ ( a : ) - i [ 5 ( x ) + i ; ( - 2 0 1 3 x ) ] , V x G R , 

t r o n g do g l a h a m so tuSn hoan n h a n t i n h chu k y 2013^ t r en R: 

g\ ^^Og2oysX 
khi X > 0 

c (c la hang so t u y y ) khi x = 0 • 

52 f ^og2ni3 ( -^ ) ) k l u x < 0 

( t rong do g^. g> la cac h a m so t u a n hoan chu ky 1 t r e n R ) . ' 

C h u y 9 . Tuang tu nhu hdi toan 1.44, 1.45 ta gidi dU0c phMng trlnh ham^ 

fiax) = e ^ (" hhng soaj^O). 
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(2 ) 

(3) 

B a i todn 1.46. Tim tat ca cdc ham so / : ]R\} —>• R thoa man diiu kien 

/(3x) - /(x) = 0 o g 3 |x| - [log3 |x|),Vi ^ 0. (1) 

Gia i . Dat h{x) = ^logg |a;| - [logg |x|] = ^ { logg |x|}. Kh i do 

/i(3x) = /{!og3|3x|} = ^ { l+ l og3| x | } = v/{log3|:c|} = Hx), Vx ^ 0. 

( l ) ^ / ( 3 x ) - / ( x ) =/ i ( x ) , Vx^O 

^ /(3x) - fix) = (log3 |3x| - log3 |x|) /i(x), Vx ^ 0 

• , ^ /(3x) - h{x) log3 |3x| = /(x) - h{x) log3 |x|, Vx ^ 0. 

Dat g{x) = / (x ) - /i(x) log3 |x|, thay vac (2) t a ditdc 

g(3x) = p(x ) ,Vx7^0. 

Tir (3) ti(>n lianli tudiig ti.r i i lm bai toan 1.44 ci trang 26 t a du^c 

_ / ' " ( loggx) khi X > 0 
^̂ •̂ ^ ~ I 7z(log3 ( -x) ) khi X < 0. 

(trong do m, n la cac ham so tuan hoan chu ky 1 tren M). Vay 

/ ( X ) - ^ ( X ) + /l(x) l0g3 |x| 

_ f m (logs x) + ^ { l og3x } ] og3X khi x > 0 

I " ( l0g3 ( - : c ) ) + v/ { l0g3 ( - x ) } l 0g3 ( - x ) khi X < 0. 

B a i toan 1.47. Tim tat ca. cdc ham so / : IR —» R thoa man , 

/(4^) = /(2^) + x, Vx 6 R . 

Gia i . Ta c6 ''' 

( l ) ^ / ( 4 ^ ) - 2 x = / ( 2 ^ ) - x . V x € R 

^ ,9(2x) = g{x): Vx 6 R (v6i g(x) = / (2^) - x ) . (2) 

T i t (2), sir dyng bai toan 1.33 d trang 21 va tien hanh tUdng tu nhir bai toan 
1.44 d trang 26 ta dUdc 

{ hi ({iog2x}) khi X > 0 

c (c la hang so tiiv y) khi x = 0 
/i2({ log2 ( -x) } ) ' k h i x < 0 , 

(1) 
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trong do hi, /12 la nhfmg ham so xac dinh tren mita khoang [0; 1), t i i y y. Ma 
theo tren ta c6 /(x) = logax + g (logsx), Vx > 0 nen 

{ log2X + hi ( { log2( log2x) } ) khi x > 1 

c (c la hang so t i iy y) khi x = 1 
log2X + /i2 ( { l o g 2 ( - l o g 2 x ) } ) khi 0 < X < 1 ^3) 
t i iy y khi x < 0. 

Thuf lai: Gia sii ham / xac dinh bcii (3). Vdi x e R t i iy y. 
. Neu X > 0 th i 4^ > 1 va 2^ > 1 nen 

/ ( 4 ^ ) = log24^ + hi ({log2 ( log24^)}) = 2x + hi ( { l o g 2 x } ) . 
f{2^) + x = log22^ + hi ({ log2 ( log22^)}) +x = 2x + hi ( { l o g 2 x } ) . 

S u y r a / ( 4 - ) = / ( 2 ^ ) + x . 
• Neu X = 0 t h i 4^ = 2^ = 1, do do / ( 4 ^ ) = c, / (2^ ) = c, hien nhien thoa (1). 
• Neu X < 0 th i 0 < 4"̂  < 1, 0 < 2^ < 1 nen 

/ ( 4 ' ) = l0g24- + h2 (( log2 ( - l 0 g 2 4 - ) } ) = 2X + h2 ( { I 0 g 2 ( - X ) } ) . 
f{2n + X = log22^ + h; ({ log2 ( - log22^) } ) + X = 2 x + /I2 ( { log2( " X ) } ) . 

Suy r a / ( 4 - ) = / ( 2 - ) + x . 
Nlut vay ham so xac dinh bdi (3) thoa man (1). Do do tat ca cac ham so 
thoa man yen can de bai den c6 dang (3). 

Ba i toan 1.48. Tim cdc ham so f tuan hoan chu ki 3 tren R vd thoa man 

/(x) + /(x + l ) + / ( x + 2) = 0 , V x e R . (1) 

Gia i . Theo gia thiet ta co / tuan hoan chu ki 3 tren R va thoa (1), tiic la 

I /ja;) = - / ( x + l ) - / ( x + 2 ) , V x e 
+ 3) = / ( x ) ,Vx6 

/ / (^ ) = \T) - fix + 1) - fix + 2)1 Vx € R ! ^ ^2) 

\) = / ( x ) , Vx eR . ' ' 

Ta se chutng m i n h (1) t i t d n g dUdng vd i 

fix) = i \2gix) - c,(x + 1) - yix + 2)], Vx G R (3) 

y la hara tuSn hoan CQUg t i n h chu k i 3 t r e n R, t u y y. { 
Gia si't fix) CO dang (3). Kh i do vdi mpi x G R ta c6 

fix + l) = \.'y(x + 1) - nix + 2) - gix)], 
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f f{:r + 2) = l^[2g{x + 2)-g{x)-g{x+l)l 

fix + 3) = i [2q{x) - q{x + 1) - fl(.T + 2)] = f{x). 

Do (to j{x) + f{x + \) -1-/(x + 2) = 0, / ( x + 3) = / ( x ) . Vay / ( . r ) thoa man (1). 
Giasi'r f(x) tlioa man (1). K h i do do (2) nen f{x) c6 dang (3). Vay (1) <^ (3). 
Tom lai tat ca cac ham so can tun c6 dang 

I" 

I / ( x ) = i [ 2 5 ( x ) - 5 ( x + l ) - 5 ( x + 2 ) l , V x € K • 

(trong do g \k ham tnan hoan chu k l 3, tuy y tren M). 

B a i t o a n 1.49. Cho ham s6 f{x) xnr. drnh trr.n R va thoa man 
(1) / ( : r + 3) < / ( x ) + 3 , V x e R ; 

(2) / ( x + 2) > / ( x ) + 2 , V x e R . 

Chiing minh Tdng ham so g(x) = / ( x ) - x la ham tudn hodn. 

G i a i . Ta c6 

ry^x + 6) = / ( x + G ) - x - 6 = / ( ( x + 3 ) + 3 ) - x - 6 
< fir + 3) + 3 - X - 6 = fix + 3) - X - 3 
< / ( : , : ) + 3 - X - 3 - / ( x ) - X = 5(x) . 

Mat khac i 

y(x + ()) = / ( x + G) - X - 6 = / ( ( x + 4) + 2) - X - 6 
> / ( x -:- .1) + 2 - X - () = fiix + 2) + 2) - X - 4 

> / ( x + 2) + 2 - X - 4 > fix) + 2 - X - 2 = / ( x ) - x - ^ (x ) . 

Suy n\ + 6) = r/(x), V:j- € M. Vay (7(x) la ham tuan hoan chu k i 6 tren R. 

B a i t o a n 1.50. 71m tdi cd cac yid tri a e R sao cho ton tat duy nhdt ham 
,s7i / ; R R iJwa man: f (x - / ( i / ) ) = a [fix) - x] - / ( y ) , Vx, y G R. (1) 

G i a i . DSf .^(x) = / ( x ) - x. Gia thiet ciia l)ai toan viet theo ham g la 

,|', ^ (•'•• - y - diy)) + x - y - giy) = agix) - y- giy), Vx, y G R 
(j^-y !/iy)) = agix) - x. Vx, y G R. (2) 

Gia siir / khong phai la ham iiflng. Lay r, s la hai phan tiif phan biet trong 
taj) gia t r i ciia liam / . K h i do ydi moi so thuc x, do (2) nen ta c6 -^-.^^ 

• gix ~ r) = agix) - X = gix - s). (3) 

Tif (3), thay x bdi x + r ta diroc: gix) = ff (x + (r - s)), Vx G R . (4) 
Tir (3), thay x boi x + s ta dudc: ^(x) = g (x + (s - r)), V i G R . (5) 
T i l (4) va (5) suy ra g la ham so tu^n hoan vdi chu ki T = |r - s| > 0. V i the 
vdi moi x G R ta c6 

agix) - x = gix-y-giy)) =gix + T-y-giy)) 
= agix+ T)-ix + T) = agix)-x-T. (6) 

Ti t (6) suy ra T = 0, man thuan. Do do / la ham hang. Gia su / ( x ) = c (c la 
hang so). Tl iay vao (1) dUdc c = a ( c - x ) - c , Vx G M hay a ( c - x ) = 2c, Vx G R . 
Nghia la a = 0 va c = 0. Ta CO ket luan; a = 0, khi do ham so duy nhat thoa 
n i a n cac yen cau de bai la / ( x ) = 0. ^ 

1.3.2 Phu'dng t r i n h h a m s i n h bdi phep doi xufng, p h e p n g h i c h 
dao. C a c bai to an l i e n q u a n d e n cac h a m c h i n , h a m le 

Trong muc nay ta xet cac bai toan lien quan den ham so chan, ham so le 
(phUffng trinh ham sinh b6i phep doi xi'mg) va phudng trinh ham sinh bdi 
phep nghich dao. L6i giai cac bai toan cJ day r i t dac biet, ban doc can n^m 
bat vi no xuat hiCn rat nhieu trong cuon sach nay, do la sii dung cac bien 
d6i rat hiin nhien sau: 

a = b <F> a = ^ ia + b) ; a = - 6 - ^ a = ^ ( a - 6 ) ; 

a ••^= i + c <=> a = ^ i2a + b + c). 

B a i toan 1 .51 . Tim tat cd cac ham so / : R R thoa man , . , . 

/ ( X ) - / ( - X ) , V X G R . 

G i a i . Dg thay (1) tUdng dudng vdi: / ( x ) = ^ [fix) + / ( - x ) ] , V x G R . (2) 

Xet ham so / ( x ) = ^ [^(x) + ff(-x)],Vx G R , (3) 

trong do g la ham so t i iy y tren R . K h i do de thay ham / thoa man (1). 

Nguoc lai neu ham / thoa man (1) thi ta c6 (2), chon gix) — fix), suy ra / 

CO dang (3). Vay ham so can tim c6 dang 

/ W = ^ [ 5 ( X ) + 5 ( - X ) ] , V X G R , 

trong do g la ham so t i i y y tren R . ^ 

B a i toan 1.52. Tim tat cd cac ham s6 f : R -* R thoa man ^ 

, ^ = - / ( X ) , V X G R . K - ^ ^ 
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G i a i . De thay (1) t itdiig clildng v(3i: f{x) = ^ [/( i ) - / ( - i ) ] , V i € K. (2) 

X€t ham s6: /(x) = J bCx) - »(-a:)] ,Vx € R , (3) 

trong do g la ham so t i ly y tren R . K h i do de thay ham / thoa man (1). 

Ngitcjc l ^ i neu ham / thoa man (1) t h i / c6 d9.ng (3) do (2). V$,y ham so can 

t i m CO dang f{x) = ^ [g{x) - g{-x)],Vx € R , vdi g la ham so tuy y tren R . 

B a i toan 1.53. Tim tat cd cdc ham so f : 

f{x) = f l - , V x e 
\x 

thoa man 

( l ) i 

G i a i . Dg thay (1) tUdng dudng vdi f{x) = ^ 

Xet ham so: /(x) = ^ g{x) + g 

fix) + / 

, V x e R * , 

, V x € ] R * . (2) 

(3) 

trong do g la ham so tuy y tren R * . K h i do dg thay ham / thoa man (1). 
Ngudc lai neu ham / thoa man (1) t h i / thoa man (2), do do / c6 dang (3). 
Vay ham so can t i m c6 dang: 

9{x) + g , V x € R * , 

trong do g la ham so tuy y tren R*. ' * 

B a i toan 1.54. Tim tat cd cdc ham so R thoa man 

\xj , V x 6 (1)! 

G i a i . De thay (1) tUdng dudng vdi: f{x) = -

Xet ham so: f{x) = -
*2i 

m - / -
V X 

, V X G R * . (2) 

(3) 

trong do g la ham s6 tuy y tren R*. K h i do de th4y hain / thoa man (1) 
NgUdc lai neu ham / thoa man (1) th i / thoa man (2), do do / c6 dang (3). 
Vay ham so can t i m c6 dang: 

fix) = \ aix) - g 

trong do g la ham so tuy y tren R*. 
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B a i toan 1.55. Tim tat cd cdc ham so / : R —• M thoa man 

f{-x) + af{x) = byxeR. : ^ (1) 

(vdi a, b Id hai so thuc cho trUdc). ^ 

G i a i . Trong (1) thay x bcii -x ta ditdc: f{x) + a / ( - x ) = 6, Vx G R. (2) 

Dat /( ^x) = , ; (x) . Tfr (1) va (2) ta c6 he: { }gf++4(̂ j I 6. , (3) 

Taco: 

D = a 1 
1 a = a2 - 1, = b 1 

b a = h{a-\), Dg = 
a b 
1 b = b{a-l). 

TrtfcJng h d p 1 . « 7̂  1 va a 7̂  - 1 . K h i do £> 7̂  0. He (3) c6 nghiem duy n h i t 

b{a- 1) b 
D a 2 - 1 a+ 1 

b{a - 1) b 
D « 2 - 1 a + 1 

Thi'r lai t h i y fix) = ^' , Vx e R thoa man de bai. 
a + 1 

Trtrdng h d p 2. a = 1. K h i do (1) t r d thanh: /(x) + / ( - x ) = 6, Vx e R. (4) 

Dat fix) - ^ = g{x),Wx e R. Thay vao (4) t a dUdc 

gix) + ^+g{-x) + ^ = byx£m 

<^g{x) =-g{-x)yx eR. (5) 

Tijf (.5), sii dung bai toan 1.52 cl trang 31, ta dUdc '' 

f g{.r) = ^[h{x)~h{-x)]yr€R 

{ h \k ham so tuy y xac dinh tren R. 

T h i i lai thay thoa man. 
Trtrdng h d p 3. a = - 1 , Neu b 0 th i D = 0 va D/ 7̂  0, D , 7̂  0, bdi vay he 
(3) vd nghiem. Neu 6 = 0 th i (1) tUdng dudng vdi 

/ ( .T) = / ( - x ) , V x e R . (6) 

T u (6), svi dung bai toan 1.51 d trang 31, ta dUdc 

/ f{x) = \[k{x) + k{-x)l\/xeW 

\ la ham so t i iy y xac dinh tren R. ( 
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Thijf 19.1 thay thoa man. Tom l?ii, ta c6 ket qua: f}. 
• Neu a 7^ 1 va a 7^ - 1 t h i C O duy nhat mot ham so thoa man de bai la 

a + l 

• Neu a = 1 t h i t i t ca cac ham so thoa man dg bai la 

f{x) = ^ + 1 [hix) - h{-x)],yx e M (/i la ham s6 tuy y xac dinh tren R)j 

• Neu a = - 1 va 6 7^ 0 t h i khong c6 ham so nao thoa man de bai. 
f Ngu a = - 1 va 6 = 0 t h i tat ca cac ham so thoa man d l bai- la 

/ ( i ) = - \k{x) 4- fc(-2;)],Vi e E (A; la ham so tuy y xac dinh tren R) . 

B a i toan 1.56. Tim tat cd cac ham 50 / : R —» R thoa man diiu kien 

r, , 2 0 1 0 C O S X 
f{x) + f{-x)= ^ ^ , V x e R . 

VX-' + 1 

G i a i . Gia su / la ham so thoa man cac yeu cau de bai. K h i do ta co 

2010 cosX 
f{x) + f{-x) = — , Vx 6 R 

Vx^ + 1 
^, , ^, , 1005cosx 1005cos(-x) ^ 

V^X^ V ' ( - X ) 2 + 1 

1005 cosx 
n-x)-

1005 cos(-x) 
, V x e R . (1) 

1 - , - ^ \x , , 
D^t fix) - —p== = gix),^x e R. T i t (1) suy ra ^(x) la ham s5 thoa man / ? T l 
d i l u kien: g{x) = - g ( - x ) , V x e M. 
Tfr (2), si't dung bai toan 1.52 cl tr<mg 31, ta dUdc 

g{x)=^[h{x)-h(-x)]yx&R, 

vdi h{x) la ham so xac dinh tren R, t i iy y. Vay r P. 

' / ( X ) = + ! [ , ( , ) _ , ( _ , ) ] , V x G R . 

t ' l V X ' ' + 1 ^ 

T h u lai thay dung. T i t ca cac ham so thoa man d l bai d i u c6 dang 

, 1005cosx 1 ,, , N . / \  v y in, 

(2) 

(3) 

vdi k{x) la ham so xac dinl i tren R, tuy y. 
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B a i toan-1.57 (De nghi t h i Olympic 30/04/2011). Tim tat cd cdc ham so 
^ . IK biet rhng f la ham so ch&n vd 

f{xy) - fix)f{y) = 3 [fix + y)- 2xy - 1], Vx, y € R. (1) 

X X 
G i a i . T i t (1) thay x b6i - va y bdi - ta ditdc 

(2) 

T i t (1) thay x bdi | va y bdi ta dUdc 

/ ( - T ) - / ( f ) ^ H ) - , Vx,2/e 

Do / la ham chSn nen (3) viet lai 

/ ( - ) = 3' /(0) + y - l , Vx ,y € 

(3) 

(4)^ 

(5) Lay (2) t r f t (4) theo ve ta ditdc: /(x) = x^ + / ( O ) , Vx e R. 
TiJt (1) cho y = 0 ta C O 

/ ( O ) - / ( x ) / ( 0 ) = 3 [/(x) - 1], V x e R 

^ [/W - 1 ] [/(o) + 3] - 0, Vx e R. 

N I J / ( O ) 7^ - 3 t h i fix) = 1, Vx e R, ham so nay khong thoa (1). Vay 
/ ( O ) = - 3 va t i t (5) ta c6 /(x) = x^-3, Vx e R. ThiV lai thay thoa man. Do do 
C O duy n h i t mot ham s6 thoa man cac yeu cau de bai la /(x) = x ^ - 3 , Vx e R. 

B a i toan 1.58. Tim tat cd cdc ham so f : ( -2 ; 2) R, thoa man diSu kien 

/ ( x + y ) - f - / ( x - y ) + / ( y - x ) + / ( - x - y ) = 0 , V x , y e ( -1 ;1) . (1) 

G i a i . Trong (1) lay x = 0 va y = 0 ta dUdc / ( O ) = 0 Trong (1) lay y = x va 
sut dung / ( O ) = 0 ta dUdc 'S 

/(2x) + / ( - 2 x ) = 0 , VxG ( -1 ;1) . 
^ / ( x ) = - / ( - x ) , V x e ( - 2 ; 2 ) . . . . • ' 

^fix) = ^[fix)-fi-x)], V x € ( - 2 ; 2 ) . 

^ I m = \ - gi-x)], Vx G ( - 2 ; 2 ) . ^ 

\ la ham so tren khoang ( - 2 ; 2 ) , tuy y. 
(2) 



T h i i l a i : Vd i / l a h a m so xac d i n h bd i (2) t a c6 / xac d i n h t r e n ( - 2 ; 2) va 
vdi m p i X, y thuoc khoang ( - 1 ; 1), t a c6 ' 

f{x + y) = ]^[9{x + y)-9{-x-y)] 

/ (2; - 2/) = 2 [»(^ - y ) - 9iy - a;)] 

f {y - ^) = ^[giy-x) -g{x- y)] 

f{~x-y) = ~[9i-x-y)-9ix + y)]. 

Suy r a / (x + y) + f {x - y) + f {y - x) + f {-x - y) = 0, t h o a m a n (1) . Vay 
t a t ca cac h a m so thoa m a n y e u cau de ba i deu c6 dang 

fir.)='^[g{x)-g{-x)l V . T 6 ( - 2 ; 2 ) , 

v d i g la h a m so xac d i n h t r en khoang ( - 2 ; 2) , t u y y. 

B a i t o a n 1.59. Tim tat cd cdc ham so f : (—2; 2) —> M, thoa man dieu kien 

f{x + y) + f{x-y) + fiy-x) + f{-x-y) = h{x + y) , Vx, y E ( - 1 ; 1), (1) 

trong do Ii Id hdm. so xac dmh tren khoang ( - 2 ; 2 ) . 

G i a i . G i a s i i / l a n g h i ? m c i i a (1) . T r o n g (1) lay x = y = 0 dUdc 4/(0) = h{0). 
T r o n g (1) cho y = x d\Mc 

f{2x) + f{-2x) = h{2x), Vx e ( - 1 ; 1). (2) 

T r o n g (1) cho y = -x d i tdc 2/(0) + / (2x ) + / ( - 2 x ) - /i(0), Vx € ( - 1 ; 1). (3) 

T i r (2) va (3) suy r a h{2x) = /i(0) - 2/(0) , Vx 6 ( - 1 ; 1). M a 4/(O) = h{0) nen 

- r /i(2x) = 2/(0) , V x e ( - l ; l ) 

hay h{x) = 2/(0) , Vx 6 ( - 2 ; 2) . Vay h la h a m h k n g t r e n khoang ( - 2 ; 2 ) . 

Nguoc l a i , g ia sut h{x) = a , Vx G ( - 2 ; 2) la h a m hang t r e n khoang ( - 2 ; 2 ) . 

D a t / (x ) = ^ + fc(x), Vx e ( - 2 ; 2) . T h a y vao (1) dudc 

k{x + y) + k{x - y) + k{y - x) + ki-x ~ y) = 0, Vx, y e ( - 1 ; 1). (4) 

T i r (4), s i i d u n g ke t qua ba i t oan 1.58 d t r a n g 35, t a dUdc 

Hx) = \ - g{-x% Vx e ( - 2 ; 2), 
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vd i g la h a m so t r e n khoang ( - 2 ; 2) , t i i y y. Vay phudng t r i n h h a m (1) c6 
ngh iem k h i va ch i k h i h{x) = c la h a m hang t r e n khoang ( - 2 ; 2 ) . K h i do 
ngh iem c i ia (1) cd dang 

/(••'O = ^ + 2 - e ( - 2 ; 2), _ , 

vdi g la h a m so xac d i n h t r en khoang ( - 2 ; 2) , t i i y y. • 

B a i t o a n 1.60. Tim tat cd cdc hdm so f : ( - 2 ; 2) —> R, thoa man dieu kien 

f{x + y ) - f ( x - y ) - f { y - x ) + f { - x - y ) = 0 , Vx, y e ( - 1 ; 1). (1) 

G i a i . G i a sir h a m / thoa m a n cac yeu cKu de ba i . D a t /(O) c. T r o n g (1) 

lay y = X t a ditdc 

/ (2x ) + / ( - 2 x ) = 2c, Vx e ( - 1 ; 1) ' '^ ' • 

<^/(a:) + / ( - . T ) - 2 c , Vx G ( - 2 ; 2 ) 

<^fc(x) + A: ( -x ) = 0, Vx G ( - 2 ; 2) ( vd i k{x) = f{x) - c, Vx G ( - 2 ; 2)) 

^ / k(x} = ^ [9{x) - g{-x)], Vx G ( - 2 ; 2) ^2) 

[ 5 la h a m so t r e n khoang ( - 2 ; 2), t i i y y. 

T i n t l a i : Vd i / ( x ) = A;(x) + c, t r o n g do k l a h a m so xac d i n h b d i (2) t a c6 / 

xac d i n h t r o n ( - 2 ; 2) va vd i m o i x , y thupc khoang ( - 1 ; 1), t a cd 

fix + y)=c+l[gix + y)-9i-x-y)] 

f{x-y) = c+- [g{x - J/) - g{y - x ) ] 

/ (y - x ) = c + ^ \g{y - x ) - g{x - y)] 

f i - x - y ) = c+- [g{-x - y) - g{x + y)]. 

Suy r a / ( x + y) - / ( x - y ) - / ( y - x ) + / ( - x - y ) = 0, t h o a m a n (1) . Vay 

t a t ca cac h a m so t h o a m a n you cau do ba i deu cd dang 

f{x) = c+^-ly{x)-g{-x)], V X G ( - 2 ; 2 ) , , 

vd i r. la hang so va g la h a m so xac d i n h t r e n khoang ( - 2 ; 2 ) , t u y y. 

B a i t o a n 1.61. Tim tat cd cdc hdm so f : ( - 2 ; 2) R, thoa man dieu kien 

f{x + y)-fix-y)-f{y-x)+f{-x-y)==h{x + y), V x , y G ( - 1 ; 1 ) , (1) 

trong do h la hdm so xac dinh tren khoang ( - 2 ; - 2 ) . 
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Giaiv Gia sur / la ham so thoa man yeu cku de bai. Trong (1) lay x = 0 
va y = 0 diroc h{0) - 0. Trong (1) cho y = x dUdc 

/ ( 2 x ) + / ( - 2 x ) = M2^) + 2/ (0) , V x e ( - l ; l ) . (2) 

Trong (1) cho y = - x va sii dung /i(0) = 0 ta diXdc 

/ ( 2 x ) + / ( - 2 x ) = 2 / ( 0 ) , V x € ( - l ; l ) . (3) 

Ttf (2) va (3) suy ra h{2x) = 0, Vx e ( - 1 ; 1) hay h{x) = 0, Vx € ( - 2 ; 2 ) . 
Vay dieu kien can de (1) c6 nghiem la h{x) = 0 , Vx e ( - 2 ; 2). K h i do (1) trci 
thanh 

/ ( x + y ) - / ( x - y ) - / ( y - x ) + / ( - x - y ) = 0 , V x , y e ( - l ; l ) . (4) 

TiT (4), sijf dung ket qua bai toan l.GO d trang 37, ta dudc 

f{x) = \\g{x)-g{-x)], V x e ( - 2 ; 2 ) , 

vdi g la ham so tren khoang ( - 2 ; 2), t i iy y. Vay phudng t r i n h ham (1) c6 
r^ghi^ni khi va chi khi /i(x) = 0, Vx e ( - 2 ; 2). K h i do nghiem cua (1) co dang 

f{x) = \\g{x)-g{~x)\, V x € ( - 2 ; 2 ) , 

vdi g la ham sn xac dinh tren khoang ( - 2 ; 2), t t iy y. 

B a i toan 1.62. Tim tdt cd cdc ham so / : K —• R thoa man dieu kien 

f ( V x 2 + 1 + - / (v/x2 + 1 - x j = X, Vx e R. (1) 

G i a i . Vdi mpi i € R, ta co Vx^ + 1 > |x| > ± x y/I^Tl ± x > 0. Do 

(\/x2 + l + x ) (v^x2 + l - x ) = 1 1 

ngu neu dat t = Vx^ + 1 + x t h i dUdc - = Vx^ + 1 - x, dan tdi 

t-\^2x^x^l 

Thay vao (1) dtldc 
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,,,, 1 _ f f l V - - - . vt>o 

^g(\y^t>0 (vdigW = / W - 2 * 

Vt > 0 

, V O 0 

{h la ham s6 xac dinh tren (0; +oo), tuy y ) . 

Tkt ca cac ham so cRn t i m dcu co dang 

fix) ^ { 5 
2 

X + h{x) + h[-

khi X < 0 

khi I > 0, 

trong do /. la ham R6 xac dinh tren khoang (0; +oo), tuy y. 

B a i toan 1.63. Tim tM cd cdc ham s6f:W-^R thoa m.dn kren 

s i n ( x ^ . ^ ) , V x . R \ ( 0 } . (1) 

G i a i . Vdi m o i x ^ O , tii (1) t a c o M - + f{x) = sin 
/ 1 

+ ax* VX2 
. Ket hdp 

vdi (1) thav rkng n€u a ^ 
bai. A e t a = l , k h i d6 (1) t rd thanh 

/ 
fix) + / ( ^ i , = s m 

a ^ 1 t h l khong t6n ta i ham s6 thoa man yen cau da 

:6 thanh 

v x ^ R \ ( o } 

^ > / ( x ) - J s in (x2 + ^ 

\ 

sin 

1 \ 

/ 1 \ 2 
^2 + J _ U s i n U + x 

X^ ' \

, Vx e R\} 

1 . 
a: + -72 

V X V / 

= 2 9ix) 
. Vx G R\} 

9ix) = 2 /)(x) - h , Vx e R\} 

\h\k haii i 's6 xac dinh tren R' , tuy y. 
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Ta CO kk Inan: N6u n ^ 1 thi khong tfin tai ham so thoa man y e n can 
bai. Neu a = 1 th i f(x) = -

vai // la ham so xac djnh tren R\, tuy 'y. 

sill lx'^ + —]+ h{x) - h , Vx 6 M\, 

1.3.3 P h i f d n g t r i n h h a m f{x + a ) = f{x) + b 

B a i toan 1.64. Tim tat cd cdc ham so / : M —> M sao cho 

fix + 2012) = / ( x ) - 5, Vx G M. 

G i a i . Gia si'r / la ha,m so thoa man dc bai, khi do ta co (1). Dat 

/(^) = ^ x + gix),^xeR. 

(1) 

K h i do thay van (1), ta dUdC 

- 1 
(x + 2012) + g{x + 2012) = ^ x + g{x) - 4, Vx e 

^ — - 4 + g{x + 2012) = ^ x + g{x) - 4, Vx S 503 
(T^ <»5(x + 2012) = 5 ( x ) , V x e M. 

Vay / ( x ) = r p ^ x + p ( x ) , Vx e K, vdi 5 la ham so tuan hoan chu ky 2012 tren 

R. Sau khi thi'if lai ta ket luan: Ham so can t i m la / ( x ) ^ — x + p(x) , Vx e R 
5O0 

(trong do 5 la ham so tuan hoan chu ky 2012 tren R, t i i y y ) . 

N h a n xet 2. Phep dat / ( x ) = ^ x + fl(x),Vx e R dMc thii. ra nhu sau: Tit 
50o 

(1), ta tudng tuang rdng 

fix + 2012) = fix) + /(2012), Vx e R 

ivdi /(2012) - 4 ) . Suy ra fix) = ax,Vx € R. Vay tH /(2012) = - 4 , <a cd 

• ' • - 1 a.2012 = - 4 a = - -
503' 

N h a n xet 3. Tuang tu ta gid.i ducfc phuang trinh ham sau: 

/ ( x + a) = / ( x ) + 6 ,Vx6 

B a i toan 1.65. Tim tdt cd cdc day sS { x „ } + ^ thoa man 

X i = 2, X 2 = - 1 ; x „ + 2 = x„ + 2010, Vu = 1, 2 , . . . (1) 
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G i a i . D a t x„ = 1005n + ii„, Vn = 1, 2 , . . . Thay vac (1) ta dufdc ,, ff.,, ,,-, 

m = -1003. U2 == -2011 ; ? ; „ + 2 = u„,Vn = L 2 , . . . ' 

PhJcmg tr inh d^c t r img = 1 ciia day so (u„) c6 hai nghiem 1 va - 1 , do do 

n„ = yl + 5 ( - l ) " , V r j = 1.2,. . . r , ; : 

£)Q ui = -1003 va )t2 = -2011 nen 
f A - B = -1003 ^ j A = -1507 
\ . 4 + B = -2011 ^ \  =  -504. . ( ; . : - . ; ; . / ; 

Vay xn = 1005n - 1507 - 5 0 4 ( - l ) " , Vn = 1, 2 , . . . Thiir lai thay thoa man. 

B a i toan 1.66. Tim tdt cd cdc day so {x„}^rj thoa man ^, 

••'•n+5 = .7:„ + 2015,Vn= 1,2, . . . 

Hu'dng dan . Dat x„ = 403n + Vn = 1, 2 , . . . . K h i do 
yn+5 = Vn^n = 1,2,. . . 

Vaj- y„ = Yl (^h cos + sin , Vn = 1,2, . . . , trong do cac hkug so 

/3o, di,(hj /^3i s6 dUUc xac dinh khi biet cac s5 hang . T I , X 2 , X 3 , X 4 , X 5 . 

B a i toan 1.67. Tim tdt cd cdc da thtCc he so thuc P (x ) thoa man dieu kien: 

Pi -3) = 2 vd Pix + 5) = Pix + 1) + 2, Vx e R. 

Hu'dng d a n . Thay x bdi x - 1. 

B a i toan 1.68. Tim cdc da thiCc Pix) thoa man dieu kien P ( l ) = 2010 vd 

P(x + y) = F(x ) + P ( y ) , V x , j / € R . (1) 

G i a i . Gia d a thi'rc Pix) thoa man you cau d^ bai. Tiong (1), lay y = I durtc 

Pix + 1) = Pix) + 2010, Vx e R. (2) 

Dat P(x) = Q ( x ) + 2010x. Thay vao (2) ta duUc Q ( x ) la d a thitc thoa man 

Q ( x + 1) + 2010(x + 1) = Qix) + 2010x + 2010, Vx € R 
^ Q ( . v + i ) = g ( x ) , V x e R 
<^(5(x) = c,Vx e R (c la hang so) . 

Vay Pix) = 2010x + r, Vx e R. Do 7 (̂1) = 2010 nen 2010 = 2010 + c <^ r = 0. 
Sau khi t h u lai ta ket luan: Co duy nhat mot da thiic thoa man de bai la 

P(x) = 2010x ,VxeR. 
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B a i toan 1.69. Thuc hien cdc yeu cdu sau: 

a) Tim tat cd cdc ham so / : R —» E thoa man 

f{x) = Ux + l8 + f{x + 3),VxeR. (1) 

b) Tim tat cd cdc da thiic he s6 thuc f{x) thoa man . 

f{x) = 121 + 18 + f{x + 3),.Vx e R. 

Hvfdng dSn. 
a) Dat /(x) = ax^ + 6 i + c + g{x),'ix G R. Thay vao (1) ta dUdc * ' 

ax^ + hx + c + g{x) = 12x + 18 + a{x + 3)^ + fc(x + 3) + c + g{x + 3) 
«>p(a;) = (12 + 6a)a: + 18 + 9a + 36 + g{x + 3). 

• • ^ 
Chon sao cho I jg ^ ^ Q <̂  | ^ T Vdi a, 6 n h u tren ta c6 

.7(.T) =,7(.r + 3 ) , V . T e R . (2) 

TiJt (2), sii dung bai toan 1.34 ta dUdc ket qua. 
b) Dat f{x) = - 2 x 2 (,(x),Vx e R. Thay vao (1) ta dUdc 

% 
^ - 2 . r 2 + fl(.T) = 12x + 1 8 - 2 ( x + 3)2 + .(7(x + 3 ) , V x € R 

I , <̂  - 2x2 + y(x) = 12x + 18 - 2x2 - 12x - 18 + g{x + 3), Vx € M 
^g{x) = 5(x + 3),Vx e R. (3) 

V i g{x) la da thiic he so thUc nen til (3) suy ra g{x) = C (vdi C la hang so), i 
Vay /(x) = - 2 x 2 _̂  y , . ^ ĵ ^^^g ^ j ^ ^ j ^ . ^^^^ ^^^^ 

1.3.4 Phi:fdng t r i n h h a m f{x + a ) = -f{x) + 6 

B a i toan 1.70. Tim tat cd cdc ham s5 / : R M sao cho 

1^'^ / ( x - 5 ) = - / ( x ) + 4 , V x 6 R . (1) 

G i a i . Gia su / la ham so thoa man de bai, kh i do ta c6 (1). Dat 

/(x) = 2 + 5 ( x ) , V x e R . 

Thay vao (1) ta dUdc ^ 

2 + 5(x - 5) = - 2 - g{x) + 4, Vx e R 

< ^ g ( x - 5 ) = - 5 ( X ) , V X G R 
. ^ <=>5(x) = - f f ( x + 5),Vx G R. 

Theo bai toan 1.42 a trang 25 ta c6 .^(x) = i [/i(x) - /i(x + 5)], Vx G R, trong 

.Ao h la ham so tuan hoan chu ky 10 tren R, t i i y y. Sau khi thiir lai ta ket 

luan: Ham so can t i m c6 dang /(x) = 2 + - [h{x) - h{x + 5)], Vx G R, vdi h 

la ham so tuan hoan chu ky 10 tren R, t i iy y ) . > - i i • t 

N h a n xet 4. P/iep tfai /(x) = 2+5(x) , Vx G R duOc tim ra nhu sau: Ta se thn 
rnot nghiem rieng cua (1), tot nhat Id ta tim ham h&ng {neu c6) thoa man (1). 
Gid sU /(x) = c. Vx G R. Thay vao (1), ta duac: c = -c + 4 c = 2. Vay ham 
h&ng thoa man (1) Id: /(x) = 2,Vx G R. Do do ta dat /(x) = 2+g{x),\/x G R. 
VWi phep dat nay ta se khiC diMc so 4 trong (1). 

N h a n xet 5.^ Tuang tu ta gidi duac phuang trinh ham sau 

f{x + a) = -f{x) + byxeR {a vdb la hhng so) 

Tuang tu ta tim duac day so {xn]n=i ^^oa man 

Xn+k = -Xn + 6, Vn = 1, 2 , . . . {k vd b Id h&ng so, k eW). 

B a i toan 1.71. Tim tat cd cdc ham so f : 

/ . , ; 2 - x + n . X - 2 + X + l \ 

i, thoa man dieu kien 

1 
- 2 x2 + 4 + 3 K V X G R * . (1) 

Hifdng d§.n. Dat ^ = x + - •=> \t\ 2. Ta c6: 

X 

x2 + X + 1 = X + + i = t' + n 

Thay vao (1) ta dUdc: 

f i t - l ) + f{t + l) = {t-lf + it + lf, \t\>2 

/ ( i - i ) - ( t - i r /(t + l ) - ( i + l ) ' ] , |i| > 2 . 

... 

g{t) = f{t) - i2. Thay vao (2), ta dUdc; 

-<?(< + 1 ) , 1*1 > 2 ' 
^git) = ~g{t + 2),\t + l\>2 
^y{t) = -y{t + 2),te (-oo; - 3 ] U [1; +oo) . 

(2) 

(3) 
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1.3.5 Phii-cing t r i n h h a m f{x + a ) = af{x) + b 

C h u y 10. TrUdng hap n = I da xet d rnuc 1.3.3, trang 40. Tricdng hap 
a = - I da xet d muc 1.3.4, trang 42. n,, 

Ba i toan 1.72. Tim tat cd cdc ham so f : R -* R sao cho ; 

f{x + 3) = 2f{x)-5yxGR. (1) 

Gia i . Dat f{x) =5 + g{x)yx e R. Thay vao (1) ta diMc 

5 + gix + 3) = 2[5 + g{x)]-5,\fxeR 

^' + 3 ) = 2<7(x),Va;eR. ' (2) 

Dat g{x) = 4){x),\/x G R, thay vao (2) ta dUdc 

• ('^^g:^,/,'(v^)^^%(3- + 3) = 2 ( ^ ^ ) ^ , ^ ( x ) , V x 6 R 

<^(/.(;r+ 3) = </.(.(;), V.7;€lR. 

Vay /(.T) = 5 + (v^)'^ ^(x), Vx e R, trong do 0 la ham so tuan hoan chu ky 
3 tren R, tuy y. 

Ijvtvi y. Phep dat /(.r) = 5 + g{x)yx € R dUdc t im ra nhu sau: Tvi (1), ta 
xet phudng t r inh c = 2 c - 5 ' ^ c = 5 . Vay mot nghiem rieng ciia (1) la ham 
hang fix) = 5. V i vay neu dat f{x) = 5 + ^(x), Vx e R t in se khii: dUdc so - 5 . 
Phep dat g{x) = (v^)'^ (i6(x), Vx £ R dUdc t im ra nhit sau: Tvl (2) ta titdng 
tUdng rang 

fl(x + 3) = .<7(.x)ry(3),VxGR 

(vdi g{3) = 2). Suy ra ham so g co dac didm bicn t6ng thanh tich, do do 
g{x) = o^. Tfr 5(3) = 2 =^ = 2 =4- a = v^. B6i vay neu dat 

[ • g{x) = (^V2y (l){x)yx£R 

th i se kh i i dUdc so 2. 

Nhan xet 6. Tuang tiX ta gidi dicac phuang trinh ham sau 

/(x + a) = a / ( x ) + 6 , V x e R 

(o, a va b la. h&ng so, n ^ ±1 ) . Ta cung tim dUOc day s6 {x„}^f^ thoa man 

Xn+k = axn + b,Vn = 1,2,... 

[k vd a,b Id hhng so, a ^ ±\, k £W). 
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J5ai toan 1.73. Tim tat cd cdc ham S(5 / : M - » R thoa man dieu kten 

/ ( X + 4) = - 3/ (X ) + 1 , V X G R . . (1) 

Gia i . Dat fix) = -+ gix)yx € R . Kh i do g la ham s6 xac dinh tren R . TH 

(1) ta duldc 

i + g ( x + 4) = - 3 
4 

^ g ( x + 4) = - 3 5 ( X ) , V X G R . 

+ l ,Vx G R ' 

(2) 

Dat gix) = 3^hix),yx G R . Kh i do h la ham xac dinh tren R . Tft (2) diTdc 

3'^/Kx + 4) = - 3 . 3 ^ / I ( . T ) , V . T G R 

^ / J ( 2 ; + 4 ) - - M ^ ) , V X G R • 

/i(x) = - [ / i W - f t ( x + 4)],VxG 

/i.(x) = /i(x + 8),Vx G 

= +4 ) ] , V X G R 

\- la ham so t u i n hoan cong t inh chu k i 8 tren R, tuy y. 

Vay tat ca cac ham so thoa man cac yeu cau de bai deu c6 dang 

trong do k la ham so tuan hoan cong t inh chu k i 8 tren R, t i i y y. , ,, 

Ba i toan 1.74. Tim tat cd cdc ham so / : R —» R thoa man 

/(x + 7r) + 3/(x) = cos2x,VxGR. (1) 

Hifdng d i n . Gia sir cos2x = a[cos2(x + 7r) + 3cos2x] = 4acos2x. Ta can 

chgn a sao cho 4« = 1 fj = - . Bdi vay (1) titdng dUdiig vOi 

/ ( X + TT) - i c o s2 ( x + 7r) = - 3 fix) - ^ cos 2x , V X G K . (2) 

Dat / (x) - - cos 2x = ff(x),Vx G R, thay vao (2) ta dUdc 

: v f , ( x + ^) = -3a ( x ) ,VxGR. . . j 
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B a i todn 1.75. Tim tat cd cac ham so / : M —> R thoa man dieu kien 

f{x + a) + afix) = P{x), Vx € R, (1) 

trong do a ^ -\ P{x) la da thUc bac n. ^' 

Hifdng d i n . Ta bieu dien P{x) = Q{x + a) + aQ{x), vdi Q{x) la da thi'rc bac 
n, sail d(3 dung phuong phap dong nhat he so de t i m cac lie so ciia Q{x). 
Lvtu y. Can phan bi§t bai toan 1.39 (6 trang 24) va bai toan 1.75. 

B a i toan 1.76. Tim tat cd cac ham so f -.R —yR thoa man diiu kien 

^ /(x + 3) + 5/(x) = x 2 - 3 x + l , VareM. (1) 

Uiidng d i n . Ta phan t ich 

- 3a; + 1 = Q(x + 3) + 5g(a;), vdi Q{x} = a i ' + 6x + c 
^x^ - 3x + 1 = a{x + 3)^ + 6(x + 3) + c + 5 (ax^ + bx + c) 

- 3 - 6 a + 6 + 56 (a; f>; c) = ' 
1 = 9a + 36 + c + 5c 6' 3 ' 4 y 

Vay theo (1), vdi nioi x € R, ta c6 

t /(x + 3) + 5/(x) = ^ - f c t i ) + l + 5 f ^ - ^ + l 
1 6 3 4 \ 6 3 4 

^f{x + 3) - {x + 3)" _ 2(x + 3) 1 
6 3 4 

= - 5 

2x 1^ 

/ 

sao cho 

fx^_2x 1 
6 3 ^ 4 

fx^ 2x 1 
^g{x + 3) = -5 .9(x), vdi ^(x) = f{x) " y - y + 4 

B a i toan 1.77. Tim tat cd cac ham so f :R 

fix + 2) + 20.5^ = 5/(x), Vx e R. 

Hifdng d i n . Gia sii /(x + 2) - 5/(x) -20.5^ = a (5^+^ - 5.5^) = 20rt.5='. 

Ta can chpn a sao cho 20a = -20<=>a = - 1 . Vay (1) tUdng dUdng vdi 

fix + 2) + 5^+2 ^ 5(_^(^) ^ 5X)^y^ g 

^ 5 ( x + 2) = 5 f f ( i ) ,yx (vdi 9ix) = fix) + 5^y^,€ 

(1) 

B a i toan 1.78^ Hay xdc dink tat cd cac ham 50 / : R -> I 
thdi cac dieu kien sau: 

^ : ( 1 ) / W = - 3 + sinx udz 0 < X < 27r. 
(2) 2005/(x + 27r) = 2006/(x) + 3, Vx e R,, 

thoa man dong 
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G i a i . Gia sii / la ham so thoa man de bai, khi do ta c6 (1) va (2). Vdi moi 
xeR, f^at fix) = - 3 + gix). Thay vao (2) ta ditrtc „ 

Vdi mpi X € K, <lat fl(x) 

M x + 2-) = | | 5 ( x ) , V x e R . (3) 

(?!>(x), thay vao (3) ta d U P c 
V2005 J 

0(x + 27r) = 0 ( x ) , V x e R : ' 

Tu: (4) va, bang phUcfng phap quy nap ta cluing minh dudc ^ '-' 

< (̂x) = 0(x + 2Ti7r), Vx € R , Vn G Z. 

(4) 

(5) 

K i hieu [a], {a} chi phan nguyen, phan thap phan ciia so thi.tc a, khi do vdi 
X ' X ' • X • 

ta CO' — = + ] — K <^ X - 2 — • 2n .2^. + ] l27rJ .2n. 
TT + I ̂  j 27r. N h u vay x 

| | - | 27r sai kliac nhau k2n, keZ nen sinx = sin ({^} 27r). Theo (5), 

ta coZix) = ^ ( ( ! - } 2 . + 2 [|^] . ) = ^ ( { | ^ } 2 . ) , Vx . R . (6) 

(7)^ Taco: fix) = - 3 + .<?(x) = - 3 + 
/2006\ 
1̂ 2005 

<f)(x),Vx e R . 

Tfr (7) suy ra: < {̂x) = [3 + /(x)] , Vx G R. 

Do 0 < ( — I 27r < 27r nen t i t (1), (G) va (8) suy ra: 
. 27r J 

h ^ ( { ^ } - ) 
/2005\^^^ 

(8) 

< ^ ( x ) - < ^ ( { - } 2 . ) = 
2006 

^ / 2 0 0 5 y ^ " } X 

Thay (9) vao (7), ta dUdc: 

20067 
sinx, V X G R . (9) 

/2006\3^ , ^ /2006V" 2005 \ 
2006, sinx 

= - 3 + 
/2006\ 
1^2005 

/2006\
2005/ 

sinx, Vx G sinx = - 3 + 

ThiTr lai th4y thoa man. Vay co duy nhat mot ham so thoa de bai la: 

(2nn6\1 
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Lvfu y. Dang phifcmg t r inh ham nhu d bai toan 1.78 dudc de cap kha nhieu 
trong ky th i Olympic 30/04. Tuy nhien cac dap an dita ra mang t inh ap dat, 
con Idi giai da dUdc t r inh bay d tren la t u nhien, de higu, dg nhd hdn. 

B a i toan 1.79 (De nghi t h i Olympic 30/04/2004). Hay xdc dinh tat cd cac 
ham so / : R —• M thoa man dong thdi cac dieu kien sau: 

{!) f{x) = cosx vdi 0 < X < 2^. 
( 2 ) / ( x + 27r) = 2/(2;) + l , V x e R . ' 

Ba i toan 1.80 (De nghi th i Olympic 30/04/2004). Hay xdc dinh tat cd cac 
ham so f : K —» R thoa man dSng thdi cac dieu kicn sau: 

(1) f{x) =-2+smx vdiO <x <2Tr. 
(2) f{x + 27T) = 3f{x)+4yxeR. 

Ba i toan 1.81. Hay xdc dinh tat cd cac ham so f : 
thdi cue dieu kien sau: 

thoa man dong 

(1) /(x) = y ^ l + 2 0 1 7 , V x e [0;3). 

(2) /(x + 3) = 4/ ( x ) - 6 ,V : r e IR . 

Gia i . Gia si't / la ham so thoa man de bai, khi do ta c6 (1) va (2). Vdi moi 
I 6 M, dat fix) = 2 + c]{x). Thay vao (2) ta ditdc 

fj{x + 3) = 4g{x),VxGR. (3) 

Vdi moi z € K, dat g{x) = \/T(l>{x), thay vao (3) ta ditdc 

<P{x + 3) = (P{x)yxeR. (4) 

T\t (4) va bang phiTdng phap quy nap ta chiing minh diTdc 

0(x) = 0(x + 3 n ) . V x e E , V n € Z . (5) 

K i hieu [a], {a} chi phan nguyen, phan thap phan ciia so thtrc a. Vdi moi 

x e R t a c 6 ^ = ^ + | ^ | < ^ x = 3 ^ + 3 { ^ | . T i t d a y vado (5) suy ra 

0 ( x ) = : 0 ( 3 { ^ } ) , Vx-eR. Taco 

fix) = 2 + gix) = 2 + 4Uix), Vx e R. (G) 

Tir (6) ta CO 0 (x) = [fix) - 2] 4 "? , Vx e R. Do do vdi moi x € R t h i : 

*(x) = * (3 {5}) = [/ (3 { ^ } ) - 2] 4 - { f } = (̂ {1} + 2015) 4 - ( f ) . 

Nhvt vay: 

y:(a;) = 2 + 4t</.(x) = 2 + 4 f 

= 2 + 4 t - { S } 

11+2015)4 

J 

- {§} 

= 2 + 4 [ t l ^̂ 111+2015̂  , V x e R . ^ } + 2015 

Th i i lai thay thoa man. Vay c6 duy nhat mot ham so thoa man de bai la 

S\x e R. /(x) = 2 + + 2015 

1.3.6 Phi fdng t r i n h h a m f{ax) = af{x) + 6 vdi a 7̂  dbl 

Ba i toan 1.82. Tim tat cd cac ham so f : (0; +00) —» R sao cho 

/(2017x) = fix) - 4, Vx e (0; +00). (1) 

H t r d n g d a n . Gia si't / la ham s6 thoa man de bai, kh i do t a c6 (1). Dat 

/(x) = p(x) + log 1 x . V x > 0 . 

Thay vao (1) ta diTdc 

y(2017x) + log 1 (2017x) = gix) + log 1 x - 4, Vx € (0; +00) 

^^(2017x) = 5 ( x ) ,Vxe (0;+oo). (2) 

Lufu y. Phcp dat /(x) = ^(x) + l o g ^ ̂  t i m ra nl^il sau: t i t (1) ta 
T i l p theo la tUdng tvT nhu da lam d bai toan 1.44. 
L i f t i y. Phop dat 

tudng tiTdng rkng >; 

/(2017x) = /(2017) + /(x),Vx > 0. 

Dang thite tren (bien t ich thanh tdng) khien ta lien tudng den ham so logaxit, 
do do dir doaji fix) = log,, x, Vx > 0, va /(2017) = - 4 . Suy ra 

log„ 2017 = -A^ log„ 2017 = log^ ar* 2017 = a"" ^ a = ^ 
4. 

Vav ta dat /(x) = gix) + log 1 x. Vx > 0. 

Nh|ui xet 7. Tuang tiC ta gidi duac phuang trinh ham sau 

^/2017' 

fiax) = fix) + 6,Vx > 0 ia vdb la cac hhng sd dudng). 
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Bli i toan 1 .83. Tim tat cd cdc ham so / : E -» R thoa man 

f{3x) + 161̂  + 6x = f(x), Vx e R. (1) 

Htrdng din. G i a s i i f{x) = g(x)+ ax^+ bx + c,'ix e R. Thay vao (1) ta difdc 

g{3x) + 9ax^ + 3bx + c+ 16x^ + 6x = 3(1) + ax^ + 6x + c,Vx € R 
^giSx) + (8a + I6)x'^ + (26 + 6)x = ^(x) , Vx € R. 

Ta chpn a va 6 sao cho | 2?+6 =1)° { 6 = - 3 . ^ ^^^^ 

3(3x) = 3 ( x ) , V x € R . (2) 

Sail do ta lam tirong t i l n h i l bai to&n 1.44 d trang 26. 

1.3.7 P h i f d n g t r i n h h a m f{ax + b) = af{x) + c, vdi a 7̂  ± 1 v a 
a ± 1 

B a i toan 1.84. Tim tat cd cdc ham so f : R —^ R thoa man 

/(3x) = 5/(x), Vx G R. (1) 

G i a i . Tir (1) lay x = 0 ta dufdc /(O) = 0. 
• Xet X > 0. Dat x = 3' (hay t = loggx), thay vao (1) ta dtror 

" / ( 3 ' + ' ) = 5/(3'), V/e R 

•^g{t + l) = 5g{t),yteR {v6ig{t)^f{3^).yt£R). (2) 

Dat g{t) = 5'/((0. yt e R, thay van (2) ta duoc /»(f + 1 ) = h{t), e R. Theo 
bai loan 1.33 d trang 21 ta duoc h{t) = k {{t)),'it £ R, trong do k la ham so 
tuy y, xac dinh tron nilra khoang [0; 1). Vay ; 

fix) = 9 (lOggX) = 5 '°«3-ft (log3x) = 5'°«3-fc ({lOggX}). 

ThiJf lai thay thoa man. 

• Xet X < 0. Dat - X = 3' (hay t = log3 ( -x ) ) , thay vao (1) ta ditoc 

^ / ( - 3 ' + > ) = 5 / ( - 3 ' ) . V / 6 R 
«^3,(«+ 1) = 53 ,(0: V ^ e K (vaipi(<) = / ( - 3 ' ) , V i e R) . (2) 

Dat r;i(0 = 5'/ii(0, yt e R, thay vao (2) ta dudc hiit + I) = hiit), Vi e R. 
Theo bai toan 1.33 ci trang 21 ta dUdc hiH) = ki ( {«}) . € R, trong do ki 
la ham so t i i y y, xac dinh tren mia khoang [0; 1). Vay 

m = 91 ( log3 ( -x ) ) = 5 ' ° « 3 ( - ) / i ( l „ g 3 ( _ : r ) ) = 5 ' ° « 3 ( - ) f c i ( { l o g 3 ( - x ) } ) . 
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T h i i lai thay thoa man. 
Vay t i t ca cac ham so thoa man yen can dg bai dgu c6 dang 

f 5'°«3^A;({log3x}) khi X > 0 
fix) = < 0 khi X = 0 

1 5 ' °B3(-x)jti ( { log3 ( -x ) } ) khi X < 0, 
1 

trong do k, ki la nhulig ham so xac dinh tren [0; 1), t u y y. 

B a i toan 1.85. Tim tat cd cdc ham so / : R —» R sao cho 

/(2x + 3) = 5 / ( x ) - 9 , V x G R . (1) 

G i a i . Dat /(x) = ^ + 5(x) , Vx e R. Thay vao (1) ta dUdc 

^+gi2x + 3) = 5(-+gix)]-9yxGR 
4 \4 J 

<*5(2x + 3) = 5 s ( x ) , V x e R . (2) 

Dat I = - 3 + i , thay vao (2) ta dUdc 

g ( - 3 + 20 = 5 g ( - 3 + 0 , V t e R 

^/i (20 = 5h(t)yt e R (v6i hit) = gi-3 + i ) , V t e R) . (3) 

• K h i t = 0. T i t (3), ta c6 /i(0) = 0. . yrr :' 
• Khit^ 0, dat hit) = |t|'°^2 5^(()_Vt / 0. Thay vao (3), ta diTdc 

|2t|'°«2 5 ^(20 = 5 |t|'°g2 5 ^ 0 

</.(2t) = 0(<),Vt7^O. (4) 

Tudng t u bai toan 1.44 ci trang 26 ta dUdc </.(i) = { j J o g f - O ) khi ! S 0 

trong do ip, (p la nhiing ham so tuan hoan chu ky 1 tren R. Tom lai: 

o Ngu X = - 3 t h i / ( - 3 ) = ^ + 3 ( - 3 ) = 7 + MO) = 7. 
4 4 4 

o Ngu X > - 3 t h i s:.-

/(x) = ^ + 5(x) = ^ +/i(:r + 3) = ^ + |x + 3|'°«^ ̂  <̂ (x + 3) 

= ^ + (x+3) '°«^5V(log2(x + 3)). 

o N e u x < - 3 t h i -,1 _ 

fix) = l + \x + 3|'°«= ^ 0(x + 3) = ^ + ( - X - 3)'°«=' V ( log2( - X - 3)). 
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Tat ca cac ham so thoa man de bai dgu c6 dang: 

r 2,25 + (x + 3)'°^=^t/'(log2(a; + 3)) khi x > - 3 
fix) = < 2,25 k h i a: = - 3 

I 2,25 + ( - x - 3 ) ' ° ^ 2 ^ ( ^ ( l o g 2 ( - x - 3 ) ) k h i x < - 3 

(vdi if vh (f) la hai hain so da uoi ci tren). 

C h u y 11. Phep dat x = —3 + t ducfc thn ra nhu sau: Ta tirn diem hat dong 
ben trong tit phuang trinh sau: 2x + Z — x<?^x = - 3 . Di dua diim. bat dong 
ben trong x = -3 ve diem bat dong i = 0, ta can dat x = - 3 + t hay x + 3 = t. 
Tic (3), ta tudng UWng r&ng: h{2t) = h{t)h{2),\/t € R {vdi h{2) = 5). Suy ra 
h{t) = Tii:h{2t) = 5h{t)yt e R, ta c6 

(20" = f>t"^2"' = f>^a = log2 5. 

Vdy ta dat h{t) = < (̂<), V« 7̂  0. 

N h a n xet 8. Tuang tu ta gidi dUdc phuang trinh ham sau 

fjax + h) = af{x) + c, Vx eR vdi ayt ±1 vd a ± 1 

(1) 

(2)1 

B a i toan 1.86. Tim tat cd cac ham so f -.R —>R sao cho 

f{-5x + 4) = 3 f i x ) - 8, Vx 6 R. 

UMdng d i n . Dat / ( x ) = 4 + gix)yx e R. Thay vac (1): 

4 + gi-5x + 4) = 3 [4 + gix)] - 8, Vx e R 
<^gi-5x + 4) = 3.(7(x), Vx G R. 

' 2 
Dat X = -+t, thay vao (2) t a dUdc 

9i-5t+^) = 3git+^),yteR 

^hi-bt) = 3/i(0, Vi e R (vdi hit) = git + ^),V« e R) 

^/i(250 - 9/i(0.Vf 6 R. 

B a i toan 1.87 (Dg t h i v6 dich Brasil-1993). Tim mot ham so f xdc dinh 
tren tap hap cac so thuc khong dm vd thoa man cac diiu kien 

/ ( 0 ) = 0 t ; d / ( 2 x + l ) = 3 / (x ) + 5 , V x > 0 . (1) 

G i a i . Goi / la ham so thoa man dg bai, kh i do ta c6 (1). Vdi moi x > 0, dat 

m = ~^+9ix). 

K h i do gix) la ham so xac dinh tren [0; +00). Ta c6 i \

- ^ + 5 ( 2 x + 1 ) = 3 [ - ^ + g ( x ) ] + 5 , V x > 0 

^ 5 ( 2 x + l ) = 35(x),VxG [0;+cx)). (2) 

Dat X = -l+v, khi do 2x + 1 = - 1 + 2v. Thay vao (2) ta dudc 

gi-l+2v) = 3gi-l + v)yv>l. (3) 

Dat gi-l + v) = hiv),Vv > 1. K h i do h la ham so xac dinh tren [1; +00) va 
theo (3) ta c6 

hi2v) = 3hiv),yv>l. (4) 
Dat hiv) = v^°^^'^ipiv),yv > 1. K h i do tp la ham so xac dinh tren [1; +00) va 
theo (4) ta c6: (2 i ; ) ' °S2 3^(2t;) = 3v^°^^\iv),\/v > 1 hay 

ipi2v) = ip{v)yv>l. (5) 

Dat V = 2", thay vao (5) ta dUdc: ^(2«+i) = y?(2"), Vu > 0. (6) 
Dat ifi2") = Vu > 0. Khi do ip la ham so xac dinh tren [0; +00) va thay 
vao (6) ta ditdc: + 1) = V^w), Vu > 0. (7) 
Vay: 

5 5 5 
fi^) = - 2 + 5(2;) - - - + 5 ( - 1 + (a; + 1)) = - - + /i(x + 1) 

= - ^ + ( x + l ) ' ° S 2 V ( 2 : + l ) = - ^ + (x + l ) ' ° S 2 3 ^ ( ^ 2 ' ° 8 2 ( ^ + i ) ) '• 

- - | + (x + l ) ' ° S 2 3^(log2(a: + 1)), Vx e [0;+00), 

trong do la ham so xac dinh tren [0; +00) sao cho 

^(0) = ^ va V^a; + 1) = V H - T ) , Vx G [0;+00). 

Sau khi t l i i i lai ta thay rang tat ca cac ham so thoa man de bai la 

/ W = + (a; + V( log2(x + 1)). Vx e [0;+00) 

(trong do j/) la ham s6 nhif da noi d tren). Co the chi ra cu thg mot ham so 

thoa man de bai la (do ta lay i'{x) - ^, Vx > 0) do la 

/ W = - ^ + ^ ( - + l) '°^^^VxG[0;+cx,). 

Ltfu y. Trong ]d\i tren, ta con lam hdn ca mong ddi, khong nhfmg ta t i m 
dudc mot ham so thoa man de bai ma con t i m duldc tat ca cac ham so thoa 
man de bai. , 
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1.4 H a m s6 xac dinh bdi phep bien d6i phan tuyen 
tinh 

K h i g|Lp ham phan tuyen ti'nh g{x) = ^lEJit c 5^ 0, ad - be 0, ta km y 
cx + a 

k i t qua sau: i 

D i n h ly 1. Ham so phan tuyen tinh g{x) = ° ^ ^ thoa man dieu hien 
cx + d 

( g^ = I 
\ T, m = l,2,...,n-l 

khi vd chi khi \ + d = 2cos~, k s { 
[ ad-bc=l " 

1 . 2 , . . . , n - l } , {n,k) = l 

1.4.1 P h i / d n g t r i n h h a m d an g / / ax + b\ 

\cx + dj = OLf{x)+f3 

Trong muc nay ta se t r inh bay each xay dUng de toan va thuat giai cac 
phitong t r i n h ham dang f{g{x)) = pf{x) + q thong qua "ehuoi" V i du - Bai 
toan - Nhan xet. 

V i d u 1. Tin mot phuong trinh bac hai c6 nghiem kep, ch&ng han ( x - 1 ) ^ = 0, 
ta CO x{x - 2 ) = - 1 ^ 3 ; = . Ta duoc hdi toan sau day. 

B a i toan 1.88. Tim tat cd cac ham so f xac dinh tren R\} sao cho 

2-x (1) 

^9 

^ + = 2 [ 3 + 5 ( x ) ] - 3 , V : r ^ l , x ^ 2 

= 2 5 ( x ) , V x ? ^ 2 ,X7^1. 
(2) 

V a i m 9 i x ^ l v a . x ^ 2 , ta dat - J - = , K h i do .r = 1 + ^ va 
X 1 ^ 

1 1 
2-x 

t 
t-1' 
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Thay vao (2 ) t a dUde: ^ ^1 + = 2 ^ + j - ^ , Vt / 1, V< 7^ 0.^ 

Dat g 1 + - ) = h{t)yt 7^ l , V i ^ 0, Thay vao (3), ta duoe 

1) = 2 / i ( t ) , V « e K \. 

(3) 

(4) 

Dat h{t) = - <^(«),V< ^0,\/t^ 1. Thay vao (4), ta duoc 

f - i 
<P{t-l) = 2 4>{t) ,'it^\yt^o 

( 3 khi X = 1 

K i t luan: / ( ; r ) = | 3 + 2 T ^ 0 [j^^ khi x ^ 1 va x ^ 2, ^ 1^ 

ham so t i iy y thoa man (j>{x - 1) = (/>(x), Vx ^ 1, x ^ 0. 
LiJfu y. 

• Phep dftt /(:;:) = 3 + yix),Vx ^ 2 dUde t i m ra nhu sau: Ham hSng 
/ ( x ) = c thoa man (1 ) khi c = 2 c - 3 <!=> c = 3. Vay ta dat / ( x ) = 3 + g ( x ) 
d^ khi'r so - 3 trong ( 1 ) . 

• Tron tnie so ta dfie biot quan tarn don ba difim dae biot, do la 0, + 0 0 , - 0 0 . 

Phep dat - — - = t ,Vx 7^ 1, Vx 7^ 2 ditde t i m ra nhu sau: Giai phitdng 

t r i n h — — = x ta dUde nghiem kep x = 1 , ta so day nghiem kep x = 1 

ra 0 0 . D l day nghiem kep x = 1 ra 00 ta se dat = t, v i khi 

X —• 1 t h i i —» 0 0 . Chu y r i n g khi da v i l t x = a + ^ t h i cung phai v i l t 

^ ~ " ^^^^ '̂ ^ cung t inh t i l n di 

dau. L u u y rkng cac phan thiic nay c6 tu: la hang so giong nhau. 

• Phop dat h{t) = <t>{t),Vt ^ lyt^O dUde t i m ra nh\ sau: Tvt (4) 

ta hinh dung rang h{t~l) = h{t)h{-l), vdi / i ( - l ) = 2. Suy ra h{t) = a*. 

Vay t i t h{-l) = 2, ta c6 a " ' = 2 <^ a = ^ Bcii vay, tir (4) ta se dat 
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Hoan toan tUdng ti.r ta giai ditOc phudng trinh ham: 

/ax + b\ 
\cx + dj 

= af{x) + 

trong do phirdng trmh = x co nghiem kep. 
cx + a 

V i du 2. Tic mot phuang trmh bac hai c6 hai nghiem phdn biet, c.hdng han 
{x - l){x - 2) = 0 CO hai nghiem phdn biet Id 1 vd2. Ta c6 

9 2 + x • . 
x-3x=-2'^x-4x=-2-x<f^x = . \ ' : 

4 - x 
Vdy ta CO bdi toan sau. 

Bai toan 1.89. Tim tat cd cdc ham so f xdc dynh tren R\} sao cho 

fx + 2\ 
(1) 

Giai. Nhan xet r ing 

x + 2 
= x-^x + 2 = 4x-x^-^x'^-3x + 2 = 0^ X = 1 

x = 2. 

Trong (1) lay X = 1 ta dUdc / ( I ) = 3/(1) - 8 ^ 2/(1) = 8 ^ / ( I ) = 4. TUdng 
ti.t ta dmc f{2) = 4. Bay gid ta xet x e R\. Dat 

X - 1 
x-2 = t •^x-l=xt-2t^x{t-l) = 2t-l-^x = 

2 ^ - 1 \ 

Khi do vi X ^ { L 2,4}. nen i ^ | 0, 1 i , Hon niia ta c6 

2 « - 1 1, 
X =2 + t-1 t-r 

2t - 1 
+ 2 .T + 2 ^ _ 1 

4 - x 4 _ 2 « - l 2t-3 
4t-3 ^ 3 1 

= 2 + — — = 2 + 
2t-3 I -t - l 

Dat / (x ) =4+ g{x),\/x 7̂  1, x ^ 2, .r ^ 4, thay vao (1) ta dUdc 

4 - x y = 3g{x),^x^\,x^2,xi^4. 
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Vay: g 

/ 

2 + ; 
1 

Dat g 

= 3g t - I I ^ 

t - 1 
= hit), thay vao (2) ta ditdc: 

h[-t = 3h{t),^ti>AS^,-\. 

pat / , ( i ) = ' <^(t), Vi ^ | o , L ^ | . Thay vao (3) ta dUdc 

2 " 
3̂  
(2 

\i\=3\i^'i'm,^i^. 
.31 i 

hi} 
Vay ham so thoa man cac yen can de bai la 

4 
4 

4 + 
x-1 
x-2 

fx-l 
\x-2 

khi X = 1 
khi X = 2 

khi x ^ {1,2,4}, 

(2) 

(3) 

(4) 

trong do cj> la ham so thoa man dieu kien (4). 
Ltfu y. 

X — 1 
• Tai sao ta lai dat • = t? Bdi vi khi c6 hai nghiem phan biet thi ta 

se day mot nghiem ra 0 0 va day mot nghiem v l 0, nghiem nao muon 

day ra 0 0 thi ta viet xnong d\X6i man. Do do ta dat - — - = t (hoac 

X — 2 
= t). Chn y rang khi do ta phai viet: 

X — 1 /3 . x + 2 
- va 
? 4 - x 

I 
? ? • 

• Hoan toan tUdng tu ta giai dvTdc phUdng trinh ham: 

trong do phiTdng trinh ^ = x c6 hai nghiem phan biet. 
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V i d u 3. Tit mot phudng trinh bQ.c hai v6 nghiem, chdng han phuang trinh 
+ I — 0. ta CO x"^ = -1 ^ X = . Vdy ta dMc bdi toan sau. 

x 
B a i toan 1.90. Tim tat cd cdc ham so f{x) sao cho: 

f(--) = 2f{x)-5,yxyt0. (1) 

G i a i . Trong (1) thay x bdi ta dUdc: f{t) = 2 / ( - y ) - 5,V^ ^ 0. Hay: 
t t 

" fix) = 2f{-^)-5yx^0. . (2) 

TCr (1) va (2) suy ra vdi mpi x ^ 0 ta c6 

fix) = 2 / ( - ^ ) - 5 = 2 [ 2 / ( i ) - 5] - 5 = 4 / (x ) - 15 ^ f{x) = 5. 

Thijt lai thay thoa man. Vay f{x) = 5, Vx 7̂  0 la ham so can t i m . 

B a i toan 1.91. Tim tat cd cdc ham so f{x) sao cho 

.'•^^ ; / ( - ^ ) + / ( x ) = 2014 ,Vx^0 . (1) 

G i a i . Dat f{x) = \Q07 + g{x),\/x ^ 0, thay vao (1) ta diWc 

' • p ( - ^ ) + ^ ( x ) - 0 , V a : ^ 0 

' ' " ^ i ^ f ^g{x) = -g{--yyx^Q (2) 

^g{x) = \[g{x)-g{--J],^xi^Q. (3) 

1 1 A 
Xet hkm g{x) = -[h{x) - / / . ( - - ) ] , V i ^ 0 (h la ham so tuy y trenR\) 

De thay ham so g xac dinh bdi (4) thoa man (2). NgUdc lai neu ham so g 
thoa man (2) t h i do (3) nen y c6 dang (4). Bdi vay 

i... - ( 2 ) ^ 9 ( x ) = i [ / i ( x ) - / i ( - ^ ) l , V x ^ 0 . (5) 

T\i (5) suy ra f{x) = 1007 + ^[ / i (x) - h{--)],yx 0 (trong do h la ham so 

xac dinh tren ]R\} t i i y y ) . T h i i lai thay thoa man. 
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4 2 Phi^dng t r i n h h a m dang / {g{x)) = g {f (x)) 

! ^ ' . muc nay ta xet phudng t r iuh ham f {g{x)) = . ( / ( x ) ) , trong do / ( x ) 
JSn^an'lm, con , ( x ) la ham s6 phan t u y i n tmh . . . . . 

-c r Tr»\ o l 1B\ — B a i toan 1.92. Tim tdt cd cdc ham s6f:R\} - R\} thoa man 

2x \/(x) 

Hxfdng d i n . Gik sii / ( x ) la ham .s6 thoa man dfi bai. Dat t = K kh i do 

(1) 

1 2x 
X = 0 + - ; 

2 
t ' = 0 + ' 

f 2 \ 
Thay vao ( 1 ) : / — — = 

1 f i\
Dat ^ g ( 0 , k h i d o g t + - = 5 • 

n - i V 27 V 

(2) t a d U d r : y h + - j = <7(0 + 2' 

Dat g{t) = t + Thay vao (3) ta dUdc 

1 
- 2 + 

1 
(2) 

1 

.f 
2 \ 

V l + 2 t 

. Thay vao 

(3) 

, , i , „ ( „ ^ ) = , + „ , o 4 « ' . ( ' + 5 ) = ' f 
X 

V a y / ( x ) =_ 

2 

1 

Vxyl 

1 

X \
1 + x / i 

, trong do h{x) la ham so 

\ x y X \ - / 

tuan hoan chu k i \ bat k i . T h i i lai thay diing, that vay 

V 2x ' 

I 

2 

2x \ 
x + 2 

, x + 2 J" 2x / I n 
2x 

X + 2 + 2xh 
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2x 

2f{x) 
fix)+2 

l+xh[ -
X , 2x 

x + 2 + 2xh(-
l + xh{ - \ X 

Tat ca cac ham so thoa man de bai la7(a:) = - - ^ 
l + xh(-

Y y , trong do h{x) la 

1 ham so tuan hoan chu ki - , bat k i . 
2.T 

Lxiu y. Do phudng tr inh — j - ^ = x cd nghi^m kep a; = 0 nen ta se day x + 2 
nghiem kep x = 0 nay ra oo bang each dat t = -. 

X 

B a i t o a n 1.93. Tun tat cd cdc ham so f : M.\} —> IR\ — 2} thoa mdn 

f 
- 1 / " 1 

\x + 2j fix)+ 2 
, V x ^ - 2 . (1) 

H i f d n g dan. Gia .sir fix) la liaui so thoa man do bai. Dat t = . K l i i do 
x + 1 

^t,\ X + 2 
- 1 

t + 1 

Thay vao (1) ta dudc; / 
1 \ 

- 1 + 
V t + lj 

- 1 

Dat / 

f{-l + j]+2 
- , V / ^ { 0 , - l } . (2) 

1 + + 1 = (Jit). Thay vao (2) ta ditUc: 

git + l)-l = 
- 1 

- , V < ^ { 0 , - 1 } 
5(0 + 1 

^9it + l)9it)+git + l)-g{t)=0yt^{Q,-l} 
^fjit)-f)it+l) = git+ l)gif),Vl^ {0,-1}. 

Chia ca hai v l ciia (3) cho g{t + l)git) ta duoc 

' • 1 1 
9it + l) git) 

= 1. 

(3) 

(4) 
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pj^t _ . L = hit), thay vao (4) ta dUOc 
^- git) 

hit + 1) - hit) = 1 <^ hit + 1) = hit) + 1. 

p^t hit) = t + ifit). Thay vao (6) ta dUOc i > , . ; 

. V ; . .IVI V - ' A ^ ' 

(5) 

Vay: fix) =-I+ 9 

t + l + ^{t + l) = t-\- ifit) + 1 ^ + 1) = "̂ Ŵ-
1 \

(6) 

x + 1 
= - 1 + 

h 
1 

= - 1 + 
• + <̂  

x + 1 

= - 1 + 
X + 1 

l + (x + l)v? 
x + 1 ' ^ \x + lj ' ' " • V - ' + l 

T h i i lai thay dung, that vay, v6i la ham so thoa man (6) ta c6: 

x + 1 x+1 

: + 2 
= - 1 + 

x + 1 
x + 2 

x + 1 /x + 2\ 
= - 1 + 

x + 2 
x + 1 / I 

1 + — ^ - y ^ 

= - 1 + 
X + 1 

' x + 2 Vx + 1 

- 1 - (x + l)(/5 
x + 1 

X + 2 + ( x + !)(/: 

- 1 - 1 

1 \ / 1 
x + 2 + ( x + l ) ^ - — : 

X + 1 y Vx + 1 

- 1 

(7) 

/(x) + 2 - 1 + 
x + 1 

l + (x+l)<^-

- 1 - ( X + l)<y3 

/ 1 \ 

1 \ 

+ 2 1 + 
x + 1 

x + 1 

X + 2 + (x + l)<p 

/ _ i 
Tit (7) va (8) suy ra / 

/ 1 \ 
Vx + i ; 

l + ix+l)p 

V 

1 \ 
x + 1 

(8) 

Vx + 2y' /(x) + 2 
x + 1 

yen cau de bai la: /(x) = - 1 + / 1 A 

. V§,y tat ca cac ham so thoa man 

, trong do ^ la ham so 



thoa m a n (6). 

Lxiu y . Do p h u d n g t r i n h = x <=> (x + 1)^ = 0 c6 ngh i em kep x = -1 

nen t a se day ngh i em kep x = - 1 nay r a oo bang each da t t = 

B a i t o a n 1.94. Tim tat cd cdc ham so xdc dinh tren R \ { - 1 } , luon nhdn 
gid trj khdc - 1 vd thoa man die%^ki^n ; 

/ 4 x - 2 \2 

/ (x ) + l ' ^ ^ ^ •̂ (1) 

G i a i . G i a s i i h a m so / thoa m a n cac yeu cau de ba i . T r o n g (1) lay x = 1 
dUric , 

/(2) = 1 T u r i n g t u t a duric [ Ij^j ^ ^ T i e p theo t a xet x ^ { - L 1,2}. D a t < = 

K h i do ' ^ ~ ^, 

tx -2t = X -
2t- - 1 

tx -2t = X - 1 <4> X = 
2t-

1 <4> X = 
t - 1 

8t- - 4 o 
4x - 2 t - 1 6t - 2 
x + l 2t-- 1 

-r + 1 
3t - 2 

t - 1 

< ^ X = 2 + 

= 2 + 

t -

3t-2' 

Vay X = 2 + 1 4x - 2 
t-1' x + 1 ^ 2 + §r̂ ' ^ 1°' 1 J T h a y vao (1) dudc 

1 \ 

/ 2 + 
3t-2 

- 2 

2 + 1 

V 

/ 2 + - ^ 

4 / ^ 2 + 1 ^ 

+ 1 

- 2 
(2) 

o a t / \^2 + — J = y{t). T h a y vao (2) t a dUric 

(3) 
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H 2 ' j + ' " M O + 2 

{^t^ h{t) + 2h{^t^ +h{t)+2^4h{t) + 2.Vt^ 

<^h (^^/) hit) = - 2 / . (^^f) +3M<),V<^ { O ' ^ J } -

/3 \
Ch ia ca ha i ve c i i a (4) cho h { -t h(t) t a d i tdc 1 = - T T ^ + 

, V2 / • h{t) 

Car ^ = A (0 . T h a y vao (5) t a dur i r k = + ^ } 

D a t = 1 + e(0. T h a y vao (6) t a dUdc 

I + « ( ^ ' ) = | | l + e(,)| + l « . ( 5 , ) = | . ( , ) ^ 

(4) 

(5) 

(6) 

(7) 
i 1 

Dat e(/) = ^ . T h a y vao (7) dUdc = 1 ^ ^ ^ {l') = ^(^)-

* 2* 4 

= h 
x - 2 

+ 1 = 1 
( x - l 
[x-2 

+ 1 = 
1 

1 + e 
fx-I 
\x-2 

+ 1 

1 + 
- 9 

x - r \ x - 2 

+ 1 = 1 + 
X - 1 

.7: - 1 + (x - 2)(i> 
x-2 

T h u lai tl\ay t h o a m a n (vd i cp la h a m so thoa m a n ( 3 0 "̂ '̂̂ ^^ 

1-4.3 M o t v a i d a n g k h a c 

B a i t o a n 1.95. Cho trudc so thxCc a. Tim tat cd cdc ham so J xdc duih 

R \ { 0 , 1 } vd thoa man dicu kicn: 

f{x)+af 
( 1 

1 - X \ ) 
= a + 2 , V x G R \. (1) 
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G i a i . 
Trifdng hdp 1: a ^ 1. Gia sii / la ham so thoa man de bai. Lay xi la mot 
gia t r i tuy y trong E \1}, ta xay dUng day so (a;„)+f=i nhu sau: 

Xn+l = 
1 

, V n = l , 2 , . . . 

Ta CO 

X2 = 
1 

^3 = 
1 • Xi-1 

X4 
1 

Xi. 
1 - X i ' 1 - X2 I I ' 1 - 13 

Vay day (j;„) la day so hoan (cong tinh) chu ky 1. Trong (1) Ian ludt thay x 
hdi xi, X2, X3, ta diroc: 

f(xi)+af(x2) + f(x3)=a + 2 ( / ( x i ) = 1 
f{x2\+afix-i\ f(xi]=^a + 2 <^ { / ( x a ) = 1 
/ ( • / • • 3 ) + a / ( . ' . - i ) + /(.7;2) = « + 2 I /-( .ra) = 1. 

Do xi lay tuy y trong R \ { 0 , 1 } nen khi a ^ 1 thi c6 duy n h i t mot ham so 
th6a man de bai la f{x) = 1, Vx e K \ { 0 , 1 } , 
Trifdng hdp 2: a = 1. Dat / ( x ) - 1 = g{x). K h i do 

{\)^g{x) + g 
•fiy^ 1 \ x J 

1 \
+ 9 

\ 

- g 
( 1 \ 

1 - x) 

) 

- .9 

= o , V x e R \ { o , 1} 

' X - 1 

(2) 

, V X G R \ { 0 , 1 } . (3) 

Ta se chi'rng minh (2) tUdng dudng vdi 

/ 1 A 
h{x)-h 

h la ham so xac dinh tren 

- h 
x-W 

J \ 
, V x e R \ { 0 , 1 } . 

, 1 } , tuy y. 
(4) 

Ta kiein tra diroc moi ham g c6 dang (4) deu th6a man (2). NgiWc lai neu 
ham g thoa man (2) t h i do c6 (3) nen suy ra ham g c6 dang (4). Vay ta c6 
ket luan nhu sau: 
• Neu a 1 thi c6 duy nhat ham so thoa man de bai la 

, \ = l , V x e E \ { 0 , l } . 

• Neu a = 1 thi tat ca cac ham so thoa man de bai deu c6 dang 

h{x) - h 
( 1 

1 - X 
- h 

( x - \ 
X 

h la ham so xac dinh tren R \ { 0 , 1 } , t i iy y. 

.Vx G 
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B a i toan 1.96 (De nghi t h i Olympic 30/04/2011). Tim tdt cd cac ham so 
f : K \} —> M thoa m.dn dih, kien: Vdi mot x € K \} ta c6 

_ 1 ) / (x) - X (x - 1)^ / (̂ ) + x V (^) = 2011 (x^ - x). 

G i a i . Vdi moi x G R \} ta c6: 

( x - l ) / ( x ) - x ( x - l ) V 

^ i / ( x ) + ( l - x ) / 
X 

/ 1 \ 
\ \ - x ) 

( 1 \ 
l - x j 

X 

+ x^f 
/ x - l \ 
\ J 

= 2011 (x^ - x) 

+ X - 1 
/ ( — 1 = 2011 

^9 (2;) + 9 
( 1 

1 - X 

/ N 2011 
"^9 (-'••) 3 - + 9 

+ 5 

/ 1 

/ x - l \ 

\ J 
2011 

= 2011, vdi g{x) = - / ( x ) 

<!̂ /i (x) + h 

^h{x) = 3 

1 \ 
1 - X 

1 - X 

+ h 

3 + 9 
f x - l \ 2011 

= 0 

x - l \ 

2/i(x) - h 

x J 

1 \ 

= 0, vdi h[x) = g (x) -
2011 

1 - X 
- h 

- l \ 

/ J 

(1) 

(2) 

Ta se chiing minh 

(1) ^ h{x) = i 2k{x) - k 
f 1 \ 
\ l - x j 

- k 
fx-I 

, V X G M \ { 0 , 1 } , (3) 

vdi k la ham s6 xac dinh tren K \, t i iy y. Dg thay neu h dvtdc xac dinh 
bdi (3) th i thoa man (1). NgUdc lai, neu li thoa man (1) th i do (2) nen h c6 
dang (3). Tom lai h dUdc xac dinh bdi (3). Vay 

2k{x)-k( fix) = X 
X 2011' X 

X K^) + ^ 3 1 - X X y j + 
2011x 

Ket luan: Tat ca cac ham so thoa man yen cau de bai deu c6 dang 

+ ^ , V X G E \ { 0 , 1 } , 

vdi k la ham so xac dinh tren R \, tuy y. 

B a i toan 1.97. Cho h Id ham so xdc dinh tren D vd thoa man diiu kien 

h(^h{h{x))'^ = xyx e D. 



Tim tat cd cdc ham so f xnc dinh tren D va thoa man dieu kien 

f{x) + f{h{x)) + f{h{h{x)))=OyxeD 

HiMng dan. CO '•'''>/^•' 

' f{x) = \[v{x)-f{h{x))-!(h{h{x)))\,'ix&D. 

Ta se chiing minh (1) tUdng diWng 

V̂ U, -.l:,., I /(̂ 'O = \<,{x) - a{h{x)) - g(li{h{x)))\Xx & D 

\ ham so xac dinh tren D, t i iy y. 

Gia siif f{x) CO dang (3). K h i do 

(1) 

(2) 

(3) 

/(x) + /(M.7; ) ) + /(/t(Mx))) 
_ 1 
~3 

1 
•+3 

1 
+ 3 

2g{x) - g{h{x)) - g(}i{h{x))) 

2g{h{x))-g{li{h{x))) - g{x) 

2g(ji{h{x))) - g{x) - g{h{x)) = 0 , V i € D. 

Vay !{x) thoa man (1). NgUdc lai, gia sa f{x) thoa man (1), khi do v i c6 (2) 
nen suy ra f{x) c6 dang (3). Vay tat ca cac ham so thoa man yen c i u dg bai 
dcu CO dang (3). 

1.5 Mot so bai toan ve he phifdng trinh ham 

Trong bai nay ta se gidi mot so he. phuang trinh ham. Cdc ki thuat gidi he 
phuang trinh thong thudng nhu phuang phdp the, phuang phdp cong, trii, 
phuang phdp dimg dinh thiic thudng xuyen dude siC dung. Hi vong rang qua 
cdc bdi loan nay ban doc se nam duac nhung ki thuat quan trong nhdt trong 
vice gidi cdc he phuang trinh ham. 

B a i toan 1.98. Tim tat cd cdc ham f va g thoa man 

"/ f{2x+l) + 2gi2x+l) = 2x,yxeR. (1) 

G i a i . Dat u = 2x + l, thay vao (1) ta dUdc f{u) + 2g{u) = u - 1, Vu G M.(3) 
TVong (2) dat v = ta dUdc f{v) + g{v) = — ^ 1, nghia la 

•'' '• V — 1 

f{u) + g{u) = - , V M ^ 1. 
u - 1 ' (4) 
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u2 - 3u + 1 
Lay (3) '̂'̂ ^ ('̂^ '̂ '̂  ^^^^^ ^̂ "̂  " —^T^^l ^ '̂ ^̂ -̂  ^̂ '̂̂  
(4) ta dildc f{u) = 

- u ^ + 4u - 1 
u-1 

i2 - 3a; + 1 

,Vu 7̂  1. Sau khi t h i i l^i ta k i t lu?ln: 

- 1 
, V x ^ l va fix) X - 1 

-,\/x^l. 

B a i toan 1.99. Tim f{x),g{x) neu biet, vdi moi x & R ta c6 

/(x + 6) + 2<7(2x + 15) = (1) "• 

fx + 2\ 
I \ 

+ gix + 5) = x + 4. (2) 
li.H'.: 

G i a i . Trong phUdng t r i n h (2) thay x bdi 2x + 10 ta ditdc 

/(2; + 6) + 5 ( 2 x + 1 5 ) - 2 x + 1 4 . 

Ket hdp vdi phUdng t r i n h (1) ciia he ta dUdc 

-3x - 26 
5(2x + 1 5 ) - -, /(x + 6) = 

7x + 54 

Suy ra f{x) = ^ ^ ^ y ^ , 9{^) = ^- T h i i lai thay thoa man. " 

LiAi y. Phep thay x bdi 2x + 10 ditdc t i m ra tit cac phep bien d6i: 

x + 6 = 
x + 2 <4> 22; + 12 = X + 2 <!=!> a; = 2a; + 10 

2a; + 15 = X + 5 <;=)• X = 2x + 10. 

B a i toan 1.100 (De t h i Olympic 30/04/2013, Toan 11). Tim cdc ham so 
/ ( x - l ) + g(2x + l) = 2x, V X G R (1) , 
/ 2x + 2) + 2a(4x + 7 ) = x - l , V x € R . (2) f,g -.R ^R, thoa man 

G i a i . T iong (1), thay x bdi (x + 1), ta ditdc 

fix) + 5(2x + 3) - 2x + 2, Vx e R 
^ / ( 2 x + 2) + gi4x + 7) = 4x + 6, Vx € R. 

Ti t (2) va (3), suy ra /(2x + 2) = 7x + 13, Vx G R . TOf day, thay x bdi 

(3) 

t - 2 

ta dudc fit) = ^^—^ + 13 = N h u vay 

7x + 12 
+ ff(2x 4- 3) = 2x + 2, Vx G 
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^g{2x + 3) = ^, Vx e K 

T h i l lai thdy hai ham s6 J{x) = W.eRvk gix) = .l^Lzl^ Vx e 
_ 7x + 12- _ ^ , , , -3x- - 7 

thoa man cac yen can de bai.. 

B a i toan 1 .101. Tim tdt cd cdc ham f vd g thoa man dong thdi 

fi2x-l)+g{l-x) = x + l,Vx£R. (1) 

Hifdng d i n . D&t 

u + 1 2u + 2 2w + 2 2u + 2 

Thay v a . (1) ta duuc / ( - ^ ) + , = 1 ^ . Thay « bdi x duuc 

2x + 2 "̂̂ ^ 

Tit (2) va (3) ta c6 / = =^ /(a:) = x, Vx ^ 1 (c6 duoc digu nay 

la do ham s6 (/J(X) = Vx ^ - 1 c6 tap gia t r i la E\. Thay vac (2) 
ta dudc 

/ _ J _ ^ l / „ ^ >̂  _ 2x + 3 , 1 
^1^2x4-2^ 21"" x + J - 2 ^ - ^ + 2 ^ -

Tir (4) suy ra g{x) = x + 1, Vx ^ 1. T i l (1) lay x = 1 ta dUdc 

/ ( I ) + g{0) = 2 / ( I ) = 2 - g{0) = 2 - 1 = 1. 

Tiir (1) lay X = 0 ta diwc 

/ ( - I ) + 5(1) = 1 ^ g ( l ) = 1 - / ( - I ) = 1 - ( -1 ) = 2. 

V&y / ( x ) = X, Vx € R va ^(x) = x + 1, Vx € E. T h i i 1^ th4y thoa man. 

B a i toan 1.102. Tim f(x), g(x) neu biet, vdi mot x € E c6 

/ ( 3 : / - l ) + . ^ ; ( 6x - l ) = 3x 

(*) 

(**) 

. ' • 1 1 ' 

{ / ( x + 1) + X5(2x + 3) = 2x2 ^ ^ 

G i a i . Dat 3x - 1 = ^ t̂ li'̂ Y van phitdng trinh thu: nhat ta dudc 

/ ( i ) + (;(2< + l ) = « + l , V « e R . • 

£jĵ ^ 2- + 1 = thay vao phUdng trinh thijf hai ta dadc 

f{t) + ( i - \)g{2t + 1) = 2«2 - 3t + 1, Vt e 

L4y (**) trft (*) t a d U d c 

{t - 2)g{2t+\) = 2f^ ~4t = 2t{t - 2) g{2t+l) = 2t,\ft ^ 2. 

Bdi vay ^(x) = x - l , V x ^ 5. Ket hdp vdi (*) suy r a -^h:.' 

f{x) + 2x = X + 1 ^ fix) = 1 - x ,Vx 7̂  5. 

Tiep theo ta tinh / (5) va 5(5). T i l (*) lay < = 2 ta dUdc / (2 ) + 5(5) = 3, suy 
ra 5(5) = 4 (do / ( 2 ) = - 1 ) . Tir (*) lay < = 5 ta dUdc: 

/ (5 )+5 (11 ) = 6 ^ / ( 5 ) = 6 - 1 0 = - 4 . 

Nhif vay / ( x ) = 1 - x va ^(x) = x - 1 vdi mpi x. Dao lai , de thay hai ham 
nay thoa man dieu kieu bai toan. 

B a i toan 1.103. Tim f(x), g{x) neu biet 

f 

f 

' / ( x + l ) + x 5 ( x + l ) = 2x 
^x + l \T + 1 \ 

X - 1 
= x - l . 

D a p s6. fix) = -2; gix) - - ^ , V x ^ 1. 
X - 1 

B a i toan 1.104. Tim tdt cd cdc ham so / : R R thoa man 

/(2009 - x) + a fix) = 6, Vx 6 R. ' ' 

[vdi a, b Id hai so thuc cho trUdc). 

Hifdng dan . Tudng t u bai toan 1.55 6 trang 33. 

(1) 
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1.6 Phtfdng t r i nh ham sai phan bac mot 

Viec t i m so hang tSng^ quat cua day truy hoi tuyen t inh da dUdc giai quyet 
trong nhieu tai Heu viet ve day so. Trong bai nay ta se sir dung nhQng cong 
ci.i CO s in trong day so d6 ap dung vao giai mot so dang phudng t r inh ham. 
Xet bai todn day so: Tim day so (a;„) biet: xi = a vd 

axn+i + bxn = Pk{n).-f'', Vn = 1, 2 , . . . 

trong do a, a. b, 7 Id cdc h&ng so cho triidc, a 7^ 0, 6 7̂  0 , 7 7̂  0. /\(n) Id da 
thiic bac k theo n. 
C a c h giai. Giai phudng t r inh dac trung aA + 6 = 0 t im dildc A. Ta c6 

Trong do 3^ = rA", Vn = 1, 2 , . . . (c la hang so se t i m sau). Con .r* la mot 
nghi§m rieng bat k i ciia nxn+i + bxn = Pfc(n)-7". Vn = 1,2,... va dudc xac 
dinh nhit sau: 
• Neu A 7 t h i i * = Qk{n).y"', vdi Qk{n) la da thtic bac k theo n. 
• Neu A = 7 th i z* = nQkin).'r'^, vdi Qk{n) la da thiic bac k theo n. 

Thay x* vao axn+i + bxn = Pfc(n).7", roi dong nhat he so ta t i m ditdc . ' 

Ba i toan 1.105. Tim tat cd cdc ham so f : R —^ R thoa man dieu kic.n 

/(x + 1) - / ( i ) = 2015.3-"^, Va: G K. (1) 

Gia i . Dat f{x) = - ^ ^ . S ^ " ^ + g{x), Vx € R. Thay vao (1) ta dUdc 4, 

g{x + l) = g{x), V x e M . 

Tiir (2) su: dung ket qua bai toan 1.33 d trang 21 ta dUdc 

-.^a:: > v., • j - ^(^) ^ ( {x} ) , Vx € K, 

(2) 

trong do h la ham s6 tuy y, xac dinh tren nijfa khoang [0; 1). Vay ta t ca cac 
ham s6 c i n t i m deu c6 dang 

/W = - ^ - 3 ' " " + / (̂W), V x e M , 

trong do /t la ham so tuy y, xac dinh tren niia khoang [0; 1). 

Lvfu y. Phep dat /(x) = - ^ ^ . 3 ' " ^ + g(x) dUdc t im uhu sau: Dg thay r i n g 

mot nghiem rieng ciia (1) c6 dang /o(x) = a - . Thay vao (1) dUdc: 

2 (ly fl 
- = . - 3 . M ^2015 -

2015.3 2015 

Vay ta c6 phep dat noi tren. ^^xi 

Ba i toan 1.106. Tim tdt cd cdc ham sS f : R ^ R thoa man dieu kien 

fix + 1) - fix) = (x + l ) 5 - ^ Vx e R. i , ,. (1) 

G ia i . Dat fix) = -
5 \ 51-^ + .7(x), Vx € M. Thay vao (1) ta ditdc 

4-1) = r;(.7;), Vx 6 M. , ^ V (2) 

Tir (2) sii dung ket qua bai toan 1.33 ci trang 21 ta dUdc 

5(x) = / i ( { x } ) ,VxeR , 

trong do h la ham so tuy y, xac dinh tren nijfa khoang [0; 1). Vay tat ca cac 

ham so can t i m deu co dang: /(x) - ~ ( 4 + Yg j + /'•({•̂ })> Vx e R, 

trong do h la ham so t i iy y, xac dinh tren mifa khoang [0; 1). 

L i fu y. Phep dat /(x) = - 4 ^ 16y 
5'-^ + gix), Vx G R ditdc t im nhu sau: 

De thay mot nghiem rieng ciia (1) c6 dang /o(x) = (ax + b) i-j . Thay vao 

(1) va dong nhat he s6 dUdc (a; 6) = 

tren. 

/ 5 _ 2 5 \ 

V 4 ' le) 
. Vay ta c6 phep dat noi 

C h u y 12. Ta CO the dm mot phicang trinh ham sai phan cap k vi phuong 
trinh ham sai phan cap 1. Ch&ng han, xet phxCOng trinh ham sai phan cap 1 
khong thudn nhat trong bai todn 1.106 d trang 71 ; 

fix + 1) - fix) = (x + 1)5-^, Vx G R. u,.,... >̂ ^ • 

Ta dupe bai todn sau. 

Ba i toan 1.107. Tim tdt cd cdc ham so / : R R thoa man dieu kien: 

A.o^i,ok (1) /(x + 3 ) - / ( x ) = ^ , VxG 
3 | ^ ' 

H t r d n g d i n . Trong (1) thay x bdi 3x va dat /(3x) = ^ (̂x) t a dUdc 

5 ( x + l ) - g ( x ) = ( x + l ) 5 - ^ V X G R . ; 

Tir (2) si't dung bai toan 1.106 d trang 71 t a diTOc k i t qua. 

(2) 
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B a i t o a n 1 .108. Tirn tat cd cdc ham s6 / : R —• R thoa man dieu kien 

/(.r + 1) - 3/ ( .T) = 2.y, V.T e R. (1) 

H i ^ d n g d a n . D a t /(.;:) = {2x ~ 3 ) 3 ^ - ' +,'/(•'•), V.r G E . T h a y vao (1) t a diroc 

5 ( a : + l ) = 3 f f ( T ) , V X G M . 

D a t = 3 ^ / i ( . T ) . K h i d o + 1) = V x g M. 

B a i t o a n 1 .109 . Tim tat cd cdc ham so / : K —» E thoa man dieu hien 

, I -10080 ' 

G i a i . T r o u g (1) t i i a y x bd i 2016x, t a diidc 

/(2016x + 2016) - 3/(2016a;) = {x + 1) 2^, Vx € E . (2) 

D a t / (2016x ) = 5 ( 1 ) , thay vao (2) t a daoc 

5 ( x + l ) - 3 5 ( x ) = ( I + l ) 2 ^ V i € E . (3) 

D a t g{x) = - (x + 3) 2^ + h{x), Vx € E , t h a y vao (3) t a dUdc 

/i(x + l ) = : 3 / i ( x ) , V x e E . (4) 

D a t h{x) = S'^^ix), thay vao (4) t a dUdc (^(x + 1) = if{x), Vx € E . (5) 

TCr (5) s\ d u n g ke t q u a ba i toan 1.33 6 t r a n g 21 t a dirdc 

^ ( x ) = fc({x}),Vx€R, 

trong do A: la ham so t i i y y, xac d i n h trcn n i i a khoang [0; 1). V^y tat ca cac 
h a m so can tim deu c6 dang 

t r o n g do A; la h a m so t i i y y, xac d i n h t r on niita khoang [0; 1). 

Xet bai toan day so: Tim day so ( x „ ) biet: x\ a vd 

axn+i + 6x„ ^ / n , V n = 1 , 2 , . . . 

trong do a, a, b, Id cdc h&ng so cho tnldc, 

^ a ^ 0,b ^ 0, fji = u sin nx + v cos n x , u ^ + ^ 0, x 7̂  fcrr (k 6 Z ) . 

C a c h g i a i . G i a i phUdng t r i n h dac trirng aA + 6 = 0 tan dUdc A. T a c6 

T rong do x ; : = cA", Vn = 1 ,2 , . . . (c la hang so se tim sau) . C o n x ^ d iMc xac 
d i n h n h u sau: x* = ^ s i n n x + B c o s n x . 
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t o a n 1 .110 . Tim tat cd cdc ham so f : thoa man dieu kien 

2 / ( x + l ) - / ( x ) = \ / 3 c o s y , V x e R . 

G i a i . D a t /(.r) = sin y + g{x), Vx e E . T h a y va « (1) t a dUdc y* 

g{x+l) = -g{x), V x e (2) 

Dat g{r) = 2 - ' / i ( x ) , Vx e E . T h a y vao (2) ta dUdc h{x + 1) = h{x), Vx e E . 

T i r day sir d u n g ke t q u a ba i toan 1.33 d t r a n g 21 t a dUdc 

/i(x) = A ; ( { x } ) , V x 6 E , 

t r ong do k l a h a m so t u y y, xac d i n h t r en ni'ra khoang [0; 1). Vay t a t ca cac 

h a m so can t i m d cu c6 dang f{x) = sin — + 2'"^.A: ( { x } ) , Vx e E , t r o n g do 

A: la h a m so t u y y, xac d i n h t r en [0; 1). . . . . . 

L i / u y . Phep da t / (x ) = sin — + ^ (x ) dUdc t i m ra nh i r sau: Dg thay m o t 

nghiem r i eng c i i a (1) c6 dang /o{x) = / Is in — + S c o s — . T h a y vao (1) t a 
o 3 

(ludc 
. 7 r ( x + l ) . 4 , 7 r ( x + l ) A • , D 

2A sm - H - — - + 2B cos — - = >l sm —- + B cos — 
o 0 0 0 

^ . 7 r ( x + l ) 1 nx \/3 TTX 7 r (x + l ) 1 nx y/3 . nx 
Do sm = - sm — + —- cos — , cos = - cos — + —- sm — 

3 2 3 2 ^^ 3 ' ^^ 3 2 3 2 3 

nen t i r (*), so sanh he so c i i a s in — va cos — d ha i vc t a dUdc 
0 0 

+ ^ 3 cos 
nx 

i A = l 
\ = 0. \/3yl + B = B + \/3 

T i t day t a c6 phep dat no i t r en . 

B a i t o a n 1 . 1 1 1 . Tim tat cd cdc ham so f : 

nx 
/o(x) = s m y 

E thoa man dieu kien 

V2f{x + 4) = fix) - sin — , Vx e E . 

Xet bai toan day so sau: Tim day so ( x „ ) biet: xi = a vd 

aXn+l + bXn = /in + /2n + • • • + An, V n = 1 ,2 , . . . 

trong do a. a, b Id cdc hdng so cho trudc. 
C a c h g i a i . G i a i phirdng trinh dac trUng aA + 6 = 0 t i m dUdc A. T a c6 

Trong do x ^ = cA", V n = 1 ,2 , . . . (c l a hang so se t i m sau), x;^„ (fc = 1, 2 , . . . , s) 

la ngh i em r i eng c i i a ax„+ i + 6 i „ = fkn- • j ; 



B a i t o a n 1 .112. Tim tat cd cdc ham so f •.R—>R thoa man dieu kien 

/ ( x + l ) - 2 / ( x ) = x 2 ^ 2 ^ + \. (1) 

G i a i . D ^ t / ( x ) = x2^ - (x^ + 2x + 3) + ^ ( x ) , Vx G R. T h a y vao (1 j t a dudc: 

g ( x + l ) = 25 (x ) , V x e R . (2) 

D a t g{x) = 2^<^(x), thay vao (2) t a difdc: v?(x + 1) = '^{x), Vx e R. (3) 
T i r (3) su: d u n g ba i toan 1.33 d t r a n g 21 t a dUdc ip(x) •= A ; ( { x } ) ,Vx e R, 
t r o n g do A: l a h a m s6 t u y y, xac d i n h t r c n n i ra khoa i i g [0; 1). Vay t a t ca cac 
h a m so c i n t i m deu c6 dang 

/ (x ) - x .2^ - (x2 + 2x + 3) + r.k ( { x } ) , Vx e R. 

C h u y 1 3 . Phmng trlnh sai phdn tuyen tinh cd khd nhiiu dang, bdng phuang 
phdp tuang tu ta cd the gidi ducic nhiiu dang phuang trinh ham titang ting. 
Bai 1.7 {Phxcang trinh ham sai phdn bac hai) sau day se tiep tuc phdt trie'n 
phuang phdp nay. 

1.7 Phifdng t r inh ham sai phan bac hai 

1 .7 .1 P h u - d n g t r i n h h a m s a i p h a n b a c h a i v d i h a m t u a n h o a n 
. v a p h a n t u S n h o a n c o n g t i n h 

T rong muc nay t a se g ia i p h u d n g t r i n h h a m 

/ (x + 2a) + af (x + a) + /?/(x) = 0, Vx € R , 

t r o n g do a, Q, /3 la cac hang s6 thuc , a 0 va ^ 0. PhiTdng t r i n h h a m t r e n 
dUdc goi l a p h i i d n g t r i n h h a m sai phan t u y e n t n i h t h u a n n h a t bac ha i . 
P h i f d n g p h a p g ia i . X e t phUdng t r i n h dac t r u n g X'^ + aX + 3 = 0 vk t i n h 
A = a 2 - 4p. 

• K h i A > 0: t i e n h a n h tUdng t u n h u bai t oan 1.113 d t r a n g 75 va ba i 
t oan 1.114 d t r a n g 76. 

2 

• K h i A = 0 <^ Q2 - 4/3 = 0 <^ ,3 = ^ . T a b ien do i 
4 

fix + 2a) + a fix + a) + /?/(x) = 0, Vx e R 

a 2 
<:>fix + 2a) + a fix + a) + —fix) = 0, Vx S : 

<^/(x + 2a) + ^ / ( x + a) = - | a 
fix + a) +-fix) ,Vx G R 
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4^gix + a) =-^gix),\/xeR, 

t r o n g d 6 3 ( x ) = / ( x + a) + ^ / ( x ) , V x e R . 

_ j j ^ u = 1 ^i^y Q = - 2 t h i t i en hanh tUdng t i r n h u ba i t oan 1.115 

d t r a n g 77. 

- N l u 0 < - - / 1 hay - 2 7^ a < 0 t h i t i e n h a n h tUdng t U n h u bai 
2 

t oan 1.116 d t r a n g 77. 

_ N l u - | < 0 hay Q > 0 t h i t i e n hanh tUdng ttr n h u ba i t oan 1.117 

ci t r a n g 78. 

• K h i A < 0, ph i t dng t r i n h dac t rUng co ngh i em pht ic , t a t i en h a n h tUdng 

trf n h u ba i t o an 1.119 d t r a n g 82. ^ ^ 

C h u y 1 4 . Phuang trinh ham 

f ( x + 2fl) + a / (x + a) + /3/(x) = C, Vx € R, 

trong do a,a,p.C Id cdc hdng so thUc, a 7̂  0 yd /3 7̂  0 luon dUa duac ve 

phuang trinh ham sai phfpi tuyen tinh thuan nhat bac hai. 

B a i t o a n 1 .113. Tim tat ca cdc ham s<5 / : R R thoa man dieu kien 

fix + 2) - 8/(x + 1) + 15/(x) = 0, Vx G R. (1) 

G i a i . PhUdng t r i n h dac t r i m g - 8A + 15 = 0 c6 hai ngh i em phan biet 

Ai = 3, A2 = 5. T a c o / ' 

(1) ^ fix + 2) - (3 + 5 ) f i x + 1) + 3.5/(x) = 0, Vx G R 

^ fix + 2) - 3/(x + 1) = 5 [fix + 1) - 3/ (x ) ] ,Vx G R (2) 

^ r ; i (x + 1) = 5giix),Vx G R, v6i r ; i (x ) = / ( x + 1) - 3/ (x ) , Vx G R. (3) 

D a t yiix) ^ 5^/ i i ( x ) , Vx G R. K h i do h a m so hi xac d i n h t r c n R. T U (3) d\Mc 

5^+ '/- i (x4 - l ) = 5 . 5 ^ / ( . I ( X ) , V X G R 

< ^ / I I ( X + 1 ) = / I I ( X ) , V X G R . 

Vay: / ( x + 1) - 3/ (x ) = 5^/u(x) ,Vx G R. (4) 

T i r (2), t K u hanh tUdng tU t a dUdc: / ( x + 1) - 5/(x) = 3^h2ix),W. G R. (5) 

trong do /i2 la ham so tuan hoan cong t inh chu k i 1 tren R, t i i y y. 

Triit (4) va (5) theo vg ta dUdc: / (x ) - ^ [5^/ii(x) - 3^/i2 (x)],Vx G R. 

Sail khi t h u la i t a kct luaii: Ta t ca cac h a m so can t i m d cu co dang: 

/(x ) = i [ 5 - / u ( x ) - 3 ^ / ^ 2 W ] , V x G R . ^ 

trong do hi, /12 la cac ham so tuan hoan cpng t i n h chu k i 1 tren R, t u y y. 



Bai toan 1.114. Tnn tat cd cdc ham so / : R —• E thoa man d i i u ki$n 

/(x + 4 ) -4/ (x + 2 ) -21/ (x )=0 ,VxeR . (1) 

Giai . Phirong trinh dac trUng - 4A - 21 = 0 c6 hai nghi?m phan bi§t la 
Ai = 7, Aj = -3. Ta C O 

(1) ^ / ( x + 4) - (7 - 3)/(x + 2) - 3.7/(x) = 0. V i e R 

^ f i x + 4) + 3/(x + 2) = 7 [/(x-+ 2) + 3/(x)], Vx e R (2) 

<^g,(x + 2) = 75,(x),VxeR,V(5i3i(x) = /(x + 2) + 3/(x),Vx€R. (3) 

Dat 31 (x) = [Viyht (x). Khi do ham s6 hi xac dinh tren R. Tir (3) ta dUdc 

(Viy+'^hi (x + 2) = 7.{V7fhi(x), Vx 6 R 

hay hi(:r + 2) = /)i(.r). V.r e R. Vay 

/(x + 2) + 3/(x) = (v/7)-/M(x),VxeR. (4) 

' Mat khac (1) tuong dndng vdi 

/(x + 4) - (7 - 3)/(x + 2) - 3.7/(x) = 0. Vx G R 
^/ (x + 4) - 7/(x + 2) = - 3 [fix + 2) - 7/(x)], Vx e R 
<^52(:r + 2 ) - - 3 3 2 W ,VxeR , v 6 i 3 2 ( x - ) = /(x + 2 ) - 7/ (x ) ,VxeR. (5) 

Dat g^ix) = (\/3)'/i2(x),Vx e R. Khi do /12 la ham so xac dinh tren R. Tit 
(5) ta diWc 

iV3V+^h2ix + 2) = -3.(v/3r/i2 {x),VxeR 
o/(2(x + 2) = /t2(x),Vx € R. 

^/I2 (x) = i [ / I2 ( x ) - / J 2 ( x + 2 ) ] ,VX€R 

h2ix) = 2 [/J2(.T) - / i 2 ( x + 2)],Vxe 
/'2(x) = /!2(x + 4) ,Vx6R 

] . . 
« i = 2 [̂ (•̂ •) - + 2)], Vx e R 

i ^ la ham s6 tuta hoan cpng tinh chu ki 4 tren R, tuy y. 

Vay: /(.r + 2) - 7/(x) = — [^(x)-^(x + 2)],VxeR. 
Trir (4) va (6) theo ve ta dildc: 

(6) 

£ 3f 
7^/M (x ) - y (vp ( x)-vp ( x + 2)) ,VxeR. 
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San khi thi't lai ta ket luan: T i t ca cac ham so can tim den c6 dang: 

7 i / i i ( x ) - ^ ( v . ( x ) - v ' ( x + 2)) , V x e 

trong do hi la ham so tuan hoan cong tinh chu ki 2 tren R, tiiy y con la 
ham'so tuan hoan cong tinh chu ki 4 tren R, tiiy y. 

Bai toan 1.115. Tim tat cd cdc ham so / : R ^ R thoa man dieu kien 

/(x + 6 ) -2/ (x + 3) + /(x) = 0.VxeR. (1) 

Giai. Phudng trinh dac*tnnig Â  - 2A + 1 = 0 c6 nghiem kep A = 1. Ta c6 

in ^ f i x + 6) - f i x 4- 3) = f i x + 3) - /(x), Vx e R. (2) 

Xet ham so g nhu sau: g i x ) = f i x + 3) - /(x),Vx 6 R. Khi do 

(2)^,<7(x + 3) =.<7(x),VxG R. (3) 

VI g i x ) = ^ ^ ^ f ^ g i x ) ^ 5 ( x + 3) - ^,(x), Vx G'R nen 

f i x + 3) - f i x ) ^ + 3) - |g(x), Vx e R ^+%*. . . 

^ f i x + 3) - + 3) = /(x) - ^^(x), Vx e R : 

<^hix + 3) = /i(x), Vx € R, vdi /i(x) = /(x) - ^^(x), Vx € R. 
o 

X 

Vay /(x) = /((:/•) + - g i x ) , \ / x e R. trong do h,g la ham so tuan hoan cpng 

tinh chu ki 3 tren R, tuy y. Tluir lai thay thoa man. ,̂  

Bai toan 1.116. Tim tat ca cac ham so / : R ^ R thoa man dieu kien 
f i x + 8) - 6 f i x + 4)+ 9fix) = 0, Vx e R. (1) 

Giai. Phudng trinh dac trUng Â  - 6A + 9 = 0 c6 nghiem kep A = 3. Ta c6 

(1) <̂  f i x + 8) - 3/(x + 4) = 3[/(x + 4) " 3/(x)],Vx € R. 

Xet ham so g nhu sau: ^(x) = /(x + 4) - 3/(x),Vx € R. 
Khi do: (2) <̂  y(x + 4) ='35(x), Vx e R. 
Dat g i x ) = 3 T/i (x ) . Khi do h la ham so xac dinh tren R. T i l (4) ta c6 

3^/ i (x + 4) = 3.3^/t(x),Vx 6 R 
<^/i(x + 4) = /i(x),VxeR. 

(2) 

(3) 
(4) 

(5) 
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T i f (3) t a CO 

f{x + 4)-3f{x) = 3ih{x},Vxe 

3 f 3J 

3 * ^ 
(6) 

X e t h a m so / n h u sau I{x) = ^ , V a ; € M. Thay vao (6) t a dUdc 
3 i 

{ 

7(1 + 4 ) - / ( x ) = ^ , V a ; S R . (7) 

M . ( f ± ^ , ( , ) - i ^ ) ^ , ( , + 4) - ^ M . ) , V x e R n . n (7) t a 
dUOc: 

I{x + 4)-I{x) = ^ h { x + 4)-^h{x)yxeR 

+ 4) - + 4) = /(x) - ^h{x),yx e R 

<s>fc(x + 4) = k{x),\/x e R, vd i k(x) = l{x) - ^h{x)yx e R. 

Vay: I{x) = kix) + ^ ^ , V x € R . Hay: 

fix) = 3 ' k{x) + 
xh{x) 

12 
, V i € R . 

T h i r k i i t a kCt h i a i i : Ta t ca cac h a m so thoa m a n cac yen can de ba i lar 

xh{x)-
/ (x ) = 3T k{x) + 

12 
,Va: e R , 

t r o n g do h, k la cac h a m so t u a n hoan cpng t i n h chu k i 4 t r en R, t u y y. 

B a i t o a n 1 .117 . Tim tat cd cdc ham so / : R -> R thoa man dieu •Men 

4/(a: + 5) + 2 0 / ( a : + l ) + 2 5 / ( x - 3) = 2 0 1 0 , V x e R . (1) 

G i a i . D f i t /{x - 3) = + g{x)yx e R. K h i do g l a h a m so xac d jnh t r en 

M. T h a y vat) (1) t a di tdc: 4g{x + 8) + 20g{x + 4) + 25g{x) = 0,\/x e R. Hay: 

OK 
g{x + 8) + 5ff (x + 4) + ~g{x) - 0, Vx 6 R. (2) 
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hUdi ig t r i n h d 5 f t r i n i g + 5A + y = 0 c6 ngh i em kep A = - T a c6: 

5 , 5 
(2) ^ 5 ( 2 : + 8 ) + ^9{x + 4) = - - ff(x + 4 ) + - p ( x ) = 0 , V x e E . (3) 

^ ( j . + 4) ^ - f i f (x ) = / i (x ) ,Vx € R. K h i do / i l a h a m so xac d i n h t r e n R. 

T { r ( 3 ) tadUd(:Ma; + 4) = - ^ / i W , V x e R . -/ ^ •• i ( 4 ) 

D a t = ( ^ V ^-(3;),Vx e R. K h i do k l a h a m so xac d i n h t r e n R. T i r (4) 

t a diWc 

5) '^K . .+i ) = -5(5)'<^W,v^'e 
^k{x + 4) = -A- (x) ,Vx e 

fc(x-) = - l A - ( x ) - f c ( x + 4 ) ] , V x e R 

)l-(x) = A;(x + 8 ) ,Vx € M 

A - ( x ) - ^ [ n ( x ) - n ( x + 4 ) ] , V x e R 

n la h a m so t u a n h o a n c p n g t i n h chu k i 8 t r e n R, t u y y. 

T a c o 

,7(x + 4) + | r ; ( : r ) = 0y fc(:,;),Vx6 

^ ^ ( ^ + ^ i 4 ^ = A : ( x ) , V x e R . 

' 5 \  / 5 ^ ~ 

(5) 

Xe t h a m s6 / n h i t sau I{x) = V i e R. T h a y vao (5) t a diTdc 

(r 
/(x + 4) + / ( x ) = ^ - ( X ) , V X G R . ., , • • (6) 

V i vd i m p i x e R t h i 

k(x) = '-^kix) = f MX-) - ^ f c W = ~H'^ + 4) - ^-^kix) 

n e n t i i ( 6 ) t a ditoc ' T -

/(x- + 4) + - A : ( x + 4 ) = - / ( x ) + ^ f c ( x ) Vx e (7) 



t. X — 4 
Xet hkm so J nhu sau J{x) = /(x) + — — A;(x),Vx e M. K h i do tvc (7) ta 
diroc 

y (x + 4) = - J ( x ) , V x G 
1 

^ f J (x ) = ^ [ J ( x ) - J ( x + 4) ] ,Vxe 
\) = J ( X + 8 ) , V X G R 

^ 1 J (x ) = i [m(x) - m(x + 4)], Vx € R 

t m la ham s6 tuan hoan cpng t inh chu k i 8 tren R , tuy y. 

V§.y v6i mpi x € R , ta c6 

ff(x)=(|) /(x) = J{x)-^k{x) 

5\ m(x) - m(x + 4) _ x - 4 n{x) - n (x + 4) 
2 4 • 2 

2010 
Ma /(x - 3) = + Vx G R nen suy ra tat ca cac ham so thoa man 

yen cau de bai deu co dang 

2010 
49 

+ / 5 \
x - l 

m(x + 3) - m(x + 7) _ x - 1 n(x + 3) - n(x + 7) 
2 4 2 , V x 6 

trong do n, m la nhQng ham so tuan hoan cpng t inh chu k i 8 tren R, t i i y y 
( th i i lai thay thoa man). 

B a i t o a n 1.118 (Viet Nam TST nam hoc 1993-1994). Tim tdt ca cac ham 
so / : R R thoa man 

fiV2x) + f(^{4 + 3V2)x) - 2/ ((2 + V2)x), Vx (1) 

G i a i . Tir (1) cho x = 0 ditdc 2/(0) = 2/(0). V§y /(O) = a la hang so tuy y. 

• V6i X > 0. Ta dat (2 + V2)x - i hay x = — L i i c do (1) t rd thanh 
2 + V2 

f 
( v/2 A 

0 +/ 
V2 + y 2 V " n 2 + V 2 V 

4 + 3v/2 \ 
t = 2fit), \/t > 0. (2) 

Ta chu y rang 
V2 1 

2 + ^/2 V2+1 

V2 4 + 3v/2 6 + 4V2 

= V2-lvk 

2 + v/2'2 + ^ 6 + 4v/2 

• . - 80 

= 1 
4 + 3 \  1  

2 4 - ^ 2 V2~l 

Vi t h i : (2) ^ / ((V2 - l)t) + / [-^^^t) = 2/(t), > 0. . (3) 

pa t < = (V^ - 1)" (hay " = l o g ^ _ i O - Kh i do (3) t r d thanh . r̂ , 

/ ((̂ /2 - 1)""^) + / ( ( ^ - 1)"-^) = 2/ ((V2 - D " ) , Vu G R . (4) 

Dat / ((v/2 - 1)") = 9{n). Thay vao (4) ta dU0c 

g{u + 1) - 2g{u) + g{u - 1) = 0, Vu G R 
^(/{u +1) - gin) = giu) - giu - 1), Vu G R. (5) 

Xet ham so /i : R -> R nhu sau: /i(u) = giu) - giu - 1), Vu G R. • (6) 
Khi do: (5) ^ hiu + 1) = hiu), Vu G R. (7) 
T i l (7), sit dung bai toan 1.33 d trang 21 ta dUdc /i(x) = fci ( {x } ) ,Vx G R, 
trong do fci la ham so tuy y, xac dinh tren nuta khoang [0; 1). Tilt (7) ta c6 

hiu) = [(u + 1) - u] hiu) = iu + l)hiu + 1) - uhiu), Vu G 

Do vay 

(6) <:^iu + l )/i(u + 1) - uhiu) = giu) - giu - 1), Vu G : 
(u 4- l)hiu + 1)- giu) = uhiu) - giu - 1), Vu G 

Dat V(u) = uhiu) - giu - 1), Vu G R. Thay vao (8) dUdc 

• -^(u + l ) = V ( « ) , V U G R . 

Tit (9), Slit dung bai toan 1.33 d trang 21 ta dUdc i/>(x) = /c2({x}),Vx G 

trong do k2 la ham so tuy y, xac dinh tren niia khoang [0; 1). Nhu vay 

giu) = iu+l)hiu+l)-ipiu+l) 
= (u + l ) f c , ( { u + l } ) - A ; 2 ( { u + l } ) 
= (u+1)^-1 ( { u } ) -A ;2 ( {u } ) , V U G R . 

Ma / ((v/2 - 1)") = giu). Vu G R nen 

fix) = (1 + log^_ ix )A; i ( { l ogy j - i^ i } ) - h ( { l o g ^ _ i x } ) , Vx > 0. 

(8) 

(9) 

Vdi X < 0. Ta dat - ( 2 + \/2)x = w hay x = 
-w 

2+7^ 
. Liic do (1) trci thanh 

/ -
V2 \ 

2 + V2 
w + f -

4 + 3^2 

2+V2 
w] =2fi-w), V u ) > 0 

^f (-(v/2 - l)u;J + / \^--j=—^wj = 2fi-w), Vu; > 0. (10) 



D a t w = {s/2- xy (hay z = log^_^w). K h i do (10) trd t h a n h 

/ ( - ( y 2 - l ) ' + ' ) + / ( - ( v ^ - i r ' ) = 2 / ( - ( v / 2 - l f ) , V 2 € R . (11) 

D a t / ( - ( ^ 2 - 1 ) ' ) = n{z). T h a y vao (11) t a ditdc ; v 

n{z + l)-2n{z)+n{z-l) = 0,\/z£R. 

T i rdng t i . r t a dudc n{z) - (z4-l)A:3 ( { z } ) - f c 4 ( { z } ) , Vz e E , vd i /c3, fc4 l a nh f lng 

h a m so t u y y, xac d i n h t r en nira khoang [0; 1). M a / (—(v^ — 1) ) = n{z) 

nen / ( i ) = n ( l o g ^ _ j ( - x ) ) , dan t d i 

!{x) = (1 + I o g ^ _ i ( - a : ) ) fc3 ( { l o g ^ _ i ( - x ) } ) - f c 4 ( { l o g y 2 - i ( - ^ ) } ) ' < 

B a i t o a n 1.119. Tim tat cd cdc ham so / : R —> M thoa man dic.u kicn 

fix + 6) + 2y/3f{x + 3) + 4f{x) = 0, Vx 6 K. (1) 

G i a i . T a c6 

( l ) ^ / ( x + 6 ) - (\/3 + i ) + ( ^ ^ 3 - 2 ) /(a; + 3) + 4 / ( 2 : ) = 0 , V x e M 

<=>/(x + 6 ) - ( y 3 + i ) / ( x + 3) 

= ( y 3 - z ) [/(x + 3 ) - ( v / 3 + z ) / ( x ) ] , V x e R . (2) 

D a t : / ( x + 3 ) - ( v ^ + / (x ) = 5 i ( x ) , Vx e R . (3) 

K h i do gi la h a m so 51 : R C. Tiit (2) t a dUdc: 

5 i ( x + 3 ) = ( y 3 - i ) g i ( x ) , V x e R 

^.9 i ( . 7 : + 3) = 2 c o s ( - ^ ) + i s i n ( - 0 . < 7 I ( X ) , V X G R 

^ i ( x + 3) 
/ 7 r \ / TT\1 

2 cos ( 
= ffi(x),Vxe 

3 i ( x + 3 ) 

cos ( - 0 + z s i n 
« i ( x ) 

V 6J 

„ i / —TTX . — T T X ' 
• 23. ( c o s — + i s m -18 18 

23 . ^cos 
— TTX . —TTX 

+ 2 sm 
18 18 

.Vx e 

• / 37r + TTx"^ \ ( 37r + 7 r x > 
2 3 cos 

18 , 
+ i sm -

18 ) . V 18 , ' V 18 ) 
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at 
, ' y i ( x ) 

2 t . ^cos 
- T T X . . - 7 r x \ 

+ z sm 
= / i i ( x ) . K h i do hi l a h a m so xac d i n h t r e n 

18 ' "^'^ 18 / 
so thac R . T f r (4) t a duoc: hi{x + 3) = / i i ( x ) , Vx € R . 

T a c6: 

( 1 ) ^ / ( x 4 - 6 ) - [ (v/3 + i ) + ( \ / 3 - i ) ] / ( x + 3) + 4/ (x ) = 0 , V x e 

^ / ( x + 6 ) - (v/3 - / ( x + 3) 

= ( + [/(:̂ .- + 3) - ( 7 3 - 2 ) / ( x ) ] , Vx e R . 

(5) 

•sari V 
k . . ; (6) 

D a t / ( x + 3 ) - ( 7 3 - i ) / ( x ) = g2{x). K h i do 32 la h a m so 52 : K ^ C. T i r 

(6) t a dvroc 

52 (x + 3 ) = (v/3 + i ) 3 2 ( a : ) , V x e R 

'^g2{x + 3 ) = 2 (cos ̂  + i sin 52(2:), Vx 

g2(x + 3 ) 

2 ( c o s - + i s m - j 

5 2 ( 2 : + 3 ) 

2 . ( c o s - + z s i n - ) . 2 i . ( c o s - + z s m - j 

.'72(3:) 
I / TTX . . TTX^ 

2 i . ( c o s - + . s m - ^ 

5 2 ( 3 ; + 3 ) 

, V x e 

2 ^ cos 
/37r + TTX 

V 18 
52(3;) 

+ i s m 

„ x / TTX . . TTXN 
2 . . ( c o s - + . s m - j 

37r + 7 r x \ 

, V x e R . (7) 

D a t 
i ' 2 ( x ) 

•!.r 

, TTX . . 7 r x \ 
2 3 . (cos — + t s m — j 

Ta (7) t a duoc 

= / i2 (x ) . K h i do /i2 l a h a m so x^c d i n h t r e n 

/i2 (x + 3 ) - / i 2 ( i ) , V x e K . :£ (8) 
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Do f{x), f{x + 3) la cac so thvfc nen 

= fix + 3) - ( 7 3 + f{x) = / ( : r + 3) - x/3 + i . J i ^ 

V i vay 

hiix) = 9i{x) 92{x) 
T ( -nx . . -nx 

23 loos +ism 
x\£ / ^x . . 7 r x \ 

= / 1 2 ( X ) . 

18 • 18 

L m i y r i n g / i i : M ^ C, /12 : K - C. Dat = m(x) + en(x), trong do cac 
ham m : R K, n : ]R ^ K tu4n hoan chu k i 3. Theo chAig minh tren th i 

= / i 2 ( x ) =^/ i2 (x) = m(x) - m ( x ) . 

Quay t rd lai bai toan ban dau, ta c6 

/ ( X + 3) - (v/3 + i ) fix) = 2 f (cos =^ + isin =^).h,(x). (9) 

fix + 3) - (v/3 - i ) fix) = 2f (cos ^ + i s i n ^ ) /.^(x). (10) 

Ttit (9) va (10) thoo v(: ta dUdc 

r / T T X 7 r X \ — T T T — T T T N 

(cos - + i sin - j ( X ) - (cos _ + i sin ^ ) (x) 
/ ( x ) = 

2i 

Dg y rang 

( TTX 

^°^T8 

(11) 

+ i sin TTX 

18 
/ \ , . T T X 

= m ( x ) c o s — + n(x) sin — + 

h2ix) = (̂ cos Yg + t sm — j [rnix) - zn(x)] 

/ \ 1 " X , , T T X 
m(x) sm — - n(x) cos — 

lo 18. 
i. 

vh 

(cos - ^ + isin^)h, ( X ) = (cos ^ - i sin ^ ) ^ ( x ) + m(x)] 

= m ( x ) COS ^ + n(x) sin ^ - [m(x) sin ^ - n(x) cos ^ 
h ^ ' 18 

Vay (11) suy ra 

2f r 
2i 

/ >, . T X T T X 

m(x)sm — - n ( x ) c o s — j 

(T):VrT 

2i 
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= 2t • nx , T T X 

m(x) sm — - nix) cos — 
, V x € 

Sau khi t h i i lai ta ket luan: T i t ca cac ham so thoa man yeu cau de bai deu 
c6 dang 

fix) = 25 
• T T X T T X 

mix) sm — - nix) cos — ,Vx € 

trong do m, n la cac ham so tuan hoan cong t inh chu k i 3 tren R, tuy y. 

1,7.2 Phifdng trinh ham sal phan bac hai vdi ham tuSn hoan 
va phan tuan hoan nhan tinh . 

Dang 1. Phi:fclng trinh ham dang 

/ (a^x) + a / ( a x ) +/3/(x) = Vx 7̂  0, 

trong do a e R\, —1}; a , /3 € R*; h la ham tuan hoan nhan tinh 
chu ki a. 

Phifdng phap giai. PhUdng tr inh dac trung X^ + aX+P = 0 (A = - 4/3). 

• Neu phUdng tr inh dac trvTiig c6 hai nghiem phan biet, trong do c6 mot 
nghi?m bang 1 th i lam titdng tir nhu bai toan 1.120. 

• Neu phildiig t r i n h dac tritog c6 hai nghiem phan b i f t , va ca hai nghiem 
Cling khac 1 t h i lam tUdng tir nhiT bki toan 1.121. 

• Trudng hdp A = - 4^ = 0 /3 = ^ , hay phUdng t r inh dac t r i ing c6 

nghiem kep. 

- Neu a = - 2 , hay nghiem kep la 1 t h i lam tUdng tvt bai toan 1.122. 

- N l u a ^ - 2 th i lam tUdng t u bai toan 1.123. 

Bid toan 1.120. Ttm tat ca cac ham so / : R\} ^ R i;d thoa man 

/ ( 2 5 x ) - 3 / ( 5 x ) + 2 / (x ) = cos (27r logs |x|),Vx^0. - ' (1) 

Giai. Dat / i(x) = cos (27rlog5 |x|) ^ / i (5x) = / i (x) ,Vx ^ 0. Bdi v i phUdng 
tr inh dac t n m g - 3A + 2 = 0 c6 hai nghiem la 1 va 2 nen t a bi6n d6i (1) 
thanh i 

/ ( 2 5 x ) - (1 + 2) / (5x) + 1.2./(x) = cos (27r logs l̂ l̂), Vx ^ 0 
^f (25x) - 2 / (5x) - [/ (5x) - 2/(x)] = /z(x), Vx ^ 0. „ (2) 

?.t 51 (x) = / (5x) - 2 / ( x ) , thay vao (2) ta dUdc , j , , , , . 

gii5x)-giix) = hix)yx^0 
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^gi{5x) - giix) = (logs 15:̂ 1 " logs \x\)h(x)yx ^ 0 

<=^p i ( 5x ) - ( l o gs | 5 x | ) / i ( 5 x ) = 3 i ( x ) - ( l o g s | x | ) / i ( x ) , V x / 0 . (3) 

Dat g{x) = gi{x) - (logs th^Y vao (3) t a dUdc 

g{bx) = g{x),yx^Q. ...^ (4) 

Vay ^ i ( x ) = g{x) + ( l o gs\A ) h{x),'ix 7̂  0, suy ra 

• ; / (5x ) - 2/(x ) = g{x) + (logs \A) H'-^)^^ ^ 0, (5) 

v6 i g la h a m t u a n hoan n h a n t i n h chu k i 5 t r e n IR\} {g xac d i n h b6 i (4) ) . 

Ta la i b i en do i (1) t h a n h 

/ ( 2 5 x ) - / ( 5 x ) - 2 [ / ( 5 x ) - / ( x ) l - / i ( x ) , V x ^ 0 . (6) 

D a t g^ix) = / ( 5 x ) - / ( x ) , t h a y van (6) t a diWc 

g2{5x)-2g2{x)^h{x),yxj^0 

^ 5 2 (5a : ) + h{5x) = 2 [g2{x) + h{x)], Vx ^ 0. (7) 

Dat k{x) = g2{x) + /i(x), thay vao (7) t a d i ldc 

A;(5x) = 2 A ; ( x ) , V x 7 ^ 0 . (8) 

Dat k{x) = |x|'°«=%(x), t h a y vao (8) t a dUdc 

|5x|'°«5 2 9 (5x) - 2 | x | ' ° S 5 % ( x ) , V x ^ 0 

<^9(5x) = g ( x ) , V x ^ 0 . (9) 

Vay 

52(x) = |a :| ' ° ^ ' 9 ( x ) -/ i ( a : ) ,Vx^0 . (10) 

Suy r a 

/ ( 5 x ) - / ( x ) = | x | ' ° « = 2 ^ ( x ) - / , , ( x ) , V x 9 ^ 0 . (11) 

TiT (5) va (11) suy r a 

/ (x ) = |x|'°̂ = 2 q{x) - g{x) - (1 + logs 1^1) cos {2-K logs 1^1). Vx ^ 0, 

t r o n g do y va ^ l a cac h a m t u a n hoan nhan t i n h chu k i 5 t r e n ]R\} (xac 
d i n h b 6 i (4) va (9) ) . 

B a i t o a n 1.121. Tim tat cd cdc ham so / : R\} ^ R ua thoa man 

f (4x ) + 2 / (2x ) - 15/ (x ) = s in (2^ logs \x\), Vx ^ 0.. (1) 

86 

1 + 2 - 1 5 

G i a i . D a t h{x) = sin(27rlog2 \x\) h(x) = h(2x) Vx ^ 0 fhS u 

/.(x) = 

D o do (1) v i e t l a i 

/ (4x ) + - ^ + 2 

-12 

, ^ /i(4x) + 2/i(2x) - 15/i(x) 
/i(x) = '• 

/ ( 2 x ) + 
/i(2x) 

12 
- 15 / (x ) + 

/ i (x ) 

12 
= 0 , V x / 0 . (2) 

D a t 5 ( ^ ) = /(^) + ^ ' t h a y v a o ( 2 ) t a di idc 

g (4x ) + 2 5 ( 2 x ) - 1 5 5 ( x ) = 0 , V x 7 ^ 0 

(4x) + (5 - 3)5 (2x) - 5.3.g (x ) = 0, Vx ^ 0 ' 

o g ( 4 x ) - 3g(2x) = - 5 [5(2x) - 3g(x)],Vx ^ 0. (3) 

Dat ^ ( x ) = 5 (2x ) - 3f f (x ) , t h a y vao (3) t a dUdc ^ (2x ) = -5c^ (x ) ,Vx ^ 0. (4) 

Dat ^{x) = |x|'°^^' / i i ( x ) , t h a y vao (4) dUdc 

|2x|'"S2 5/j j (2x ) = - 5 . 1x| ' ° « ^^/ z i ( x ) , Vx^0 

^ ; i i ( 2 x ) = - / i i ( x ) , V x 7 ^ 0 . (5) 

Vay 
y ( 2 x ) - 3 3 ( x ) = ix| ' °^^ '/ t i (x ) ,Vx^0. S > o , - ( x ) (6) 

Ta la i b ion do i (1) t h a n h • 

5 (4x ) + 59 (2x ) = 3 [ f f (2x ) + 5 5 ( x ) ] , V x ^ 0 . ^ ^ (7) 

Dat ^ ( x ) = 5 (2x ) + 55 (x ) , thay vao (7) t a dUdc ^ 

i/'(2x) = 3 i/ ' ( x ) ,Vx7^0. 

Dat ^ ( x ) = |x|'°«̂ 2 3 /J2(.T:), t h a y vao (8) t a dUdc 

|2x|'° '=2 ' / i2 (2x) = 3. |x | ' °«^ '/ i2 (x ) ,Vx ^ 0 

<^/ i2 ( 2 x ) = / i 2 ( x ) , V x ^ 0 . j 

g{2x) + 5g{x) = |x|'°«^^/i2(x), Vx ^ 0. 

TIT (6) va (10) suy r a -- ' 

(8) 

(9) 

(10) 

g ( x ) = - f|x| ' °«^'/i2 (x) - |x|'°«^'/ii(x)],Vx ^ 0. 
8 L 

m 

(11) 



Do do 

sin (27rlog2 k l ) 
12 ,VX7:0,, 

trong do hi la ham t u i n hoan nhan t i n h chu k i 2 tren K\, h; la ham 
phan tuan hoan nhan t i n h chu k i 2 tren R\} ( / t i , /t2 xac dinh bdi (5), (9)). 
B a i toan 1.122. TiTn tat cd cac ham so / : R\} — R thoa n,an 

/ ( 9 a ; ) - 2 / ( 3 x ) + / ( i ) = { l o g 3 N } , V x ^ 0 . (1) 

G i a i . Dat h{x) = {logg |x|}, khi do 

h{Zx) = {log3 |3x|} = {1 + log3 |x|} = {log3 |x|} = / i (x ) , Vx 7̂  0. 

PhUdng t r i n h d ie trung - 2A + 1 = 0 c6 nghiem kep la 1. Ta bien doi (1) 

/ ( 9 x ) - (1 + l ) / ( 3 x ) + l . l / ( x ) = h{x), Vx ^ 0 

^ / ( 9 x ) - / ( 3 x ) - [ /(3x) - / ( x ) ] = / i (x ) , Vx ^ 0. (2) 

Dat 9{x) = / ( 3 x ) - fix), thay vao (2) dugc :( 

y ( 3 x ) - y ( x ) = M x ) , V x 7 ^ 0 
{c) ^9{3x) - gix) = (logg |3x| - logg |x|) / i (x ) , Vx ^ 0 ' 

^ [5(3x) - h{3x) log3 |3x|] = [5(x) - h{x) logg |x|], Vx ^ 0. (3) 

Dat fc(x) = g{x) - h{x) Iog3 |x|, thay vao (3) diWc A;(3x) = fc(x), Vx ^ 0. (4) 
Vay 

g{x) = fc(x) + h{x) log3 |x|, Vx =̂  0, 

trong do k la ham tuan hoan nhan t i n h chu k i 3 tren R\. Do di 

/ ( 3 x ) - fix) = fc(x) + / i(x) log3 |x| yx^O 

<^/(3x) - / ( x ) - M^;) log3 |x| = fc(x), Vx ^ 0 

(5) 

(G; / ( x ) - ( l 2 l d ^ 4 z i 2 l ^ , ( ^ ^ 
= A;(x) ,Vx^O. (6) 

Dat pix) = fix) - i ! 2 i 3 W l ! ^ l i ^ g 3 N . , , . , , ' ' 
' 2 ^(^) ' t^'^y (6) ta dUdc 

Pi3x)-pix) = kix)yx^0 
^P(3x) - = (log3 |3:,.| - ,og3 I:,.,) ki:,), Vx- ^ 0 
^ [P(3x) - A;(3x) log3 |3x|] = Ipix) - A:(x) logg |x|], Vx ^ 0. 

(7) 
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pat /(a;) = P{x) - log3 |x|, thay vao (7) ta dUdc / (3x) = / ( x ) , Vx 0.(8) 

= / ( X ) + . ( X ) log3 |X| + ('"g3|x|)^^-iog3|x|^^^.^^^^ ^ ^ ; 

Sau khi thi'r lai t a kct lugji : Ham so thoa man cac yeii c i u de bai c6 dang 

/ ( X ) = / ( X ) + kix) l0g3 lx| + 0°g3 1^1)'- logs {j^g^ j ^ ^ ^ ^ 

trong do I, k la cac ham so tuan hoan nhan t inh chu k i 3 tren R\} (7, A: 
xac dinh bdi (4) va (8)). 

B a i toan 1.123. Tim tat cd cac ham 5o / : R\} — R vd thoa man 

/ (36x) - 4 / ( - 6 x ) + 4 / (x) = v/{log6 |x|}, Vx 0. (1) 

G i a i . D a t / i(x) = ^ { l o g g l x l } , kh i do 

hi-6x) = v^lloge 1-6x1} = ^{l + \ogM = VJ^ogJx]} = / i (^) ,Vx ^ 0. 

PlnWug t r i n h dac t n m g - 4A + 4 = 0 c6 nghiem kep la 4. Bicn doi (1) 
thanh 

/ (36x) - (2 + 2 ) / ( - 6 x ) + 2.2/(x) - / i (x) , Vx ^ 0 
^ / ( 3 6 x ) - 2 / ( - 6 x ) - 2 [ / ( - 6 x ) - 2 / (x ) l = / i (x) , Vx ^ 0. (2) 

at gix) = / ( - 6 x ) - 2 / ( x ) , thay vao (2) ta dudc 

£ / ( -6x ) -2 f f ( x ) = / i (x) ,Vx7^o ' 3 n t > ! r i f i 4 
<^g(-6x) + / i ( - 6 x ) = 2 [ 5 ( x ) + / i ( x ) ] , V x / 0 . ^ (3) 

Dat qix) = gix) + / i (x ) , thay vao (3) ta diMc <?(-6x) = 2g(x), Vx 0. (4) 
Dat qix) = |x|'°«6 2(/>(x), thay vao (4) ta diWc 0 ( - 6 x ) = 0(x) ,Vx ^ 0. (5) 
Taco 

/ ( - 6 x ) - 2 / (x ) = |x|'°^^ 0(x) - /z(x),Vx ^ 0 ' 
4 * / ( - 6 x ) - 2 / ( x ) + /i(x) = |x|'°««2^(x),Vx^0 - • 
^ / ( - 6 x ) - 2 / ( x ) + [ 2 / i ( x ) - / i ( - 6 x ) ] = |x|'°'58 2<A(x),Vx7^0 
< » / ( - 6 x ) - hi-6x) - 2 [ /(x) - hix)] = |x|'°««2^(x),Vx 0. (6) 

Dat Pix) = fix) - hix), thay vao (6) ta dUdc '"̂ ^ •• 

p ( - 6 x ) - 2p(x) = |x|'°8«2 0(x) , Vx ^ 0 



p(-6.x) - 2p{x) 

2p(-6x) 2p(i) 

Dat = 7 ^ ^ ^ , thay vao (7) ta.dUdc. 

= 0 ( x ) , V i ^ O 

= 0(x) ,Vi7^O. (7) 

( ( - 6 x ) - f ( x ) = (/.(x),Vx7^0 
^ i ( - 6 x ) - <(x) = (logs |-6x| - logg |x|) </.(x), Vx ^ 0 
^<(-6x) - <^(-6x) logs |-6x| = t(x) - 4>{x) loge |x|, Vx 7̂  0. (8) 

Dat u { x ) = t { x ) - 4>{x) loge |x|, thay vao (8) ta dUdc 

u(-6x) = u(x),Vx^O. 

Vay 

(9) 

1x1'°^ ^tfx) 
/(x) = p(x) + /i(x) = ' ' ^ + h{x) 

\x\'°<^^[u{x)+cl>ix)loge\x\] + hix). 

Thur lai ta ket luan: Tat ca cac ham s6 thoa man yeu cau de bai c6 dang: 

trong do (p, u la cac ham so tren M\} xac dinh bdi (5) va (9). 

1.8 Phifdng trinh ham sai phan tuyen tinh bac ba 

Nhir ta da thay, vice giai phitdng trinh ham sai phan bac hai la rat phiic 
tap va kho khan, do do giai phitdng trinh ham sai phan bac ba chac chan se 
nhieu chong gai hdn, tuy nhien se giai dUdc va phirong phap la tUdng tir. Do 
vay bai nay chi trinh bay mot bai toan vdi Idi giai chi tiet, d i tit do ban doc 
CO the dc xuat va giai cac bai toan cho cac tritdng hdp khac. 

Bai toan 1.124. Cho a € R\, a, /?, 7 € R, 7 7^ 0 . Tim tat cd cac ham 
f -.R —^R thoa man dieu kien 

fix + 3a) + a fix + 2a) + /3fix + a) + 7/(x) = 0 

biet rang phUdng trinh dac tnCng 

+ Q A ^ + /?A + 7 = 0. 
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(1) 

(2) 

CO ba nghiem thicc phan biet A,, A2, A3. Phxtang trinh c6 dang (1) d.Mc got la 

phxl(^n9 ^""'^ '^""^ ti'nh thuan nhat bac ba. 

Giai. Ap dung dinh If Viete cho (2), ta co | A1A2VAol^VigAi = 
K A1A2A3 = —-y'. 

']-jiay vao (1), ta diTpc 
fix + 3r/,) - (Ai + A2 + A3)/(x + 2a) + (A1A2 + A2A3 + A3Ai )/ (x + o.) 

- AiA2A3/(x) = 0, V x € R . (3) 

Phuong trinh (3) tudng dudng 

fix + 3a) - Ai/(x + 2a) - (A2 + A3)/(x + 2a) + Ai(A2 + A3)/(x + a) 

+ A2A3 (/(x + a) - Ai /(x) j = 0, Vx € R. 

Hay 
fix - 3a) - A./(x + 2a) - ( A 2 + A 3 ) [ / ( . T + 2a) - Ai/(x + a)] 

^ + A 2 A 3 [ / ( x + a ) - A i / ( x ) l = 0 , V x e R . (4) 

Dat fiix) = fix + a) - \ \ f i x ) . PhUdng trinh (4) trd thanh 

/l(:r + 2a) - (A2 + A3)/i(x + a) + A2A3/i(x) = 0, Vx S R 

<^fi (x + 2a) - A2/1 (x + a) = A3 [/, (x + a) - A2/1 (x)] , Vx S R 

Dat g\ix) = /i(x + a) - A2/i(x) . Phildng trinh (5) trd thanh 

ffi(x + a) = A 3 5 i ( x ) , V X G R . 
>i.) 

Dat 51 (x) = |A3|"/ii(x). Khi do (6) viet lai 

/ M U + " J - n g u A 3 < 0 . 

Khi do ta co 

/i(x + a) - \2f1ix) = |A3|^/).i(x), Vx e R. 

Doi vai tro A2 va A3 va bien doi tiTdng tir, ta dUdc 

/i(x + a) A3/i(x) = |A2|5/i2(a:), Vx 6 R, 
trong do /i2(x + a) = ( ['^\''\ > 2' Lay (7) triT (8), ta dUdc 

y—li2ix) neu A2 < 0 . 

(A3 - A2)/i(x) - |A3|"/ii(x) - |A2|f/i2(a:), Vx € R , 

9 f • • • , • • 

(5) 

(6) 

(7) 

(8) 



•/'l(^) = A 3 - A 2 0^3|°/ll(3:) - | A 2 | a / l 2 ( x ) ) , Vx € R. 

N h i r vay 

/ ( x + a ) - A i / ( x ) = ^ ^ ^ ^ ( | A 3 | » / i , ( x ) - | A 2 | ^ ; i 2 ( : c ) ) , Vx 

D6i vai t r o A j , A2 , A3 va l a m nhxt t r on , t a dudc 

/ ( x + a) - A 2 / ( x ) = ( | A I | 5 A : I ( X ) - lAg l? i k 2 ( x ) ) , Vx G 

T i r (9) va ( 1 0 ) suy r a 

e K. (9) 

(10) 

A 2 - A i 
1 ^ 

A2 
rA7[A7rA ;0^il"^' iW-|^3|»A;2 (x)) ] , Vx 

t r o n g do 

/ i i (x ) neu A3 > 0, 
neu A3 < 0. 

h2{x) neu A2 > 0, 
-h2{x) neu A2 < 0. 

ki{x) neu A i > 0, 
-ki{x) neu A i < 0. 

neu A3 > 0, 
- f c 2 ( x ) neu A3 < 0. 

h\{x + a) 

/i2 (x + a) 

kl ( X + rt) : 

fc2(x + a) : 

B a i t o a n 1.125. Cho a e R\ a, j e R, ^ ^ 0. Tim tat cd cac ham 
/ : M —• M thoa man dieu kien 

fix + 3a) + rv/(x + 2a) + pf(x + a) + 7 / ( x ) = 0, Vx e K. 

biSt Tdng phuang trmh dac trUng A^ + a A 2 + /3A + 7 = 0 co ba nghiem thuc 
A i , A2, A 3 thoa man Ai = A2 7̂  A 3 . 

B a i t o a n 1.126. Cho a e R\, « , /?, 7 € 7 7̂  0. Tim tdt cd cac ham 
/ : R —» R thoa man dieu kien 

f(x + 3a) + af{x + 2a) + pf{x + a) + 7 f ( x ) = 0, Vx e R. M 

bwt rhng phuang t.mnh dac tnCng A^ + aA^ + /3A + 7 = 0 cd nghiem th^c bOi 

I? 

ChuWng 2 

Giai phi:fdng t r i n h ham t r en 
tap so thtfc 
2.1 G i a i phtfcfng t r inh ham bang phep the ^ . 

PlnTdng phap the la ph i rong phap t h u d n g hay s i i d u n g k h i g ia i cac phviang 
t r i n h h a m , dftc b i e t l a phUrtng t r i n h h a m v6 i cap b ien t i t do. No i d u n g cd ban 
ci ia phvtdng phap nay l a t a thay cac b ien bd i cac g ia t r i dSc b ie t . D i e u quan 
t rpng pha i lUvi y la g ia t r i cac b ien nay pha i thupc tap xac d i n h c i ia h a m 
s6 va pha i t h o a m a n cac d i eu k i en rang bupc gifta cac b i en neu co. T r o n g 
phttong phap nay k h i thay b ien x b6 i cac g ia t r i dac b i e t t h i viec chpn cac 
gia t r i dac b i e t do i ho i pha i cp sU nhay cam nha t d i n h , np g i i i p t a t i m dUdc 
ham / (x ) t i i m p t p h i t d n g t r i n h . 

2.1.1 M o t s o l i f u y 

N h i h i g h m y nay k h p n g ch i s i i d u n g t r o n g ba i nay m a ch iu i g con ditdc s i i 
dung nh i eu nd i t r o n g quyen sach nay. 

• Neu he th i i c da cho c6 t i n h do i x i i n g g i i i a cac b ien t h i c6 gSng hoan v i 

cac b i en v6i n h a u , cho y - x ( c h i n g han x e m ba i t oan 2.41 d t r a n g 111, 

ba i t o an 2.135 d t r a n g 190, bai toan 2.80 d t r a n g 142...). Neu m o t bp 

p h a n nap dp t r p n g ph i tdng t r i n h h a m dpi x i i n g dp i vd i x va 7/ t h i nen 

thay X bd i y va t h a y y bd i x , ngh ia la hpan v i x va ?/ (chang han x e m 

ba i t p a n 2.89 d t r a n g 150). 

• Nen s i i d u n g cac phep the C P t h ^ g ian itdc ditdc ha i ve c i ia ph i t dng t r i n h 

h a m . T i t dp t a t i m ditdc m p t d i n g th i i c ddn g ian hdn . Neu m u 6 n k h u 

ha i b i eu t h i i c / {ip{x,y)), f {ip{x,y)) d ha i ve cua ph i t dng t r i n h h a m , t a 

xe t phUdng t r i n h ip{x, y) = (fix, y) ^ y = A (x ) , de t h a y y hdi A (x ) vao 

ph i t dng t r i n h h a m (xem ba i t oan 2.48 d t r a n g 116, ba i t oan 2.49 d t r a n g 

117, ba i t oan 2.54 d t r a n g 121...) 
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• Neu da c.n f(x^) = [/(x)]^ hoa<:- /(x^) = x^f{x) th i ta iien siif dung phep 
the xhdi X + y roi so sanh hai ve (xem bai toan 2.101 d trang 161). 

• Trong tradng hdp c6 f{g{x)) = g{x) t h i c6 gAng t i m rac di^m bat dong 
ciia ham / (xem bai toan 2.137 ci trang 191). 

• Neu mot ve c6 chi'ta f { x ) va ve con lai c6 chiia bien x ben ngoai t h i 
thong thudng / la ddn anli (chang han xcin bai toan 2.114 d trang 175, 
bai toan 2.135 d trang 190, bai toan 2.121 d trang 180, bai toan 2.137 
d trang 191). 

• Neu trong phudng t r i n h ham c6 chiia x + y v h x - y thi ta thirdng dat 
u = x + y v h v = x - y (ching han xem bai toan 2.47 d trang 115, bai 
toan 2.45 d trang 114). 

• Phirong phap plian U bien so: Neu f { x ) = f { y ) , vdi nioi x thupc tap 
xac dinh D t h i / la ham hang (xem bai toan 2.41 d trang 111, 2.45 d 

' trang 114, 2.40 d trang 111). 

.(i • Ket qua cua bai toan 2.169 d trang 218 dudc s\C dung nhieu. 

• Phudng phap the gia t r i dac biet con dUdc sii dung nhieu doi vdi phudng 
t r i n h liaui niang bong dang cua cac cong thiic litdng giac. Ban doc hay 
t i m hieu them k i thuat nay d bai 2.S: PhUdng t r inh ham trong Idp ham 
lUdng giac (bat dkn t\i trang 337). 

• Doi vdi phUdng t r i n h ham cln'ta cap bien t u do x, y va chiia nhieu an 
ham, chang han hai an ham / va g , ta thudng phan l i bien so hoSc cho 
y (hoac x ) bang mot so nao do dS h\6u di§n liam / theo g , sau do thay 
vao phirong t r inh ham da cho do dua vo con mot an ham (chang han 
bai toan 2.66 d trang 132, muc 2.7.8 d trang 303, trong bai 2.9 d trang 
337: PhUdng t r i n h ham trong idp ham ludng giac cung c6 nhieu bai toan 
phUdng t r inh ham vdi hai an ham). 

2.1.2 L a m q u e n vdi phep the gia t r i dac biet 

Doi vdi pliUUng t r i n h ham vdi cap bien t u do x va y t h i phep the gia t r i dac 
biet dUdc sii: dung nhieu nhat. 

• Cac phep the thudng dUdc sU dung \k x - y = 0, x = y - ±1, x = 0, 
y = 0. X = 1, y = 1, X = ± y , x = ±/(y), . . . 

• T i n h cac gia t r i dac biet cua ham so f { x ) , ch ing han: /(O), / ( ± 1 ) , 
/(2),... Doi khi /(G) ho&c / ( I ) khong t inh dUdc, ta c6 the dat chiing 
bang cac chU (t l iam so). 
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• Bell vi khi the cac gia tri dac biet vao phUdng trinh ham da cho ta se 
thu dUdc cac he qua, sau d6 ta ket noi cac he qua do vdi nhau de thu 
dUdc dang f{x) nen Idi giai cua bai toan giai phuong t r i n h ham thudng 
dUdc bat dau bang menh de "Gia sijf tdn tai ham s6 / thoa man cac yeu 
c l u dg b a i " . K h i t i m dUOc bieu thiic ciia ham so, t a phai t h i i lai roi mdi 
dUdc ket luaii . 

t o a n 2.1. Tim tat cd cac ham f -.R thoa man 

f{xy)=yf{x),^x,yeR. (i) 

G i a i . Gia sii ham so / thoa man cac yeu c iu dg bai. Dat / ( I ) = C. Trong 
(1) cho I = 1 ta dUdc f{y) = Cy, Vy e R. Vay f{x) c6 dang 

fix) = Cx, V i e R (vdi C la hkng s6). (2) 

ThOt lai thay (2) thoa man (1). Vay ham so can t i m la •'' 

/ ( . T ) = Cx, Vx e R (vdi C la hang so t i i y y ) . 

B a i t o a n 2.2. Tim tat cd cac ham / : R —• R thoa man 

f{xy) = y''''nx),\/x,y€R. (1) 

G i a i . Gia sii ham so / thoa man cac yeu cau de bai. Dat / ( I ) — C. Trong 
(1) cho X = 1 ta dUdc /(y) = C y ^ " " , Vy € R. Vay /(x) c6 dang 

/(x) = C x 2 " " , V x e R ( v d i C l a h a n g s 6 ) . (2) 

ThiS lai thay (2) thoa man (1). Ham so can t i m la i " ^ ^itv) Ahu . 

fix) = Cx^"" , Vx 6 R (vdi C la hang so). 

B a i t o a n 2.3. Tim tat cd cac ham / : R -> R thoa man 

/ ( ^ y ) - y ^ / ( x ) , V x e R , V y > o . ( i ) 

G ia i . . Gia sii ham so / thoa man cac yeu cau d l bai. Dat / ( I ) = C. Trong 
(1) cho X = 1 dUfJc fiy) = Cy"^, Vy G (0; +oo). Vay neu x > 0 t h i /(x) c6 
dang 

/(x) = C x ^ (vdi C la hang so). 

Trong (1) cho x = - 1 ta dUdc / ( - y ) = y ' ^ / ( - l ) , Vy > 0. Dat / ( - I ) = D, 
va thay y = - u ta dUdc /(u) = £ > ( - 7 i ) ^ , Vu < 0. Hay 

/(x) = D ( - x ) ^ , Vx < 0. •' 
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Trong (1) cho .T = 0 va ?y = 3 ta clUdc /(O) = 3^/(0) <^ /(O) = 0. Vay 

f C i ^ n e u i > 0 
fix) = i 0 neux = 0 (2) 

I Di-x)"^ neu X < 0 

Thilr hi thay (2) thoa man (1). Vay ham so can thn la 

( Cx-^ neu X > 0 . 
( I ) / (^) \ lieu X = 0 C va D la hkng so bat k i . 

I D ( - x ) ^ n g u x < 0 

B a i toAn 2.4. Tzm tat cd cac ham f -.R^R thoa man 

• ' / (3 : + y ) = / ( x ) , V X , 2 / G R . (1) 

Gia i . Gia silr ham so / thoa man cac yeu cau de bai. Dat /(O) = C. Trong 
(1) cho X = 0 ta ditdc f{y) = C,'iy& R. Vay /(x) c6 dang 

fix) = C, Vx e R (vdi C la hang so). (2) 

Thir lai thay (2) thoa man (1). Vay ham so can tun la 

/(x) = C, Vx € R (v6i C la hang so). 

B a i toan 2.5. Tim tat cd cac ham / : R R thoa man 

/(x + y) = 2/ + / (x ) ,Vx, j/GR. (1) 

G ia i . Gia sii- ham so / thoa man cac ycu cau de bai. Dat /(O) = C. Trong 
(1) cho X = 0 ta dUdc fiy) ^y + C,Vy€R. Vay f(x) co dang 

fix) = X + C, Vx 6 R (vdi C la hang so). (2) 

Thut lai thay (2) thoa man (1). Vay ham so can t i m la 

fix) = + C, Vx e R (vdi C la hang so). 

B a i toan 2.6 (AHSME-1997). Cho ham f thoa man diP.u ki.cn 

/(O) = 2 vd fix + y) = x + fiy), Vx. y R (1) 

Tim /(1998). 

G ia i . Gia sii ham so / thoa man cac yeu cau de bai. Trong (1) cho ?/ = 0 ta thu 
dirdc fix) = x + 2, Vx e R. Thi'r lai thay thoa man (1). Do do /(1998) = 2000. 

g^i toan 2.7. Tim tat cd cac ham / : R — R thoa man 

fixy) = fix) + y, Vx, y € R ; (1) 

r ' a i Gia sU ham so / thoa man cac yeu cau de bai. Dat /( I ) = C. Trong 
( ^5 cho X = 1 ta dUdc fiy) = y + C, Vy € R. Vay fix) c6 dang 

/(x) = x + C, V x € R ( v a i C l a h a n g s 6 ) . (2) 

Tln i lai: Thay (2) vao (1) ta dudc j 

2-y + C = x + y + C , V x , y e R , 
<4-xy = X + y. Vx, y e R, , • / , ' , 

Dicn nay khong dung, chflng han 2.3 ^ 2 + 3. Vay khSng c6 ham so nax) thoa 

Cach khac. Trong (1) lay y 1, suy ra khong c6 ham so nao thoa man yeu 

ran fic bai. 

Bai toan 2.8. Tim tat cd cac ham / : R ^ R thoa man 

/(x + y) = / { x ) y , V x . y e R . (1) 

Giai . Dat /(O) = C. Trong (1) cho x = 0 ta dUdc /(y) = Cy, Vy G R. Vay 

/(x) = Cx, V x e R ( v d i C l a h a n g s 6 ) . ^ (2) 

Thiir lai; Thay (2) vao (1) ta ditdc Cix + y) = Cxy.Mx, y e R. (3) 
Neu C 7̂  0 th i khong the c6 (3). T>~e thay C = 0 thoa man (3). Vay c6 duy 
niiat mot ham so thoa man de bai la /(x) = 0, Vx e R. 
Cach khac. Trong (1) lay y = 0, ,suy ra dap sfi. 

Bai toan 2.9. Tim tat cd cac ham / : R ^ R thoa man 

+ y) =/(x)2015", Vx, y e R. . (1) 

Giai . Dat /(O) = C. Trong (1) cho x = 0 dUdc /(y) = C•2G15^ Vy e R. Vay 

fix) = 02015"^, Vx € R (vdi C la hang so). ') ^ v. (2) 

Thay (2) vao (1) thay thoa man. Vay ham so thoa man de bai c6 dang 

f[x) = C2015^, Vx e R (vdi C la hang so). 

Ba i toan 2.10. Tim tat cd cac ham / : R -> (0; +oo) thoa man ' 

/(x + y) = [ / ( x ) ^ V x , y e R . , ' (1) 



Gia i . V i fix) 6 (0; + 0 0 ) nen /(x) > 0, Vx € K. Dat /(O) = C > 0. Trong (1) 
cho X = 0 ta diTdc /(y) = C*, Vy e R. Vay /(x) c6 dang 

/(x) = C"̂ , Vx e R (vdi C la hang so dirong). (2) 

T h i i lai: Thay (2) vao (1) t a ditdc C^+y = C^s', Vx, y e R. Vgly C = 1. Do do 
C O duy nhat mot ham so thoa man de bai la /(x) = 1, Vx € M. 
C a c h khac. Trong (1) lay y = 0, suy ra dap so. 

B a i toan 2 . 11 . Tim tdt cd cdc ham / : K M thoa man 

/(x + y) = / (x )e^ ( ' ' ) - i ,Vx,yGE. (1) 

Gia i . Thay y = 0 vao (1) ta ditdc /(x) = /{x)e-^W-» ^ f{x) [ r - e/(o)-i]. 
Nhan xet rang ham /(x) = 0 thoa man de bai. Xet trudng hdp /(x) ^ 0. Kh i 
do ton tai xo € R sao cho / ( X Q ) 7^ 0, suy ra /(O) = 1. Trong (1) lay x = 0 ta 
ducjc /(y) = /(0)e-^(2')-i = ef^y^-\Vy € R. Hay 

/(x) = e/(^ ' -\VxeR. (2) 

Xet ham so g{t) = e'-^ - <,V< e R. Bang each t inh g'{t), lap bang bien thien 
cua ham g ta ket luan: g{t) = 0 <=> f = 1. Vay til (2) ta c6 /(x) = l ,Vx e K. 
T h i i lai thay thoa man. Tom lai, t i t ca cac ham so thoa man de bai la 

• ' • /(x) = 0, Vx e R va fix) = 1, Vx e R. 

B a i toan 2.12. Tim tat cd cdc ham f : (0; + 0 0 ) M thoa man 

/ ( x ' ' ) = y / ( x ) , V x , y e ( 0 ; + o o ) (1) 

Gia i . Dat /(2) = C. IVong (1) cho x = 2 ta dUdc /(2'') = Cy, Vy > 0. Vdi 
y > 0 dat 2" = u . Kh i do u > 1 va y = l o g j U . Vay / ( u ) = Clog jU.Vu > 1. 
Do do 

fix) = C l og j x , Vx e (1; + 0 0 ) (vdi C la hang so). (2) 

Dat /( i ) = D. TYong (1) cho x = ^ ta dUdc /(C^)") = Dy, Vy e (0; + 0 0 ) . 
V6i y € (0; + 0 0 ) dat - = u. Khi do 0 < u < 1 va y = l o g i u. Vay 

\ij 3 

/(u) = D l o g i u = £ . log2U ,Vu € (0; 1) (vdi E = £'.logi2) hay 
3 3 

fix) = £ l o g 2 X , Vx e (0; 1) (vdi E la hang so). (3) 

Trong (1) lay X = 1 va y = 2 ta dUdc /( I ) = 2/(1) / ( I ) = 0. Do do k i t 
hdp (2) va (3) ta dUdc /(x) = yi.logjx, Vx € (0; + 0 0 ) iA la hang so). Thiif lai 
thay thoa man. 

Ba i toan 2.13. Tim tdt cd cdc ham f : (0; + 0 0 ) —> R thoa man 

fixy) = fix) + Iny, Vx, y € (0; + 0 0 ) (1) 

Gia i . Dat /( I ) = C. Trong (1) c h o x = 1 d U d c / ( y ) = C + l n y , Vy e (0; + 0 0 ) . 
Vay fix) C O d a n g fix) = C + Inx, Vx 6 (0; + 0 0 ) ( v d i C la hang so). (2) 
Th i i l a i thay (2) thoa man (1). Vay ham so can t i m c d d^ing 

/(x) = C + Inx, Vx e ( 0 ; + 0 0 ) 

B a i toan 2.14. Tim tdt cd cdc ham f : (0; + 0 0 ) —> R thoa man ' 

f{xy) = yfix) + xy Iny, Vx, y € (0; + 0 0 ) (1) 

Gia i . Trong (1) c h o x = 1 ta diTdc /(y) = / ( l ) y + y Iny, Vy € (0; + 0 0 ) . Vay 

fix) = Cx + X I n x , Vx € (0; + 0 0 ) ( v d i C la hang so). (2) 

Thu: l a i : Thay (2) vao (1) t a diTde 

Cxy + x y In(xy) = y ( C x + X Inx ) + x y Iny, Vx, y e ( 0 ; + 0 0 ) ' 

^ ^ - x y I n ( x y ) = xy Inx + x y l n y , V x , y e ( 0 ; + o c ) (diing). 

Vay cac ham s o thoa man yeu cau de bai deu c d dang: 

fix) = Cx + X Inx, Vx e (0; + 0 0 ) (vdi C la hang so). 

Ba i toan 2.15. Tim tdt cd cdc ham f : (0; + 0 0 ) —» R thoa man 

fixy) = yx'-yfix), Vx, y € (0; + 0 0 ) . (1) 

Gia i . Trong (1) cho x = 3, t a d U d c fiSy) = 3^-yfi3)y, Vy G (0; + 0 0 ) . (2) 
Vdi m p i y e (0; + 0 0 ) , dat 3y = u . Kh i do u > 1 va y logg u. Tit (2) ta c6: 

/(u) = 3 ' - ' ° S 3 »/(3) logij u = 3 .U-V (3 ) logg u = 3 / ( 3 ) i ^ , Vu > 1. 

V^y fix) CO dang: /(x) = C — . Vx e (1; + 0 0 ) (vdi C la hang so). (3) 

Trong (1) cho X = 6, vdi 0 < 6 < 1 ta difdc 

/(fcvj = 6 i - ! ' / ( 6 ) y , Vy € ( 0 ; + 0 0 ) . 

Vdi moi y 6 (0; + 0 0 ) , dat 6'' = u. Kh i do 0 < u < 1 va y = l o g ^ u. Vay . 

/(u) = 6 i - ' ° K 6 " / ( & ) l o g f c U = 6 . u - V ( 6 ) l o g b U = b / ( 6 ) i ^ , V u e ( 0 ; l ) . 



Vay f i x ) CO dang: f{x) = D ^ , Vx € (0; 1) (vdi D la hang s6). ' " (4) 

Trong (1) lay X = 1 va y = 2 ^ ditdc / ( I ) = 2/(1) ^ / ( I ) = 0. Tit day k i t 

hdp vdi (3) va (4) ta dUdc f{x) = C ^ , Vx e (0; +oo) (vdi C la hang s6). 

Thii lai thay thoa man. Vay ham so can tim c6 dang 

/ (x ) = C — , Vx 6 (0; +oo) (vdi C la hang so). 

Bai toan 2.16 (Turkey National Olympiad First Round 2012). Tim tdt cd 
cdc ham so / : M -> IR thoa man 

fix)f{y)f{z) = I2f{xyz) - Wxyz, Vx, y,z€R. (1) 

Giai . Trong (1), thay bp { x , y , z) bdi bo (1,1,1), ta dmc 

[/(1)]3 = 1 2 / ( 1 ) - 1 6 ^ 

Trong (1), thay bo (x, y, z) bdi bp (x, 1,1), ta dudc 

[ / ( l)]^/( ,7:) = 12/(x) - 16x, Vx G R 

; ^ / ( x ) = ,VxelR. (2) 
[ / ( l ) f - 1 2 

• Khi / ( I ) - -4 , thay vao (2), ta dUdc / (x) = -4x, Vx € M. Thuf lai thay 
thoa man. 

• Khi / ( I ) - 2, thay vao (2), ta dUdc / (x ) = 2x, Vx e K. Thii lai thay 
thoa man. 

Ket luan : cac ham so thoa man yeu cau de bai la: 

/ (x ) - -4x, Vx e M ; / (x) = 2x, Vx e R. 

Bai toan 2.17. Tim tdt cd cdc ham so / : M M thoa man dieu kien 

fix + y)fiz) = fix) [fiy) + fiz)i Vx, y, z e R. (1) 

Giai. Tir (1) cho y = z = 0 ta dUdc: / (x) / (0) = 0, Vx € R. (2) 
• De thay / (x ) = 0, Vx e R thoa man cac yeu cau de bai. 
• Xet fix) ^ 0, khi do ton tai XQ € R sao cho / ( X Q ) 0. Ttt (2) cho x = XQ 

ta dildc /(O) = 0. Tit (1) cho 2 = 0 ditdc fix)fiy) = 0, Vx, y £ R. Tir day 
cho y = xo ta dUdc f i x ) = 0 , Vx € R, mau thuin vdi trUdng hdp dang xet. 
Vay f i x ) = 0, Vx e R la ham so duy nhat thoa man cac yeu cau de bai. 

1 * 

Bai toan 2.18 (Estonian 2003-2004). Tim tdt cdc cdc ham s6 

/ : ( 0 ; + 0 0 ) ^ ( 0 ; + 0 0 ) J . : 

thoa man: fix)fiy) = / (xy) + - + Vx,y e (0; +00). ' ( j ) 

Giai. Gia sut / la ham so thoa man cac yeu cau de bai. Trong (1), chpn y = 1 

ta thn dupe / ( x ) / ( l ) = / (x ) + ^ + 1, Vx € (0; +00). ' I . (2) 

Tir (2) chpn X = 1 ta dUdc 

[fil)f = / ( I ) + 2 <^ [/(1)]2 - / ( I ) - 2 = 0 ^ / ( I ) = 2 (do / ( I ) > 0). 

Thay / ( I ) = 2 vao (2) ta dupe / (x ) = 1 + 1, Vx e (0; + 0 0 ) . Sau khi thiT lai 

ta ket luan: Co duy nhat mot ham so thoa man de bai la 

f i x ) = l + l , V x € (0;+oo). J- - : 

Bai toan 2.19 (Moldova National Olympiad 2008). Tim tdt cd cdc ham so 
f : (0, - 1 - 0 0 ) -+ R, thoa man /(2008) = I vd 

fix)fiy) + / ( ^ ) / ( ^ ) = 2/(xy), Vx, y £ (0; +00). (1) 

Giai. Trong (1) cho x = y ^ 1 va sii dung /(2008) = 1, ta dudc ^ j i j j i » 

[ / ( ! ) ] ' + 1 = 2 / ( 1 ) ^ / ( 1 ) = !. : f ; 0 ; : , ' 

Trong (1) cho y = 1, suy ra vdi mpi x > 0, ta c6 \ 

= ...... 
Vay (1) trd thanh: 2/(x)/(y) = 2/(xy), Vx, y e (0; + 0 0 ) . Hay: 

f i x ) f i y ) = / (xy) , Vx, y 6 (0; +00). (2) 

TiT (1), lay y =: suy ra vdi mpi X > 0, ta CO . ' 

2 / ( x ) / ( ^ ) = 2 . / ( x ) / ( = ) = l . [ / ( . ) p J l (3) 

Tit (2), cho y = X , ta dUdc [/(x)]^ = /(x2), Vx > 0. Tir day, sit dung (3), 
ta dupe /(x2) = 1, Vx > 0, hay f i x ) = 1, Vx > 0. Thii lai, th iy ham s6 
/ (x ) = 1, Vx > 0, thoa man cac yeu cau de bai. 
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B a i toan 2.20 (Olympic toan Oxtraylia naml995). Tim tdt cd cdc ham so 
f : (0; +00) —> R thoa man cdc diiu kien sau day 

/ ( I ) = lvd f{xy) = f{x)f{-) + / ( y ) / ( § ) , y-x, y G (0; +00). (1) 

G i a i . Gia sijf ham / thoa man yeu cau d§ bai. Trong (1) Iky y = 1 ta dudc 

. / ( x ) = / ( a : ) / ( 3 ) 4 - ^ / ( ^ ) , V a ; e ( 0 ; + o o ) . (2) 

Trong (2) lay .T = 3 ta dudc / (3 ) = [ /(3)]2 + ( J ) ^ ^ / (3 ) = i . Thay vao (2) 
1 1 3 3 

, ta d U d c fix) = -fix) + - / ( - ) Va; € (0;+oo). Hay fix) = / ( - ) , V x > 0. Do 
do (1) t r d thanh: fixy) = 2 / ( x ) / ( y ) , V i , y e (0; +oo). (3) 

3 3 
• Trong (3) thay y bdi - ta d U d c / (3 ) = 2 / ( x ) / ( - ) , Vx,y € (0; + o o ) . Do d o 

X X 

[ / ( x ) ] 2 - - . Trong (3) thay y bdi x d i t d c 

fix') = 2fix)fix) = 2[fix)]' = 2.\ \. • 

Tii day suy ra vdi x > 0 ta c6 fix) — ^. Do la ham s o duy nhat thoa man 

cac dieu kien cua bai toan. 

B a i toan 2.21 (HSG Tp Ho Chi Minh , nSm hoc 2002-2003). Tim cdc ham 
so f : (0; -l-oo) —> (0; -l-oo) thoa man ^ . ^ ,, ^ 

/ ( I ) = J , / ( x y ) = / ( a ; ) / ( - ) + / ( 2 / ) / ( ^ ) , Vx,2/€ ( 0 ; + o o ) . 

B a i toan 2.22 (Olympic Toan Chau Phi nam 2013). Tim tdt cd cdc ham 
so f -.R^R thoa man: fix)fiy) + fix + y) = xy, V x , y S R . (1) 

G i a i . De th§y ham so fix) = 0, Vx e K khong thoa man (1). Do do gia sii 
fix) = 0, tiic la ton tai a € R sao cho / (a ) 7̂  0. Trong (1) lay x = a, y = 0, 

ta diroc: / ( a ) / ( 0 ) + / (a ) = 0 ^ / ( a ) [ / ( 0 ) + 1] = o''" •^=^'''°/(0) = - 1 -
TVong (1) lay X - 1, y = - 1 , ta d U d c : / ( l ) / ( - l ) - 1 = - 1 ^ / ( ! ) / ( - ! ) = 0. 
• K h i / ( I ) = 0. Trong (1) thay x bdi 2 - 1, thay y hd\, ta d U d c 

" V / ( z ) = 2 - l , V z e K . 

T h i i lai thay ham so / ( x ) = x - 1, Vx G R thoa man cac yeu cau de bai. 
• Khi / ( I ) 7^ 0 => / ( - I ) = 0. Trong (1) thay x bdi x - I - 1, thay y hdi -1, ta 
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dirdc fix) = - X - 1, Vx e R. Thi'f lai thay ham so / ( x ) = - x - 1, Vx G R 
thoa niaii cac yeu cau de bai. 
Ket luan : cac ham so thoa man yeu cau dc bai la v=; K: '. \ 

/ ( x ) = X - 1, Vx G R ; / ( x ) = - X - 1, Vx G R. 

Lvtu y. Bai toan 2.22 nay tUdng t i t nhu bai toan 2.109 (ci trang 169). 

B a i toan 2.23 (Japan Mathematical Olympiad Finals-2012). Tim tdt cd 
cdc ham so / : R —> R sao cho 

f{fix + y)fix-y))=x^-yfiy)yx,yeR. ' (1) 

G i a i . Tft (1) cho i = y = 0 ta thu diTdc / ( /^(O)) = 0. Tir (1) cho x = 0, 
y ^ /2 (0 ) , ket hdp vdi k i t qua / ( /^(O)) = 0 t a thu dUdc /(O) = 0. T i t (1) 
cho X = 2/ ta thu dUdc 

x^ - X f i x ) = 0 / ( x ) = X vdi moi x 7^ 0. 

Them viec /(O) = 0 suy ra / ( x ) = x, Vx G R. T h i i lai dung. K i . . 

B a i toan 2.24. Tim tdt cd cdc ham so / : R R thoa man 

y ( ^ . 2 _ y 2 ) ^ ^ 2 _ ^ ( y 2 ) ^ V x , y G R . (1) 

G i a i . K i hi^u P (u , v) chi viec thay x bdi u va thay y bdi v vao (1). ThUc hien 
P(0,0) ta dUdc /(O) = 0. Thuc hien P(x ,0) ta dUdc / (x^) = x ^ Vx G R. 

• + \- 1\ 
fix) = 

fx + lV J f x - l \ ^ ^ 

-4: U 

- f 
\ / 

V 

X - 1 
.7;, V;/: G 

V&y fix) = X , Vx G R. ThiV lai thay thoa man. 

B a i toan 2.25. Tm tdt cd cdc ham so / : R -> R thoa man 

f (x + fiy +z)) + f ifix + y) + z)= 2y, Vx, y, z G R. (1) 

G i a i . K i hieu P(u , v, w) chi viec thay (x; y; z) bdi (u; v; w) vao phUdng t r inh 
ham (1). Dat /(O) = a. 

a — xx — 'a\ . x - a\ 
^ - — - =^ + f[f ( — J + — ) = « - -̂ (2) 

P ( £ _ £ . „ , £ ^ ) ^ , ( , ( £ z ^ ) , £ _ i ) . 0 . (3) 

Tlif (2) va (3) suy ra / ( x ) = a - x, Vx G R. T h i i lai thay thoa man. 

mi 



B a i toan 2.26. Tim tat ca cdc ham so / : R ̂  R thoa man 

. f{y) + f (/(y) + ^) = 2/ + / (/ Uiy)) + /(^)), Vx, y € R ( i ) 

G i a i . Trong (1) thay x hdi J{x) va thay y bdi 0 ta dUdc 

/ ( 0 ) + / ( / ( 0 ) + /(x)) = /(/(/(0)) + /(/(x) ) ) , V x e M . (2) 

Trong (1) thay x bdi /(O) va thay y hdi x ta-diJdc 

/ ( x ) + / ( / ( x ) + / ( O ) ) = x + / ( / ( / ( x ) ) + / ( / ( 0 ) ) ) , V x e M . (3) 

Tir (2) va (3) suy ra /(x) = x + /(O). Vay /(x) = x + a, Vx e R. Thay vao 
(1) ta dUdc: y + a + y + a + x + a ^ y + y + 2a + x + a + a^x.y £R. Hay: 

2y + 3a + X = 2t/ + 4a + X , Vx, y e M. 

Vay a = 0, do do ham so ckn t i m la /(x) = x, Vx € R. 

B a i toan 2.27. Tim tat ca cdc ham / : R —> R thoa man 

^ / ( / W + y ) = 2//(x-/(j/)),Vx,2/eR. (1) 

G i a i . Dat /(O) = a. Thay y = 0 vao (1) ta dildc /(/(x)) = 0,Vx G R. Thay 
X b6i /(y) vao (1) ta dvtdc i„,,•^^ ,̂ 

/ ( / ( / (?/))+ ?y) = ?y/(0) = «?y,VyGR 
^ / ( y ) = a y , V y G R (do / (/(y)) = 0, Vy G R). 

T i m a ? \ 
C a c h 1. Thay x b6i /(x) vao (1) ta diTdc 

/ ( / ( / W ) + 2/) = - V x , y G R 
=^/(y) = ? y / ( / W -/ (? ; ) ) ,Vx ,yGR 

* ^ a /(O) = 0./(/(x) - /(O)) = 0. :-^ '̂̂  : 

C a c h 2. Thjiy /(x) = ax vao (1) ta dUdc " ' 

, a[f{x) + y\ ya{x-f{y)),yx,yeR' 7 
4ji|StF ^ i f b ) . , ; . ! .11 <^a[ax + y] = y a ( x - a y ) , V x , y G R 
i ' . ' / <=>â (x + y 2 ) + a ( y - y x ) = 0 , V x , y G R. 

Chon X = y = 1 ta dUrJc a = Q. 
C a c h 3. Thay x = y = 1 vao (1) ta dUdc > * 

/ ( I + / ( I ) ) = / ( I - / ( I ) ) =^ a ( l + / ( I ) ) = a ( l - / ( I ) ) 

=^2a/(l) = 0 ' ° a2 := 0 ̂  a = 0. . m 

Cach 4. Ta c6 /(x) = ax,Vx G R. Thay x bdi /(x) ta dUdc fv,!» ; , 

/(/(x)) = a / ( x ) , V x G R • 
=>a/(x) = 0,Vx G R (do /(/(x)) = 0,Vx G R). . 

De thay /(x) = 0 thoa (1). Con neu f{x) ^ 0 t h i a = 0. 
Vay ca 4 each ta deu c6 a = 0, suy ra /(x) = 0. Thii ' lai thay thoa man. 

B a i toan 2.28. Tim tdt ca cdc ham so / : R R thoa man diiu kien 

fixy + m) = ''^^^^^^^'^^''Kz,^x,y,zeR., (1) 

\\

G i a i . Trong (1) lay x = y = z = 0 ta dUdc / (/(O)) = 0. Trong (1) lay x = 1, 

y = z = 0 ta dvroc / (/(O)) = ^ =^ /(O) = 0. Trong (1) lay y = 1, ^ = 0 ta 

dUdc 

f { x + /(o)) = ^/(^) + /(^)^ Vx e R « X « o > l o . u / . • ^ 

- / ( X ) = ^ ^ ^ i ^ , Vx G R ' d ; / ! ; ; ' ' ^ 

<^/(x) = / ( l ) x , Vx G R V ; 

=>/(x) = ax, Vx G R, vdi a = / ( I ) . • 

Thay vao (1) dildc 

xay + vax ,, ^ •:• , 
a {xy + az) = ^ ^ + z, Vx, y, z G R j,., ^ _ 

•i^axy + a^z = axy + z, Vx,y , Z G R 
<S4>a22 = 2, Vz G R 

<^a = ± 1 . 

Vay CO hai ham so thoa man cac yeu cau dc bai la 

/(x) = X , Vx G R va /(x) = - X , Vx G R. 

B a i toan 2.29. Ttm tdt cd cdc ham so / : R ^ R thoa man 

/(x/(y) + x) = xy + /(x) , Vx ,y G R . ^ (1) 

G i a i . Trong (1) thay x = 1 ta dildc: /(/(y) + 1) = y + / ( I ) , Vy G R . (2) 
Trong (2) thay y bdi - 1 - / ( I ) ta diMc / ( / ( - I - /( I ) ) + 1) = -1- Dat 

1 + / ( - ! - / ( ! ) ) = a, / ( 0 ) - 6 . ^ ^ 



Ta CO fixfia) + x) = /(O) = b. Hay 

, b = f{xf{a) +x)=ax + f{x) /(x) = -ax + 6. 

Thay bieu thiic ciia f{x) vao (1) ta diTdc 

- a{xf{y) + x) + b = xy-ax + b,yx,yeR 
,„„ 'i:^-a[x{-ay + b) + x]+b = xy-ax + b,Wx,yel 

•^a'^xy - abx - ax + b = xy - ax + b, Mx, y G K. 

Bang each dong nhat cac he so ta dUdc 

a) 
\ + a = a { ab = 0 

Vay f{x) = x\x e R va f{x) = -x, Vx S R. T h i i lai thay thoa man. 
Li:ru y. Do f{xf[y) + x) = J{x{f{y) + 1)) neu dg c67(0) ta can chon y de 
/ ( y ) = - 1 . Trong (1) da c6 + vay se chon x sao'cho xy + f{x) = - 1 , 
Chang han chon x == 1 ta dUdc y = - 1 - / ( 1 ) . T i l do / ( / ( - I - / ( I ) ) + 1) = - 1 , 
so 2/ can t in i d tren la / ( - I - / ( I ) ) + 1 va ta c6 Idi giai da t r inh bay. Neu 
chon X la so khac, vi du chon x = 2, van vdi y tudng tren ta c6 Idi giai khac: 

. Thay X = 2 , . = eo / ( 2 / ( ^ ) + 2 ^ = -1. 

Dat 2 / 
/ - l - / ( 2 ) + 2 = a. Thay y = a vao gia thiet ta c6 

/(O) = f{x,f{a) + x) = ax + / ( x ) ^ / ( x ) - /(O) - ax = ft - a.-r 

B a i t o a n 2.30. Tim tat cd cdc ham so / : E -+ R thoa man 

f{xf{y) +x)= 4xy + fix), V x , y e R . 

H t r d n g d i n . TiWng t u bai toan 2.29. 

B a i t o a n 2 . 3 1 . Tim tat cd cdc ham so f :R-^R thoa man 

/ ( x y ) + fix -y) + fix + y + l) = xy + 2x + l, Vx, yeR. 

G i a i . Dat /(O) = a. Trong (1) thay y = - 1 ta duoc 

fi-x) + fix + 1) + fix) = X + 1, Vx € R. 

Trong (1) thay y = 0 ta dUdc: a + fix) + fix + 1) = 2x + 1, Vx e R. 
Tir (2) va (3) suy ra fi-x) = a- x ,Vx e R. Do do: / ( x ) = a + x ,Vx e 
T h i i lai: Thay / ( x ) = x + a vao (1) ta dUdc 

xy + o, + .X - y + fl + .T + y + 1 + a = xy + 2x + 1 =4> a = 0. 

Vay CO duy nhat mot ham so thoa man de bai la fix) = x ,Vx e R. 

(2.1) 

(1) 

( 2 ) 

(3) 
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B a i toan 2.32. Tim tat cd cdc ham so / : K —» R thoa man 

/ ( 2xy ) + fix - 2y) + / ( x + 2y + 1) = 2xy + 2x + 1, Vx, y G R . (1) 

G i a i . D a t / ( O ) = a. Trong (1) thay y = t a d U d c ' 

/ ( - x ) + / ( x + l ) + / ( x ) = x + l , V X G R . (2) 

Trong (1) thay y = 0 ta dUdc: a + fix) + fix + 1) = 2x + 1. Vx G 1 . (3) 
Tir (2) va (3) suy ra fi-x) = a-x,Vx G R . Do do: / ( x ) = a + x ,Vx G R . 
ThiJt lai: Thay / ( x ) = x + a vao (1) ta dUdc 

2xy + a + X - 2y + a + X + 2y + 1 + a = 2xy + 2x + 1 =4- a = 0. 

Vay CO duy nhat mot ham s6 thoa man dg bai la / ( x ) = x, Vx G R . 

B a i toan 2.33. Tim tat cd cdc ham so / : R - > R thoa man 

/ ( 2xy + x) + / ( 3 x + 2y + 1) + / ( 3 x - 2y + 4) = 2xy + 7x + 8, Vx, y G R . (1) 

G i a i . Dat /(O) = a. Trong (1) thay y = 2 ta dUdc 

/ ( 5 x ) + / ( 3 x + 5) + / ( 3 x ) = l l x + 8, V X G R . ' (2) 

Trong (1) thay y = - 1 ta dUdc: a + / ( 3x ) + / ( 3 x + 5) = 6x + 8, Vx G R . (3) 

Tir (2) va (3) suy ra / ( 5 x ) =a + 5x, Vx G R . Do do: / ( x ) = a + x, Vx G R . 

Thur lai: Thay / ( x ) = x + a vao (1) ta dUdc 

2xy + X + a + 3x + 2y + 1 + a + 3x - 2y + 4 + a = 2xy + 7x + 8 =^ a = 1. 

Vay CO duy nhat mot ham .so thoa man de bai la / ( x ) = x + 1, Vx G R . 

B a i toan 2.34. Tim tat cd cdc ham 5<5 / : R R thoa man 

fix + y) = max { / ( x ) , y} + min {x , / ( y ) } , Vx, y G R . (1) 

G i a i . K i hieu P(u, v) chi viec thay x bdi u, thay y bdi v vao (1). 

Pix, 0) fix) = max{/(x), 0} + min { x , / (O)}, Vx G E. (2) 
P(0, x) fix) - max {/(O), x} + min {0, / ( x ) } , Vx G R . (3) 

Cong (2) vdi (3) va luu y rang max {u, v} + min {u,v} = u + v ta dirdc 

/ ( x ) = x + / ( 0 ) , V X G R . (4) 

Ti t (4) thay x bdi /(O) ta dUdc / ( / ( O ) ) - 2/(0) . Do do 

P (0, /(O)) => f (/(O)) = /(O) + min {0, / ( /(O))} 
^ 2/(0) = / ( O ) + min {0, 2 / (0)} 
^ /(O) = min {0, 2/(0)} ^ /(G) - 0. 

Vay fix) = X, Vx G E. Thut lai thay thoa man. " " " 



B a i toan 2.35. Ttm. cdc ham so f : (0; +00) -» (0; + 0 0 ) thoa man 

; r, , yf{v.f{^)) = /(/C^)). Vx, y € (0; + 0 0 ) . 

1 
G i a i . Dat / ( I ) = a > 0. Thay y = — van (1) ta dUdc 

/ ( l ) = /(/(- '0 ) ,Vxe(0 ;+oo) 

(1) 

Tlia>' ij IxJi 

/(^) 
/ ( / W ) = y ( ; ^ - V x e ( 0 ; + o o ) . 

Jill) 
vaxi (1) ta d;Idc 

1 
f{!iY \f{y)J 

= a.-/(.r) ^ ' \f{!j)J " • / W 

Tfr (1) suy ra y = flyf{r))' ° " '̂̂ P '̂'̂ ^ '̂ '̂ '̂ ^ 

(2) 

/(?;) = / / /(/(.r)) \ ^^/(.v/(.r)) ^ „ 1 ^ « 

Vay /(x) = - , V 3 ' 6 (0; + 0 0 ) . Tluif lai thay thoa man. Ham so can t i m la 

I :r. f{x) = - , V . T € (0; + 0 0 ) (vdi a la likng so dudng bat k i ) . 

L i f u y. T i t gia thiet ta c6 y = 4T^7^- V . T , y > 0, suy ra 
/ ( y / U - ) ) ' 

(0:+oc) = | ^ | u > 0 , i ;>o|. 

V i (he ta can t i m : / ( ^ ) = ( 4r( )f^y^ = / 

Tit day luiy siuh nhu can phai t i m f{f(x)) tritdc. 

B a i toan 2.36 (De nghi th i Olympic 30/4/2011). Tim tat cd cdc ham sS 
/ : R —• R thna man phxcany trinh ham 

' •= •: ••' ' I {/{••'••) + ff) = IH-^) - f(x)f{y) + ^y + ^, Vx, ij e R. ( l ) 

G i a i . Gia sit ton tai ham / thoa man cac yen ckn de bai. Tit (1) Ian ludt cho 
1/ = 1, 1/ = - I ta dUdc: 

/ {fix) + 1) = fix) - / (x )/ ( l ) + 2x, Vx G R. (2) 

/ {fix) + 1) = / 2 ( x ) - / ( x ) / ( - l ) , Vx 6 R. (3) 

T i t (1) va (2) suy ra / ( x ) / ( l ) - 2x = / ( x ) / ( - l ) , Vx e R, hay 

[ / ( l ) - / ( - l ) J / ( x ) = 2x, V x e R . (4) 

Neu / ( I ) - / ( - I ) = 0 t h i t i t (4) lay x = 2 dan tdi v6 If, vay / ( I ) - / ( - I ) ^ 0 . 

Ti t (4) suy ra /(x) = cx, Vx e R, vdi c = ^^^^ - fi-i)' ^^^^ ''^^ 

ditdc: c (cx + y^) = r'-̂ x̂  - c^xy + xy + x, Vx, y e R. Tff day lay x = 0 va 

y = 1 ta dUdc c = 0. Vay f{x) = 0. Vx G R. Thay van (1) thay khSng thoa 

man, do do khong ham so nao tlioa man yen cau de bai. 

y .. , • 
2.1.3 Su* d u n g t i n h chat doi xuHg cua cac b i e n 

- \• 

• Neu he tlu'tc da cho co tfnh doi xiimg giiTa cac bien t h i c6 gilng hoan vi 
cac bien vdi nhau, cho y = x (chAng han xem bai toan 2.41 d trang 111, 
bai toan 2.135 a trang 190, bai toan 2.80 d trang 142...). 

• Neu mot bo phan nao do trong phudng tr inh ham doi xiifng doi vdi x va 
y t h i nen thay x bdi y va thay y bdi x, nghia la hoan v i x va y (chang 
han xem bai toan 2.89 d trang 150). 

• Doi khi ta chi can siV dung t inh doi xitng d mot ve hay mot bp phan 
nao do ciia phitdng tr inh ham da cho. 

B a i toan 2.37. Tim tat cd cdc ham so / : R ^ R thoa man: 

/(/(x + y ) ) = x + /(y) , V x , y e R , " ' • ' I (1) 

G i a i . Gia si't ham so / thoa man cac yen cau de bai. Trong (1) thay x bdi y 
va thay y bdi x ta ditdc; / (/(x + y)) = y + /(x) , Vx, y e R. (2) 
Tit (1) va (2) suy ra: x + /(y) = y + fix), Vx, y € R. (3) 
T i t (3) lay y = 0 difdc: /(x) = x + C, Vx € R (vdi C = /(O)). Thay vao (1) ta 
dudc: X + y + 2C = X + y + C, Vx, y € R hay C = 0. Vay ham so can t i m la 

fix) = X , Vx e E. . ,, V:J ,t,. . 

B a i toan 2.38. Tmi cdc ham. so / : R ^ R thoa man: f (/(I)) = 1 vd: 

/ ( m + / ( / ( n ) ) ) - - / ( / ( m + 1 ) ) - n , V m . n e M . (1) 

G i a i . Giasif hamsc / thoa man cac yeu cau debai. K i h i e u / 2 ( m ) = / ( / ( m ) ) . 
Trong (1) thav m bdi / 2 ( ? 7 i ) . ta ditdc: 

t; i>.i 0 y i-'-' (••••• 
fihim) + fiin)) = - / 2 ( / 2 ( m ) + l ) - n , V m , n G R. (2) 



Trong (2) thay hoan v i m,n vdi nhau ta ditdc: 

/ ( / 2 ( r n ) + / 2 ( n ) ) = - / 2 ( / 2 ( n ) + l ) - m , V m . n e R . ( 3 ) 

T i t (2) va (3) suy ra: 

/ 2 ( / 2 ( m ) + 1) + n = / 2 ( / 2 ( n ) + 1) + m , Vm, n e M 

^ m - n = / 2 ( / 2 ( m ) + l ) - / 2 ( / 2 ( n ) + l ) , V m , n e R . ( 4 ) 

Trong (1) cho iii= 1 , ta dUdc: 

/ { I + / 2 ( n ) ) = - / 2 ( 2 ) - n , Vn e M 
^ / 2 ( 1 + / 2 ( n ) ) = / ( - / 2(2) - n) = f{-k - n ) , Vn e R (fc = / 2 ( 2 ) ) . (5) 

K i t hop (4) va (5) suy ra: m - n = f{-k - m) - f{~k - n ) . Lay n = -A;, ta 
dUdc: TO + fc = f{-k - TO) - /(O), VTO € M, hay: 

/(n) = - n + C, Vn 6 R. (6) 

Thay (6) vao (1), ta dUdc: 

- [>n + /(/(n))] + C = }\m + \)-C-n, Vm, n € R 

=> - TO + / ( n ) - C + C = - T O - 1 - I -C - C - n , VTO, n e R 

, _ _ „ + C = - T O - n - 1, Vm, n e R. 

Vay C = - 1 . Do do: /(n) = - n - 1, Vn G R. ThiJf lai thay thoa man. 

a 
2.1.4 P h u f d n g p h a p p h a n H b i § n so 

Nhieu bai toan phUdng t r inh ham dUdc giai bkng each si5 dung ket qua sau: 

Neu f{x) = /(y) , Vx, y^D va x ^ y t h i / la ham hkng tren D. 

B a i t o a n 2.39. 71m tat cd cdc ham / : R —> R thoa man dicu kien 

{x + y) [fix) - f{y)] = {x-y) [f{x) + /(y)], Vx, y € R. (1) 

G i a i . Ta CO 
(1) ^ - x / ( y ) + y/(x) = x/(y) - y/(x) , Vx, y € R 

^xf{y) = yf{x), V x , y e R , - . (2) 

^ / M . M , V x ^ O , y ^ O . (3) 
X y 

T i l (3) cho y = 1 ta duoc: /(x) = cx, Vx ^ 0 (c = / ( I ) la hang so) . (4) 
T i l (2) lay X = 1 va y = 0 ta dUdc /(O) = 0. Ket hdp v6i (4) ta dUdc 

fix) = cx, Vx G R (c = / ( I ) la hang so). ' (5) 

110 

Thay (5) vao (1) thay thoa man. V?ly ham so can t i m la 

/(x) = cx, Vx € M (c la hang so tuy y ) . ^ ' 

B a i t o a n 2.40. Tim tat cd cdc ham so / : R —» R wii thoa man diiu kien 

f (?010x - /(y)) = / (2009x) - /(y) + x, Vx, y G R. ' ' " (1) 

G i a i . Trong (1) thay (x ;y ) bdi (0;0) ta dUdc /( -/(O)) = 0. Trong (1) lay 
y = -/(O) ta dUdr: / (2010x) = / (2009x) 4- x, Vx G R . (2) 
Tir (1) va (2) suy ra 

/ ( 2010X - /(y)) = / ( 2 0 1 0 x ) - / ( y ) , V x , y G R 
^fix-f{y))=f{x)-fiy),Vx,yeR. f . , , . r (3) 

Dat X - /(y) = V f{y) = x - u, thay vao (2) ta dilde 

/ ( U ) = / ( X ) - X + U , V X , U G R 

<=>/(«)-u = / ( x ) - X, Vx, u G R 
<»/(x) - X = c. 

V^y /(x) = X + c, V:i: G R (r la hang SO t i iy y ) . T h i i lai thay thoa man. ^ , 
L i f u y. Dang t6ng quat ciia bai toan tren la 

/ (ax - 6/(y)) = hf (cx) - 6/(y) + dx. Vx, y € R . 

B a i t o a n 2 .41 (De t h i HSG t inh Gia Lai, nam hoc 2007-2008). Tim tat cd 
cdc ham so f : (0; +oo) —• R thoa man 

/(x)/(y) = x / ( | ) + y / ( | ) , V x , y G ( 0 ; + c x ) ) . (1) 

G i a i . Gia sii / la ham so thoa man cac yeu cau de bai. Trong (1), lay x = y, 
ta duoc 

( / ( x ) ) 2 = 2 x / ( | ) , V x G ( 0 ; + o o ) . 

Suy ra / {~\ Vx G (0; +oo). Thay vao (1), ta dUdc r i Yii:-
\2/ 2x 

/ ( x ) / ( y ) = x M ! + y M ! , V x , y G ( 0 ; + o c 

Vi/(y) n2 
.22/ 

- f{x)f{y) + . J 

2x 

V2i 
-i2 

0 

, V x , y G (0;+oo) 

= 0 , V x , y G (0;+oo) 
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^ ^ = ^ , V . , . e ( 0 ; + o o ) 

^ / M = Z M , V x , , € ( 0 ; + o o ) . 
X y 

Bdi vay, la hang so, do do f{x) = ax,\lx G (0;+cx)) (vdi a la hang 

so). Thay vao (1), ta diTdc ax.ay = ax- + ay- = axy,Vx,y € (0; +oo). Hay 

a G {0 ,1 } . Vay c6 hai ham so thoa de bai la 

./(.x) = 0, V.T G (0;+oo) va /(a;) = X , Va: € (0 ;+oo) . 

B a i toan 2.42 (Bangladesh MO-2012). Tim cdc ham so f :R^R md 

f{x^ - y^) = {x- y)[f{x) + f{y)], Vx, y G M. (1) 

G i a i . T i t (1) cho x = y ta dudc /(O) = 0. T i l (1) cho y = 0 ta dvtcJc 

/ ( x 2 ) = x [ / ( x ) + /(0)] = x/(x) , V X G M . 

Tit day ta c6 

, „ /(x^) = - x / ( - x ) ^ x/(x) = - x / ( - x ) => / ( - x ) = -fix), Vx ^ 0. 

Ket hop /(O) = 0 ta dUdc f{-x) = - / ( x ) , Vx G K. T i t gia thiet ta c6 

/(x2 - y2) ^ (x _ y)[/(.x) + /(,;)] = x/(x) - yfiy) + xfiy) - yf{x) (2) 

fix' - y') = f{x' - i-y?) = (x + y)[fix) + fi-y)] = (x + y)[/(x) - /(y)] 

= x/(x) - yfiy) + yfix) - xfiy). ' ^ (3) 

Ket hdp (2) va (3) ta dUdc: x/(y) - y/(x) = yfix) - xfiy). Hay: 

xfiy) = yfix) ^ - Vx ^ 0, y ^ 0. 

T i t day suy ra /(x) = cx, Vx 7^ 0. Ket hdp vdi /(O) = 0 ta dUdc ^ 

/(x) = cx, Vx G R (vdi c la hang so). 

Thuf lai thay thoa man. j , , 

B a i toan 2.43 (Pan African 2012). Tim cdc ham so f iR-^R ma 

/ ( x 2 - y 2 ) = (x + y ) [ / ( x ) - / ( y ) ] , V x , y G M . (1) 
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G i a i . Tiir (1) cho x = y ta dUdc /(O) = 0. Tiit (1) cho y = 0 ta ditdc 

/(x2) = x[/(x) - /(O)] = x/(x) , Vx G K . _ , V ' ^ * \ 

Tiit day ta CO ! ^ - 1" , , 

fix') = -xfi-x) xfix) = - x / ( - x ) fi-x) = - / ( x ) , Vx 7^ 0 . 

Ket hdp /(O) = 0 , ta ditdc: fi-x) = -fix), Vx G M. T i t gia thiet ta c6 

fix' - y') = ix + y){fix) - fiy)] = x/(x) - yfiy) - xfiy) + yfix) (2) 
fix' - y') = f{x' - i-y)') = (x - y)[/(x) - fi-y)] = (x - y)[/(x) + /(y)] 

= xfix) - yfiy)-yfix)+xfiy). (3) 

K i t hdp (2) va (3) ta dUdc: x/(y) - y/(x) = y/(x) - xfiy). Hay: 

xfiy) = yfix) ^ M = ZM, Vx 7^ 0 , y 7^ 0 . 
X y 

TiJt day suy r a / ( x ) = cx, Vx 7^ 0 . Ket hdp vdi/(O) = 0 ta dUdc , ( 

/(x) = cx, Vx G K (vdi c la hkng so). ^ ^ ,̂ _ 

T h i i lai thay thoa man. •>'< 

B a i toan 2.44. Tim tdt cd cdc ham so / : M - > JR thoa man 

xfiy) - yfix) = / ( ^ ) , Vx 7^ 0 , y G M. (1) 

G i a i . Trong (1) cho x = 2 va y 0 ta ditdc 2/(O) = /(O) /(O) = 0 . T i i (1) 
cho X y = 1 ta dUdc / ( I ) = 0 . T i t (1) cho y = 1 ta dUdc 

TiJt (1) thay y bdi - va sii dung (2) ta ditdc 

- xfix)fix) =-fix'), VxT^O 

^ / ( x 2 ) = (̂ x + i j/ (x ) , VxT^O. 

T i t (1) ta CO x'fiy') - y^fix') = f f 4), Vx ^ 0, y G R. 

f i t (3) va (4) suy ra vdi moi x 7^ 0 va y 7^ 0 ta c6 

(y + ^) fiy) ~y'(x+ fix) = + ^ ) [^/(y) -

(2) 

(4) 
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^ ( x ' - 1) yfiy) = [y" -1) ^ / ( ^ ) -

T i r (5) lay .r = 2 va y = - 1 t a dudc / ( - I ) = 0. TiT (5) suy r a 

^ = v . , , ^ { 1 , - 1 } 

^C^Mxi { 1 , - 1 } [C l a hang s6) 
x/ - 1 

>f{x) - C 
/ 1 \ 

X , V x ^ { l , - 1 } . 

Txl do J{x) = C khi s / 0 rpjj^ j -hiy thoa man. 

khi x = Q. 

(5) 

i l l ' 

' I . ' . 

2 . 1 . 5 P h e p t h e t 6 n g - h i e u 

Phep dat u = a: + y, t' = a; - 1/ la mot trong nhfmg phep dat cd ban, thUflng 
gap trong giai phUdng trinh ham cung n h a giai phUdng trinh. K h i dat n h u 
vay thi cac biSu th;ic sau ditdc tinh theo uv&v: 

u + V = 2x 
2 2 

uv = X - y 

u — V = 2y 

u^ + v^ = 2 (x2 4- y^) 

, u^ + v' = 2{x^ + 3y^x) u^-v^ = 2y{3x^ + y^) 

u' + v' = 2{x'+6xV + y') u'-v' = 8xy(x' + y') 
n^+v^ = 2x{x^ + l0x^y^ + 5y*) - = 2y (S.-r" + 5 x V + ?/)• 

B a i t o a n 2 .45 ( O l y m p i c Toan S inh v ien t o a n quoc n a m 2011). Tim tat cd 

cdc ham / : R —» R thoa man dieu kien 

•V. {x-y)fix + y)-{x + y)f{x-y)^4xy{x^-y^),Vx,yGR._ (1) 

M -i. u + V U - V 

G i a i . V d i h a i so th i f c u,v t a d a t x = ^^-^—^ V = K h i do u = x + y, 

v = x - y. D o do (1) tUdng d i tdng vd i 
vf{u) - w / ( v ) = {u + v){u - v)uv,Wu, V € 

f{u) f{v) 
u 

fin) 
u 

z ^ i - ^ - x^ = a, Vx 7̂  0 (vdi a l a hftng so). 

Suy r a / ( x ) = x^ + ax, Vx ^ 0. T r o n g (1) , lay x = y = 2 t a diTdc -

- 4 / ( 0 ) = 0 ^ / (O) = 0. 

vay / ( x ) = x^ + ax , Vx € R. Thijf l a i t h a y t h o a man. ='* ' \ • 
C a c h k h a c . T r o n g (1) t h a y x bd i x + 1 va y bd i x t a dtfdc v'̂ '' * 

/ ( 2 x + 1) = / ( l ) ( 2 x + 1) + 4 x ( x + l ) ( 2 x + 1), Vx € R. (2) 

T r o n g (2) , t h a y 2x + 1 b d i w, t a di ldc 

f{v) = f{l)u + ( H - l){u + l ) w = + [ / ( I ) - l ] u , V7i e R. (3) 

Hay fix) = x^ + a x . V x € R (o la hang so). T h i i l a i t h a y t h o a m a n . 
Lifu y- B a i t o a n 2.45 con dirdc giai tUdng t u nhi l ba i t o a n 2.303 d t r a n g 348. 

B a i t o a n 2 .46 . Tim tat cd cdc ham so / : R -> R thoa man dieu kien 

/ ( ^ + 2/)-/(--^-2/) = 2y(3x2 + y2), V x , y e R . . (1) 

G i a i . D a t u = x + y, v = x - y. K h i do x = " ^ ^, y = — y — • T a c6: 
- = 2y (3X2 ^ ^2^ rpjj^y ^y.^^, 

/ ( u ) - / ( ? ; ) = - Vu, t; 6 R 
^fiu) -u^ = f{v) - v^, Vu, i ; e R 
^fiu) -u^ = C ( C la hang so) 
^ / ( x ) = x^ + C. 

T h i l l a i t h a y t h o a m a n . Vay t a t ca cac h a m so can t i m deu c6 d a n g 

/ ( x ) = x^ + C, Vx e R ( C la h k n g so t i i y y ) . 

B a i t o a n 2 .47 ( B a l t i c W a y 2012) . Tim cdc ham so / : R — R thoa man: 

/ ( x + y) = / ( x - y ) + / ( / ( l - x y ) ) , V x , y e R . (1) 

G i a i . K i h ieu P{u, v) chi viec t h a y x bd i u va t h a y y b 6 i v vao (1) . 

P ( x , 0 ) = ^ / ( / ( l ) ) = 0 j i - ^ -
PiO,y)^fiy) = fi-y),WyeR (2) 
P ( x , 1) ^ / ( x + 1) = / ( x - 1) + / ( / ( I - x ) ) , Vx e R 

- > / ( ^ + l ) = / ( x - l ) + / ( / ( x - l ) ) , V x e R ( d o ( 2 ) ) . (3) 
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Do do: 

fix + 2) = fix) + f ifix)) I fi-x) + f ifi-x)) 

| / ( - x + 2 ) ^ / ( x - 2 ) , V x € R . (4) 

Mat khac: P(a;, 2) fix + 2) = / ( i - 2) + / ( / ( I - 2x ) ) , Vx € R. Ket hop 
vdi (4) ta dUdc: / ( / ( I - 2x)), Vx 6 M hay / (/(x)) , Vx e M (do tudng ling 
X 1 - 2x la song anh). Nhu vay (1) tr6 thanh: 

, fix + y) = fix-y),\/x,y€R. (5) 

{ u + v _ 
u^v ^ { x-y = v Do do: 
— = y 

fiu) = fix + y) f fix-y) = fiv), Vu, e M. 
(5) 

Nhu vay / la ham hkng: fix) = c. Thay vao (1), ta dUdc: /(x) = 0, Vx £ R. 

2.1.6 P h e p thg t r ie t t i e u 

Nhigu khi ta phai suf dung cac phep the c6 t h i gian u6c dUdc hai ve cua 
phUdng t r i n h ham. Tii do ta t i m diTdc mot dang thiic ddn gian hdn. Neu 
muon k h i i hai bieu thiic fi'4>{x,y)), /(<^(x,y)) d hai ve ciia phudng t n n h 
ham, ta xet phUdng t r i n h ipix,y) = (^(x, y) y = A(x), de thay y hdi A(x) 
vao phUdng t r i n h ham (xem bai toan 2.48 d trang 116, bai toan 2.49 ci trang 
117, bai toan 2.54 d trang 121...) 

B a i toan 2.48. Tim tat cd cac ham so / : E R thoa man 

f{or + fiv)) = 2/ ixfiy)), Vx, y E R. (1) 

G i a i . K i hieu Piu,v) chi viec thay x bdi u, thay y hdi v vao (1). De thay 
ham fix) = 1 khong thoa man (1). Tiep theo gia sii 3u e IR : /(u) ^ 1. 

fin) 

V/(") 
/ 

fin) 
J{u)-l) 

= 0 fiv) = 0, vdi V = fju) 
f{u)-l-

Th\fc hi$n P(0, v) ta dUdc /(O) = 2/(O) /(O) = 0. T i l day thUc hien P(x, v) 
ta dudc fix) = 0, Vx G R. T h i i Ig-i thay thoa man. 
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B a i toan 2.49 (Olympic toan sinh vien toan qu6c-2012). Tim cac ham s8 
/ : R —• K thoa man phuong trinh ham 

, Vx, 2/ G R. 
/x + y x ^ 1 r 

•'^2012; 2 r V2013/ \2oi4; 

G i a i . Tiif (1) thay (x; y) bdi (2014x; 2014y) ta dUdc 

/ (a(x + y)) = \ + m, Vx, y G R ( a = /3 = ^^^^ 

Dat gix) = fix) - /(O). K h i do 5 ( 0 ) = 0 va thay vao (2) ta dUdc 

2014 

(1) 

(2) 

g (a(x + 2/)) = - [p(/3x) + giy)\, y E R . ; (3) 

T i t (2) suy ra 6r; 

g (« (x + ?/)) =. g (a(x + y + 0)) = / (a(x + ?y + 0)) - /(O) 

= J[/(/?(^ + 2/)) + / ( 0 ) I - / ( 0 ) , , , 

= J[/(/5(x + y ) ) - / ( 0 ) ] = i 5 ( ^ ( x + 2/)),Vx,2/GR. (4) 

(5) Tiif (3) va (4) suy ra: g (/3(x + y)) = gipx) + giy), Vx, j/ G R. 
/3x 

TiJf (5) thay y bdi ^ — ^ ta dUdc gifix) = 0, Vx G R hay gix) = 0. Vay / la 

ham hang. ThiTt l ^ i thay thoa man. 
L i r t i y. Tiif (5) de k h i l g (^(x + y)) va giy), ta xet phUdng t r i n h 

Pix + y)=y'^y = 

V$,y tijt (5) neu thay y bdi chic chdn se t r i f t tieu g (^(x + y)) va giy). 

B a i toan 2.50 (Middle European Mathematical Olympiad 2012). Tim tat 
CO. cac ham so f : (0; +00) (0; +00) thoa man 

Px 

1-/3' 

•fid 

fi^- + fiv)) - yfixy + 1), Vx, y G (0; +00). (i; 

G i a i . K i hieu P(u , t;) chi viec thay x bdi u va thay y bdi D vao (1). 

, khi do 

yfiy)-i\

C a c h 1. Gia si5 Zi^Li > 0, khi do 
y-l 

y - i J 

mi 

= yf y = l . 



den day ta gSip mau t h u l n . Vay -̂ ^̂ ^ , ^ < 0, Vy 6 (0; + o o ) \ { l } . ( i) 
y - 1 

, y J y 
(u) 

Xet y > 1 . 

p(, ' 
V 

• Neu f(y) > - t h i 1 + fiy) -->1-^ f{l + f{y) - 1) " ^ " i " ' yf{y) > 1, mau 
y y y 

thuan vdi ( i ) -

. N l u /(y) < i t h i 0 < 1 + /(y) - i < 1 =̂  / ( I + /(y) - - ) '^°= vfiy) < 1 , 
y y f 

mau thuan v6i ( i ) . 

Tir hai tru6ng hdp tren dan tdi /(y) = - , Vy > 1. (3i). 

Bay gid xet x > 0, ta c6 

=•1 + fix) = ! + -=> fix) = - , Vx > 0. 

x + 1 , ^ 1 

Thut lai thay ham so fix) V i > 0 thoa man cac yeu cau de bai. 

C a c h 2. Xet x > 1. 

Thi^c h i f n P 
/ 3. _ 1 

.X, + / (x) ) , ta dir(?c 

/ 
/ x + / 

\ 

/ x - 1 \ 

X 

X - 1 /(x + x / ( x ) ) , V x > 1. (3) 

T i t (2) va (3) suy ra 

X - 1 + / ( x ) = 1 => fix) = 1 - — ^ /(x) = 1 . Vx > 1 . (4) 
X X X 

1 

Den day lam tUdng t u nhu cl each 1. 
LvTu y. 

• T\ "ket cau" cua phUdng t r i n h ham (1) ta du doaii /(x) = ^ , Vx > 0. 

• Dg fix + fiy)) = fixy + 1), ta xet phudng tr inh 

X + fiy) = xy 4- 1 X = 
- 1 
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• Do dit doaii duoc /(x) = ^ , Vx > 0 nen ta can chiing minh y/(y) = 1. Vay 

tif (1) thay rang can c6 y/(xy + 1) = y/(y) , v i the xet , 

xy + 1 = y =^ X = = 1 - i . 

B a i t o a n 2 . 5 1 . Cho a, 0 la hai so khdng am c6 tdng bdng 1 . Tim tdt cd cdc 
ham 5 0 / : IR —• M thoa man phuang trinh ham 

fiax + py) = a fix) + (3 fiy), Vx, y € K. (1) 

G i a i . Dat gix) = fix) - /(O), khi do g la ham so xac dinh tren R va 3(0) = 0. 
Thay vao (1) ta dUdc , 

giax + py) + /(O) = agix) + figiy) + (a + /?) /(O), Vx, y € R 
< .̂<7(n'X + fly) = ngix) + flgiy), Vx, y e R. 

Lay X € R tuy y. Neu 0 < A < 1 t h i 

giXx) = giil- A)0 + Ax) =^^\ _ A)p(O) + A5(x) = Xgix). 

(2) 

(3) 

Vdi 7 > 1, ta CO 0 < - < 1, 0 < 1 - - < 1. Do vay 

gix) = g(^il- ^)0 + i ( 7 x ) ) = * ' \  -  ^ ) g i O )  +  ] - g i ^ x )  =  l g ( 7 x ) 

={.g(7x) = -ygix), Vx e R. 

D6 y rang 

(4) 

0 = m = g (li~x) + ^x) = Igi-x) + Igix) ^ ^ ( - x ) = -^(x), Vx € R. 

Vdi /i < 0 ta CO - / X > 0, do vay theo (3) va (4) ta c6 

y(/xx) = 5 ( - / i ( - x ) ) = - / f 5 ( - x ) = - / i ( - p ( x ) ) = ^ 5 ( x ) , Vx € R. (5) 

T i l (3), (4), (5) suy ra: gikx) = kgix), Vx € R, VJk £ R. (0) 
T i t (6) lay X = 1 ta dUdc gik) = gil)k, VA; 6 R, suy ra ^(x) = ex, Vx G R. 
Dan tdi ket qua /(x) = £x + /(O). V?ly 

fix) = £x + S, Vx € R (e, 8 la hang so tuy y ) . 

Thi'r IcU thay thoa man ycu cau do bai. 
L l f U y. 
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• T\X bai tokn nay suy ra iiani so viTa loi viifa 16m tren toan t r u . ; so khi 
va chi khi no c6 dang /(z) = ex + S, Vx € E, v6i e, S la hkng i;6 tny y 
(ham hang lioac ham da thi'tc bac nhat). 

• Vi?c xet ham g nhu tren c6 day du cac t inh chat cua ham /, ngoai ra 
con C O them t inh chat 5 ( 0 ) = 0, giup ta giai dildc bai toan nay. Viec xet 
ham g nh\i vay cung la mot ki thuat thitdng diing khi giai phuong t r i n h 
ham ma viec t inh /(O) la gap kho khan hoac khong the. 

. • Cho tnrdc doan [a; b]. K h i do x e [a; b] khi va chi khi x = aa + /36, vdi a 
va 6 la hai so khong am c6 t6ng bang 1. 

B a i toan 2.52. Ttm tat cd cdc ham so / : K M thoa man 

f {yf{x) +x) + f ixfiy) - 3/) = fix) - f{y) + 2xy, V i , y G E. (1) 

G i a i . K i hieu r{u,v) chi viec thay {x;y) hai {u;v) vao (1). 

^ P (0 ,0) ^ /(O) = 0 ; r{0, x) =^ fi-x) - -fix), V.7; e R. (2) 

GiasiJt /(a) = 0 . K h i do 

' • . P (a , a) ^ fia) + / ( - a ) = /(a) - /(a) + 2a^ ^ 2a'^ = 0 ^ a = 0. 

Vay ta da chAig minh dUdc fix) r = 0 <^ x = 0. Xet x 7̂  0. K h i do fix) ^ 0. 

Lan lit0t thuc hien F i x , 
x + y\ 

[l^ fi2x + y)+f[xf ^^^^^ 

fix) 

x + y x + y 

fix) 

x + y 
— X 

x + y\ + y 
+ 

fix) 
- fiy) = f 

fix)' 

fix) - / 

x + y 

ta dUdc 

fx + y\ 2xix + y) 

fix) fix) 
2xix + y) 

Cong hai diing thi'rc tren va sfr di.mg (2) ta diroc 

/(2x + y) = 2fix) + fiy), V?/ € R, x 7̂  0. 

Do /(O) = 0 nen t i l (3) suy ra: /(2x + y) = 2fix) + fiy), V.7:, y e R. 

Vdi moi so thitc x, y, xet x = y = ——, khi do 2x + y = 3x = 2x + j/ . V i 

2x + V 
the t i l (4) cho X = 2/ = — - — ta dUdc 

(3) 

(4) 

/(2x + y) = 3/ 
'2x + y 

\ 

^fi2x + y) = y 
(2x + y 
\

Vx, y e M 

Vx, 2/ € K. (5) 

T i t (4) va (5) suy ra: / ( ^ ) = ?Z(f)_LM, Vx, , . R. [ (6) 
Tit (6), sii: dung bai toaii 2.51 d trang 119 ta dUdc 

fix) = ax + b, Vx e R (a, b la nhihig hang so). 

Do /(O) = 0 nen 6 = 0. Thay /(x) = ax vao (1) ta dUdc 

a iaxy + x) + a iaxy - y) = ax - ay + 2xy, Vx, 2/ e R 
^2a'^xy = 2xy, 'ix,y . '" 

Vay a = ± 1 . Do do /(x) = x, fix) = - x . T h i i lai thay ca hai ham nay deu 
thoa man cac yen can de bai. „ , , 

;, 1,1 / \> • , , . . • • 

B a i toan 2.53. Ttm tat cd cdc ham so / : R -» R thoa mdn /.^ 

/ ixfiy) + y) + fixy + x) = fix + y) + 2xy, Vx, y € R. (1) 

1 

+ 2-G i a i . Thay x = 1, y = ^ vao (1) ta ditdc /(a) = 1, trong do a = / 0̂  

Thay ?/ = a vao (1) ta dUdc /(x + a) + /(ax + x) = /(x + a) + 2ax, Vx e R, 
hay 

fiax + x) =2ax, Vx € K. (2) 

Tir (2) suy ra a 7̂  - 1 . Thay x = vao (2) ta ditdc /(<) = Vt e R. 
a + a + l 

Nhu vay /(x) = cx, Vx € R, vdi c = — ^ . Thay vao (1) ta dUdc 
a + l ^ ' 

c icxy + y) + cixy + x) = c(x + y)+ 2xy, Vx, y € R 

^{c^ + c-2) XV = 0, Vx, 2/ G R •' 

<=>c2 + c - 2 = 0 c G { 1 , - 2 } . 

Ta nhan dUdc hai ham so thoa man yeu c i u de bai la /(x) s x va /(x) = - 2 x . 

B a i toan 2.54 (Macedonia MO-2011) . Tim cdc ham / : R R sao cho 

/(x + y/(x)) =/(/(x) )+x / ( 2 /) ,Vx , 2 /eR. : ; , n - (1) 

G i a i . De thay ham /(x) = 0 thoa (1). Tiep theo gia suf fix) ^ 0. Tir (1) cho 
a; = 0 ta dUdc / (2//(0)) - /(/(O)), V2/ G R. N l u /(O) ^ 0, thay 2/ bdi 
ta suy ra 

/(y) = / ( / ( 0 ) ) , V j / G R . ' ^ 

hay noi each khae / la ham hang. K h i do, trt (1) , ta de dang suy ra / dong 
nhat bang 0, mau thuan. Vay ta phai c6 /(O) = 0. Gia sii ton tai a 7̂  0 dg 
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/ ( a ) = 0, t h a y x = a t r o n g (1) , t a d iMc f{a + 0) = / ( O ) + af{y). Suy r a 
aj{y) = 0, Vj ; e K ( v i / ( a ) = / (O) = 0 ) . Hay / dong r ihat b a n g 0, m a u t h u a n . 

fix) — X 
N h u vay f{x) = 0 <^ a; = 0. T r o n g (1) t h a y y b 6 i ' ^ ' (v6 i a: 0) t a d i ldc 

/ ( / ( X ) ) = / ( / ( X ) ) + - f [ ^ ^ ) ^ f{^^Jl^) = 0 = > / ( X ) = v . ^ 0. 

Vay CO ha i h a m so t h o a m a n (1) la f{x) = 0, f{x) = x. T h i i l a i d u n g . 

B a i t o a n 2 .55 . Tim tat cd cdc ham so / : R ^ R thoa man 

f{x + y) - f{x - y) = f{x)f{y), V.x, y G R. (1) 

G i a i . K i h i eu P(w, v) c h i viec t h a y (x ; y) hdi {u; v) vao (1) . P ( 0 , 0 ) ^ / ( O ) = 0. 

P{x^-y)=^fix~y)~f{x + y) = f{x)f{-y),\/x,yeR. (2) 

T i r ( l ) v a ( 2 ) t a c 6 : / ( a ; ) / ( - 2 / ) = - / ( x ) / ( 2 / ) , V x , y G R . (3) 
T i t (3) chox = y dUdc: f{y)f{-y) = -fiv), Vy G R. (4) 

P{y,y)^f{2y) = f\y), V y G R . 
. P ( - 2 / , y) => -f{-2y) = n-y)f{y). Vy e R. 

Si i d u n g (4) suy r a f{2y) = f{-2y), G R hay f{-x) = f{x), Vx G R. 
T h a y vao (4) t a dUdc f{x) = ~f{x), V i G R hay / ( x ) = 0, V i G R. T h i i 
l a i t h a y t h o a m a n . V a y c6 d u y n h a t m o t h a m s6 t h o a m a n yen cau de b a i la 

m)h « j • / (a; ) = 0, Vx G R. = 

2 . 1 . 7 Su* k h a c n h a u k h i g i a i p h i f d n g t r i n h h a m v a g i a i pht fc lng 
t r i n h 

C h a n g h a n t i t cac g ia t h i e t c i ia m o t bai t o a n phUdng t r i n h h a m , t a t h u d i ldc : 

[ / ( X ) - X ] [ / ( Z ) + X ] = 0 , V X G M ( * ) 

t r o n g do / l a h a m so can t i m . T i i (*) t a ch i ket l u a n ditdc , vd i m o i x G R 
t h i g ia t r i c i ia h a m / t a i x la i hoSc —x, c h i l k h o n g difdc suy r a cac h a m so 
t h o a m a n yeu cau de ba i l a f{x) = x , Vx G R va / ( x ) = - x , Vx G R sau do 
t h i i l a i va ket l u a n . K h i gap t r u d n g hdp nay t a xiJt l i n h i t sau: k i e m t r a x e m 
cac h a m so / ( x ) = x , Vx G R va / ( x ) = - x , Vx G R c6 t h o a m a n yeu cau de 
bai hay k h o n g , sau do c h i i n g m i n h ngoai hai h a m nay r a k h o n g con h a m nao 
khac, p h u d n g p h a p t h i t d n g d i i n g la p h a n chijfng. T u y n h i e n c i ing c6 t r u d n g 
hdp h a m / m a / ( x ) l i i c t h i n h a n g ia t r i x , luc t h i n h a n g ia t r i -x c u n g t h o a 
m a n you can do b a i , n h f m g ba i t oan n h i t vay la h i c m gap va r a t k h o , c h i n g 
h ^ n ba i t o a n 2.64 (ci t r a n g 130). 

B a i t o a n 2 .56 ( O l y m p i c t o a n quoc tg-2008) . Tim tat cd cac ham so 

/ : ( 0 ; + o o ) ^ ( 0 ; + o o ) 

ikM n.,n X - VP. 0. r. s > 0 . v a „ , r . (1). 

G i a i . TVong (1) Igy p = ,7 = r = s = 1 t a dUdc - j j ^ = 1. Suy r a / ( I ) = 1. 

Vdi m o i x > 0, lay p = x , g = 1, r = s = \/x t a dUdc ..,, . , 

=>[xf{x) - l ] [ / ( x ) - x] = 0, Vx G (0; + 0 0 ) . f j ,* (2) 

Ta k i e m t r a dUdc / ( x ) = x . Vx G ( 0 ; + 0 0 ) va / ( x ) = - , Vx G ( 0 ; + 0 0 ) 
x 

la nghiein ( thoa m a n ) c i ia (1) . T a se ch i iug m i n h rftng ngoai r a k h d i i g con 
ngh iem nao khac . G i a si'f f{x) l a m o t ngh iem khac v d i ha i n g h i e m t r e n , ngh ia 

la t o n t a i 0 < a ^ 1 sao cho / ( a ) 7̂  a va t o n t a i 0 < 6 7̂  1 sao cho / ( 6 ) ^ - . 

T i r (2) suy ra : fin) = i . va f ( / , ) = h. ' • ^ ^ ' ' ' ' ' ' ^ (3) 
a 

C u n g t i l (2) t a c6 f{ab) = ab hoac i\ah) = —. 
at 

• Neu f{ab) = ab t h i t r o n g (1) lay p = a,q = b,r = s = Vab t a dUdc 

1-+b'^ = a ' ^ ^ 1^ :=a'^ = l ^ a = l . 

Do / ( I ) = 1 va a = 1 nen suy r a f(a) — a, m a u t h u a n vd i f{a) 7̂  a. 
• Neu f{ab) = —- t h i t r o n g (1) My p - a,q = b,r = s = Vab t a ditdc 

ab • 
a h \  b ' )  =  « 2 ^ ,,2 ^ ,2 ^ ^,2,^4 ^ ^,2 ^ ^2 ^ ^2f^4 ^ ^,2 ^ = 

a'' 
Do / ( I ) = I vhb = I nen suy r a fib) — \, d iou nay m a n t h u a n vd i fib) 7̂  7 . 

b b 
Vay chi c6 hai h a m s6 t h o a m a n d i b a i l a 

1 - - - •'̂  - ''̂ .̂  
/ ( x ) = X , Vx G (0; + 0 0 ) va / ( x ) = - , Vx G (0; + 0 0 ) . . 

X 

C h u y 1. Thay nyay rang f{x) = x , V x > 0 thoa man (1 ) , dieu nay dinh 
huong cho ta tim ra ddng thtCc (2 ) . Tic (2) chua thi kit luan vi biiu thiic cua 
ham so. Ban doc luu y rang (2) chi khdng dinh rang vdi x > 0 thi gid tri ciia 

ham so tai diini x la x hoac - . Cdc ban xem bai toan tiip theo sau day. 
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B a i t o a n 2 .57 ( S w i t z e r l a n d F i n a l R o u n d 2011). Tim t d t cd c d c h a m so 
f : (0; +oo ) (0; +oo ) , thoa man : vdi cdc so dUOng a, b, c, d sao cho abed = 1 , 

,, [f{a) + m]\f{c) + f{d)] = {a + b){c + d). (1) 

G i a i . K i h ieu P{x, y, z, t) ch i viec t h a y a hdi x, t h a y b b d i y, thay c b d i z va 
t h a y d b o i ( vao (1) . 

P{1,1,1,1) => 4[mf = 4 ^ / ( I ) = 1 (do / ( I ) > 0 ) . 
/ I \\
' . 1 . 1 1 => f I - I = a ; + - , V x > 0 . 
\ 

1 
' P ( . T , l , ^ , l ) = ^ [ / ( . T ) + 1] 

1 \ 

T h a y (3) vac (2) , t a ditdc : 

' 1 \

J 
f f 

f -
{xj 

1\ 

(2) 

1 
= (:c + 1) ( - + 1 ) , V 3 : > 0. 

1 
X 

= 1, V i > 0. (3) 

^ [ / ( x ) - x l 

1 \ ( 
X + 

V 
/ (a; ) + 1 = 0, Vx > 0 

/ ( . ) - - = 0, Vx > 0. (4) 

De t h a y r i n g cac h a m so / ( x ) = x , Vx > 0, / ( x ) = Vx > 0 t h o a m a n cax; 

yeu cau dg b a i . T a se c h i i n g m i n h ngoai ha i h a m so nay ra , k h o n g con h a m 
nao khac t h o a m a n cac yeu cau de ba i . G i a sit h a m so / t h o a m a n y e u cau 
do b a i va t o n t a i 0 < a ^ 1 sao cho / ( a ) 7̂  a va t o n t a i 0 < 6 7̂  1 sao cho 

/ ( 6 ) 7̂  7 . K h i do t i t (4) suy r a / ( a ) = - , / ( 6 ) = b. T h i t c h ien P ( a , b,-}^ 
b a \

t a ditdc 

1 
- + b 
a 

i + 
a 

a 

1 1 

• + 

/ ' I i \ 

J L / ( " ) / (^)J 
= {a + b) 

/ I 1 
- + T \a b 

1 
« + 6 = (a + 6) ( i + i 
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=^l + ^ + ab+\ l + ^ + - + l = ^ \ ab=y + -
ab b a ah b a 

^l+a^^=^a^ + b ^ ^ { a ^ - l ) { b ^ - l ) = 0 . 

Den day t a gap m a u t h u i n . Vay c h i c6 ha i h a m so t h o a m a n yen cau de bai 

l a / ( x ) = a;, Vx > 0 v a / ( x ) = - , Vx > 0. 

B a i t o a n 2 .58 ( O l y m p i c t o a n Canada - 2000). Tim t d t cd c d c h a m so 
/ : R R thoa man: / ( ( x - y)^) = - 2 y / ( x ) + ( / ( y ) ) ^ Vx, yeR. (1) 

m = 0 
no) = 1-G i a i . T h a y x = ?y = 0 vao (1) t a ditdc / (O) = [f{0)f ^ 

T r t f d n g hcJp 1 : / (O ) = 0. T h a y x = y vao (1) t a ditdc ; • 

/ ( O ) = x2 - 2 x / ( x ) + [ / ( x ) ] 2 , V x e R 

^ [ x - / ( x ) ] 2 = 0 , V x e M • 

^/(x) = X , Vx e R ( t h i i l a i t h a y t h o a m a n ) . 

T r t r d n g h d p 2 : / ( O ) = 1. T r o n g (1) lay y = 0 t a dUdc: 

/ ( x 2 ) = . x 2 + l , V x e R . . (2) 

T r o n g (2) lay x = 1 t a difdc / ( I ) = 2. T i t (1) lay y = 1 va sit d u n g (2) ditdc 

(x - 1)^ + 1 = x'^ - 2 / ( x ) + 4 <f4> / ( x ) = X + 1, (thiif l a i t h a y t h o a m a n ) . 

Vay t a t ca cac c.6 ha i h a m ,s6 t h o a m a n dS bai l a 

/ ( X ) = X , V X G M va / ( x ) = x + l , V x e R . 

L i f u y. T r i t d n g h d p 2 c6 the ditdc x i i 11 nhu! sau: T i t (1) lay y = x t a ditdc 

1 = x2 - 2 x / ( x ) + fix) ^ [fix) - x ] ^ = 1 ^ [ ^ J + ; ( * ) 

Bang each t h i t t r i f c t i e p t a t h a y h a m so / ( x ) = x + 1, Vx e R t h o a m a n 
(1) , con h a m so / ( x ) = x - 1, Vx G R k h o n g t h o a (1) , t u y nh ien 16i g ia i 
chua the ket t h u c dadc, t a can ch i ing m i n h / ( x ) 7̂  x - 1, Vx e M . G i a s i i 
3t € R : fit) = < - 1. T i t (1) cho X = (, y = 0 ditdc / ( t ^ ) = 2̂ ^ 1. T i t (1) cho 
2: = 0, y = t dUdc 

/ ( t 2 ) = - 2 t / ( 0 ) + /2(<) = -2t + i t - 1)2 ==t'^ -4t + l. 

^ithet^ + l = t'^ - 4 t + l ' ^ t = 0.Va.yl = / (O) = 0 - 1 , m a n t l i u a n . Vay 

/ ( x ) = x + l , V x e R . 



B a i t o a n 2 .59 . Tim tdt cd cdc ham / : R —> R thoa man dieu kien 

xf{x + y)+ yf{y - x) = f{x) + f{y), Vx , y e R. (1) 

G i a i . T r o n g (1) c l io x = y = 0 t a di ldc /(O) = 0. T£t (1) c l io y = 0 duoc 

x / ( . ) = / 2 ( a ; ) ^ / ( x ) [ / ( x ) - x ] = 0 , 

suy r a g ia t r i cua l i a m / t ^ i x la 0 ho$c x . T i i (1) lay y = - x t a dUdc 

- . x / ( - 2 x ) - f i x ) + fi-x), Vx e K . (2) 

T a C O - x / ( - 2 x ) = 0 hoac 2x2; y2(^) ^ Q hoSc x^; / ^ ( - x ) = 0 hoSc x^. 
• TnrcJiig hop -.rf{~2x) = 0. K h i do tfr (2) suy r a f{x) = f { - x ) = 0. 
. T r u d u g h d p - x / ( - 2 x ) = 2x^. K h i do tiir (2) suy r a f{x) = f { - x ) = x^. 
T o m la i t a l u o n c6 p{x) = f{-x), Vx £ M. T t f day ke t h a p vdi (1) t h u dUdc 

. J , , , , x / ( x + y) + y / ( y - x ) = /^(x) + f { y ) = f { - x ) + f \ y ) ,,, 

= - x / ( - x + y) + y / ( y + x ) . 

Suy r a 

•MM.:: : • + y) + y / ( y - x ) = y / ( x + y) - x / ( y - x ) , Vx , y G R 

^ ( ^ • - y ) / ( x + y) = - ( x + y ) / ( y - x ) , V x , y e R . (3) 

V d i m p i K ^ 0 va T' 0, l u o n t o n t a i x va y sao cho | " ^ |̂  JT J ^chi can 

chon x = " ^ y = — y ^ ) - V a y tilT (3) suy ra vf{ri) = uf{v), Vu,?; ^ 0 h a y 

fiu) f{v) ^ - J ' 

T i r (4) lay w = 1 dUdc ^ = C, Vu 9̂  0, v d i C = / ( I ) la h a n g so. B d i 

vay J{u) = Cu, V?/, ^ 0, suy ra / ( x ) = C.r, V.x e R. D o / ( x ) = x hoac 0 
nen C = 0 hoac C = 1 . V d i C = 0 t h i / ( x ) = 0, Vx € R. V d i C = 1 t h i 
f{x) = Vx G R. T h i t l a i t h a y hai h a m so nay t h o a m a n yen can do b a i . 

B a i t o a n 2 .60 (Ba lkan-200f i ) . Tim tdt cd cdc ham so / : R ^ M thoa man 
dieu kien 

f ( . T / ( x ) + / ( y ) ) = f i x ) + y , Vx , y G M . (1) 

G i a i . T i t (1) t h a y x = 0 dUdc: / (/(y) ) = /^(O) + y , Vx , y G M . (2) 
Tie (2) cho y = - / 2 ( 0 ) va da t a = / ( - / ^ ( O ) ) t a dUdc /(a) = 0. 
T i r (1) cho X = a dUdc / (/(y) ) = y, Vy G R. (3) , 
T i t (1) t h a y x b d i / ( x ) va silf d u n g (3) ta ditdc i - 's 

/ ( x / ( x ) + / ( y ) ) = x 2 + y , V x , y G R . (4) 

Tit (1) va (4) suy r a : f i x ) = x^, Vx G R. (5) 
Tit (5) suy r a / ( I ) = 1 hoac / ( I ) = - 1 . 
• X e t / ( I ) = 1 . T i t (1) cho X = 1 dvtdc ^ 

/ ( i + /(?y)) = i + ?y, V y G K , , , 

= > / ' ( l + /(2/)) = ( l + y ) ' , V y G R • • : 

^ [ l + /(3/)]^ = l + 2y + y ^ V y G R • . f t i ! V , , , . , . : , , : 

^ 1 + 2/(y) + y2 = 1 + 2y + y2, Vy G R 

=>f{y) = y, V y G R . "-r^ 

T h i i l a i t h a y h a m so / ( x ) = x, Vx G R t h o a m a n cac y e n can de b a i . 
• X e t / ( I ) = - 1 . T i t (1) cho X = 1 dUdc 

/ ( l - / ( y ) ) = l + y , V y G R 

= ^ / ' ( - l + / ( y ) ) = ( l + y ) ^ V y G R 

=>[-! + fiy)f = 1 + 2y + y 2 , Vy G R 

=^1 - 2/(y) + y2 = 1 + 2y + y2, Vy G R 

=>f{y) = -y, V y G R . . 

T h i t l a i t h a y h a m so fix) = -x, Vx G R t h o a m a n cac y e u cau de b a i . 
Vay C O ha i h a m so can t i m la / ( x ) = x, fix) = -x. 

B a i t o a n 2 .61 ( I r a n -1999 ; Bac A u M O - 2 0 1 1 ) . Tim tdt cd cdc ham so 

/ : R R thoa man: f (/(x) + y) = / ( i ^ - 2/) + 4 y / ( x ) , V x , y G R. (1) 

G i a i . T r o n g (1) cho y = - [x^ - / ( x ) ] , suy r a v d i m p i x G R t h i 

x ' - / ( . r ) ] fix) = 0 ^ 
fix) = 0 
fix) = x 2 . (2) 

De t h a y cac h a m / ( i ) = 0, fix) = x^ t h o a m a n cac y e u cau de b a i . T a 
se c h i i n g m i n h ngoai h a i h a m nay ra , k h o n g con h a m nao khac , con each 
l a m t h i t U d n g t u n l i u ba i t o a n 2.56 va bai t o a n 2.137. G i a s i i / ( x ) ^ 0 va 
/(a;) ^ x2 va t h o a (1) . T i t (2) lay i = 0 dUdc /(O) = 0. T i i (1) l ay x = 0 suy 
r a fi-y) = / ( y ) , Vy G R, hay / la h a m chan. D o /(O) = 0, / ( x ) ^ x^ va do 
(2) nen t o n t a i a 0 sao cho /(a) = 0. D o /(O) 0, / ( x ) ^ 0 va d o (2) nen 
t 6 n t a i 6 7̂  0 sao cho /(6) -7̂  0 fib) = ^2 _̂  0. D o / la h a m chan nen c6 t h e 
gia sijf 6 > 0. T i t (1) lay x = a, y = -b t a ditdc 

/ ( - 6 ) = / ( a 2 + b)=> fib) = / ( a 2 + b) (do / l a h a m chan) . 

N h u vay: b' ^ fib) = fi-b) = fia' + b) ' ^ J S ^ ' ^ („2 ^ ^)2_ ^ 
™ J o ( 2 ) ,̂ ,1 ; _ 

Ro r a n g b^ = (o2 + h)'^ v6 l i v i v d i a ^ 0, ft > 0 t h i 
• ••• 'J f 'v . i . . . /i'. ' •• 

0<b<a^ + b=^b^ <ia^ + b)'^. 



'n: (hi. J., 

Vfty tat ca cac ham so thoa man yen can d6 bai la f{x) = 0, / ( x ) = . 
L u ^ y. Dc lam tr ic t t icu / ( / (x ) + y) va / (x^ - jy), ta xet ^ ^^^'^ 

tft (16 trong (1) cho ?; = ^ [x^ - / ( x ) ] iihit da t r inh bay c3 trei i . 

B a i t o a n 2.62 (India National Olympiad 2011). Tim tat ca cac ham so 
/ : R -» R thoa man 

fix + y)f{x -y) = [fix) + fiy)]' - ix'fiy), Vx, y G M. (1) 

G i a i . K i hien Piu,v) chi viec thay x bdi u va thay y boi v vao (1). 

P(0, 0) ^ / ' (O) = 4/2(0) ^ /(O) = 0. 

Thi.rc hien P ( x , x ) , ta daoc 

, 4 [ / ( x ) ] 2 - 4 x 2 / ( 3 : ) , V x e R 
=>/(x) [ / ( x ) - x 2 ] = 0 , V x e R . (2) 

De thay hai ham so / ( x ) = x\x G R va / ( x ) = 0, Vx e R thoa man cac yen 
can de bai. Ta se chiing minh ngoai ra khong con ham nao khac. Gia sit ham 
/ thoa man (1) va / ( x ) ^ 0, / ( x ) ^ x^. K h i do t 5 n tai a ^ 0 sao cho / (a ) 7̂  0 
va ton tai 6 ^ 0 sao cho / (6) b"^. Theo (2) suy ra / (a ) = a^, fib) = 0. 

P ( a , 6 ) = ^ / ( a + 6 ) / ( a - 6 ) = a V O . ' 

NhU vay / ( a + 6) ^ 0 =^ / ( a + 6 ) = (n + b)^ ; / ( a - 6 ) ^ 0 => / ( a - 6 ) = (n - 6)^. 

Dan den: (a + b)Ha - b)' = a'^ (a^ - b')' = b' = 2a\ 
Gia sit c la so thoa man c ^ {0, a, - a , 6, - 6 } . 
• Neu fir) = 0 t h i theo tren suy ra = =^ = 6^ man t h u l n . • 
• Neu / (c ) = (? t h i theo tren suy ra 6̂  = 20^ => = a^, man thuan. 
Vay ngoai hai ham so / ( x ) = x^, Vx e R va / ( x ) = 0, Vx G R thoa man cac 
yen cau de bai ra khong con ham nao khac. 
B a i t o a n 2.63. Cho so nguyen diiang n. Tim tat ca cac ham sS f -.R 
thoa man phuomj trinh ham 

f iy - fix)) - / - y ) - nyfix), Vx, y G R. (1) 

G i a i . Th6 y = fix) vao (1): /(O) = / ( x "+ ' - fix)) - nf\x), Vx G R. (2) 
Trong (1) thay y bdi x " + i : / ( x " + i - fix)) = /(O) - n x " + i / ( ^ ) , Vx G R. (3) 

Cong (2) va (3) ta dUdc n/2(x) + n x " + ' / ( x ) , Vx G R, hay 

fix) [fix) + = 0, Vx G R. (4) 

Ta se chiing minh ngoai hai ham / ( x ) = 0, / ( x ) = - x " + i ra t h i khong con 
ham so nao khac thoa man yeu can de bai. Gia siif / ( x ) ^ 0 va / ( i ) ^ - x " + ^ 
va thoa (1). Tt t (4) cho x = 0 ditdc /(O) = 0. Tir (1) cho x = 0 suy ra / la 
ham chan tren R. Do /(O) = 0, / ( x ) ^ - x " + i va do (4) nen ton tai a ^ 0 
sao cho / (a ) = 0. Do /(O) = 0, / ( x ) ^ 0 va do (4) nen ton tai 6 ^ 0 sao 
cho fib) 7̂  C Do / la ham ch in nen c6 the gia sii 6 > 0. V i f{b) ^ 0 nen 
theo (4) phai c6 f{b) = Mat khac tijr (1) lay x = a va y = - 6 ta dnoc 

= / ( a " + ' + 6 ) . Tom lai: 

= fib) = fi-b) = / ( a " + i + b) /(«'-+i)=-CVo ^ 
• Neu n chan t h i n 4- 1 le, do do tft 6"+^ = (a"+ ' + 6)"+^ suy ra 

b = a"+ ' + 6 ^ a"+^ = 0 <^ o - 0 (mau thuan). 

• Neu n le t h i n + 1 chSn, do do 6"+^ = (a"+i + 6)"+i cung v6 If, v i 

Vay d6 thoa man (1) t h i chi c6 thg / ( x ) = 0, / ( x ) = - x " + i . Thuf lai thay 
fix) = 0 thoa (1). Con vdi / ( x ) = - x " + i t h i (1) t rd thanh 

- ( y + x "+ ' ) "+^ = - ( x " + i - y)"+^ + nyx»+i, Vx, y G R. (5) 

R6 rang (5) khong dung, v i vcti x = y = 1 t h i (5) t r d thanh -2 "+^ = n, v6 If 
(do n nguyen duong). Vay chi co mot ham so thoa man cac yen cau de bai la 

/ ( - ) = 0 , V x e R . ^^,_,,„,, 

Ltfu y. 

• De th i hoc sinh gioi quoc gia nam 2002 da giai quyet trUcfng hdp n = 2001. 

• N6u t i i (1) thay y b6i - [fix) + x " + i ] t h i ngay lap tiic ta thu dUdc (4). 

• Thong thudng t h i ivi [fix) - ^(x)] [fix) - yp(x)] = 0, ta se chihig minh ngoai 
hai ham / ( x ) = i / ; (x), / ( x ) = v'(x) ra, khong con ham so nao khac thoa man 
de bai. Tuy nhien ciing c6 trudng hdp ngoai / ( x ) = iPix), fix) = ^ix) ra v l n 
CO ham .so khac, do la 

fi r\ I i>ix) khi X G ^ 

I <^ix) k h i x G B , . J . : . . ! , ' 

v6i Avh. B la hai tap hdp thoa man . •, ., ; 

A^B, A[JB = R, AnB={xeD}\xl)ix)=-ipix)} " ' • ' ' 
J^hi do la bai toan rat kho, bat buoc ta phai t i m hifiu can tnic cua cac tap 
hdp A va B. Ban doc hay theo doi tiep bai toan 2.64 ngay sau day. 
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B a i toan 2.64 (De nghi t h i Olympic Toan Qu6c te -2001). Tim tat cd cdc 
ham so f : R —• M than man dic.u kie.n 

fixy) [fix) - /(y)] = {x- y)f{x)f{y), Vx, j/ € R. J^j;'"' (1) 

G i a i . Tit (1) cho y = 1 ditdc 

. ^ fix) [fix) - / ( I ) ] = ( X - 1 ) vx 6 R , 
^ / 2 ( x ) = x / ( x ) / ( l ) , V x e R . (2) 

Neu / ( I ) = 0 t h i t i l (2) suy ra fix) = 0, Vx e R. DS thay ham so nay thoa 
mail cac ycu can do bai. Ticp theo gia si't / ( I ) = C ^ 0. Tit (2) lay x = 0 
dUdc /(OJ = 0. Dat G = {x€ R|/(x) ^ 0}, khi do 0 ^ G. Theo (2) ta c6 

/(x) = / ( l ) x , V x £ G . 

Nhu the (1) chi dUdc thoa man b6i cac ham so c6 dang 

X r Cx, khi X e G ' /o-) 
/ W = \, k h i x ^ G . "̂̂ ^ 

Can xac dinh can t iuc ciia tap G sao cho ham so xac dinh boi (3) thoa (1). 
a) Neu X e G va y e G va X 7^ 2/ th i ham so xac dinh bdi (3) thoa man (1) 
khi va chi khi xy e G. That vay gia siir x e G va y e G va x ^ y. Neu ham 
s6 xac dinh h6i (3) thoa man (1), khi do 

, , fixy)[Cx-Cy] = ix-y)CxCy''"''^M''^° fixy) = Cxy^xy€G.'^ 

Neu xyeG via ham / xac dinh bdi (3), khi do 

fixy)[fix)-fiy)] = Cxy[Cx-Cy] = ix-y)fix)fiy), 

suy ra ham / thoa man (1) vdi nioi x G G vk y e G vh x ^ y. „ 
b) Neu ca x va y deu khong thuoc G th i /(x) = 0, /(y) = 0, do do ^ 

/ ( a : y ) [ / ( x ) - / ( y ) ] = ( x - y ) / ( x ) / ( y ) , 

suy ra ham / thoa man (1). 

c) N§u X e G va y ^ G t h i /(x) = 0, /(y) = Gy. Liic nay tir (1) suy ra 

v . /(xy) (0 - / ( y ) l = 0 ^ / ( x y ) = 0 ^ xy ^ G. 
d) Neu x ^G vhy e G t h i tuong t u nlut treu suy ra xy ^ G. Nhit vay ta c6 

•' ,. cac (lac t n t i i g ciia htun G nhu sau: g : •)( , .f. ^ 
n) Neu X e G t h i - € G. That vay, neu trai hi t h i theo r) suy ra 1 = x . - ^ G, 

X X 
mau thuan vdi 1 € G. i • > : x i ' 

1' 
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^) Neu X € G va y € G t h i xy G G. That vay, neu trdi lai t h i theo c), d) suy 

ra y = (a^y)-- ^ G, mau thuan. ( , j . . . . , j , , v .̂ , , ^ 

^) Neu X e G va y e G t h i - = X . - e G. 

Tom lai G la tap hap chiia 1, khong chiia 0, khep k in doi vdi phep nhan va 
phep chia. Ngiroc lai, ta se chiing minh rang neu tap G thoa man cac t inh 
chat noi tren t h i G thoa a) va thoa (:),d). Neu x G G t h i do G khep k in doi 

vdi phep chia va 1 G G nen - G G, do do t inh chat a) dudc thoa man, Neu 

X € G va y ^ G t h i xy ^ G, v i neu xy G G t h i y = — G G, mau thuan. Do 
X 

vay t inh khep k in doi vdi phep nhan va phep chia di i di dhc trUng hoan toan 
tap G va ta co Idi giai day du cua bai toan nhu sau: 

f(,,) _ / Cx, khi X G G 
1 0, k h i x ^ G , 

trong do C la mot hang so thuc bat k i , G la mot tap con ciia R khep kin doi 
vdi phep nhan va phep chia (nghia la nhom con cac so thuc khac khong doi 
vdi phep toan nhan). Luu y rang nghiem /(x) = 0, Vx G R la iJng vdi G = 0. 
L t f i i y. De thay ngay rang hai ham so /(x) = 0 , Vx G R va fix) = x, Vx G R 
thoa man (1). Tuy nhien viec t i m tat ca cac ham so thoa man (1) la rat kho 
khan. L5i giai tren cung cap cho ta mot so k i nang, tU duy can thiet de tiep 
can bp mon Ly thuyet nhom se dildc de cap d bac Dai hoc. 

2.1.8 Phi^dng t r i n h h a m vdi n h i e u an h a m j ^ , ; 

Doi vcii phUdng t r i n h ham chila cap bien tU do x, y va chira nhieu an ham, 
chang han hai an ham / va y, ta thudng phan l i bien so hoac cho y (hoac 
x) bang mot so nao do de bi§u dien ham / theo g, sau do thay vao phUdng 
trinh ham da cho de dua ve con mot an ham. ^ ;̂  .5̂ , [ 

B a i toan 2.65. Tim cdc ham S(5 / : R - 9 •• thoa man 

fix^ + 2y) + fix + y)= y(x + 2y), Vx, y G (1) 

G i a i . Nhan thay, neu cap ham (/; g) thoa man (1) t h i cap ham (/ + c; 5 + 2c) 
cung thoa man (1), do do co the gia sii: /(O) = 0. T i t (1) cho y = 0 ta dudc 
9ix) = fix) + /(x3), Vx G .R. Vay (1) t rd thanh , 0 * , .,1 ... 

^(x , y) : f i x ' + 2y) + /(x + y) = /(x + 2y) + / ((x + 2 y ) 3 ) , Vx, y G R. (2) 

Tiif (1) cho X = - y ta dudc /(2y - x/) = giy), \fy e R. Do do ^ ! ', : 

y(x + 2y) = / (2(x + 2y) - (x + 2y) ' ) , Vx, y € R. 
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T h a y vao (1) d a n t d i ' 1 

Q{x, y) : / ( x ^ + 2y) + f{x + y) = f {2{x + 2y) - {x + 2yf), Vx , y € R . (3) 

T a se c h i i n g i n i n h f(^ + ^ = / ( x ) , Vx € R. " (4) 

p{\,x-\\ f{x+h=f{{2xf) ; P ( 0 , : r ) ^ / ( a : ) = / ( ( 2 x ) ^ ) . 
V 2 y 2 

Vay (4) diWc c h i i n g m i n h . T i e p theo ch i ing m i n h f{x) = 0 , V i 6 [ 0 ; 1]. (5) 
X e l y e ( 0 ; 1]. T h U c h i e n Q{x, y - x) U dUdc 

/ ( x 3 - 2 x + 2 y ) + / ( y ) = / ( 2 ( 2 y - x ) - ( 2 2 / - x f ) , V x , y e M . (6) 

X e t p h i t d n g t r i n h 

x^-2x + 2y = 2{2y - x) - {2y - x)^ (7) 
^x^ =2y- (8y3 - I2y^x + Qyx^ - x^) ^ Sy^ - Uy^x + 6yx^ - 2y = 0 

1 - y2 
<=^42/2-6yx + 3 i 2 - l = 0 < ^ ( x - 2 / ) 2 = — ( 8 ) 

De t h a y r l , n g vd i y e ( 0 ; 1] t h i (8) , t i i c la (7) l u o n c6 n g h i e m . Vay v d i x la 
n g h i e m c i i a (8) t h i tit ( 6 ) suy r a f{y) = 0 , Vy € ( 0 ; 1], do do ( 5 ) d i ldc chu:ng 
m i n h . T i f (4) va (5) suy r a f{x) = 0 , Vx G R, do do ^ ( x ) = 0 , Vx e M . Vay cac 
h a m so t h o a m a n y e u cau de b a i la / ( x ) = c, Vx € E va g{x) = 2c, Vx G R, 
t r o n g do c la h a n g so t h u c t u y y. 
Lvtu y . N h a n xe t n e u cap h a m ( / ; g) t h o a m a n (1) t h i cap h a m ( / + c; ff + 2c) 
cung t h o a m a n (1 ) , t i f n h a n xe t nay t a c6 the g ia s i i / (O) = 0 . D a y la m o t k i 
t h u a t r a t hay, t a con siit d u n g k i t h u a t nay d bai t o a n 4.85 d t r a n g 505. 

B a i t o a n 2 .66 (Do t h i c h i n h t h i l c O l y m p i c 3 0 / 0 4 / 2 0 1 2 ) . Ttm tat cd cdc cap 
ham so f, g:R-^R thoa man diiu kien / (O) = 5 ( 0 ) = 1, 5 ( 1 ) = 2 m 

fix)-f{y)^ix-y)g{x + y).^x,y£R. (1) 

G i a i . TiT (1) cho y = - X va s i i d u n g y(0) = 1 t a ditdc 

fix) - / ( - x ) = 2x, Vx G R. (2) 
• ,1 0 IV (>ri'i i'l 

T r o n g (1) t h a y x b d i x + 1 va t h a y y b d i x dUdc 

/ ( x + l ) - / ( x ) = f l ( 2 x + l ) , V x G R . (3) 

T r o n g (1) t h a y x b d i x + 1 va t h a y y b d i - x dirdc 

/ ( x + l ) - / ( - x ) = 2(2x + l ) , V x 6 R . (4) 
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T i i 
T i ~ i 

T i r (2) va (4) suy r a : / ( x + 1) + 2x - / ( x ) = 2(2x + 1), Vx e R. , , 5 , , - , ; , ( 5 ) 
T i r (5) va (3) suy ra : 

^ (2x + 1) = 2(2x + 1) - 2x, Vx G R 

•^gi2x + 1) = 2x + 2, Vx G R - ( 

<s=!>5(x) = x + l , V X G R . ... ,v (6) 

T h a y y = 0 vao (1) va s i i d u n g (6) t a ditdc 

/ ( x ) = x g ( x ) + 1 = x ( x + 1) + 1 = + X + 1, Vx G R . 

Thiit la i t h a y cap h a m so ^ ( x ) = x + 1, Vx e R ; / ( x ) = x^ + x + 1, Vx G R 
thoa m a n cac you can do bai . 
L i f t i y . Txl (1) cho 2/ = 0 dUdc / ( x ) = xfi-(x) + 1, r d i t h a y vao (1) dan d i n 

^ ^ ( x ) - ygiy) = (x - y ) y ( x + y), Vx , y G R . 

Sau do sir d u n g bai t oan 2.327 d t r a n g 371, t u y nh ien each nay da i dong hdn . 

B a i t o a n 2 .67 (Po land Second Round-2012) . Tim tat cd cdc ham s6 f.g : 
R^R thoa man gif{x) - y) = f ( 9 ( 7 / ) ) + x. Vx , y e R. (1) 

G i a i . T i r (1) oho y = 0 t a dUdc: 5 ( / ( x ) ) = / ( f f ( 0 ) ) + x , Vx G R . (2) 

T i r (1) cho y = fix) t a dUdc: g{Q) = / ( ^ ( / ( x ) ) ) + x , Vx G R . ^ i . (3) 

T i r (2) va (3) t a c6 

/ ( / ( ^ ( O ) ) + x ) =^-x + giO) ^ fix) = -x + a (vd i a l a m p t h a n g so). 

T h a y / ( x ) = n - x t r d la i (1) r u t r a 

gi-x-y + a) = ~giy) + a + x,yx,yGR. ' ' (4) 

Cho X = - y vao (4) r u t r a : i .,, , 

gia) = a + X - gi-x) =^ y ( x ) =̂  - x + 6 (vdi 6 la m o t h a n g so). 

T l i a y f,g t i m dUdc d t r c n vao (1) dUdc 

- [ - X - 2 / + a] + 6 = - ( - 2 / + 6) + a + X , Vx , y G R 

<t4-x + y - a + 6 = y + x + o - 6, V x , y G R. ' ' 

% ^ « = 6 . D o d o ' " ' . . 

fix) = a-x, Vx G R va y ( x ) = a - x , Vx G R (a l a hang so) . 
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B a i t o a n 2 .68 (Po land F ina ls 2011, Day 2 ) . Tim cdc ham f,g -.R-^R thoa 
man 

i : • f{x)f{y) = g{x)g{y)+9{x)+g{y), \/x,y € R. : - (1) 

G i a i . oat/i(x) = 3(a;) + 1, thay vao (1) dUdc 

' f{x)f{y) = hix)hiy)-l, ^x,yeR. 

Chox = y vao (2) dUdc: h'^{x) - p{x) = 1, Vx G M. 

(2) 

(3) 

D a t r{x) = h{x) + f{x). Txl (3) suy r a r{x) ^ 0 va h{x) - f{x) = V i the 

V^"^>^^ Hx) = l[rix) + ^].afix) = l[rix)-^] 

T h a y t r d la i vao (2) t a t h u di ldc 

r{x) - iy) -r{x)\ '''' r{y)\ 
r{x) + 

.̂̂ ^ ^ 2 r ( x ) ^ 2riy) [r{x) - rjy)]' 

•{y) + r (x )J [ r{y)_ 
- 4 

N h u vay r{x) l a h a m h l n g . D o do 

1 f l\ 
fix) = 7; C - - , V X G R ; ff(a;) 

= 0 r ( x ) = r ( y ) , Vx, y G 

^ ( c + ^ | - l , V . G R . (4) 

Thi'r l a i : T h a y (4) vao (1) dUdc 

1 1 \ T2 1 \ 
+ I c + -

n 1 O 1 / 1 \ 
<f4>ĉ  - 2 + - ; r = c ^ + 2 + ^ - 4 c + - + 4 + 4 

i\(iiri a ' f / . - iH. .̂ r, ^ ^ 

- 2 

/ 1 \ 
c + - - 8 ( dung ) . 

vay / va la n h u l i g h a m hang xac d i n h b t i i (4), t r o n g do c la hang s6 khac 
khong . 

B a i t o a n 2 .69 (De ngh i t h i IMO-2011 ) . Tim tdt cd cdc ham so f,g:R-*R 
thoa man 

9{f{x + y)) = f{x) + {2x + y)g{y),\fx,yeR. (1) 

G i a i . G i a sut ha i h a m / va g t h o a m a n cac you can do ba i . T r o n g (1) t h a y y 
bd i -2x t a dUdc: g {f{-x)) = f{x), Vx G R. (2) 
D o (2) nen (1) t r 6 t h a n h : f{-x - y) = f{x) + {2x + y)giy), Vx. y G M. (3) 
Tiit (1) thay x b d i y va thay y b d i x t a dudc 

5 {fix + y)) = fiy) + (2y + x)g{x), Vx, y &R. (4) 

Lay (1) t r i r (4) theo ve t a dUdc ••; 'Ui fq ' l ' i l i . i^W. » 

fix) - fiy) = (2y + x)g{x) - (2x + y)g{y), Vx, y G R. (5) 

T r ong (5) l l i n lUdt lay (x; y) = (x; 0) , (x; y) = ( 1 ; x ) , (x; y) = (0; 1 ) t a dUdc 

fix) - /(O) = x y ( x ) - 2xy (0 ) , Vx G M. * " 1.,; -

/ ( l ) - / ( x ) = ( 2 x + l ) 5 ( l ) - ( x + 2 )5 ( x ) , V X G R . ' ' (7) 

, '.vii, ,1,T.,£ «)io:i- Ir.i-
Cong (6) va (7) t a dUdc 

/ ( I ) - /(O) = - 2 y ( x ) - 2xy (0 ) + (2x + 1 ) 5 ( 1 ) , Vx G R. ( 8 ) 

T t t ( 8 ) suy r a h a m g c6 dang y ( x ) = Ax + B, Vx G M, vd i A va D la hang s6. 

D a t C = /(O). T r o n g (3) thay (x; y) bd i (0; - y ) t a dUdc 

/(y ) = < ^ - r a ( - y ) , V y G K , , 

^ / ( y ) = C - y ( - ^ y + S ) , Vy G K , 

=>/(x) = ylx^ - B x + C, Vx G R. (9) 

^ = 0 
>l = 1. Thay (9) vao (2) va so sanh he so c i ia x^ d ha i ve t a diTdc = A <^ 

• Neu A = Q t h i y ( x ) = D, / (x ) = -Dx + C, thay vao (2) dUdc 

B = -Bx + C, Vx G R, , i f 

do do 5 = C = 0, suy r a / (x ) = 0, .(7(x) = 0. Thijf la i thay thoa m a n . 
• Neu A = 1 t h i gix) = x + B, f{x) = x^ - S x + C, thay vao (2) dUdc 

x^ + Bx + C + B = x^ ~ Bx + C, Vx G R , , ^|, 5 , , . , ; 

hay 2i?x + B = 0, Vx G R, ngh ia la B = 0. Vay / (x ) EE x^ + C, y ( x ) = x . 
Thi ' t la i t h a y t h o a m a n . 
K e t luan : / (x ) = 0 va y ( x ) = 0 ; / (x ) EE x^ + C va y ( x ) = x. 

2 .1 .9 C a c b a i t o a n t6ng h d p mt' ^ v t y t 1 i 

B a i t o a n 2 .70 . Tim tat cd cdc ham so f : (0; + 0 0 ) —> (0; + 0 0 ) thoa man 

/ ( x y ) / ( x + y) = 1, V x , y G ( 0 ; + c » ) . (1) 

G i a i . T i t (1) cho ( x ; y ) = (2; 2) t a dUdc /(4) = 1. 

T i t (1) thay y bd i ^ t a ditdc: / ^ x + = 1, Vx G (0; + 0 0 ) . ' ^ (2) 

TCt (1) t h a y y l )di 4 - x t a dUdc: / (x[4 - x] ) = 1, Vx G (0; 4), (3) 
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• Neu X > 4 thi phifOng tr inh (an y > 0): x = y + - luon c6 nghiem, nghia 
2/ 

4 / 4N do (2) 
la ten tai y > 0 sao cho x = y + dan tdi f{x) = f y + - ] = 1. 

y \
• Neu 0 < X < 4 thi phiTOng trinh (an y > 0): x = y{4 - y) luon c6 nghiem, 
nghia la tQn tai y > 0 sao cho x = y{4 — y), dan t6i f{x) = / {y[4 - y]) == ^ 1. 
Vay fix) = 1, Vx G (0; +oo). T h i i lai thay thoa man. 

B a i toan 2.71. Tim tdt ca cac ham so f : (0;+oo) —> (0;+oo) thoa man 
dw.u kini: f (:/• + y) + f (.;;»/) = x + y + xy. V.;;, y e (0; +oo). (1) 

G i a i . Trong (1) thay (x;y) = (2; 2) t a dUdc / ( 4 ) + / (4 ) = 8 <^ / ( 4 ) = 4. 
Trong (1) Ian hrot thay (x; y) = (1; 1), (:/;; y) = (2; 1), (x; y) = (3; 1) ta diWc 

f / ( 2 ) + / ( l ) = 3 • [mm. 
Do / ( 4 ) = 4 neu / ( 3 ) = 3, / ( 2 ) = 2, / ( I ) = 1. T i l (1) \ky (x; y) = (^i; | 

( t , i ] = i + Vt > 0. (2) 

1 
V i ham so p(<) = ( + - , vdi « > 0 c6 tap gia t r i la [2; + 0 0 ) nen t i t (2) suy ra 

/ ( x ) ==x, Vx > 2. (3) 

Trong (1) lay y = 2 ta dudc: / (x + 2) + / (2x) = 3x + 2, Vx > 0. (4) 
Do (3) nen / (x + 2) = x + 2, Vx > 0. Vay thay vao (4) dUdc 

/ ( 2 x ) = 2x, Vx > 0. (5) 

Trong (5) thay x b6i | ta dUdc / ( x ) = x, Vx > 0. (6) 

Thi't lai thfty ham so xac dinh bdi (6) thoa man cac yeu cflu de bai. Do do c6 
duy nhat mot ham s6 thoa man cac yeu cau bai toan la / (x) = x, Vx > 0. 

B a i toan 2.72. Tim tdt ca cac ham so / : K —> R thoa man dieu kien 

f {x' - y) + 2y [3/2(x) + y^] = / (y + / ( x ) ) , Vx, y € R. (1) 

G i a i . Thay y ^ x^ vao (1) t a dUdc ^ ; : 

/ (0) + 2x3 ^ 3 ^ 2 + x«] = / (x^ + fix)), Vx e R. (2) 

Thay y = - / ( x ) vao (1) ta ditdc 

/ {x^ + fix)) - 2 / (x ) [3/2(x) + f\x)] = / (0), Vx e 

^ / {x^ + fix)) = 8/^(x) + /(O), Vx e R. 

Ti t (2) va (3) suy ra ^ , . J , M 

/ (0) + 2x3 ^ 3 ^ 2 ^ ,,.6J ^ ^ ^(0)^ y,^ g J5 

<:̂ x3 [3 /^(x) + x«] = 4 /3 (x) , Vx e R 

<^ [ / ( x ) - x^] [4/2(x) + / ( x ) x 3 + x^] = 0, Vx e R. 

Trong (4) lay x = 0 ta ditdc /(O) = 0. Vdi mpi x 7̂  0 th i 

(3) 

(4) 

4/2 (x) + / ( x ) x 3 + x« = 2 / ( x ) + -
-31 2 6 

16 

Vay t i t (4) suy ra fix) = x^,\/x € R. T h i i lai thay thoa man. Vay c6 duy 
nhat mot ham so thoa man yeu cau de bai la / ( x ) = x3 ,Vx e R. 

B a i toan 2.73. Tim tat ca cac ham so / : R —> R thoa man go/f i 

/ (n^) = fim + n)fin-m)+ I T ? . Mm, n 6 R. 

G i a i . Trong (1), thay (m; n) = (0;0), ta dUdc /(O) = [/(O)]^ <^ 

Trong (1), thay (m;n) = (2; 2). ta ditdc 

/ ( 4 ) = / ( 4 ) / ( 0 ) + 4 = > / ( 0 ) ^ l ^ / ( 0 ) = 0. 

(1) 

m = 0 
L / ( o ) = i . 

Trong (1), thay (m; n) ^ ( i ; t) va siV dung /(O) = 0, ta dUdc 
j< l̂;i3 .<>; u 1,0;"; 

(2) 

not 

/ (<2^ = t^^ V/, € R 

>/(x) = x , Vx > 0. 

Trong (1), thay n = 0, m = t > 0, ta ditdc 

fiO) = fit)fi-t) + t\Mt>0 
=^tfi-t) = -t^, V<> 0 

= > / ( - i ) = - i , V O O ^.^) V 

=>/(x) = X , Vx < 0. 

T i t (2) va (3) suy ra fix) ^ x, Vx e R, t h i i l ^ i thay thoa man. 

B a i toan 2.74 (Albania Team Selection Test 2013). Tim tat ca cac ham so 
/ : R R thoa man ^ . 

/ ( x ^ ) + / ( y 3 ) = (x + y ) [ / (x2) + / (y2 ) - / ( x y ) ] , Vx, y € R. (1) 

(3) 
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G i a i . K i h i $ u P{u, v) chi viec t h a y i bcii u, t h a y y b d i v vao (1 ) . 

P { ^ , ^ ) ^ fi-x) = -f{x),\/xeR. V (2) 

P{Q, 0) / (O) = 0; P{x, 0) ^ / ( x ^ ) = x / ( x 2 ) , £ M . (3) 

Sil d u n g (3) t a b ien do i (1) tra t h a n h ..,,,.,1.1 

+ = a ; / ( y 2 ) + 2 / / ( x 2 ) , V x , y e E . (4) 

T r o n g (3) t h a y x hd\ t a d U d c / ( - x ^ ) = -xf{x'^), Vx € M . D o do 

, T j . „ i . i : ^ / ( - x ) = -fix), Vx e R. 

T i r (4) lay y = 1 t a daoc: (x + l ) / ( x ) = x / ( l ) 4- / ( x ^ ) , Vx G R. (5) 
TCr (4) lay y ^ - 1 va sft d u n g (2) t a dmc , 

( x - l ) ( - / ( x ) ) = x / ( l ) - / ( x 2 ) , Vx G R. (6) 

Cong (5) va (6) t a t h u d U d c 2 / ( x ) = 2 / ( l ) x , Vx G E . Vay / ( x ) = cx, Vx G K 
(c la hang so). Thi 'r l a i t h a y t h o a m a n . 

B a i t o a n 2 .75 . Tim tat cd cdc. ham 5 0 / : R M thoa man 

x^f{x)+y^f{y)-{x + y)f{xy) = {x-y)^fix + y),yx,yem. (1) 

G i a i . K i hi§u P{u, v) chi viec t h a y x hdi u, t h a y y hdi v vko (1) . D a t a = / ( I ) . 

; P ( 1, 0) =^ / ( 1 ) - / (O) = / ( 1 ) =^ / (O) = 0. 

: ' • P{x,-x)=^x'^f{x)+x^f{-x) = 0, yxeR. 

Suy r a / ( x ) + / ( - x ) = 0, Vx / 0. K e t hop vdi / (O) = 0 t a d i w c 

fi-x) = -fix), Vx G R. (2) 

T h i l c h i en r ( x , 1) , P ( x + 1, - 1 ) va s i i d u n g (2) t a d U d c 

: - ' x 2 / W + a - ( ^ + l ) / W = ( a : - l ) V ( ^ + l ) , V x G R . (3) 

(.r + l ) ' ^ / ( . r + 1) - « + x / ( x 4-1) = (x + 2 ) 2 / ( x ) , Vx G R. (4) 

/o^ ' U - f ( x 2 - X - l ) / ( x ) - ( x - l ) 2 / ( x + l ) = - a ^ , 
T M 3 ) v a ( 4 ) t a c o h e : | [ ^ ^ 2 ) V ( x ) - ( x ^ + 3 x + l ) / ( x + l ) = - a . -

D = 
x2 - X - 1 - ( x - 1)2 

(x + 2)2 - (.T2 + 3x + 1) 

DR.) 

( x - l ) 2 
a (x^ + 3x + 1) = 5ax. 

D o do / ( x ) = = flx. T l n i l a i t h a y h a m so / ( x ) = ax , Vx G R (o. l a 

hang so t u y y ) t h o a m a n cac yeu c l u de b a i . ' ' 

B a i t o a n 2 .76 ( H S G Qu6c gia-2013) . Tim tat cd cdc ham so f B 
thoa man / (O ) = 0, / ( I ) = 2013 vd 

ix-y) [f ifix)) - f if^y))] = [fix) - fiy)] [fix) - f\y)], yx,y e 

G i a i . T i r (1) cho y = 0 t a d U d c xf ( / ^ ( x ) ) = / ^ ( x ) , Vx € R. Suy r a 

T h a y (2) vao (1) , suy r a vd i m g i x 7^ 0 va y 0 t a c6 

[/'(^) fHy) 

(1) 

(2) 

ix-y) = [fix)-fiy)\) 
X y 

y X 

.xfiy) ^ , yf\x) 
- fix)f\y) + - fiy) fix) = 0 

y X 
<=^x2/3(y) - x y / ( x ) / 2 ( y ) + y 2 / ^ ( x ) - x y / ( y ) / 2 ( x ) - 0 ^ 

^ [:^/(y) - y/(:i-)l [2^/'(j/) - yf^x)] = 0. (3) 

T i t (3) cho y = 1. t a d U d c : [2013x - fix)] [2Q\-i^x - / ^ ( x ) ] = 0 , Vx ^ 0. (4) 
T i t (4) suy r a fix) = 2013x, Vx < 0. B d i vay, tOr (3) cho y = - 1 t a d U d c 

[-2013X + fix)] [20132x + / 2 ( x ) ] = 0, Vx ^ 0. ' ' ' ' (5) 

T i t (5) suy r a / ( x ) = 2013x, Vx > 0. N h i t vay / ( x ) = 2013x, Vx G R. Tlu ' t 
l a i t h a y t h o a m a n . V a y c6 d u y n h a t m o t h a m so t h o a m a n yeu cau de b a i la 

; v / ( x ) = 2013x, Vx G R. vv, , 'v"-

B a i t o a n 2 .77 ( U k r a i n e N a t i o n a l M a t h e m a t i c a l O l y m p i a d 2009 ; A r g e n t i n a 
Team Select ion Test 2010) . Tim tat ca cdc ham so / : R R , thoa man diSu 

kien: f ix + xy + fiy)) = fix) + -^ / ( . ) + 2 , Vx , y G R. (1) 

G i a i . N e u / la h a m hang , / ( x ) = c, Vx G R t h i t h a y vao (1) , t a d U d c 

c = 2 y <=>c = c2 + c + i < ^ c 2 4 - ^ = 0 (vo 11). 

Vay / khoMg the la h a m hftng. K i h ieu Pin, v) ch i viec t h a y x b 6 i u va t h a y 
y hdi V vao (1) . 

P ( x , - l ) ^ / ( / ( - l ) ) = / ( x ) + 2 / ( - I ) 4-5 Vx G (2) 



Neu / ( - I ) 7^ th i t i f (2) suy ra / la ham hang, v6 l i . Vay / ( - I ) = 

/ 1 
t i t (2) suy r a / ( / ( - l ) ) = 0, / = 0 . 

• • ' C I = I 
\ 

/ ( 0 ) + 2 

/(0)^-2 
1 

(3) 

f 5') 

(4) 

/ i \
Thirc hien P{x,0), ta ditdc / + 3 j = J^^'-^^ '^2'^^^ ^' 

Neu k la so khac - 1 sao clio f{k) = - - . 

" " ^ " ' P{x, k) ^ f (^{k + l)x - 0 = 0, Vx e R. 

Do ham so g{x) = (fc + l ) x - i Vx e R co tap gia t r i la R nen tiJC (4) suy ra 

1 

/ la ham hang, vo l i . Do d(3 - 1 la so duy nhat sao cho / ( - I ) = - - . Ttf (3) 

Do do: P ( - l , y) => / ( / (y ) - y - 1) = 0. Boi vay, vdi mgi y e R, ta c6 

f = / ( / (y ) - y - 1) - ^ = / ( / ( y ) - y - i - ^) = / ( / ( y ) - ^ - ^ ) • 
Suy ra f{y) - y - - = - 1 , Vy G R. Hay / ( x ) = x + - , Vx e R. T h i i lai thay 

2 
thoa man. 

B a i toan 2.78. Tim cdc ham so / : R R thoa man 

/ / ( y + / W ) j = f{x + y) + f{x) + y, Vx ,y 

G i a i . IVong (1) tliay y hdi f{y) ta dildc 

/ ( / ( y ) + /(• '•)) I = / ( x + / ( y ) ) + fix) + / ( y ) , Vx,y e 

Trong (1) thay x bdi y va thay y boi / ( x ) ta ditdc 

/ ( / ( 2 : ) + / ( y ) ) J =f{y + f{x))+f{y) + f{x), Vx,y 

(1) 

(2) 

(3) 

Tif (2) va (3) suy ra 

/(.-r + / ( y ) ) = / ( y + / ( x ) ) , Vx,y e 

v 
/ ( ^ + / ( y ) ) = / / ( y + / ( 2 : ) ) 

\ 
, Vx, y € 

do 

(1) 
fix + y)+ fiy) + X = / ( x + y) + / ( x ) + y, Vx, y € 

^fiy) + x = fix) + y, V x , y e R 

^fiy)-y = fix)-x, V x , y G R 

<(=;.fix) - X = C, Vx, y 6 R (C la hang so) 

<i^/(x) = X + C, Vx G R. 

1 ('l 'V, 

'• ;!; • 

(4) 

ThiJt lai thay rAng ham sfi xac dinh bcii (4) khSng thoa man (1) v6i moi hang 
so C. Vay khong co liam so nao thoa man cac yeu cau dg bai. 

B a i toan 2.79 (Czech-Slovak-2011). Tim cdc. ham so f xdc dmh tren (0; + 0 0 ) , 
nhan gid tri trony (0; + 0 0 ) vd thoa man 

fix) fiy) = fiy)f ( x / ( y ) ) + —^ Vx, y G (0; + 0 0 ) . 
xy 

(1) 

Gia i . Trong (1) thay (x; y) bdi ( - ; ta dUdc 
\x yj 1 ,=/'{ V.,. 

v-'J \yJ \yj V-'- yyJJ 
+ xy, Vx,y G ( 0 ; + 0 0 ) . (2) 

Dat / = g{x). T i f (2) ta c6 / M ^ . U ' J + 

•gtiosV 

yix)g{y) = y(y)y 

Tir (3) thay x bdi xgiij) ta ditdc 

i ; ( y ) / 
+ xy, Vx, y G (0; + 0 0 ) . (3) 

9 ixgiy)) giy) = giy)gix) + xygiy), Vx, y G (0; + 0 0 ) 

ixgiy)) = yix) + xy, Vx, y G (0; + 0 0 ) (do giy) > 0). 

Ti t (4) cho X = 1 ta dUdc: g (^(y)) = 3(1) + y, Vy G (0; + 0 0 ) . 

(4) thay x bdi <7(x) ta ditdc: _ , ! -

9 i9ix)9iy)) = 9 igix)) + gix)y, Vx, y G (0; + 0 0 ) . 

(4) 

(5) 

(6) 
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Tir (6) va (5) suy ra: g {g(x)g{y)) = g{\) + x + g{x)y, V i , y € (0; +oo). (7) 

Ti f (7) thay X bdi y va thay y bdi X ta dUdc i * 

9{9{x)g{y))=g{l) + y + g(y)x,^x,y€i0;+oo). (8) 

T i t (7) va (8) suy ra 

X + g{x)y = y + g{y)x, Vx, y € (0; +oo) 
<!4. [5(x) - 1] y = - 1] X, Vx, 2/e (0;+oo) :-; 

X y 

••• • =^5(x) = 1 + C x , V x e (0;+oo). (9) 

Thay ham g t\X (9) van (3) t a diWc 

(1 + Cx) (1 + Cy) = (1 + Cy) ^ 1 + ^ ^ - j ^ ^ + xy, Vx, y € (0; +oo). (10) 

TCr (10) cho X = y = 1 t a duoc 

(1 + C )2 = (1 + C) 

+ + = 1 , ^ . 

Do g{x) = 1 4- Cx > 0, Vx e (0; +oo) nen t a chi lay C = 1. Vay .i7(x) = 1 + x, 

suy ra /(x) = 1 + - , Vx e (0; +oo). Thi't lai thay thoa man. 

B a i t o a n 2.80. Tim cdc ham so f : (0; +oo) —^ (0; +oo) va thoa man: 

f{r!l)f{yz)f{zx)f{x + y)f(y + z)S{z + x) = 2013, Vx, y, z > 0. (1) 

G i a i . Trong (1), cho x = y = 2 = « > 0 ditdc [f{t^)f{2t)]^ = 2013, Vt > 0 
hay 

" /(«2)/(20 = v/2013, Vi > 0. (2) 

T i t (1) lay (x;y; z) = ( i ; t; 1) dUrtc fit^)f\t)f(2t)f{t+l) = 2013, Vf > 0.(3) 
Thay (2) vao (3) duoc: P{t)p{t + 1) = v^S, Vi > 0, suy ra 

,, , ,, f{t)f{t + 1) = v ' ^ , Vi > 0 (do /(i) > 0). (4) 

Trong (4) thay i bdi i + 1 ta duoc: / ( i + l ) / ( i + 2) = v^2013, Vi > 0. (5) 
T i f ( 5 ) v a ( 4 ) s u y r a : / ( i ) = / ( i + 2), V i > 0 . (6) 
Trong (1) lay 2 = 1 t a duoc 

, f{xy)f{y)f{x)f(x + y)f{y + l ) / (x + 1) = 2013, Vx, y > 0. (7) 
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T i t (7) va (4) suy ra: f{xy)f{x + y) = ^^2013, Vx, y > 0. ,. rvi- x-:- (g) 
Trong (8) l i n ktdt lay y = 2, y = 4 ta duOc • 

/(2x)/(x + 2) = v^2013, Vx > 0 (9) 

/(4x)/(x + 4) = •^2013, Vx > 0. ^'' ^ ' (10) 

T i t (9), (10), (G) suy ra: / (2 i ) =/ (4x ) , Vx > 0. Hay: v i , ' " ' 

/ ( T ) = / (2X ) , V X > 0 . ' ,'• " (11) 

Tit (11) va (9) suy ra: .f{x)f{x + 2) = ^^2013, Vx > 0. .'. .̂ ,„ (12) 
T i t (12) va (6) suy ra: [/(x)]^ = ,j4oi3, Vx > 0. Do do: " ' ' 

/(x) = v/2013, Vx > 0 (do /(x) > 0). 

Tlu't lai thay ham so /(x) = v^2013, Vx > 0 thoa man yeu cau de bai. ' •<"' 
L i f u y. 
• Tit (13), t i r n hanli tttdng tU nhu d bai toan 2.70 cung thu dUdc ket qua. 
• Ttfdng ttt, ta giai ditdc bai toan tOng quat sau: 

B a i t o a n 2.81. Cho a > 0. Tim tat cd cdc ham s6 f : (0;+oo) (0;+oc) 

vd thoa man drni kien: jQ / (x ,Xj ) / (xj 4- X j ) = a, Vx > 0. 
i>j;i,j=l 

D a p so. Co (hiy nhSt l iani so thoa man do bai la ham hang /(x) = a " ( " ' " . 

Ba i t o a n 2.82 (Brazil National Olympiad 2010). Tim tat cd cdc ham so 

f :R -*R thoa man : vdi a vd b la hai so vd ti thi f{ab) = f{a + b). 

Gia i . Gia st't ;• la so v6 t i ditdng, khi do >/? ^ Q, - \ / r ^ Q. Do do 

/(-'•) = /((-v^).vA^) = /(v/f - v^) = /(O). 
Suy ra f(x) = /(O), Vx ^ Q, x < 0. (1) 

Vdi r la so vo t i diTdng, t a c6 f{r) = f{{-^/T•).i-^/T•)) = / ( - 2 ^ ) / ( O ) . 
D o d 6 / ( x ) = / ( 0 ) , V x ^ Q , x > 0 . (2) 
T i t ( l ) v a ( 2 ) s u y r a / ( x ) = / ( 0 ) , V x ^ Q , x ^ O . (3) 
Gia Slit ^ e Q, ^ / 0. K h i do ^ - ^ 2 ^ Q va - 2 ^ Q. Do do 

/(O = / (v/2 + (̂  - ^2 ) ) = / ( v ^ ( ^ - y 2 ) ) =/(v/2^-2)'*°=i'^/(0). 

Nhuvay/ ( x ) = / ( 0 ) , V x e Q , xy^O. , (4) 
Tir (3) va (4) suy ra /(x) = /(G), Vx e M. Do do /(x) = C, Vx e M (C la 
h i i i g so, t i i y y) . T h i i lai thay thoa man. 
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B a i t o a n 2 . 8 3 . Tim tat cd cdc ham / : R — M thoa man 

xf(y) + yf{x) = {x + y)fix)f{y),Wx^y€R. (1) 

G i a i . T r o n g (1) cho x = y = 1 t a duoc 2/(1) = 2 [/( l ) ] 2 <^ [ -f j } j I ° 

• X e t t r u d n g h o p / ( I ) = 0. C h o y = 1 vao (1) t a dxMc f{x) = 0, V . T e R . 

• X e t t r i r d n g h o p / ( I ) = 1- C h o y = 1 t a duoc 

•v'̂ ^ a; + / ( x ) = (x + l ) / ( x ) x / ( i ) = X . 

Suy r a v 6 i m o i i / 0 t a c6 / ( x ) = 1. K e t hop ca h a i trilcJng h o p t a c6 

; fix) = 0, Vx e M va fix) = { J ; ito, h a n g s6 t u y y. 

T a k i e m t a cac h a m so nay c6 t h o a m a n hay khSng ? De t h a y h a m / ( x ) = 0 

t h o a m a n (1). Bay gib t a x e t 

/ W = { J ; k h i x i o . « l a h a n g s 6 t u y y . 

K h i xj^Qvhy:^ 0, t a t h a y / ( x ) t h o a (1). K h i x = 0 va y = 0, t a c6 

X/(?y) + y / ( x ) = 0 va (x + 7 y ) / ( x ) / ( y ) = 0, 

vay / ( x ) thoa (1). K h i x = 0 va y 7̂  0, t a c6 , : , 

xfiy) + yfi'-) = ay va (.;: + y ) / ( x ) / ( y ) = ay, 

vay / (x> t h o a (1). K l i i a: / 0 va y = 0, t a c6 ' ' ' ' 

X / " ( y ) + y / ( x ) = ax va (x + y ) / ( x ) / ( y ) = ax , 

vay fix) t h o a (1). 

B a i t o a n 2 .84 . Tim tat cd cdc ham so /•: R - » M thoa man / ( O ) = 0 TO 

' ^ \ 2xy / 2xy 

G i a i . K i h i ? u v) c h i viec t h a y x b d i u va t h a y y b o i u vao (1). 

' • p ( i , i ) = ^ / ( i ) = / ( i ) 2 ^ / ( i ) e {0.1}. 

• N l u / ( I ) = 0 t h i Pix.x) Vx ̂  0, suy ra / ( x ) = 0, Vx ^ 0, ket 

hop v<-)i / ( O ) = 0 suy r a / ( x ) = 0, Vx G R . T i u i lai t l i a y / ( x ) EE 0 t l i o a m a n . 

• X e t / ( I ) 7^ 0. P ( X , . T ) 
/ ( x ) ^ 

= 1 , Vx ̂  0, suy r a /(x ) 2 = x ^ Vx # 0. 

K e t l i d p v d i / ( O ) = 0 suy ra / ( x ) ^ = x^^ Vx G R . H a y vdi n i o i x e R t h i 
/ ( x ) = X hoac fix) = ~x. D o d o (1) t r d t h a i i h 

(x' + y'\^ + y^ ^ 
^ - 2 ^ ' ^ ^ 0 - (2) / V 2xy 

D o x^ + y^ > 2 |xy| nen tCr (2) suy ra / ( x ) = x v d i m o i x t h o a m a n |x| > 1 
Vay 

f(^\^fx k h i X G ( - 0 0 ; - 1 ] U ( 1 ; + 0 0 ) 
•^^^^-1 y ( x ) x k h i x € ( - l ; l ) , 

v d i g la h a m so xac d i n h t r e n ( - 1 ; 1), c6 t a p gia t r i la { - 1 ; 1} , t u y y. Thi ' t 
l a i : v d i h a m / xac d i n h n h u t r e n t h i / ( O ) = 0 va v d i m o i x 7̂  0, y 7̂  0 t a c6 

\a.v / 

/ 

x^ + y^ 

2xy 2xy ' 2xy 2xy 

fix)'' + /(y)2 
, Vx 7̂  0, y 7̂  0, suy r a h a m / xac d i n h 

2xy J 2xy 

nhir t r e n thoa m a n cac y e n cau de ba i . 
Ke t huin: cac- h a m so thoa m a n ycu cau do bai la / ( x ) = 0, Vx G R va 

f ( , . ) - { x khi x G ( - o o ; - l ] u [ l ; + o o ) 
^^•'^^-1 <7(x)x k h i x G ( - l ; l ) , :H,>; n,> . 

v d i y la l i a m .so xac d i n h t r e n ( - 1 ; 1), cd t a p gia t r i la { - 1 ; 1} , t u y y. 

B a i t o a n 2 .85 ( A u s t r i a Federal C o m p e t i t i o n For A d v a n c e d Students , P a r t 
2, 2013). Cho sS nguycn k. Tim tat cd cdc ham 5 0 / : R ^ R thoa man 
/ ( O ) = 0 vd 

fix^y") = xyfix)fiy), Vx, y ^ 0. (1) 

G i a i . K i liiCni Piv, v) ch i viec t l i a y x bdi u va t h a y y b d i 1; vao (1 ) . 

/ ^ ( l , l ) = ^ / ( l ) = [ / ( l ) ] ^ ^ [ } | ; j = J | : . | , 

P ( - l , - l ) ^ / ( l ) = [/( - l ) ] ' -^ . , ' ' 

P ( l , - 1 ) => / ( ( - 1 ) ^ ) = - / ( ! ) / ( - ! ) = -[fi-l)f. 

Fix, x ) =• / ( x 2 ^ ) = [x/(x ) ] 2 , Vx 0. •)•• ' 

P ( x , 1) ^ fix'') = x / ( x ) / ( i ) , Vx ̂  0. ; ' ' 

(2) 

(3) 

(4) 

T r i f d n g hdp 1 : A; la so \c, k = 2n + l,neZ. 
• K h i / ( I ) 0, t i r ( 5 ) suy ra /(x^) = 0, Vx 5̂  0, hay / ( x ) = 0, Vx 7̂  0. T h u 



l a i t hay hau i so / (x ) = 0 , \/xeR t hoa man fac yen cftu de- ba i . 
• K h i / ( I ) = 1, t i t (3) t a c o 

/((_i)'=) = -/ ( - i ) ' "^ 'V ( - i ) = -/ ( - i )^/ ( - i )=o - r ' • 

T h a y vao (2) t a d U d c / ( I ) = 0, m a u t h u a n v d i / ( I ) = 1. 

Tr t f dng hdp 2 : k \h so cl i f tn. A; = 2m, m € Z . 

. K h i / ( I ) = 0, tit (5) suy r a = 0, V x . ^ 0, do do f{x) = 0, Vx > 0. Vd i 

mo i X < 0, t a C O 0 = f{x^')' [ . X / ( , T ) ] 2 ^ /(.r) = 0, Vx < 0. Vay " 

/ (x ) = 0, Vx e M. 

• K h i / ( I ) = 1. T h a y vao (5), t a ditdc /(x*^) = x / ( x ) , Vx ^ 0. Do do , .̂ ,̂1 

' /(xS/-) = / ( ( x y ) ^ ) = x.v/(x.i/). Vx, ?y 7̂  0 

_ / ( , x ^ / ) ' ' ' = \ x : v / ( x ) / ( y ) , V x , ? / ^ 0 ; _ V' 

=>x/y/(xy) = x///(x)/(//), Vx-, // 0 ? ' 

= / ( . T ) / ( y ) . V x , y ^ O . 

r t « 

( i I t ' l l u,>: 

(6) 

Ne i l t o n t a i u ^ 0 sao cho / ( « ) = 0 t h i / ( I ) = / 
/ 1 \ 

= / ( " ) / 
/ 1 \ 

= 0, 

den dav t a gap m a n t h u a n , do do vd i x^O t h i /(x) / 0. Vdi mo i x 7̂  0, t a 

C O x/(x) = /(x^) = / (x.x^- ') ""^•^'/(x)./ (x^-) / (x'^O = X . Vay: 

J, ^ , . ^ V x 7 ^ 0 . (7) 

Do / ( I ) = 1 va A- chSn nfm t i r (3) suy ra / ( - I ) = - 1 . 
/ _ J _ \ (7) _ L _ 

o Vdi x>n, t a c o / ( x ) - / ( ( x ^ - > ) 1 = x^->. 

o Vd i X < 0, t a C O , . :> 

/(x) = / ( ^ - ( ( - x ) ^ ) j =̂  j = - ( - x ) ^ -

(8). 
l i X > 0 , , . , 
l i .;: = 0 (A; \k so nguyen chan j . 

- ( - x ) ^ k h i x < 0 

T h u la i ; G ia siif / l a h a m so xac d i u h bd i (8). K h i do /(O) ^ 0. 

o Vdi X > 0 va 1/ > 0 t i n : 

• ' ' / {r'y') = / {{xyf) = {{xy)')'^ = ( x y ) ^ . 

xyf{x)f{y) = x y x * - i y * ~ i = x y k ' ' ' = {xy)i^.r: 

Vay (1) diroc t hoa m a n . 
o Vdi X < 0 va 2/ < 0 t h i : 

/ (x'y') = f (ixy) (xyf 

xyf{x)f{y) = xy{-x)i'-^{-y)''-' = ( - x j - ^ - i ( - y ) f c^ = (xij)'^. 

Vay (1) duldc thoa m a n . 
o Vdi X > 0 va y < 0 t h i : 

/ ( x V ) f { -x, )^ 
r.\o ( - x y ) * ' > 0 

{{-xy)') = {-xy)''^', 

xyf{x)J'{y) = - X 2 / x * ~ i = ( - y ) f c - i = ( - x y ) * ^ , 

Vay (1) dUdc thoa m a n . 

o Vdi X < 0 va ?7 > 0, t i t ong t\t n h u t r en thay r f ing (1) diroc t hoa m a n . 

Tom la i h a m so xac d i n h bd i (8) thoa m a n cac yeu can de ba i . 

K i t l u a n : neu k la so nguyen le t h i c6 d u y nha t m o t h a m so thoa m a n yen 

cau de bai la / (x ) = 0 , Vx G M ; neu k la so nguyen chfin t h i c6 ha i h a m so 

thoa m a n cac y eu cau de ba i l a 

{ x * - - i k h i X > 0 

0 ^ k h i x = 0 
-{-x)T^ k h i X < 0. • ' 

B a i t o a n 2 . 86 (Morocco Na t i ona l O l y m p i a d 2011, Day 2 ) . Tim tat cd cac 
ham s6 f : R —> R thoa man ,. , , 

x / ( x + xy) = xf{x) + f{x^)f{y), Vx, y e R. (1) 

G i a i . K i h ieu P{v., v) ch i viec thay x bd i v. va thay y bd i v vao (1). Ta cd 

P (0 ,0 ) => /(O) = 0. Ngu / ( I ) = 0 t h i x - 1) fix) = 0, Vx G M, t h i i la i 

thay thoa m a n . T i e p theo g ia sir / ( I ) = a 7̂  0. Neu a ^ 1 t h i vd i n G N ' t a 
C O 

P ( ] , n) =^f{n + 1) = n .+ af{n) f{n + 1) + 
a - 1 

;= a fin) + 
a - I J 

>f{n) + 
a - 1 / ( I ) a - I J 

= („+ -iL^) _ ^ . vn G N * . (2) 
\ - 1 / a - 1 a - 1 
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Vdi m va n thuoc N*, thuc hien F ( m , n) va sii dung (2) ta d\Mc 

mf{rn +mn) = mf{m) + f{w?)f{n) • - i 

a - 1 ~ a - 1 a - 1 ' o - l 
m(a" '+ ' " "+ ' - 0 " ^ + ^ ) _ (a" ' '+ ' - a)(a"+^ - «) \

^ 7 7 1 ( 0 ™ + ' " " + ! - a '"+i)(a - 1) = (a'" +1 - a)(a"+i - a) 

^ m a ' " + H a ' " " - l ) ( a - 1) = a^ia^"" - l ) ( a " - 1) ' 
^ m a " ' - i ( a " ™ - l ) ( a - l ) = ( a ' " ' - l ) ( a " - l ) , V n , m e N * . (3) 

Tir (3) lay m = n = 2 ta dUdc * 

2a(a^ - l ) ( a - 1) = {a* - l ) (a^ - 1) '^"'^^ 2a = a + l-^a = l (mau thuan). 

V?Ly a = 1, nghia l a / ( I ) = 1. 

p{i,x) / ( x + 1 ) = f{x) + 1 , V i e M . ( 4 ) 

T i l (4) suy ra / ( n + 1) = / ( n ) + 1, Vn e N, do do day so / (O), / ( I ) , / ( 2 ) , 
/ (3) , . . . lap thanh mot cap so cong c6 cong sai d = 1, so hang dau /(O) = 0, 
do do / ( n ) = n, Vn G N. TiT (4) ta suy ra 

fix + n) = fix) + V, Vx G K, Vn G N. ( 5 ) 

Do do 0 - /(O) = / ( - I 4-1) = / ( - I ) + 1 / ( - I ) = - 1 - V i the nen 

P(a-, - 1 ) ^ 0 = x / ( x ) + / ( x 2 ) / ( - l ) =^ / ( x 2 ) = x / ( x ) , Vx G R. (6) 

Thay (6) vao (1) ta diioc f - . ' 

x / ( x + xy) = xfix) [1 + fiy)] = xfix)fiy + 1), Vx, y G R 
^xf (x(y + 1)) = xfix)fiy + 1), Vx, y G R 
<=^/(x(y + l ) ) = / ( x ) / ( y + l ) , V x , y G R 
^fixy) = fix)fiy), Vx, y G R. (7) 

Do (7) nen (6) tvd thanh: / ( x ) [/(x) - x] = 0, Vx G R. (8) 
Neu ton tai x 7^ 0 sao cho / ( x ) = 0 t h i theo (4) ta c6 / ( x +1 ) = 1, do do theo 
(8) dttoc / ( x + 1) = X + 1, suy ra X + 1 = 1 X = 0, mau t h u l n . Vay t\l (8) 
ta CO fix) = X, Vx 7^ 0, ket hop v6i /(O) = 0 dUdc / ( x ) = x, Vx G R. Thiit lai 
thay thoa man. Cac ham so thoa man yeu cau de bai la / ( x ) = 0, / ( x ) = x. 

B a i toan 2.87. Tim tat cd cdc ham / : R R thoa man 

fifix - y)) = fix) - fiy) + fix)fiy) - xy, Vx, y G R. (1) 

m 

G i a i . Dat / ( O ) = a. Thay x = y vao (1) ta diTdc ' . n 1 v f r ,, ; 

/ ( « ) = [ / ( X ) ] 2 - X 2 , V X G R . ' '•' (2) 

Thay x = 0 vao (2) ta ducJc / (a ) = a .̂ Tiep tuc thay x = a vao (2) ta d U d c 
fia) = [ / ( « ) ] ' - « ' • T i i d o a2 = a^-a^ =^ aHa^-2) = 0 ^ = Q h o S c = 2. 
Thay x = a, y = 0 vao (1) ta d U d c 

fifia)) = fia)-a + afia)=a^+a'^-a. 

Thay x = / ( a ) vao (2) ta d U d c / ( a ) = [ / ( / (a) ]^ - [ / (a)]2. Suy ra 

De thay = 0 thoa man (a^ + - o)^ = a'' + a .̂ Con neu = 2 t h i thay 
vao (a^ + - a)^ = a"* + a^ ta dUdc: 

(a^ - a + 2)2 ^ 6 ^ [aia' - 1) + 2]^ = 6 ' ° " = ' = \  +  2)^ 
=^a2 + 4a + 4 = 6=>4a = 0 ^ a = : 0 (man thuan). ' (,'•. 

Vay /(O) = 0. Do do tft (1) lay y = 0 ta c6 / ( / ( x ) ) = / ( x ) , V x G R . Bdi vay 
(1) trd thanh: / ( x - y) = / ( x ) - / ( y ) + / ( x ) / ( y ) - xy, Vx, y G R . (3) 
Thay x = 0 vao (3) d U d c / ( - y ) = - / ( y ) , V y G R , vay / la ham le. T\i (2) c6 

[fix)? = x' 
fix) = x vD'va^' 
fix) = -X. 

Nhan xet rllng neu c6 x ma / ( x ) = 0 t h i x^ = [/(x)]^ = 0 ^ x = 0. Vay 
/ ( x ) =: 0 <^ X = 0. Gia sii CO X ^ 0 ma / ( x ) = - x . K h i do r » 

fi-x) = fifix)) = / ( x ) => - / ( x ) = / ( x ) fix) = 0 =^ X = 0 (v6 l i ) . 

Vay v6i moi x ta c6 / ( x ) = x. Do la ham so duy nhat thoa man bai toan. 

B a i toan 2.88. Tim tat cd cdc ham / : R R thoa man 

fifix) -y)= fix) - fiy) + fix) fiy) - xy, Vx, y G R. (1) 

Hifdng d i n . Dat /(O) = a. Thay y = 0 vao (1) ta dUdc 

/ ( / W ) = / ( x ) - a + a / ( x ) , V x G R , (2) 

Thay y = fix) vao (1) ta dUdc ' " r : , H 

« = / ( 2 : ) - fifix)) + / ( x ) . / ( / ( x ) ) - x / ( x ) , V x G R. W 
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T r o i i g (2) t h a y x = 0 t a durtc /(a) = a - a + = a^. T r o n g (1) thay a: = 0 

va y = /(O) = a t a dudc 

a^a-f{a) + af{a)^0^ f(a)[a-l] 

a = 1 do /(a)=a2 
/ ( « ) = 0 ^ 

ffl = 1 . 
a2 = 0 ^ 

a = 1 
a = 0. 

Vdi a = 0, thay vao (2) t a d i td r /(/(.•;•)) = /(./O.V.T € R. K e t hdp vd i (3) t a 

di ldc fix) = X ( thoa m a n ) . Vd i a = 1 thay vao (2) t a dUdc 

/(/(:r) ) = 2 / ( x ) - l , V x e M . • x ; 

K e t hdp vd i (3) t a ditdc / (x ) = ^ x + 1 (khong thoa m a n ) . Vay r o d u n g m o t 

h a m so thoa m a n de ba i la / (x ) = x , V x G M. -

B a i t o a n 2 .89 . Tim tat cd cdc ham so /; R R thoa man diiu kien 

" / (/(x) + y) = / + y) + x/ ( y ) - xy - x+ l,\fx,y&R. ( l ) 

G i a i . T i i (1) cho y = 0 t a dUdr / (/(x)) = / (x ) + x/ (0 ) - x + 1, Vx € R . (2) 

T r ong (2) cho x = 0 t a diWc: / (/(O)) = / (0) + 1. (3) 

T i r (1) thay y bd i f{y) t a dUdc 

' / ( / ( x ) + / ( y ) ) = / ( x + /(2/)) + x / ( / ( y ) ) - x / ( y ) - x + l , V x , j / e R . (4) 

T h a y (1). (2) vao (4) dUdc - : 

f{f{x) + f{y)) 

' = / (x + y) + yf{x) - x y - y + 1 + X [/ (y) + y/ (0 ) - y + 1] - x/ ( y ) - x + 1 

: =/ {x + y) + yf{x) + xy/ (0 ) - 2xy - y + 2. 

Vay / (fix) + f{y)) = J (x + y) + y/ ( x ) + j ry/ (0 ) - 2xy - y + 2, Vx, y € R . (5 ) 

T r o n g (5) hoan v i x va y t a dUdc 

/ (/(x) + / (y ) ) - / (x + y) + x/ ( y ) + xy/ (0 ) - 2xy - x + 2, Vx, y G R. (6) 

Ta (5) va (6) suy ra : y / ( x ) - x/ ( y ) - y + x = 0, Vx, y G R. (7) 

T r o n g (7) lay ( x ; y ) = (0; 1) ditdc /(O) - 1 = 0 ^ /(O) = 1. T i l (3) suy ra 

/(/(O)) = 2. T i t (7) t h a y y = /(O) va s i i dung /(O) = L /(/(O)) = 2 t a dUdc 

fix) - 2x - 1 + X =. 0, Vx G R 

' =^/(.7;) = x + l , V X G R . 

V a y / ( x ) = X + 1, Vx G R. Thiit la i thay thoa m a n . 
C a c h k h a c ( t i ep n 6 i tCf ( 7 ) ) . T i t (7) lay y = 1 dUdc 

fix) - x / ( l ) - 1 + x = 0 ^ fix) = (/( I ) - l ) x + 1 =^ fix) = ax + l , V x G R. 

T h a y fix) = f ix + 1, Vx 6 R vao (1) t a dUdr 

a (rtx + 1 + y) + 1 = tt(x + y) + 1 + x (ay + 1) - x y - x + 1, Vx, y 6 R 

-^a^x + n + fty + 1 = nx + ay + 1 + nxy + x - x y - x + 1. Vx, y e R 

.^a'^x + a = ax + axy - x y + 1, Vx, y G R. 

Lay X = 0 t a ditdc- a = 1. Vay fix) = x + 1, Vx G R. T h i i la i thay thoa m a n . 

B a i t o a n 2 .90 . Tim tat cd cdc ham / : R —> R thoa man 

fifi^ + y)) = fix + y) + / (x )/ (y ) - xy, Vx. y G R. (1) 

G i a i . Ro rang / k h o n g pha i la h a m hang. T rong (1) lay y = 0 t a di ldc 

/ ( / ( x ) ) = [ l + / ( 0 ) ] / ( x ) , V x G R . , „ (2) 

T i r (2) thay x bd i x + y t a ditdc ' '• ' ' 

[1 + / (0 ) ] / ( x + y) = / ifix + y ) ) = fix + y) + / ( x ) / ( y ) - x y , Vx, y G M 

=^/(0)/(x + y) = / ( x ) / ( y ) - x y , V x , y G R . _ (3) 

T i r (3) cho y = 1 dUdc: / (0 )/ ( x + 1) = / ( x ) / ( l ) - x , V x G R. , , , . (4) 

T i r (3) thay y = - 1 va thay x bd i x + 1 ditdc 4 ' ' ' ' ' 

/ (0 )/ (x ) = / ( x + ! ) / ( - ! ) + X + 1 , V X G R . MI;.,. (5) 

• Neu /(O) = 0 t h i t i r (4) suy r a / ( x ) / ( l ) = x , V x G R, dan t d i / ( I ) ^ 0 va 

fix) = ax. T h a y vao (3) dUdc a^xy = xyyx,y G R. Lay x = y = 1 dan t d i 

a = ± L Thi i f l a i t h a y c l i i c6 / (x ) = x thoa m a n (1). 

. Xe t /(O) ^ 0. T i r (4) r u t ra / ( x + 1) = -̂ "̂"̂ Îpj ~ thay vao (5) dudc 

/ (0 )/ (x ) = Ml^ll^fi-l) + X + 1, Vx G R 

<^ [fiO) - /(!)./•(- 1)] fix) = [/(O) - / ( - l ) l x + / (0 ) ,Vx G R. (6) 

T i r (5) lay X = 0 dUdc fiO) = / ( l ) / ( - l ) + 1, kk hdp vd i (6) suy r a kgt qua 

fix) = ax + h. Vx G R. T h a y vao (1) dUdc , - T ^ ff)\\ ,,.,,.„ , 

a \aix + y) + b] + b = « ( x + y) + b + (ox + b) (ay + b) ^ xy, Vx, y G R 

<^a [o(x + y) + h]= a ( x + y) + (ax + 6) (ay + 6) - xy , Vx, y G R. (7) 

T i r (7) cho X = y = 0 dirdc ab = b^. M a b = /(O) ^ 0 nen suy r a a = h, l i ic 
nay (7) t r d t h a n l i 

a [a(x + y) + a] = a ( x + y) + (ax + a.) (ay + a) - xy , Vx, y G R. (8) 

T i r (8) cho X = 1 va y = 0 t a dUdc 2a'^ = a + 2a'^ a = 0, suy r a / (x ) = 0, 

khong thoa m a n . \%y co d u y n h a t m o t h a m so thoa m a n y c u cau dc ba i la 
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B a i t o a n 2 .91 . Tim tat cd cdc ham / : M - » K thoa man 

f{x^+xy + f{y))=f\x) + xf{y) + y,yx,ye^. " (1) 

G i a i . K i h i e i i P{x\ la phep the bp (x; y) vao ph i t ong t r i n h h a m (1) . T a c6 

P{x-0) : / (x^ + /(O)) = f{x) + x/ (0 ) , Vx € K. (2) 

F ( - x ; 0) : / (x^ + /(O)) = f\-x) - x/ (0 ) , Vx G R. (3) 

T i r (2) va (3) suy ra : / ^ ( - x ) - f{x) = 2x/ (0 ) , Vx G R. . ,y __(4) 
T a la i CP: , 

: » , P (0; y) : / (/(y)) = /'(O) + Vy G R. ( 5 ) 

P{-v\ •• f (/(y)) = fi-y) - yfiy) + y , Vy G R . 

^f\-y) - yfiy) + y = + y, Vy G R 

= ^ / ' ( - y ) - y / ( y ) = / ' ( 0 ) , V y G R . ( 6 ) 

Tfr (6) thay y hdi - y va ket hdp vd i (6) t a dUdc j . , 

/ ' ( - y ) - y / ( 2 / ) = /'(j/) + y / ( - y ) , V y G R . (7) 

T i r (7) va (4) suy ra : x / ( - x ) + x / ( i ) = 2x/ (0 ) , Vx G R. D P do: 

• ' ' '' fi-x) + fix) = 2/(0) , Vx G R. (8) 

T i t (7) t a c6: x / ( x ) + x / ( - x ) = / ^ ( - x ) - /^ (x ) , Vx G R. D o do: 

,„ , , „ X [fix) + fi-x)] = ifi-x) + fix)] ifi-x) - fix)], Vx G R. .(9) 

T h a y (8) vao (9) dUdc: 2/(0 )x = 2/(0) [/ ( -x ) - fix)], Vx G R. Hay: 

2/(0) ifi-x) - fix) - x] = 0, Vx G R. (10) 

• T r i rdng hdp 1: /(O) = 0. Tit (8) va (6) t a c6: 

' {/(5^)lr : '/ (x? ^ = ^ ' ( - ) ' ^ (11) 

D P /(O) = 0 neu thep (5) suy ra / (/ ( x ) ) = x , Vx G R. V i the n§u t o n 

t a i a ^ 0 sao cho /(a) = 0 t i n a = f (/(a)) = /(O) = 0, m a u t h u a n . Vay 

fix) 7̂  0, Vx 7^ 0. K e t hdp v6 i (11) t a dUdc / (x ) = x , Vx G R. 

• T r u d n g hdp 2: /(O) ̂  0. TCr (10) suy ra fi-x) = / ( x ) + x , Vx G R. T h a y 

vao (8) dan don: / (x ) + x + / (x ) = 2/(O), Vx G R. Hay: 

/ ( x ) - - | + a , V X G R (a = /(0) ) . (12) 
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Thay (12) vao (1) dudc: 

(x'^ + xy + a - ^ ) , / y x 

2 ^ = ( « - 2 J + ^ ( " " f J + 2 / , V x , y G R . (13) 

X i t (13) lay X = y = 2 d u d r 

a - = (a - 1)^ + 2 (a - 1) + 2 ^ 2a2 - a + 9 = 0 (v6 I f ) . 

Vay / ( i ) = Vx G R la h a m so d n y nha t thoa m a n rac yen r a n de ba i . 

B a i t o a n 2 .92 (HSG Quoc gia-2007). Cho h Id mot so thuc duang. Tim tat 
cd cdc ham / : R —• R thoa man 

fix + y)=2.'"^!^y^-'fix) + h^ , V x , y G 

G i a i . T i r g ia t h i e t OP / ( X + y) + b^+y = 3''"+f^y^~^{fix) + 6^], Vx, y G R. (1) 

ChP y = 0 t a n h a n dndo: / (x ) + = 3^(" ' [/(x) + 6^], Vx, y G R. (2) 

T i t (1) suy ra , neu /(O) ^ 0 t h i / (x ) = -b"". Bay gic), t a xe t t rUdng hdp 

/(O) = 0. K l i i do, I r o n g (1) Ian lud t cho x = 0, y = - x t a ditdc v.. ^ 

fiy) + by = r+^^y^-\ + b' = 3-'-'-f(-^^+'. 

D O do: fix) + i)^ + / ( - x ) + b'"" = 2, Vx G R . ^ ' ' '/ (3) 
Trong (1) , t a la i oho y = x t h i ditdc ' ' 

/ ( 2 . T ) + 6 2 - = 3 ' ' ' +^ (^ ) - ' [ / (X) + 6" ] =̂  [/(x) + 6^]2, V X G R . (4) 

Trong (4), t h a y x bd i - x ro i cpng cong t h i i c t h u dUdc vd i (4) thep ve t a dUdc 

/ (2x ) + b'^ + fi-2x) + b-''' = [fix) + + + i,-x ]2^ ^ ^ 

Do dp: [fix) + h^Y + [/(-•^) + '^"1^ = 2, Vx G R . (5) 
Ke t hdp (3) va (5) , t a op / (x ) + ¥ = fix) = 1 - 6^. D § t hay ha i h a m 

fix) = b\x G R va fix) = 1 - 6^, Vx G R 

f^PU t hpa m a n d^ ba i va dp la t a t oa oao ngh iem oua ph i tdng t r i n h da chp. 

B M t o a n 2 .93 ( IMO -2010 ) . Tim tat cd cdc ham / : R — R thoa man 

/ ( [ x ] y ) = / (x ) [ / ( y ) ) , V x , y G R . (1) 

^ (Idy [a] dncfc ky hieu Id so nqv,ye.n Idn nhdt nho hdn hoac bknq a. 
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G i a i . C h o y = 0, t a durtc: /(()) = fix).[f{0)], Vx 6 M . (2) 

• N e u [/(O)] ^ 0 t h i / ( x ) = = Vx e K , v d i c b a t k y va [c] / 0 (thiif 

l a i t h a y t h o a m a n ) . 
• X e t [/(O)] = 0, k h i d o tiJ (2) dan den /(O) = 0. T i r (1) cho y = 1 dUdc 

/ ( N ) = / ( x ) [ / ( I ) ] , V x e M . , ... (3) 

( i ) = o 
:/ ( ! ) ] = 1-

T f t (3) cho X = 1 di tdc : / ( l ) = / ( I ) [/(I) ] ^ 

o K h i / ( I ) = 0. T i t (1) cho x = 1 t a dudc f{y) = 0, Vt/ € R, hay / ( x ) = 0, 

tlnir la i t h a y t h o a m a n . 

o K h i [/( I ) ] = 1 . T f t (3) t a c6: / ( [ . T ] ) = / ( x ) , Vx G R. (4) 

V d i X G [0; 1), t i t (4) Kiiy ra / ( x ) = /(O) = 0. T i t (1) cho j/ = - t a dUdc 

= 0, Vx e E . (5) 

T i i (5) cho X = 2 dUdc / ( I ) = 0, m a u t h u l n v d i [/( I ) ] = 1 . 
T o m la i t a t ca cac h a m t h o a m a n (1) la 

/(:,•) = Vx G M ( v d i c ba t k y va [c] ̂  0) va / ( x ) = 0, Vx G R. 
\c]' 

B a i t o a n 2 .94 . Tim tat cd cdc ham so f : (0; + o o ) - 4 (0; + o o ) thoa man 

G i a i . R6 r a n g / ( x ) = 1 t h o a m a n (1) . T i e p theo gia siir 3a > 0 : /(a) 7̂  1 . Su 
d u n g (1) t a di tdc 

[/(„))/(-«) ^ f^„^y) = Ifianf''^ = [f{a)f'^^^y\^x,y > 0 

^ / ( x y ) = / ( x ) / ( y ) , V x , y > 0 . (2) 

Yd\ > 0, y > n, t i ep tuc sit d u n g (1) t a dUdc 

, [fia)f^^"^=f{a^+y)'''^'^f{a^)fiay) 

fiv) _ 

(3) 

T i t (2) t a CO / ( I ) = = 1- T i t (3) va b a n g p h i t d n g p h a p q u y 
n a p suy r a / ( n ) = n . V n G N ' . D o do v d i n G N ' , m G N * t a c6 

Suy ra : / ( x + y) = f{x) + / ( y ) , Vx , y > 0. 
i l o / ( l ) > 0 

m 
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Vay f{^) = -f- Vx G Q . X > 0. T a se c l u i n g m i n h / ( x ) = x , Vx > 0. G i a sit 
3x > 0 ; fix) ^ X. N e u fix) < X t h i 3r G Q sao cho / ( x ) < r < x. K h i do 

/ ( x ) = / (•/• + (x - r )) ''°=i'' /(,•) + - •,•) = r + f{x ^ •,•) > ,• 

„iau t h u a n v d i / ( x ) < x . N e u / ( x ) > x t h i 3r G Q : x < r < / ( . T ) . K h i do 

r = / ( r ) = / (X + ( r - x ) ) ' ' °= i " / ( x ) + / ( r - x ) > / ( x ) , ^ 

niau t h u a n v d i /• < fix). Vay / ( x ) = x, t h u la i t h a y d i i n g . Cac h a m so thoa 
m a n yen cau dc bai la: / ( x ) = 1 , Vx > 0 ; / ( x ) = x , Vx > 0. ^ 

B a i t o a n 2 . 9 5 . Tim tat cd cdc ham so / : R —• R thoa man 

fix)fiyfix) - 1) = x^fiy) - fix), V x , y G R. v.c ; (1) 

G i a i . Do t h a y fix) = 0 t h o a m a n cac yeu can de b a i . T i e p theo g ia sit 
fix) / 0. tii'c la t o n ta i « e R sao cho / ( M ) 7̂  0. K i hieu Piu, v) ch i vice t h a y 
bp (x;,/;) b d i bo ( H ; V) v;io (1) . 1) => / ( I ) / ( / ( I ) - 1) = 0 va t o n t a i v sao 
cho fir) = 0. r ( r . » ) =^ r V ( " ) = () =^ j ; = 0. Vay / ( x ) = 0 x = 0. T i t day 
ta c f m g cd / ( l ) = 1, / ' ( I , x ) => fix - 1) = / ( x ) - 1 , Vx G R. K e t l i d p v d i (1) 
dUdc fix) If iyfix)) - 1] = x'fiy) - / ( x ) , Vx, y G R, hay 

/(•'•)/(y/(x)) = x ^ / ( y ) , V x , y G R . . i ' . J h • (2) 

K i h icu (') c h i vice t h a y .;• bdi u va t h a y y b d i v vao (2 ) . V d i x 7̂  0 t h i 

Qix. X) =^ / ( x ) / ( x / ( x ) ) = x'fix) ^ f ( x / ( x ) ) = x ^ Vx 7̂  0. (3) 

Qix, 1) fix)fifix)) = x\x G R. (4) 

Qix, y + 1) / ( x ) / ( y / ( x ) + fix)) = x'fiy) + x^, Vx , y G R. 

^./•(•'•)/(y./X.') + /(:/•)) = fi-r)f iyfix)) + fix)f ifix)), Vx G R. (5) 

Vdi z > 0, t i t (3) suy ra t o n t a i x sao cho / ( x ) = z va ket h d p v d i (5) di fdc 

fiyz + = fiyz) + fiz), \/z > 0, Vy G R 

=>./•(•'• + y) = + / ( y ) , Vx > 0, Vy G R. i " ' ' i " (6) 

T i t (G) cho y = -X t a di tdc / ( x ) + / ( - x ) = 0, Vx > 0, fix day va /(O) = 0 de 
dang suy r a / ( - x ) = - / ( x ) , Vx € R. T h i f c h ien Q ( x + 1,1) t a ditdc 

+ 1] / (/(x) + 1) = x'-̂  + 2x + 1 =^ / ifix)) + / ( x ) = 2x, Vx G R. (7) 

Tu: (7) va (4) dan t d i [/(./•) - xf ^ 0, Vx G R hay / ( x ) = x , Vx € R . T h i i l ^ i 

*'ay cac h a m so t h o a m a n y e u cau de bai la j " 

fix) = 0, Vx G R va fix) = X, V x € M . , 
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B a i toan 2.96 (Olympic Toan Chau A Thai Binh DitOng nam 2010). Tim 
tat cd cdc ham so / : K -> K thoa man: vdi moi so thuc x„ y, z, ta c6 

I (fix) + f{y) + m) = / (fix) - f{y)) + f {2xy + fiz)) + 2f{xz - yz). (1) 

G i a i . K i hieu P{u,v,w) chi viec thay x b6i u, thay y bcii v, thay z hd\
vao phUdng t r inh ham (1). De thay neu / la ham hang th i t£t (1) suy ra 
f{x) = 0, V.T 6 M. Tiep theo gia sii / khong phai la ham hang. 
Bvldc 1: Chiing minh /(O) = 0. • 
BvCdc 1.1. Chiing minh: neu f{zi) = f{z2) th i /(xzi) = f{xz2), V i e M. Dat 
« = / ( 2 l ) = /(^2). 

Pix, 0, 2 i ) ^ / {fix) + f{Q) + fl) - / (fix) - /(O)) + / ( « ) + 2f{xzi). 
P{x, 0, Z2) ^ / (fix) + /(O) + a) = f (fix) - /(O)) + f{a) + 2f{xz2). 

Suy ra 2 / ( i z i ) - = 2/(1^2), Va: e R. Hay f{xzi) = f{xz2), Vx € R. 
B\idc 1.2. Chiing minh / la ham chan tren M, tiic la / ( - x ) = / ( x ) , Vx 6 E. 
Do / khong phai la ham hang nen ton tai x 7^ y sao cho / ( x ) - f{y) = bj^O. 

P{x, y, 0) => / ( / ( x ) + fiy) + /(O)) = f{b) + f{2xy + /(O)) + 2 / (0) . 

P{y^ X, 0) ^ / ( / ( x ) + f{y) + /(O)) = / ( - 6 ) + / ( 2 x y + /(O)) + 2 / (0) . 

Suy ra f{-b) = f{b). TCr day, siX dung kot qua da cluing minh ci h\xdc 1.1, 
my ra f{bx) = f{-bx), Vx £ R. Hay / ( - x ) = / ( x ) , Vx 6 R (do 6 ^ 0). 
Btfdc 1.3. Cluing minh: / ( r i ) = /(22) => 21 = ±^2. Gia sii / ( z i ) = f{z2). 

P{xz2,yzi,l)^ f{f{xz2) + f{yzi)+ /{!)) 
= fifixz2) - f{yz,)) + f{2xyz^z2 + / ( I ) ) + 2/(xz2 - 2/2i). 

P{xZuyZ2, 1) ^ / ( / ( . T - - l ) + I{UZ2) + / ( I ) ) 

= / ( / ( i ^ i ) - f{yz2)) + fi2xyziZ2 + / ( I ) ) + 2 / ( xz i - yz2). 

Tit day, ket hcJp vdi ket qua da chiing minh cl budc 1.1, ta thu dutdc 

f{xz2-yzi) = f{xzi-yz2),yx,yeR. , (2) 

Xet he (hai in doi vdi x va y): | - yzi = u j^g ^^^^ ^j^^j.^ ^ j ^ ^ ^ 

Neu zf 7^ 2 I t i l l vdi moi u, v, he luon c6 nghiem duy nhat va theo (2), ta c6 
/ ( j i ) = / ( f ) , \/u,v e R. Dieu nay mau thuan vdi sii kien / la ham hang. Do 
do zf = z^. 

BvCdc 1.4. Chiing minh: /(O) = 0. Theo ket qua da cluing minh d budc 1.2, 
ta C O / ( I ) = / ( - ! ) . 

/ ( 1 , 1 , 0 ) => / ( 2 / ( l ) + /(O)) = / ( 2 + /(O)) + 3/(0) 
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/ ( I , - 1 , 0 ) ^ / ( 2 / ( l ) + /(O)) = / ( - 2 + /(O)) + 3/(0) 
= ^ / ( 2 + / (0 ) ) = / ( - 2 + / (0 ) ) 

B\Jtdc 2: Chiing minh: / ( x ) = x^, Vx e R. t p , 

P(x , X, 0) ^ / ( 2 / ( x ) ) = /(2.x2), Vx 6 R. 

Sii dung ket qua da chiing minh d budc 1.3, ta dUdc: vdi moi x e R th i 
/ ( x ) = x^ hoac fix) = -x^. Gia sut Q 7̂  0, ta cluing minh / (Q ) ^ - a^ . Neu 
/ ( a ) = - a 2 t h i 

P ( Q , a , a ) ^ / ( - 3 a 2 ) = /(Q2) a2 = 3a2 ^ « - 0 

Den day ta gap mau thuan. Vay / ( a ) 7̂  -Q2. DO do fix) = x^, Vx € 
lai thay thoa man. 

Ket luan : cac ham so thoa man yeu cau de bai la : 

, ^ ^ , fix) = 0, Vx e R; fix) = x \x e R. , , , 

B a i toan 2.97. Tim tat cd cdc ham 50' / : R R thoa man 

fix^ + fiy)-y)=fHx),yx,yeR. 

T h i i 

(1) 

G i a i . Neu / la ham hang th i / ( x ) = 0, / ( x ) = 1. Gia sii / khong phai la 
ham hang, ta se chiing minh / ( x ) = x, Vx € R. T i i (1) cho 1/ x^ dUdc 

/ (fix')) = fix), Vx e R. (2) 

Gia sii ton tai yi € R, 2/2 € R, yi 2/2 sao cho a = /(7/1) - j / i > / ( y j ) -y2 = b. 
Khi do: / ( x ^ + a) = / ( x ^ + 6), Vx e R va / ( x ^ + a) = f ( / ( x ^ ) ) , Vx € R. 
Suy ra: / ( x + a) = / ( x + b) = f ( / (x ) ) , Vx > 0. (3) 
Dat m = max {a, 6}, khi do 

/ ( x ) = / ( ( x - 6 ) + 6 ) = / ( x + a - 6 ) , V x > m 

" =^ / (x ) = fix + T), Vx > m (vdi T = a - 6 > O) 

^ / ( x ) = fix + nT) , Vx > m (vdi 'u e N ' ) . 

C6 dinh yo > m. K h i do vdi moi u E R , ton tai XQ 6 R va n e N* sao cho 

" + M) - fiyo) =-xl-nT ^ • I- ^"» . r - - -

= / (yo) - yo -nT + xl = xl + fiyo + nT) - (yo + nT) 

^/(") = fixl + fiyo + nT) - (yo + nT)) = f\xo) > 0. 



Suy ra /(x) > 0, Vx € K. T i t (2) ta c6 

/ ^ ( x ) = / ^ ( - x ) ' " ' ^ 4 ^ ^ - ° / ( x ) = / ( - x ) , V x e 

Do / khong phai la ham hang nen ton tai ?• € K, s € M, r ^ s sao cho 

/ ( r ) > f{s) > 0. Chon yo = . K h i do 

; , : ? v + f{yo) - yo = + fi-yo) - i-yo) 

=>/ {r^ + filJo) - wo) = / (.s' + / ( - y o ) - (-?yo)) 

^ / 2 ( r ) = ^ / ( r ) = / ( s ) (mau thuan). 

Do (to / ( x ) - X = a, Vx e R hay / ( x ) = x + «, Vx e K. Tliay vao (1) dUdc 
a = 0. Vay c6 ba ham so thoa man cac yen cau de bai la 

/ ( x ) = 0, Vx € M ; / ( x ) = 1, Vx € K ; / ( i ) = a;, Vx 6 R. 
\. ' 

B a i t o a n 2.98. Cho a va h la cdc so thiCc khdc 0. Tim tat cd cdc ham so 
/ : K* —» R thoa man cdc dieu kitii sau: 

/ ( 2 x ) = a fix) + bx, Vx e M*. (1) 

/ ( x ) / ( y ) = / ( x y ) + / ( V x , y e (2) 

G i a i . Tit (1) suy ra / ( x ) ^ 0. T i t (2) thay x bdi y va thay y hdi x roi ket hcJp 

vdi (2) dirtJc / = / (̂ ĵ, Vx 7̂  0, y ^ 0. Suy ra / ( x ) = / Vx 7̂  0. 

T i t (2) cho y = 1 ditdc = 2/(1) ^ / ( I ) e { 0 , 2 } . Neu / ( I ) = 0 th i tir 
(2) cho y = 1 ditdc / ( x ) = 0, Vx 7̂  0, mau thuan. Vay / ( I ) = 2. T i t (2) thay 

(x; y) bdi (^2x; ^ ta dUdc: / ( 2 : ^ ) / = / ( x ) + / ( 4 x ) , Vx G R*. (3) 

T a c 6 / Q ] = / ( 2 ) " ^ ' * 2 « + 6ya . , 

/ ( 4 x ) = a / (2x) + 26x = a [a/(x) + bx] + 2bx = a'^f{x) + {ab + 2b)x. 

Mat khac theo (3) th i ' ' ' ' ' 

/ ( 4 x ) = / ( 2 x ) / ( \  -  f i x )  =  [a / (x) + bx] {2a + 6) - f{x) 

(4) 

h. .-<:„.: = {2a^ + ab-l) / ( x ) 4- {2ab + b%. 

T i t (4) va (5) suy ra: (a^ + a6 - l ) / ( x ) = (26 - a b - b^)x, Vx € R*. 
• Neu a'-̂  + a6 - 1 = 0 t h i t£t (6) suy ra 2b - ab - 6 .̂ Do do 

- 1 + 26 - 6̂  = 0 ^ - (6 - 1)2 = 0 <^ = (6 - 1)2. 

(5) 
(6) 
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Neu a = 6 - 1 th i : 2 6 - ( 6 - 1 ) 6 - 6 ^ = 0 <^ 36-26^ = 0 <T°6 = - = ^ a = - . 
2 2 o 

Ta c6: 

/ ( 2 x ) = l / ( x ) + ^ x , /(.x) = l / ( | ) + ̂ . , •, 

Suy ra / ( x ) = ^ / ( x ) + ^ + ^ =^ -^^^^ = x + ^ , Vx e R*. T h i i l ^ i thay 

diing. ; 
o Neu a = 1 - 6 th i 26 + (6 - 1)6 - 6̂  = 0 <^ 6 = 0, mau thuan. 

. 'Neu 0,2 + a6 - 1 7̂  0 th i / ( x ) = 
2b-ab- 62 

a2 + a6 - 1 X = te. Thay vao (1) dudc 

fx 
t^xy= txy+ —, V x , y € R * . 

y 
(7) 

Ti t (7) cho X = y = 1 ditdc t'^ = 2t t e {0, 2}. Neu t = 0 t h i mau thuan vdi 

/ ( x ) ^ 0. Neu t = 2 t h i (7) t rd thanh 2xy — , Vx, y e R*, v6 l i . 
y 
?\\ 

K i t luan: De bai toan c6 nghiem th i (a; 6) = - ; - , Mc d6 ham- so can t i m : 
V2 2J 

/ ( x ) = x + V x € R * . - T 
X 

B a i t o a n 2.99. Tim tat cd cdc ham so f : (0; +00) (0; +00) sao cho vdi 
moix,y thuoc {0;+00} ta c6: f{f{x) + x^ + 2y) = f{x) + x'^ + 2f{y). (1) 

G i a i . Viet phtldng t r inh ham (1) lai dudi dang: 

/ ( / ( x ) + x2 + 2y) - [fix) + x^ + 2y] = 2[ / (y) - y] , 

Dat hix) = fix) - X th i ta ditdc: / i ( / ( x ) + x2 + 2y) - 2/i(y). T i t do suy ra: 

/ i ( / ( x ) + x 2 + 2y) = / i ( / ( ^ ) + 2 2 + 2 y ) , V x , r € R . (2) 

Do / uhan gia t r i trong (0; +00) nen / ( x ) + x2 khong the la ham hang. Do 
(Jo phai ton tai XQ va zo sao cho / ( X Q ) + xg > /(zo) + zl. Dat 

T = / (xo) +xl- [/(20) + zl] > 0. ^ 

Khi do vdi X > / ( Z O ) + siJt dung (2) ta cd: 

/ i (x+T) = / i ( / (xo ) + x 2 +x - [ / ( 2 o ) + 2 o ' ] ) = h{fizo)+zl+x-lfizo)+zl]) = hix). 
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Tlic la h se la ham tuan hoan vdi chu ky T ke tir mot diSm nao do. Chu y 
la dieu nay cung se dung v6i mol so c6 dang S = f{x) + - [f{z) + z^] neu 
nhu S > 0. Bay gid ta xet x > f{zo) + zl va 

S = f{x + T) + {x + Tf-[f{x)+x''\ 
= h{x + T)+x + T+{x + Tf - [h{x) + a: + = T + + 2Tx. 

Nhu vay, moi gia t r i 5 > T + + 2T[/(2o) + zl] deu la chu ky cua h. Nhu 
mot he qua, neu a; - y > T + + 2T\f{zQ) + zl] thi /i(x) = h{y). Bay gid xet 

y bat ky. Ton tai -̂ € N* sao cho i + JtT - y > T + + 2T[/(2o) + ẑ ] • K h i 
do ta CO tlieo cat ket qua d tren: h{x) = h{x + kT) = h{y). Suy ra h la ham 
hang. T i i do f{x) = x + C. Thay vao phUdng trinh ban dau, ta dUdc: 

X + C + .T^ + 2y + C = .T + C + .x2 + 2(?; + C). 

Suy ra C = 0. 
Ket luan: f{x) = x la nghiem duy nhat ciia phUdng trinh ham. 
Lifu y. Day la mot dang phudng trinh ham c6 ky thuat giai kha la. 

2.2 Phifcfng phap tinh theo hai each 

2.2.1 Mot so \\in y. 

• Day la phirdng phap thudng dung khi giai phiTdng trinh ham va dUdc 
tieu hanh nhu sau: Ta tinh mot bieu thiic nao do theo hai each va deu 
CO chiia /(x), t\i day thu dUdc mot he phUdng trinh dg tim /(x). Ta se 
con gap lai ki thuat nay d bai toan 4.68 ci trang 492, bai toan 2.327 d 
trang 371, bai toan 2.330 6 trang 377. 

• Viec the cac gia tr i dac biet, the bien can c6 sU ke thiia, trong nhieu 
trudng hdp ta can tao ra mpt chu trinh. ChSng han bai toan 2.106 d 
trang 166. 

• De tinh theo hai each ta thudng chiing minh ham so can tim cong tinh: 

, " /(x + y ) = / ( x ) + /(y), Vx, yc^R. 

2.2.2 Cac bai toan minh hpa phiicJng phap. 

Bai toan 2.100. Ttm tat cd cac ham so / : R -» R thoa man diiu kien 

f{x^-y)=xf{x)-f{y), V x , y e R . (1) 

Giai. Trong (1) l iy x = y = 0, ta dUdc /(O) = -/(O) ^ /(O) = 0. ' f 
Trong (1), lay y = 0 dudc: f{x') = x/(x), Vx e R. , , , , , (2) 
TC( (1) va (2) suy ra: /(x^ - y) = /(x^) - /(y), Vx, y € R. * (3) 
Ti l (3) cho X = 0 dUdc /( -y) = -/ (y ) , Vy e R. Vay trong (3) thay y bdi - y 
dildc: > ,j[,< i p j i v i j j ; [. , • ' 

f{x^ + y) = f{x^) + f{y), V x , y e R ^ ̂  , . 

^/(x + y) = /(x)+/(y) , V x > 0 , y € R . ' ' (4) 

V6i X < 0 ta CO - x > 0. S\t dung (4) dildc 
f{y) = f ((•''• + y) + (-^0) = + y) + /(-^) = /(^ + y) - fix). 

Suy ra: f{x + y) = /(x) + /(y), Vy e R, Vx < 0. Ket hdp vdi / la ham le va 
(4) ta dUdc: 

fix + y) = fix) + fiy), Vx, y € R. (5) 

Ta se tinh / ((x + 1)̂ ) theo hai each. Theo (2) va (5) ditdc 

/ ((x + 1)2) = (x + l)/(x + 1) = (x + 1) [fix) + /(I)] , Vx G R. (6) 

Mat khac 

/ ((x + 1)2) = / ( x2 + 2x + 1) = / ( x 2 ) + /(2x) + /(I) 
= x/(x) + fix + x) + /(I) = x/(x) + 2/(x) + /(I) , Vx e R. 

(7) 
Tir (6) va (7) cho ta 

(x + l)[/(x) + / ( l ) ] = x / ( x ) + 2/(x) + / ( l ) , V x e R 
4^(x + l ) / ( l ) = /(x) + / ( l ) , V x e R 
^/(x) = /(l)x, V x e R . "5 ' 

Dat /(I) = a. Thay /(x) = ax, Vx e R vao (1) thay thoa man. Tat ca cac 
ham so ckn tim deu c6 dang <•» 

fix) = ax, Vx e R (a la hang so bat ki). "' 

Bai toan 2.101. Tim tat cd cac ham so / : R -+ R thoa man dieu kien 

f (x^ - y 3 ) = x^fix) - y^fiv), Vx, y £ R. (1) 

Giai. IVoiig (1), cho y = 0, ta dirdc / (x^) x^fix), Vx e R. 
Ket hdp vdi (1) ta dude: / (x^ - y^) = / (x^) - f{y^), Vx, y e R. (2) 
Do tuong ling x^x^lh song anh nen tit (2) ta CO 

/ ( a : - y ) = / ( x ) - / ( y ) , V x , y e R . : ' ' - ^ (3) 
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Do (3) nen 

f{x) = f{(x + y)-y) = f{x + y)-f{y)^fix + y) = f (x) + / (y). 

V a y : / ( : c + 2/) = / { x )+/ (2/ ) , Vx,2/6M. (4) 
T\l (4) bang quy nap ta dildc: f (kx) = kf (x), Vx € R, A; € N*. Xet 

/•({x - i f + (x + 1)3) = / (2x3 + 6x) = / (2x3) + / (6x) 

= 2/ (x3) + 6/ (x) = 2 x V (x) + 6/ (x), Vx € E . (5) 

Mat khac " " ' 

/ ( ( X - 1)3 + (x + 1)3) = / ( (X - 1)3) +f{{x + 1)3) 

= (x2 - 2x + 1) [/ (x) - / (1)] + (x2 + 2x + 1) [/ (x) + f (1)] 

= (2x2 + 2 ) / { x ) + 4 x / ( l ) , V x e R . (6) 

Ti i (5) va (6) suy ra 

- 2x2/ {3 : )+6/ (x ) = (2x2 + 2 ) / ( x ) + 4 x / ( l ) , Vx G R 

:, r <^4/(x) = 4 x / { l ) , V x € R 
^ / ( x ) = qr, V x e M ( c = / ( l ) ) . 

Thii lai thay ham so / (x ) = cx, Vx 6 M (c la hSng so) thoa man.. 

N h a n xet 1. Qua hai bai todn 2.100, 2.101, ta thay rang : doi vdi phuong 
trinh ham 

f ( x - ± y") = x'f (x-*^) ± yV (2/"-0 , Vx, y e R 

trong do m,n E N*, k,£ e N, m > k,n > i, di tien hdnh tim ham so, ta 
thudng ta lam nhu sau: 
• Xdy dung tinh chat cpng tinh cho ham da cho. 

• Dua vac ddng thiCc f (x"*) = x''f (x'""*') ta tinh mot trong nhUng hiiu thiCc 

sau theo hai each khac nhau 
f ((x + I ) ' " ) ; / ((x + I ) ' " + (x - 1)"*); / ((x - yD ; / ((x + 1)"* - x ™ ) , . . . . 

Tii do lap phuong trinh roi rut ra ham f (x). 

B a i toan 2.102 (Indonesia T S T 2010). Tim tat cd cdc ham so / : R R 
thoa man diiu kien 

• /(x3 + y3)=x / ( x 2 )+y / ( y 2 ) , V x , y 6 R . 

Hirdng d i n . Tudng ta bai toan 2.100, 2.101. 
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B a i toan 2.103 (USA MO 2000). Tim tat cd cdc ham so / : R — R thoa 
man diiu kien: f (x^ - y^) = xf (x) - yf (y), Vx, y 6 R. (1) 

G i a i . Gia sOr ham so / thoa man cac yeu c i u de bai. K i hieu P{u, v) chi vi§c 
thay X bdi u va thay y bdi v vho (1). 

my)=^/(V) = - y / ( y ) , V y e R . 

P{x, 0) / (x2) = xf (x) , Vx € R. (2) 

Va.y{l)tTdthknh: f{x^-y^)= f{x^)+f {-y^)yx, ye R. Suy T&: 

/ (x + y) = / (x) + / (y ) , Vx G R, Vy < 0. (3) 

Thay x bdi - y vao (3) ta dU0c: , 

0 = / ( 0 ) - = / ( - y ) + / ( y ) , V y < 0 
=^/(-y) = - / ( y ) , Vy < 0 

=^/(-y) = - / ( y ) , V y G R . . i v ( i ; 

Nhu v?Ly / la ham so le tren R. Vdi x > 0 ta c6 - x < 0. Suf dung (3) dUdc 

/ ( y ) = / ( ( a : + y) + ( - x ) ) = / ( x + y) + / ( - x ) = / (x + y ) - / ( x ) . , , 

Suy ra: / ( x + y) / (x ) + / ( y ) , Vy G R, Vx > 0. Ket hdp vdi / l a h ^ le va 
(3) ta dUdc: fix + y) = f{x) + / ( y ) , Vx, y G R. (4) 
Ta se tinh / ((x + 1)^) theo hai each. Theo (2) va (4) dUdc 

/ ((x + if) = (x + l ) / ( x + 1) = (x + 1) [/(x) + / ( I ) ] , Vx G R. (5) 

Mat khac ; 
• •/ 

/ ((x + 1)2) = / (x2 + 2x + 1) =/(x2) +/(2x) + / ( I ) 

= x/(x) + / (x + x) + / ( I ) = x/(x) + 2/(x) + / ( I ) , Vx G R. 
(6) 

Tit (5) va (6) cho ta : 

(x + l ) [ / (x ) + / ( l ) ] = x/(x) + 2/(x) + / ( l ) , V X G R • 
<=>(x + l ) / ( l ) = / (x ) + / ( l ) , V X G R 
o / ( x ) = / ( l ) x , Vx G R. 

Dat / ( I ) = a. Thay / (x) = ax, Vx G R vao (1) thay thoa man. l i t ca cac 
ham so can tim den c6 dang 

fix) = ax, Vx e R (a la hfing so bat ki). ' ^ ' ' 
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2 . 2 . 3 Su" d u n g d a t h i J c . 

T a t h a y r i n g n g h i e m c i ia phi iOng t r i n h h a m , 

/ (x™ ± y " ) = x'^f (x ' " - '^ ) ± { y " ~ ^ ) , Vx , y e M ' ' 

C O dang / {x) = ax, Vx G R. T u y n h i e n k h i l u y t h i t a cang cao t h i viec t i n h 
t o a n cang t r 6 nen ph i i c t a p . V i vay t a can " n a n g cap" k y t h u a t g ia i de doi 
pho v d i n h i i n g b a i t o a n v d i my thijfa k h a I'dn. B a n doc hay theo do i b a i t o a n 
2.104 sau day. 

B a i t o a n 2 .104 . Tim tat cd cdc ham so / : M K thoa man diiu kien 

f{x'-y')=x'f{x')-y'f{y'),yx,yeR. (1) 

G i a i . K i h i e u P{u, v) ch i viec t h a y x b d i u, t h a y y b d i v vao (1) . 

P ( 0 , 0 ) ^ / ( O ) = 0 ; P ( x , 0 ) =^ f{x^) = x'^fix^), Vx e R. 

V^y (1) v i l t l a i : f{x' - y') = fix') - f{y'), Vx , y e M . H a y : 

3^lr!:. fix -y) = fix) - fiy), Vx , yeR. , mM (2) 

D o d o : / ( x ) = / t ( x + y) - ? ; ) = ^ V (2 : + 2/) - / ( i y ) . Suy r a : 

/ ( x + y ) = / ( x ) + / ( y ) , V x e K . (3) 

T i l (3 ) , cd t h e t i e n h a n h tUdng t u n h i l ba i t o a n 2.101 d t r a n g 161 (mac d i i 
k h d hdn) hoac l a m each khac ( rat hay) n h u sau: T u d n g t u n h u ba i t o a n 2.214 
d t r a n g 278, t a c h i i n g m i n h di idc 

/ ( 9 x ) = g / ( x ) , V x e K , g s Q . (4) 

V d i m o i x e M , Q- € Q, thiTc h ien P ( x + q, 0) t a ditdc 

/ (x^ + Sq.x" + 10<7^x^ + lOg^x^ + 5q^x + q') 

=:{x'^+ 2qx + q'^) f {x^+ 3qx'^+ 3q'^x + q^). 

Suy r a -

fix')+5qfix') + l0q^fix^) + 10q^fix^) + bq'fix) + q''fil) 

- ( x 2 + 2gx + q^) [fix') + 3 g / ( x 2 ) + 3q^fix) + 9 ^ ( 1 ) ] = 0. (5) 

D o ve t r a i cua (5) l a m o t da thi'rc theo b ien q va bang da t h i i c k h o n g v d i m o i 
q G Q nen ve t r a i c i ia (5) p h a i l a da t l i i i c k h o n g , dan t d i he so c i i a b a n g 
0, n g h i a la : 5 / ( x ) - 2 x / ( l ) - 3 / ( x ) = 0 ^ / ( x ) = ax, Vx G R (a = / ( I ) ) . 

Thv i la i thay ham so fix) = ax, Vx G M (vdi a la hang so tuy y) thoa man 
cac yeu cau de bai. 
L i f u y . T a da sil d u n g ket qua: X e u da thiic P ( x ) c6 vo so nghiem t h i 
p(^x) = 0, tiic la P ( x ) = 0, V.r G R, nd i rieng, ncu so nghiem ciia da thitc 
p(x) Wn hdn deg(P) th i F ( x ) = 0, Vx G K . ^ 

g a i t o a n 2 .105 . Tim tat cd cdc ham so / : M -+ M thoa man diiu kien 

G i a i . K i hieu F ( u , v) chi viec thay x bdi u, thay y b d i v vao (1) . 

r ( 0 , 0) /(O) = 0 ; Fix, 0) =^ / ( . x 2 " i 5 ) = x"^ fix'^^^'^), Vx G M. ' 

Vay (1.) Viet l a i : / (x^"^^ - = fix'''') - /(y^oiS)^ V:,- y g K . H a y : 

fix -y)= fix) - fiy), Vx , y G R. ^ ^ , , (2) 
' Hi. , ;' 

D o d 6 : / ( x ) = / ( ( x + y ) - y ) ' ' " i ' V ( 2 : + y ) - / ( y ) . S u y r a : 

fix + y) = fix) + fiy), Vx G M. ^ (3) 

T i t (3) , tUdng t u nhit bai toan 2.214 d trang 278, ta chiing minh dudc 

fiqx) = qfix), Vx G K , g G Q. (4) 

Vdi moi x eR, qe Q, thuc h ien P ( x + <j, 0) ta dUdc: 

/ ( (x+ ,r^) = (x+9)V((x+<7r^) ; i 
/ 2 0 1 5 

E ^ A : „ 2 0 1 5 - f c „ f c 
^ 2 0 1 5 ^ ^ 9 

2 0 1 5 

\3 
.2 , , J2 = (x^ + 2qx + q'^)f „ 2 0 1 3 - 2 i 

/ , <-"20132^ 9 

\ i = 0 

2 0 1 5 2 0 1 3 

• E ^ 2 0 1 5 / g'̂  - ix' + 2qx + q') C i , , J ( x 2 « > ^ - ) = 0. (5) 

Ve t r a i ciia (5) l a m o t da t h i i c theo b ien q, til (5) t a t h i y r a n g da t h i i c theo 
'«en q nay cd v d so n g h i e m h f m t i . suy r a no l a da t h i i c k h o n g , do do he so 
ciia < j 2 0 i 4 bang 0, hay: 

Cl'oltix) - 2xC'f,llfil) - C^o j| / (x ) = 0, Vx G R lb . h ^ . ^ 
^ 2 0 1 5 / ( x ) - 2 x / ( l ) - 2 0 1 3 / ( x ) - 0, Vx G R 

fix) = ax, Vx G R v d i a = / ( I ) . ' ' ' 

T h i i lai t h a y h a m so / ( x ) = ax, Vx G R (vdi a l a hang so t i i y y ) t h o a m a n 
cac yen cau de ba i . 
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2.2.4 T a o chu t r i n h . 

B a i toan 2.106. 71m tdt cd cac ham so f : 
1) / ( - ^ ) = - / ( ^ ) - e K . 
2) / ( . r + l ) = / ( . T ) + l , V x e R , 

3) / 

thoa man cac dieu kien: 

G i a i . Dat y = f{x). K h i do 

/ ( x + l ) = ,y + l , / 
/ 1 \ y + 1 

y + l 

1 \ 

/ x + 1 
y + l 

+ 1 = 
x'^ + 2x-y 

(x + 1) 

x + 1 
= ,/• ( 1 + - ) = 1 + / 

{x + iy 
/ 1 \ . _ + y 

~ ^ + X 2 " x2 ' 

2 ' (4) 

\XJ 

/ x + l \ 

x + 1 
\ / 

/ x + l \ 
\ J 

+ y 
3;2 _ x^ + y 

/ x + l V ~ (x + l ) ' 
V 2: y 

(5) 

Tir (4) va (5) sny ra 

• V X ^ + 2X - !/ 

( • T + 1 ) ' 

x^ + y 
x'̂  + 2x - y = x^ + y => 2/ = X . 

v?7 A ,v 

Vay / ( x ) = X , Vx e M \, - 1 } . Tir (1) lay x = 0 ta dudc /(O) = 0. TiJt (2) 
lay X = - 1 ta ditdc / ( - I ) = - 1 . Sau khi t h i i lai ta ket luau; Co duy nhat 
mot ham MO thoa man cac ycu cau dc bai la / ( x ) = x, V.r G M. 
Ltfu y. Cac phudiig t nnh ham cho trong gia thiet sinh bdi cac phep bieti 
hinh phau xa. t inh ticn, doi xihig, nghich dao. Ta dc dang t im ra mot chu 

tr inh lien he giita x + 1, - x , - nhu sau: 

tii ih tieii , Mgliich dao 1 doi xi'mg 1 t inh tien 1 
X • X + 1 —• - » • - » r 

X + 1 x + 1 x + 1 
+ 1 = 

X + 1 
i i K i i ! d | dil. , X + 1 1 dn i^ in iK ^ 1 t i i ih tigii 1 iif;liirli diio do i^ in ig 

X X X X 

Dieu nay giai thirh tai sao ta c6 16! giai nhir tren. Ban doc c6 the t i m hieu 
them phep giai phudng t r inh ham bang each tao ra chu t r inh trong bai toan 
2.18G c) trang 235. 

4 1C6 

thoa man cac dieu kien: B a i toan 2.107. Ttm tat cd cac ham so / : M -

1) / ( • r ) = - ^ / ( ^ ) . VxT^O. ,tt,. I - : : . , 

2) / ( x ) + / ( y ) = l + / ( x + y), Vx, y G M . ^Mn/.i'v.. ut, ' 

Gia i . Tfr (2) cho x = y = 0 dUdc /(O) = 1. Tfr (1) cho x = - 1 suy ra 
1) = 0. Txt (2) cho X = 1 va y = - 1 dudc / ( I ) + / ( ~ 1 ) = 1 + /(O), suy ra 

y ( l ) 2. T i t (2) thay y bdi - x dUdc / ( x ) + / ( - x ) = 2 ^ / ( - x ) = 2 - / ( x ) . 
Ta thu dUdc cac: t inh cliat cua ham / nhit sau: 

, Vx ^ 0. 

/ ( - x ) = 2 - / ( x ) , Vx G K. 
/ ( x + l ) = / ( x ) + l , VxG 

Dat y = f{.r.). Kh i do / ( x + 1) = y + 1 va 

/ 1 
x + 1 

y + l 

Vx + 1 

X + 1 

= / 

x + 1 

/ 1 
[~:r + l 

1 \ ^ ^ y + l _ 2 x - y + l 
x + 1 x + 1 

3x - y + 2 

Ti t (3) va (1) suy ra 

3x - y + 2 X + y 

x + 1 

= / 1 + - = 1 + / - = 1 + ^ = 

^ ^ x + n / \ 
1 

X + 1 

V 

x + 1 

x + y 'i 

X X 

x + y 

(3) 

.T 

7 
x + 1 

x + y 

X + 1" ~ x + r (4) 

"•s.;*i 

x + 1 x + 1 
3x - y + 2 = X + y 2x + 2 = 2y <^ y = X + 1. 

Vay / ( x ) = X + 1, Vx G IR\. Ket hdp vdi ket qua /(O) = 1, / ( - I ) = 0 
ta difdc / ( x ) = X + 1, V.;- G R. Thft lai thay thoa man. 
C a c h khac. Ta c6 /(O) = 1. \ 'd i x / 0 ta c6 ' ' ' 

/ W , , ( £ + | ) = 2 / ( n - , = 2.J / (H)- . i = . / f l + i ) - i 
V2 2 / . \ 2 / 2 \x/ \x X j 

- 1 = 2 x . - / ( x ) - X - 1 = 2 / (x ) - X - 1. 

Suy ra / ( x ) = x + 1, Vx 7̂  0. Lai do /(O) = 1 nen / ( x ) = x + 1, Vx G R. Thiit 
l * i thav thoa man. 
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2 . 2 . 5 T o a n t o n g h d p . 

B a i t o a n 2 .108 (De n g h i t h i O l y m p i c 30/04/2011). Tim tat cd cdc ham so 
f : R •-> R thda man phtMnq trinh ham , , , , 

f . . . . . . . ^ / ( ^ + y') = f(^) + yfiy')' y^^- -

G i a i . Tvr (1) cho x = 0, y = 1 t a dudc / ( I ) = /(O) + / ( I ) <^ /(O) = 0. " 
T u (1) cho .7- = 0 diroc: /(?/'') = ?//(//), V?/ € M . (2) 
T r o n g (2) t h a y y hdi -y t a ditdc: /(?/) = -yf{-y^), Vy G R. (3) 
T i r (2) va (3) suy ra : f{y^) = -f(-y^), Vy 0. T f r day ket h d p v d i /(O) = 0 
t a ditOc: f(-x) = - / ( . r ) , Vx e E (do t i t d n g I 'mg y la song a n h ) . (4) 

T i r (1) d a t t = 7 / t a dUdc: f{x + f) = f{x) + f{t), Vx e R, f > 0. (5) 
T a can xet svt cong t i n h cua h a m / k h i i < 0. D o / la h a m le (do (4)) nen 
f{x+t) -f{-x - t). Vai i < 0 t h i - ( > 0 nen t a c6 

' • f i I 

f{x+t) = -fi-x-t) ''°='^ - Ifi-x) + fi-t)] = - [ - / ( x ) - fit)] = fix)+fit). 

Tic day ket h d p v d i (5) dUdc: / ( x + y) = f{x) + f{y), V i , j/ e R. (6) 
T\i (2) t h a y y h d i x + 1 t a di tdc : 

/ ( ( x + 1)^) = ( x + l ) / ( ( x + l ) ^ ) , V x e R ' >• 

<^/(x* + 4x^ + 6x^ + 4x + 1) = (x + 1) /(x^ + 3x2 _̂  3^ ^ g 5̂ ^ (7) 

D o / cpug t i n h (do (6)) nen t i t (7) t h u dUdc ' j \ 

xf{x^) + Af{x^) + 6f{x') + 4f{x) + f{i) T - : : T I ' . 

=xf{x') + Sxfix^) + 3 x / ( x ) + / ( l ) x + fix') + 3 / (x2 ) + 3/(x) + / ( I ) . (8) 

T i t (2) t h a y y hdi x - 1 t a dudc 

/ ( ( , T - l ) ^ ) = ( x - l ) / ( ( x - l ) ^ ) , V x e R 

^fix^ - 4x^ + 6x2 _ 4:,. + 1) = (3, _ 1) /(^3 _ 3^2 ^ 3^ _ ^ ^ 

D o / cong t i n h nen t u (9) t h u dUdc 

xfix') - 4/(x^) + 6 / ( x 2 ) - 4 / ( x ) + / ( I ) 

= x / ( x ^ ) - 3xfix^) + 3 x / ( x ) - / ( l ) x - fix') + 3 / (x2 ) - 3/(x) + / ( I ) . (10) 

T i r (8) va (10) suy ra : /(x^) = x / ( x ) , Vx e R. I' '' • i (11) 
T i t (11) t h a y x hcJi x + 1 t a diTdc 

/ ( ( x + l ) 2 ) = ( x + i ) / ( x + l ) , V x e R 
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^fix' + 2x + 1) = (x + 1) [fix) + / ( I ) ] , Vx e R 

4^xfix) + 2/(x) + / ( I ) = x-/(x) + / ( l ) x + fix) + / ( I ) , Vx 6 R, (12) 

T i f (12) r u t gon t a dUdc / ( x ) = / ( l ) x , Vx e R. Tluif la i t h a y h a m so 

fix) = Cx, Vx e R ( C la hang so t u y y ) 

thoa m a n cac yen cau dc b a i . * •' / ̂ -

B a i t o a n 2 . 1 0 9 ( I n d i a I n t e r n a t i o n a l M a t h e m a t i c a l O l y m p i a d T i a i n i n g C a m p 
2010). T'mi tat cd cdc ham so / : R ^ R thoa man .^y:^ 

fix + y)+xy = fix)fiy)^ V x , j / e R . (1) 

Giiii. K i h ieu Piu,v) ch i viec t h a y x h d i u, t h a y y hdi v vao (1) . 

Fix, 1)=> f i x + l ) + x = / ( x ) / ( l ) ^ /(2; + 1) = fix)fil) - X Vx e R. 

Thirc h ieu P ( x + 1,1) t a dUdc .̂ ..̂ ^^ 

fix + 2) = / ( x + 1)/(1) - X - 1 = [/(.7 : )/,(l) - x] / ( I ) - X - 1 

= / 2 ( l ) / ( x ) - x [ / ( l ) + l ] - l , V x e R . ~ (2) 

M a t khac: P( : r , 2) ^ /(x + 2) = /(.):)/(2) - 2x, Vx e R. ' ' (3) 
T i t (2) va (3) suy r a 

/ ( x ) / ( 2 ) - 2x = / 2 ( l ) / ( x ) - X [/ ( I ) + 1] - 1 , Vx e R 

^fix) [/(2) - /2 (1) ] = [1 - / ( I ) ] I - 1 , Vx e R.. (4) 

Neu /(2) - /2 (1 ) ^ 0 t h i t i r (4) t a c6 [1 - / ( I ) ] x = 1 , Vx e R, diCu nay k h o n g 
the xay ra . Vay /(2) - / ^ ( l ) ^ 0 va / ( x ) = ax + fe. T i t (1) cho x = y = 0 ditdc 
/(O) = /2(o). N e u /(O) = 0 t i l l 6 = 0 va / ( x ) = ax. T h a y vao (3) di tdc 

« ( x + 2) = 2a.2x - 2x, Vx e R 

<^2a = (3a - 2)x , Vx e R (v6 l i ) . 

N l u /(O) = 1 t h i /- = 1 va fix) = ax + 1 . T h a y vao (1) diTdc*^ ^ ' '^ ' 

a ( x + y) + 1 + xy = (ax + 1) (ay + 1), Vx , y e R 
<^ax + ay + x y + 1 = a'^xy + ax + ay + 1 , Vx. y e R ' 
^ x y = a^xy, V x , y e R. „ ., „ , . 

Vay a = ± 1 . D o do fix) = x + 1 , fix) = -x + 1 . T h u la i t h a y ca h a i h a m so 
Jiay deu t h o a m a n . 
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C a c h khac . De thay ham so /(x) = 0, V i € R khong thoa man (1). Gik suf 
ton tai xo € K sao cho /(xo) ^ 0. 

P(x ,0) ^ [1 - /(0)]/(x) = 0, Vx G E . ' < . (5) 

TiJt (5), lay x = X Q , suy ra /(O) = 1 . 

• TrUdng hcJp / ( - I ) = 0. • ,£ jjKo'i : 

, , , P{X, - 1 ) ^ / ( X - 1) = X , Vx e R "5 , 
•'••(i^)'W ' " J i =^ -^(^) = X + 1, Vx e M. ^ , 

• TrUdng hop / ( - I ) ^ 0. K h i do / ( I ) = 0. 

, , P ( x , l ) = > / ( x + l ) = - x , V x e R 
^ / ( x ) = - x + l , V x € R . 

Thi5 lai thay hai ham so /(x) = x + l, f{x) = - x + 1 thoa man cac yen cau 
do bai. 

B a i t o a n 2 . 1 1 0 (Ha Lan MO-2011). Tim cdc ham s5 / : R R thoa man 

X fix + xy) = x/(x) + f{x^)f{y), Vx, y e K. (1) 

G i a i . Tir (1) cho x = y - 0 ta ditdc (/(O))^ = 0 ^ /(O) = 0. T i t (1) Cho 
I = 1 va 2/ - - 1 ta dUdc / ( l ) [ / ( - l ) + 1] = 0. 
• Neu / ( I ) = 0 t h i thay x = 1 vao (1) ta duoc /(y + 1) = 0, Vy € R. Suy ra 
fix) = 0. Thijf lai thay thoa man. 
• Xet / ( - I ) = - 1 . Thay x = y = - 1 vao (1) ta dUdc 

- / ( - i ) + / ( i ) / ( - i ) = o=>/(i) = i . 

Thay X = 1 vao (1) ta c6: /(y + 1) = /(y) + 1, Vy € R. ( 2 ) 
Thay y = - 1 vao (1) ta dUdc /(x^) = x/(x) , Vx € R. K h i do 

(1) ^ / ( • T ( , y + 1)) = m + fix)fiy) '^°= ^ fix)fiy + I), Vx, y € R. (3) 

Do do /(xy) = /(x)/(y) , Vx, y £ R. V i vay 

/(x + xy) = /(x) + /(xy) , V x , y € R (4) 

Vdi mpi so thitc u, v. Neu u = 0 t h i hien nhien /(w + v) = /(u) + fiv). Con 

neu u 7^ 0 t h i xet x = u, y = - . K h i do 
u > • 

fiu + v) = fix + uy) = fix + xy) /(x) + /(xy) = /(u) + /(t ; ) . 
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Vay fix + y) = fix) + fiy), Vx, y € M. Ta se t inh /((x + 1)2) bang hai each. 

/((x + l )2 ) = / ( x 2 ) + /(2x) + l . (5) 

/((x + 1)2) = (x + l ) / ( x + 1) (x + l ) [/ (x ) + 1] 

= x/(x) + X + fix) + 1 = /(x^) + X + fix) + 1. (6) 

TO (5) va (6) suy ra /(2x) = 2/(x) = x + /(x) /(x) = x, Vx € R . Vay c6 
hai ham .so thoa man cac yen cau de bai la /(x) s 0 va /(x) = x. T h i i lai 
thay thoa man. 
L i f t i y. Sau khi chiing minh dUdc 

/(xy) = fix) fiy), Vx, y e R va /(x + y) = fix) + fiy), Vx, y e R 

Ta CO the diing bai toan 2.169 ci trang 218 de suy ra k i t qua. Tuy nhien t inh 
theo hai each nhu tren ro rang la hay hdn. , ̂  s.̂  „ 

B a i t o a n 2 . 1 1 1 (De nghi th i Olympic 30/4/2010). Ttm tat cd cdc ham so 
/ : R ' R thoa man diiu hien / ( I ) = 1 vd , , 

/ 1 \ 
f 

( 1 \ 

Vx + yy 
= / 

(\\ 
\xj 

+ / ( - ) , vdi moi x, y thoa man i y ( x + y) ^ 0 ( 1 ) 

(x + y)/(x + y) = xy fix) fiy), vdi moi x, y thoa man xy(x + y) ^ 0. (2) 

G i a i . De thay vdi moi x 7̂  0 t h i /(x) ^ 0, v i neu 3xo 7̂  0 sao cho / ( X Q ) = 0 
th i Xo ?^ 1 . Tir (2) thay x bdi 1 - X Q va thay y bdi X Q ta dUdc 

/ ( I ) = ( 1 - XQ) X O / ( 1 - Xo) / ( X Q ) = 0 (mau thuan). 

Vay fix) 7̂  0, Vx 7̂  0. Trong ( 1 ) cho y = x dUdc / = 2/ , Vx 7̂  0. 

Tir day thay x bdi i dudc / (0 = 2/(x), Vx ^ 0, hay 

/(x) = 2/(2x), V x ^ O . (3) 

Trong (2) cho y = x ta dUdc: 2x/(2x) = x'^f'^ix), Vx 7̂  0. ' ' (4) 
Thay (3) vao (4) ta dUdc x/(x) = a^f'^ix), Vx 7̂  0. Ma x/(x) ^ 0, Vx 7̂  0 
nen xfix) = 1 , Vx 7̂  0, hay / (x ) = ^, Vx ^ 0. T h i i lai thay thoa man. 

B a i t o a n 2 . 1 1 2 . Tim tat cd cdc ham so / : (0; 1 ) R thoa man 

fixyz) = xfix) + y/(y) + zfiz), Vx, y, z € (0; 1 ) . ( 1 ) 



(2) 

G i a i . Ti-ong (1) lay r = ?/ = x G (0; 1) ta clirdc > ^^^^\

/(:r'^) = 3 .T /( .r).V.r e (0;1). 
• i I ..1.. ; j 

Trong (1), Ian htdt thay x, y. z hai ta dUdc ^ ' 

• = 3x 'V (3 : ' ) , Vx G (0; 1). 

, Do vay 

= /( .r .x^.x^) = x/(a:) + x V ( x ' ) + x'f{x') 

= x / ( x ) + x^!{x^) + 3 x V ( x ) , Vx e (0; 1). (3) 

Tir ( 2 ) va (3) suy ra vdi tnpi x G (0; 1) t l i i 

3 x V ( x - ^ ) = x / ( x ) + x ' ^ / ( x 2 ) + 3 x V ( x ) ^ / ( x 2 ) - ^ ^ / ( x ) . (4) 

3-9 A. 1 

Trotig ( t ) thay x hdi x^. ta dvtdc; / (x« ) = ^̂ 3̂ / ( x ^ ) , Vx G (0; 1). (5) 

Ti'r (t(') vdi moi x G (0; 1), ta c6 

=^x(3x^ + l ) . / ( x ) = ^^^^^/ (x ) ^ x'^(3x^ + l ) . / ( x ) = (3x'J + l ) / ( x ) . 
x^ 

Vdi X G (0; 1), xet piutdiig t r iu l i ' 

x^(3x^ + 1) = 3x-' + 1 ^ Sx** + x^ = 3x^ + 1 

1 ,;/T 
3 

^3x'^ (x^' - 1) = X'* - 1 o 3x''' = 1 ^ x̂ * = ^ ^ X = 

Vay: / ( x ) = 0, VxG (() ;1) \ 

Troug (1) lay x = y = z= dUdc 3 ^ ^ / 
3 ' 

(6) 

= 0 (do 

(6)). Kot hdp Vdi (G) ta dird( / ( x ) = 0, Vx- G (0; 1). Tlu't lai thay thoa iiian. 

B a i toan 2.113. Ttm lilt <d cdc. ham / : R —> E sao cho 

/ ( x + y) = x V ( ^ ) V x , y G E * . (1) 
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Gia i . Thay y = x trong (1) ta dUdc /(2x) = 2x2/ fl\^ y^. ^ j ^ . 

Thay y = -x trong (1) ta dUdc 

\xj 
+ x'f ( Vx G M* 

xj 

.2 / (0 ) = / ( 2 X ) + / ( - 2 X ) , V X G E * . . 

Ta inh / 
fx+l\ 

l)ang hai each. Ta c6 

(2) 

1; .'I-' 

r + l \ 
= / - + 1 ; ^ / ( X ) + / ( 1 ) , V X G E * . (3) 

Mat khac 

/ 
, fx + l \ 2 fx+l\' f 2.1 

J 2x J / 

2x'̂  x + l y 

Vx + 1 

2x2 + 
4 

2x-' 

2x2 4./-
(\ 4 

X + l ) 2 2/(0) -

x + l ) 2 

))] 
/(•'•) + / ( I ) \ 

2 y j 

'ho 

/ X + l V 

V 2 I 

(4) 

Ti t (3) va (4) suy ra • . 

_ 2 ( x + l ) 2 / i \) fix) / ( I ) 

+ 
^2/(x) + / ( l ) x - = 2(x + 1 )2 / Q j + 4/(0) - / ( I ) 

=^2/(x) ^ / ( l ) x ^ = (2,r' + 4x + 2) / M + 4/(0) - / ( I ) 
\ 2 / , .. 
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- / ( ! ) ) + 4/ ( ^ ) + 2 / ( i ) + 4/(0) - / ( I ) . (5) 

Trong (5) lay .;: = 1 ta ditdc ; . s-* 

2/(I) = (2/ (0 - / ( ! ) ) + 4/ (0 + 2/ (1) + 4/(0) - / ( I ) . 

Do do / ( I ) = 2 / (^i^ + /(O), thay vao (5) ta dUdc 

2/(x) = - / ( 0 ) x 2 + 4 / [ i ' 1 + 3/(0). (6) 

Trong (6), lay x = - ta dvtdc 

r 2 / Q = - ^ / ( 0 ) + 2 / ( i ) + 3 / ( 0 ) ^ / ( 0 ) = : 0 . 

Thay vao (6) suy ra / ( x ) = cx, vdi c la h tog s6. ThuT lai th4y thoa man. Vay 

tat ca cac ham so can t i m la 

fix) -= cx, Vx € R (c la hang so tuy y) . 

2.3 G i a i phu-dng t r i n h b a n g e a c h k h a i t h a c t i n h d d n 
a n h , t o a n a n h , s o n g a n h 

2.3.1 Mot s6 Ivfu y 

Ddn anh, toan anh, song anh la nhiilng khai niem rat cd ban ciia ham so, anh 
xa. Cac khai niem nay ban doc hay xem lai d bai 1.1: Mot so kien thiic ve 
ham s6 va anh xa (d trang 3). Sau day la mot so luu y them. 

• Neu mot ve c6 chiia / ( x ) va ve con lai c6 chiia bien x ben ngoai t h i 

' thong thitdng / la ddn anh. 

Neu trong phudng t r i n h ham c6 chiia 

trong do ip(x, y) la mot bicu thiic doi xiifng cua x va y thr ta thirdng 
chiing minh dudc / la ddn anh. ' 
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. Neu / : la ddn anh thi tfr f{x) = f{y) suy ra x = y. 

• Neu / : R —• IR la toan anh t h i v6i moi y € R, luon ton t9,i x € R di cho 
= y, tiic la phUdng t r i n h (an x) y = / ( x ) luon c6 nghi^m. 

• Neu / la mot ham s5 ma ddn anh th i ta rat hay dung t h i i thuat tac 
dpng / vao hai ve, hoac tao ra 

/ ( ^ ( x ) ) = / ( ^ ( x ) ) ^ ^ ( x ) = <^(x). ' ... 

Neu / la toan anh t h i ta hay diing: Ton tai mpt so h sao cho f{h) = 0 
(hay f{b) = 0...), sau do t i m b. Neu quan he ham la ham bac nhat cua 
bien d ve phai th i ro the iighi den t inh ddn anh, toan anh. 

• Neu / : R R la toan anh va / ( i ) = ip{x), V i e T , t( day T la tap gia 
t r i ciia ham / t h i / ( x ) = V^x), Vx 6 R. 

• Tiout; bai nay ta qiian tarn uhieu hdn cac bai toan lien (]uan den ddn 
anh, con cac bai toan lien quan den toan anh se ditdc de cap nhieu d 
bai -.4: Giai phUdng t r inh ham dua vao gia t r i ciia doi so va gia t r i ciia 
ham St") (d trang 200). 

N h a n xet 2. NS.U hhm / : R -» R thoa man f (/(x)) = ox + 6, Vx € R 
(a ^ 0) thl / la song anh {hH. qua nay da diMc chx'Cng minh d hai todn 1.4, 
trang 6). 

2.3.2 Sur d u n g d d n a n h 1 » 1 uv . . 

B a i toan 2.114. Tim tat cd cac ham so / : R —> R thoa man dieu kten 

f W!{y) + ''x-) = cx + dy + e, Vx, y G R (a, h. c,dj^O-bj!^ -ac). (1) 

Gia i . Ta se chi'mg minh / la ddn anh, tiic la / ( x ) = / ( y ) <=;> .T = y. Gia sii 
•''(•'•) = /(</)• Khi do 

cx -;- dy + e = f (a/(y) + bx) = f (a/(x) + bx) = cx + dx + e => x = y. 

Trong (1) cho x = y = 0, ta dUdc e = / (a/(0)). Cho x = - — , ta dUdc 

/ la ddn anh nen nf{y) - ^ = a/(0) => f{y) = ^ + /(O), Vy € M. (2) 
c ac 

T r o n , (1) , . 0, X = dUdc /(O) - ^ + e ^ /(G) = 
o b 

= e = f{am) 

b + ac 
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T h a y vacj (2) dUOc f{x) = ^ + ^ "^^"^ *hay d u n g , vay day 

la h a m so can t i m . 

B a i t o a n 2 . 1 1 5 (Slovenie-1999). Tim tat ca cac ham so / : K ^ R thoa 
man dieu kicn „ 

f(x~fiy)) = l-x-y:^x,y€R. 

H v T d n g d i n . B a i t o a n nay l a m o t t r u d n g hop r i eng c i ia b a i t o a n 2.114. 

B a i t o a n 2 . 1 1 6 (Do n g h i t h i O l y m p i c 30 /04 /2002 ) . Tim tat ca cac ham s6 
/ : R —*• E thoa man dieu kien 

W-/ (30 / (2 / ) + 4a:) = 19x + 757/+ 2002, V i , 2/e M . 

Hi : fdtng d a n . B a i t o a n nay la m o t t r u d n g hop r ieng c i i a b a i t o a n 2.114. 

B a i t o a n 2 . 1 1 7 . Tim cac ham so f : (0; +oo) — (0; +oo) thoa man: 

G i a i . T i r g ia t h i c t suy r a f{x) > 0, Vx > 0. T a se chi 'mg m i n h / la dOn a n l i , 
t i i c la c l u i n g m i u h f{x) = f{y) ^ x = y. G i a s i i }{x) ^ f{y). K h i do 

- ^ = f{x + f{y)) = f{x + f{x)) = - ^ 
xy + l + 1 

x^y + y = x^y + a; => X = y. 
x y + l x^ + 1 

Y 

V d i >•, > 0, xet — = U'^y = axy + o O x - - — - . D o do t i i (1) suy r a 
xy+ 1 ay 

I + fiy)] = « = / + fix)), Vx > 2« , y > 2a. (2) 
\ ) \ I 

M a / l a d d n anh nen t i l (2) dan den 

+ / ( y ) = — + / ( x ) , Vx , y e (2a; +oo ) 
ay ax 

^ / ( x ) - ^ = / ( 2 / ) - ^ , V x , 2 / e ( 2 a ; + o o ) 

=^f{x) '^=C, Vx e (2« ; +oo ) {C la hang so). 

D o do: / ( x ) - - + C, Vx e {2a; +oo). (3) 
X 

V d i m o i x > 0, l u o n t o n t a i s6 a > 0 sao cho x > 2a, do do theo (3) t a diXdc 

^ + < ^ = ^ ^ ' ' 2 / ^ ( 0 ; + o o ) 
x + / (2/ ) 

^ + < ^ = V x , 2 / G ( 0 ; + o o ) . 
X + - + C xy + l (4) 

TiJt (4) cho X = y = 1 t a dvtdc 

+ C = ^ <^ 
1 „ 1 + 2 C + 1 1 

2 + r 2 + C = 2 ^ + 3 C = 0 o 

1 3 
Do fix) > 0, Vx > 0 nen t a loai h a m / ( x ) = - - Vx > 0. Vay c6 d u y n h a t 

30 £i 

m o t h a m so t h o a m a n cac yeu c i u de ba i l a / ( x ) = - , Vx e (0; + o o ) . 

L i f u y . Se la sai l a m neu t a " l a p l u a i i ngfin gon" n h u sau: X e t 

= l < ^ y - x y + l < ^ x = 

x y + 1 

Do do li^r (1) suy r a 

/ y - 1 ... A . . / x - 1 

M a / l a d o n anh nen t i r (2) dan den 

y 

+ / ( y ) = l = / ^ + / ( x ) , V x > 0 , y > 0 . (2) 

^ ^ + / ( y ) = — + / ( : r ) , V T , y € ( 0 ; + o o ) 
y X 

^fix) - - = fiy) - - , Vx, y e (0; +oo) 
X y 

= > / ( x ) - ^ = ^- V.X- 6 (0; +oo ) {C la hSng so). , 

B a i t o a n 2 . 1 1 8 . Tim tat cd cdc ham s6 f : ( 0 ; + o o ) - » ( 0 ; + o o ) thoa man 

difu Hen: f (3x + 4 / ( y ) ) ^ Vx, y G (0; +oo) . Ml I .£ (1) 

I 
G i a i . T a se cluJng m i n h / l a dOn anh , t i i c l a / ( x ) = / ( y ) <^ x = y. G i a siS 
a: > 0 va y > 0 sao cho / ( x ) = fiy). K h i do 

^ = / ( 3 . + 4 / ( y ) ) = / (3x + 4 / ( x ) ) = ^ ' ; ; 
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- — ISx^y + 16:iy = 18x'̂ ?7 + 16x =̂  .T = 2/. 
9xy + 8 9x2 + 8 

Vdi a > 0, xet =a<^ 2y = 9axy + 8a ^ x = Do do ti t (1) 
9x,v + 8 9ai/ 

ta suy ra " * 

/ 2 ^ ^ ^^^^A ^ „ ^ ^ ^ i i Z ^ + 4^(^) ' j ^ vx, y e (5a; + ^ ) . (2) 
V 3ay / V 6ax J 

Ma / la ddn auh ueii t i t (2) dan den 

'""t + 4 / ( , ) = + 4 / ( x ) , Vx, y e (5a; + ^ ) ^ 

8 8 
^ 4 / ( x ) - — = 4 / (y ) - — , Vx, y e ( 5 a ; + 0 0 ) 

^ ^ / ( x ) - — = / ( y ) - - , V i , y e (5a;+cx)) 
Jx 

=4>/(x) = C, V.r G (5a; +oo) (C la hftng so) n:. 
oX 

-->f(j:) = A + c, Vx € (5u; +oo) (C la h l n g so). (3) 

2 
Vai inoi X > 0. hion ton tai a > 0 sao rho x > 5a, theo (3) ta c6 J (x) = — +C. 

2 
Vay / ( r ) = — + C, V.r G (0; +cx)). Tlni: lai vao (1) ta dudc 

+ C ' = ; r - ^ . V x > 0 , y > 0 . (3) 
• ,„ 9xy+l2Cy + H 9xy + 8 

2 2 f 2651 
Trong (3) ISy x = y=l duric JY^UC + ^ = yf ^ ^ ^ j " - " ^ j -

2 2 265 
thay f{x) = — thoa miin yen can de bai, con ham f{x) ~ ——, Vx > 0 

2 265 " 
khong thoa man, vi vdi x = 100 t in /(lOO) = — - — < 0, mau thuan v5i 

ou'J zU4 

gia thiet / : (0; +oo) (0; +oo). Vay c6 duy nhat mot ham s6 thoa man cac 

>en can de bai la f(x) = - - . Vx > 0. 

B a i toan 2.119. Tim tat cd cdc ham so f : R ^ R thoa man 

/ ( x + (/ + /(?/)) = / ( / ( , c ) ) + 2y, Vx ,yGlR . (1) 

G i a i . K i hieu P{v,v) cl i i viec thay x hdi u, thay y bdi v vao (1). Gia sii: 
/ (a ) = / (b) = c. Kh i do 

P(a, 6) =^ / ( a + 6 + c) = / (c ) + 21) ; P(6, a) => f{a + h + c) = / ( c ) + 2a. >fe 
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Â ĝy = b, sn\ ra / la dOn aiih. -i- ' - ] ^ \ ' ' ' \ t--

P{x, 0) ^ f (x + /(O)) = / ( / (x ) ) , Vx € K • ' 
=^x + / (0 ) = / ( x ) . V X G M . 

=> fix) = X + a, Vx e M (a = /(O) la hang so). 

Thay vao (1) thay thoa man. Vay ham so can tim la 44 < . 

/ ( x ) = X + a, Vx G R (a la hftng so t i iy } ') . 

B a i toan 2.120 (Morocco National Olympiad 2011, day 3 ; Spain Mathe
matical Olympiad 2012). Tim tat cd cdc ham so f •.R—>R thoa man 

(x - 2)f(y) + f{y + 2 / (x ) ) = / ( x + y / ( x ) ) , Vx, y € R. (1) 

Giai . 
• Tnf5ng hdp : /(O) = 0. Tft (1) cho x = 0, ta ditoc f{y) = 0 , Vy e R. 

• Tntffng ho,) : /(O) ^ 0. Dat /(O) = c. Tft (1) cho y = 0, ta ditdc 

( x - 2 ) c + / ( 2 / ( x ) ) = / ( x ) , V X G K . (2) 

Gia sit / ( x i ) = / ( x 2 ) , t i t (2) suy ra • 

( X i - 2)c = (X2 - 2)c X i = X2. > {}, 

Vay / la dcJn anh. T i t (2), cho x = 2 ta dildc 

/ (2/(2)) - / (2 ) ^ 2/(2) = 2 =^ / (2 ) = 1. 

Vi ham so / ( x ) = 1, V.x e M, khong thoa (1) nen gia sit ton tai XQ 7̂  2 sao 

cho / (x„ ) ^ 1. Trong (1), cha y = ta dudc « i f : 
- 1 

(4-0 - 2 ) / 
/ 2 / ( x „ ) - •To 

V ./•(•To) - 1 
= 0 ^ / 

Trong (1), cho x = ^({ ' ' ' ' " i f va sii dung (3), ta dvtdc 
./(•To) - 1 

0\

2/(x()) - XQ 

/ ( T O ) " 1 
- 2 / ( i / ) + f(y) = 0, Vy e 

^ / ( y ) . = 0 , Vy G R. 
J(xo) - 1 (4) 

^ Nfiu / (xo) - Xf, + 1 7̂  0 t in tir (4) suy ra / ( y ) = 0,Vy G R. 

o Ngu / ( x „ ) = xo - 1 thi ^{l^'^l ~ f - = 1, ket hop vdi (3) suy ra / ( I ) = 0. 
T u (1), cho y = ] , ta (htdc 

/ ( I + 2 / (x ) ) = fix + / ( x ) ) , Vx G R 



=•1 + 2/(x) = X + / ( x ) , Va; € R (do / la ddn anh) 
=^f{x)=x-l, VxeR. 

T h i i lai , ta dUdc cac ham so thoa man yeu cau de bai la 

fix) = 0, V i e R ; fix) = x - 1, Vx e R. 

C a c h khac ( t i e p noi tuf / ( 2 ) = 1). V6i moi i 2 ta c6 fix) 1 (vi / la 
ddn anh la /(2) = 1). 

2/(x) - x\ 

m - 1 ; 

(2fix)-x \ 

2fix)-x\ 

2fix) - X 

- 2)/ = 0, 7̂  2 

/(x) - 1 
2/(x) - X 

= 0, Va; ^ 2 

- 2 + 1 = 0̂  
2fix)-x 

m - 1 
= 1 

/(x) - 1 
•>t =̂  2/(x) - .T = fix) - 1 =^ /( .T ) = X - 1, VX 7̂  2. ' 

N h u v?Ly /(:;;) = x - 1 , Vx e R. T h i i lai thay thoa man. ' 
Ket luan : cac ham so thoa man yeu ck\i de bai la , r 

fix) = 0, Vx e R ; fix) = X - 1, Vx e M. 

B a i toan 2.121 (De t h i chinh thiic Olympic 30/04/2006). Hay tim tat cd 
cac ham so / : M —> R thoa man 

f{x + fiy) + xfiy)) = x + xy + y,yx,y E R . (1) 

G i a i . Ta se chiing minh / la ddn anh. Gia sii /(yi ) = 7(2/2)- Trong (1) lay 
X = 1 ta dUdc 

/ ( l + 2/(y)) = l+22/,V2/eR. (2) 

V i fiyi) = f{y2) nen / ( l + 2/(yi)) = / (1 + 2/(2/2)), bdi vay t d (2) suy ra 
1 + 22/1 = 1 + 2y2, hay 2/1 = 3/2- Do do / la ddn anh. Trong (1) lay x = 0 ta 
dUdc fifiy)) = y,^ye R. Trong (1) l i y y = 0 ta diXdc 

/ (x + /(O) + x/(0)) = X = / ifix)) x+/(0)+x/(0) = fix) (do / ddn anh). 

Dat /(O) = a. Theo tren ta c6: fix) = (a + l ) x + a, Vx € R. (3) 
Thay (3) vao (1) ta dudc j • 

(a + 1) [x + fiy) + xfiy)] + a = x + xy + y, Vx, y € R. 
=^(a + 1) [x + (a + l ) y + a + x(a + l ) y + ax] + a = x + xy + y, Vx, y € R. 

Chon X = y = 0 ta dUdc (a + l ) a + a = 0 <=> ^ = -2 " = ^ ^'^ ^^"^^ 

/(x) = X. K h i a = - 2 ta dUdc /(x) = - x - 2. T h i i lai thay thoa man. Vay 

CO hai ham .so thoa man de bai la 

fix) = x ,Vx e R va fix) = - X - 2,Vx e R. ' ' ' 
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B a i toan 2.122 (Argentina Team Selection Test 2008; Czech A n d Slo
vak Mathematical Olympiad, Round I I I , 2004). 71m tat cd cac ham so 
j-: (0; + 0 0 ) —• (0; + 0 0 ) thoa man 

xHfix) + fiy)] = ix + y)fiyfix)),Vx,y>0. ( 1 ) 

G i a i . Ta sc chitng minh / la ddn anh. Gia si'r ton tai hai so ditdng x i , X2 sao 
cho XI 7^ X2 va / ( x i ) = / ( x 2 ) = a > 0. Trong (1) Ian lUdt lay x ^ x i , x = X2 
ta ditdc 

{ 
« + /(!/)] = (a;i+ ?;)/(?/«) 
a + fiy)]^ix2 + y)fiya). 

J 

Suy ra x i va X2 la nghiem cua phudng t r inh tx^ - ux - v = 0 it, u, v dudng). 

Dan den xjx? = - - < 0, den day ta gap mau thuan. Vay / la ddn anh tren 

(0; + 0 0 ) . Trong (1) cho x = y dUdc 

2x^fix) = 2xf ixfix)) xfix) = f (x/(x)), Vx > 0. (2) 

Trong (2) cho x = 1 dUdc / ( I ) = /(/(I ) ) => / ( I ) = 1. T i t (1) cho x = 1 dUdc 

I + f(y) - (2/ + 1) fiy) 1 = yfiy) ^ fiy) = Vy > 0. 
y 

T h i i lai, ta ket luan: Co duy nhat mot ham s6 thoa man yeu can de bai la 

fix) = 1, Vx > 0. 

Lliu y. Co the chiing minh / la ddn anh nhu sau: Ta c6 

( 1 ) ^ fiy fix)) 
, Vx > 0, y > 0. 

x + y fix) + fiy)' 

Gia sii X > 0 va y > 0 sao cho /(x) = fiy). K h i do t i i (3) suy ra 

(8) m 
« (3) 

2.x̂  = x^ + x'^y <^ x^ = x'^y <^ X = y. 1, 
X + y X + X 

B a i toan 2.123. Tdn tai hay khong ham so f : ( 0 ; + 0 0 ) ( 0 ; + 0 0 ) thoa 
ix + y)f (y/(x)) = x V (/(x) + fiy)), Vx, y e (0; + 0 0 ) . (1) 

G i a i . Gia sii ton ta i ham so / : (0; + 0 0 ) ^ (0; + 0 0 ) thoa man (1). K i hieu 
^iu,v) chi viec thay x bdi u va thay y bdi v vao (1). Gia sir /(a) = fib). 

Pia,y) ^ ia + y)fiyfia)) = a^/(/(a) + / ( y ) ) , Vy > 0 > 

Pib, y)^ib + y)f iyfia)) = b'f (/(a) + fiy)), Vy > 0 
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fj2 f,2 
: =^ ab^ + yfc^ = a^b + a^y, Vy > 0 

I , ' . . . r=^ ab{b -a) = y{a^ - I?), Vy > 0 
( 0 . ' ' ^''i =^{b-a) [ah + y{a + b)] = 0, Vy > 0. 

Vay a = b, suy r a / l a d d i i a i i h . ( i i . 

V 2 J 

/ ( l ± ^ ) = / ( i ± ^ ) + / ( l ) ^ / ( l ) = 0, 

Dieii nay m a u t h n a n vd i / ( I ) e (0; +oo ) , vay cau t r a Idi la k h o n g t o n t a i . 
L i f u y. T i r (1) lay y = 1 t a dUdc (.T + 1 ) / ( / ( . r ) ) = . r ^ / ( / ( . T ) + / ( I ) ) , V.r > 0. 
D o / la ddn anh nen t a se chon x l a nghien i diTdng ci'ia phUdng t r i n h x+l = x^. 

B a i t o a n 2 .124 . Tim tat cd cdc ham so / : R -> R thoa man 

/ ( ( l + a : ) / ( y ) ) = y / ( l + / ( x ) ) , V x , y G R . (1) 

G i a i . T i t (1) t a t h a y r a n g neu / la ddn anh t h i bai t oan se r a t de dang . T h a t 
vay, g ia sijf / l a d d n anh . TiT (1) lay y = 1 dUdc 

/ ( ( l + x ) / ( l ) ) = / ( l + / ( x ) ) , V X G R . (2) 

D o / la d d n anh nen t\X (2) t a c6 (1 + x ) / ( l ) = 1 + / ( x ) , e R , suy r a / c6 
d a n g n h u sau: f{x) = ax + b, V i G R. T h a y vao (1) dudc 

a[{l+x){ay + b)]+b = y[a{l+ax + b) + b],yx,y€R. (3) 

T i t (3) Ian lUdt cho (.T; y) = (0; 0 ) , (x ; y) = ( 1 ; 0) dUdc. v 

Vay (3) t r d t h a n h a [ ( l + i ) u y ] = y [ « ( l + a x - ) ] , V x , y G R. T f t day t a r h o 
X = y = 1 dadc 2a^ = a ( l + a) rt^ = o <^ a G { 0 , 1 } . T h i t la i t h a y h a i h a m 
so f{x) = 0, f{x) = X t h o a m a n cac yeu cau de ba i . V a n de con l a i , neu / 
k h o n g p h a i la d d n a n h t h i t o n t a i y i ^ y2 sao cho / ( y i ) = / ( y 2 ) - K h i do 

y i / ( 1 + fix)) = /{{!+ x)fiyi)) = / ( ( ! + x ) / ( y 2 ) ) = y a / ( 1 + / ( x ) ) , Vx G R. 

K e t hdp v d i y i 7^ y 2 suy r a / ( I + / ( x ) ) = 0 ,Vx G R. T h a y vao (1) dUdc 

/ ( ( 1 + • • ; / ( ? ; ) ) - 0 . V x , y G R . (4) 

N e u t o n t a i yo G M sao cho / yo) 7̂  0 t h i t i t (4) ta c6 / ( x ) = 0, m a u t h u a n . 
Vay t\X (4) pha i c6 / ( x ) s 0 T a c6 ket l u a n : Cac h a m so t h o a m a n yen cau 
de ba i l a / ( x ) = 0, f{x) = c. 

1 8 2 

2 . 3 . 3 Suf d u n g t o a n a n h v a s o n g a n h ^̂  ^ , 

B a i t o a n 2 .125 . 71m tat cd cdc ham >so / : R —> R thoa man 

fix + y 2 + = / ifix)) + yfix) + fiz). Vx , y, z G R. (1) 

G i a i . De t h a y / ( x ) . = 0, V J ' G R thoa m a n (1). T i e p theo gia sit / ( x ) ^ 0, 
ti'rc la t o n t a i n G R sao cho / ( w ) ^ 0. K i hieu 1;) ch i p l i ep t h a y x b d i u 
va y b6i vao (1) . V d i m o i x G R t h i 

P 
( .r - fif(n))-fiO) ^ 

IW) f n + 
X - / ( / ( » ) ) - / ( 0 ) ^ 

/ ( « ) 
= . T . 

Suy r a / la t o a n anh . • • . -

F ( x , 0 . 0 ) ^ / ( x ) = / ( / ( x ) ) + / ( 0 ) , V X G R . 
=> fix) = X - / ( O ) , Vx G / ( R ) 

fix) = X - / ( O ) , Vx G R (do / la t o a n anh nen / ( R ) = R ) . 

T i t day cho x = 0 ta dvtdt: / ( ( ) ) = 0. Vay / ( x ) = x , Vx 6 R . T h i t la i t h a y 
h a m so nay k h o n g t h o a (1) . D o d(5 c6 d u y n h a t m o t h a m so t h o a m a n cac 
ycu cau dc bai la / ( x ) = 0, Vx G R . 

L i f u y. Piu, y. 0) ^ fiu + y^) = f ( / ( u ) ) + y / ( u ) + / ( O ) , Vy G R . V d i m o i 
X G R , xe t 

f if in)) + yf in)+ fiO)^y = 
X-fifiu))-fiO) 

V i vay ta tin.fc h i eu P ( - / ( / ( " ) ) - / ( » ) ^ ^ 

/ ( " ) 
df> suy r a / la t o a n anh . 

B a i t o a n 2 .126 (De n g h i t h i O l y m p i c 30 /04 /2011 ) . Tim tdt cd cdc ham so 
/ : R —> R thoa man phtiOng trinh ham 

fi[l + fix)]fiy)) = y + xfiy), V x , y G (1) 

G i a i . T f t (1) cho x = 0 t a durfc / ( [ I + / ( 0 ) ] / ( y ) ) = y, Vy G R. G i a su 
fiVi) - fiy2). K h i do: y, = / ( [ 1 + / ( 0 ) j / ( y i ) ) = / ([1 + / ( 0 ) ] / ( y 2 ) ) = 2/2-

Suy ra / l a ddn anh . V d i m o i y G R, k h i do t o n ta i x = [1 + / ( 0 ) ] / ( y ) G R 
sao cho fir) - y, suy r a / la t o a n anh , dan t d i / la song anh . V i t h g t o n t a i 
c G R sao cho / ( c ) = 0. T i t (1) cho y = c dUdc / (O) = c. T i t (1) cho x = y = 0 
t a difdc / ( [1 + c]c) = 0. Vay / ( [1 + c]c) = / ( c ) , m a / la ddn anh nen 

/ 'I ( l + c ) c - = c < ^ c = 0 = > / ( 0 ) = 0. 



Tir (1) cho X = 0 dUrtc: / (/(y)) = y, Vy € R. (2) 
T i t (1) thay x hdi f{x), thay y bdi f{y) va sii dung (2) ditdc , , . . 

( f a . / ( y [ l + = / ( y ) + yf{x), Vx, y € R. , ̂  (3) 

Tft (3) thay x = - 1 , sv'r dung /(O) = 0 va dat a = - / ( - I ) ta c6 

. K f t K l . /(?/) = a?;, V?/ e M . , 

Thay vao (1) dUrfr: a (1 + ax) ay = y + axy, Vx, y e R. (4) 
Tfr (4) cho X = y = 1 duoc a'̂  (1 + a) = 1 + a a e { 1 , - 1 } . Vay /(x) = x, 
/(x) = - X . T h u lai thay ca hai ham /(x) = x, f{x) = -x deu thoa man. 
L i f u y. Co the thay /(y) = ay, My G M vao (2) d l t i m a. 

B a i todn 2.127 (European Girls' MO-2012). Hay tim tdt cd cdc ham so 

f-.R-'R thoa man: / ( y / ( x + y) + / ( x ) ) = 4x + 2y/(x + y ) . Vx, y € M. (1) 

G i a i . T i f (1) cho y = 0 ta dUdc: / (/(x)) = 4x, Vx e R. (2) 
T i t (2), Slit dung nhan xet 2 d trang 175 suy ra / la mot song anh. Do d o ton 
tai a, b sao cho /(a) = 2, f{b) — 4a. T i t (1) thay y = - x + a, ta dug'c 

/ (2( + a) + /(x) ) = 4x + 4(-.7- + a) = 4a = !{h), Vx G M. (3) 

Do / ddn anh nen tft (3) ta c6 - 2 x + 2a + /(x) = 6, Vx G IR hay 

/(x) = 2x + c, Vx G R. ' 

Thay vao (2) ta dUc.Jc 2 (2x + c) + c = 4x, Vx G R. T i t day lay x =.= 0 dUdc 
c = 0. Vay /(x) = 2x, Vx G R. Tlu'f lai thay thoa man. 

B a i toan 2.128 (Indonesia TST 2010). Xdc dinh tdt cd cdc so thuc sao cho 
CO mot ham so thoa man: x + f [y) — af {y + /(x)) , Vx, y G R. (1) 

G i a i . De thay o = 0 khong ihoa man. Do do gia sii: a 7̂  0. Thay y = 0 vao 

(1) tadi fdc : /(/(x) ) = ^ " ^ j ^ " \ v x G R . (2) 

T i t (2) suy ra / la mot toau anh uen ton tai a G R sao cho f{a) = 0. K h i do 
t i t (1) lay X = « ta ditdc a + /(y) = af{y),My G R, hay 

a = ( a - l ) / ( y ) , V y G R . (3) 

Tit dang thiic (2) t h i se xay ra hoac a == 1 hoac / la ham hang. 
• Neu / la ham hKng t h i khoug thoa man phudng t r inh ham (1). 
• Neu a = 1 t h i 1 % ham /(x) = x thoa man (1). 
V a y a = l . * • . • V', „ • / 
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B a i toan 2.129 (Kyrgyzstan National Olympiad 2012). Tim tdt cd cdc ham 
/ : R - R thoa man: f {f{xf + /(y)) = x/(x) + y, Vx, y G R. (1) 

G i a i . K i hieu P{u, v) chi viec thay x bcii u va thay y bdi v vao (1). 

P(0, y) ^ / (/(O)' + /(y)) = y, Vy G R. (2) 
I f ' ! ' 

Tit (2) '̂'i.y / "̂̂ "̂ ^ rlo <̂o <̂  € M sao cho /(c) = 0. j . ^ j , , , , 

P{c,y)^ f{f{y)) = y,My€R. : - (3) 

Tit (3) '•''̂  / ^'1^^' "^^'^^ f ^̂ '̂ S dung (3) va thuc hien 
Pif{x),y), ta dudc 

/ {x' + f{y)) = xf{x) + y'°=i'' / {fixf + / ( y ) ) , Vx, y G R. (4) 

Do / la song anh nen t i t (4) suy ra 

x' + f{y) = f{xf + f{y)^ [/(a:)]2 = x\x G R. , ^̂.̂  (5) 

De thay ham s6 / ( x ) = x , Vx G R, / ( x ) = - x , Vx G R thoa man (1). Ta 
se chiing minh ngoai hai ham nay ra khong con ham so nao khac thoa man 
yeu cSu de bai. Gia si'f ton tai ham so / : R —> R thoa man (1) va /(.r) ^ .r, 
f{x) ^ - X . K h i do ton tai a G R* sao cho /(a) ^ ava. ton tai 6 G R* sao cho 
/(6) 7^-6 . Do (5) nen/(a) = - a va/(6) = 6. ,̂  

P ( 6 , a ) = > / ( 6 2 - a ) = 6 2 + a ' " ^ " ± ( 6 2 - a ) = 62 + a ' 

h"^ - a = b'^ + a 
a-b'^ = b'^ + a 

a = 0 (man thuan) : s 
6 = 0 (mau thuan). { ; 

Vay cac ham so thoa man yeu cau de bai la / 

fix) = X , Vx G R. fix) = - X , Vx G R. ' ' 

B a i toan 2.130 (Brazil National Olympiad 2006). Tim tdt cd cdc ham so 
/ : R ^ R thoa man: f (x/(y) + fix)) = 2/(x) + xy, Vx, y G R. (1) 

G i a i . K i hieu P(i/, v) chi viec thay x hdi u, thay y bdi v vao (1). 

P ( ] , X - 2/(1)) ^ / (/ (x - 2/(1)) + /( I ) ) = X , Vx G R. 

Suy ra / la toan anh. Neu /(a) = /(6) = c t h i / 

r P f l , a ) = ^ / ( c + / ( l ) ) = 2/(l) + a , 
1 P ( l , 6) ^ / (c + /( I ) ) = 2/(1) + f. ^ « -
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Vay / l a dcJii a i i h , suy ra / la song anh. T o n t a i !/, de f(u) = 0. Dft t / ( O ) = a 

i > , , , P{u,0) => f{nu) = 0 = f{v) => au = u. ... . . ' 

Neu 7/, = 0 t i l l a = / ( ( ) ) = f{ii.) = 0 =4> / (O) = 0. D o do , , , j . 

3 . P ( x , 0 ) ^ / ( / ( x ) ) = 2 / ( x ) , Vx € R 

D a n don f{y) = 2i / , Vy e T , vcii T la t ap gia t r i ci'ia h a m / , ma / la song 

an i l l ien t a oo f{x) = 2x, Vx G R . T lu ' r ' l a i t hav k h o n g t hoa m a n . Vay u ^ 0, 
suy r a o = 1. 

• ' • / ' ( , / . u) ^ / ( ( ) ) = => 1 = ^ 1/ e { - L 1} . 

Neu II = 1 t i n f (0. ~ 1 ) 0 = 2, v6 If. V i the u = - 1 , dan t d i / ( - I ) = 0 va 

/ (O) = 1. T a CO P ( 0 , - 1 ) => / ( I ) = 2. 

|>?rv „ P ( - l , x ) ^ / ( - / ( x ) ) = - X , Vx 6 R . 

P ( x , - / ( l ) ) ^ / ( / ( x ) - x ) = 2 [ / ( x ) - x ] , V X G R . (2) 

Vdi i i i p i X G R , do / la song an l i nen t o n t a i sao cho f{z) = f{x) - x. T i t 

(2) suy r a / ( / ( ; ) ) = 2 / ( z ) . T i r do 

- 1 ) =^ / ( / ( r ) ) = 2 / ( r ) - r r = 0 =^ / { . - ) = 1 =^ / ( x ) = x + 1. 

Thiif l a i t h a y h a m so / ( x ) = .;• + 1, V.j- G R t lu ja i n i i i i cac yen can do ba i . 

B a i toan 2.131 ( M o r o c c a n M a t h e m a t i c a l O l y m p i a d - 2 0 1 2 ) . Hay tlm tat cd 
cdc ham so / : R R sao cho / ( I - / ( I ) ) 7̂  0 va 

/ ( • ' • - . / • ( - ) ) = • ' • . / • ( l - . / • ( - ) ) , Vx,:,y G R , ? / ^ 0. (1) 

G i a i . D a t « = / ( I - / ( I ) ) ^ 0. T i t ( 1) cho 7 / = h t a ditdc 

" ' ; • ' / ( x - / ( x ) ) - ax, Vx G R . (2) 

T i t (2) , t hay x bd i x - / ( x ) , suy ra 

/ ( [ I - a]x - / ( x ) ) = a[x - f{x)l Vx G R . (3) 

• Neu a ^ 1, tfr (1) t h a y x bo i (1 - a)x vh y = I - a. k l i i do 

/ ( [ I - a]x - fix)) - (1 ^ a)bx, V;;: G R , = / ( l - . / X Y ^ ) ) -

K e t hop vdi (2) suy ra: a[x - / ( x ) ] = (1 - a)bx, Vx G R . " , 

Hay fix) = ex, Vx € R . L u c nay d i c u kiOn / ( I - / ( I ) ) ^ 0 n g h i a la ^ 

; ^ • c ( l - c ) ^ O ^ c ^ { 0 , 1 } . 1 ' 
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= ex. Vx e 

X — — 
V y 

t a duoc 

\ y 
1 - - ) , Vx. y G R . y 7̂  0 ( l uon d i i n g ) . 

, j j l u tt = 1, t f t (2) va (3) suy r a vcii m o i x G R t a c6 * ' ' " ' 

fix - fix)) = X, / ( - fix)) = X - / ( x ) . Vx G R . (4) 

Tir ' tay suy r a / ( O ) = 0. G i a .su / ( x j ) = / ( , T 2 ) - K h i do 

X , - fixi) = fi-fixx )) = f i-fis.2)) = X2 - fiX2) => X , = X2. 

/(?/) = / ( : r - / ( x ) ) = x . 

Suv ra / la toan anh. Vav / la song anh. DSn t 6 i t o n t a i m ^ 0 sao / ( — ) = 1, 
m 

ket hflp vd i (1) (htor : f(^x - / ( ^ ) ) = 0 = / ( 0 ) , V x G R . M a / la song anh 

ucii X - / ( — = 0, VJ- G R . Suy ra fix) = ;r)x, Vx G R . T h i i : l a i thay k h o n g 

thoa ma i l (4) . 

Tat ca cac h a m can t i m la: / ( x ) = cx, Vx G R (vcii c 7̂  0 va c I). 

Lxiu y. T r o i i g It'ii g ia i bai toan nay, ta da t i i i h / ( [ I - a]x - fix)) theo hai 

each khac uhan , (\6. tfr do t h u diroc mot phucJiig t r i n l i c6 chfra fix), ro i suy 
r a / ( x ) . 

Bai toan 2.132 ( I r a n Team Selection Test 2011). Tim tat ai cdc toan anh 

/ : M R thda man: f (x + / ( x ) + 2 / ( y ) ) = / ( 2 x ) + / ( 2 y ) , Vx. y G R . (1) 

Giai . K i l i i eu P ( u , v) c l i i viec thay x bd i u va thay y brti v vao (1) . D o / la 

toan anh nen t o n t a i a G R sao cho / ( a ) = 0. 

r ( a , a ) =^ / ( 2 a ) = 0 =^ / ( 4 a ) = 0. 

P ( x , a ) = ^ / ( x + / ( x ) ) = / ( 2 x ) , V x G l 

a 

(2) 

Do / la toan anh nen t o n t a i ft eM. sao cho / ( ,? ) = 

Pia,ft) => / ( ( ) ) = fi23) ; P ( 2 a , 3) ^ / (2/?) = 0. 

N h u vav / ( O ) = 0. T h i f c h ien P ( 0 , x ) , t a dUOc / ( 2 / ( x ) ) = / ( 2 x ) , Vx G R. (3) 
T i , (3) 

suy r a neu a va b la hai so sao cho / ( n ) = / ( 6 ) t i n / ( 2 a ) = / ( 2 6 ) . N h i t 

t i t (2) suy ra: / (2x + 2 / ( x ) ) = / ( 4 x ) , Vx G R. (4) 

Gia sir „, g K_ t f i y y. K l i i do t on ta i v sao cho / ( w ) = ^ . 

P ( x , i ' ) ^ / (x + / ( x ) + u) = / ( 2 x ) + fi2v), Vx G R 



=^f{x + fix) + u) = f{2x) + f {2fiv)), Vx e R 
f{x + f{x) + u) = f{2x) + f{u),\/x,ueR. ( 5 ) 

K i hi§u Q{m,n) chi viec thay x bdi m va thay u bdi n vao (5). Thuc hi^n 
Q(x + f{x), y), sail do sit dung (2) va (4), ta dUdc 

/ {x + fix) + fix + fix)) +y)=fi2x + 2 fix)) + / ( y ) , V i , y 6 R 
(x + fix) + fi2x) + y)= fi4x) + fiy), Vx, y 6 M. 

Thirc hien Qix. / ( 2 T ) + y) , ta dUdc ' ' 
fix + fix) + / ( 2x ) + y) = / ( 2x ) + / ( / ( 2 x ) + y) , Vx, y e R 

^ / ( 4 x ) + fiy) = / ( 2x ) + / ( / (2x) + y ) , Vx, y 6 R. 

Thirc hien Qi2x, y - 2x), ta ditrtc ' ' ' 

/ ( / (2x) + y) / ( 4x ) + / ( y - 2x), Vx, y € R 
+ fiy) = / ( 2x ) + / ( 4x ) + fiy - 2x), Vx, y e R 

^fiu) = f{y - 2x) + / ( 2 x ) , Vx, y £ R. (6) 

Tir (6), thay (x; y) bdi ( | ; 2 ^ ) , ta thu dUdc: / (2x) = 2 / ( x ) , Vx G R. 

Gia sii f. € R. tuy y. K h i do ton tai s e R sao cho / ( s ) = ^. Do do 

/ (0 = / ( 2 / ( 6 - ) ) = /(25) = 2 / ( 5 ) = /,. 

Nhu vay /(<) = ^ V« G R. T h i i l?ii thay ham so fix) = x, Vx € R thoa man 
cac xeu can de Ijai. 

" r • 

2.3.4 C a c bai t o a n tong hdp ' 

B a i toan 2.133 (HSG t i n h Gia Lai nam hoc 2011-2012). Tzm tat cd car. 
ham so / : R — R thoa man: / ( x / ( y ) + x) = xy + 2 / ( x ) - 1, Vx, y G R. (1) 

G i a i . 
C a c h 1. Ti-ong (1) thay x = 0 ta dUdc /(O) = 1. 
Trong (1) thay x - 1 ta dUdc: / ( / (y ) + 1) = y + 2/(1) - 1, Vy G R. (2) 
Tit (2) lay y = - 2 / ( 1 ) ditdc / ( / ( - 2 / (1 ) ) + 1) = - 1 . Dat / ( - 2 / ( 1 ) ) + 1 = a. 
K h i do / ( a ) + 1 = 0^ x / ( a ) + x = 0 / ( x / ( a ) + x) = /(O) = l , V x G R. 
Vay theo (1) t a c6 

y • , 

1 = / ( x / io) +x) = ax + 2 fix) - 1 fix) = - ^ x + 1, Vx G R. 

Suy ra fix) c6 dang / ( x ) = cx + 1, v<^ c la hSng so. Thay vao (1) ta dUdc 

c ( x / ( y ) + x) + 1 =̂  xy + 2(cx + I ) - 1, Vx, y G R 

<=»f; [x(ry + 1) + x] = xy + 2cx. Vx, y G R 
•(=>ĉ xy + 2cx = xy + 2cx, Vx, y G R . u: , •.{• 

yĝ y c = ±1- T h i i l9,i thay / ( x ) = x + 1 va / ( x ) = - x + 1 thoa man cac yen 
cau d^ bai. Vay c6 hai ham so thoa man cac yen cku de bai la 

fix) = X + l , V x G R ; / ( x ) = - X + l , V x G R . 

e a c h 2. T i t (2) l i y y = 1 - 2/(1) ta dUdc / ( / ( I - 2/(1)) + 1) = 0. Dat 

/ ( l - 2 / ( l ) ) + l = a • 

ta diWc / ( « ) = 0. Trong ( 1 ) cho y = a ta dudc / ( x ) = .Ta -| -2 / (x ) -- 1, Vx G R , 
liay / ( x ) = - a x + 1, Vx G R . Thay / ( x ) = - a x - I - 1, Vx G R vao (1) ta t u n 
dUdc a = ±1 . T i t day ta dUdc ket qua nhit d each 1. 
C a c h 3. Gi i i s i r / ( y i ) = / (yz ) , kh i do / ( / ( y i ) + 1) = / (/(y^) + 1), tir (2) c6 

yi + 2/(1) - 1 = y2 + 2/(1) - 1 yi = y 2 . 

Vay / la ddn anh. Trong (2) thay y hdi y + 1 - 2/(1) ta dUdc 

/ ( / ( y + l - 2 / ( l ) ) + l ) = y. 

Suy ra / la toan anh, do do / la song anh. T i t day ton tai duy nhat a G M 
sao cho / ( a ) = - 1 . Trong (1) lay y = a ta dUdc i . 

/ ( 0 ) = .T« + 2 / ( x ) - l , V X G R , . 

^ / ( x ) = - ^ x + 1 , Vx G R (do / (O) = 1). 

Vay ham / c6 dang / ( x ) = hx+ 1. Thay vao ( 1 ) dUdc kct qua giong each 1. 
Lifu y. Trong each 3 chi can c6 / la toan anh la d i i dg suy ra ton tai a G R 
sao cho fin) = -]. Cling trong each (3) chi can l i luan vg phai eiia (2) la 
ham da thifc bac nhat theo y nen c6 tap gia t r i la R , suy ra / la toan anh. 

B a i toan 2.134. Tim tat cd cac ham so / : R ^ R thoa man i , , , , , . . . -

/ + fiy)) = fix + xij) + y / ( l - x ) , Vx, y G R. (1) 

G i a i . K i hieu P(u, v) chi viec thay x bdi u va thay y bdi v vao (1). 

• Trudng hdp / ( I ) ^ 0. r (0 ,x ) ^ / ( / ( x ) ) = /(O) + / ( l ) x , Vx G R . Suy ra 
/ la ddn anh. P(0,0) ^ / ( / ( O ) = /(O), ma / la ddn anh nen /(O) = 0. Vdi 

pf /<£) . ,U; f ,_ /M)=o = / ( 0 ) * I - M = „, 
\ J \ J X 
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do (16 fix) = j \: ^ 0, ket l idp vd i / (O) = 0 suy ra f{x) = x, Vx € R. T h u 
lai t hay thoa m a n . 
• T n r a u g hrt]) / ' ( l ) = 0. T a co P ( 0 , 0 ) = f ( / ( ( ) ) ) = / ( O ) , t\i do 

P ( 1 . / ( O ) ) =^ / (1 + / ( ( ) ) ) = / (1 + / (O) ) + / ' ( O ) / ( O ) = 0. I , , 

/>(0, , r ) ^ / ( / ( . r ) ) = 0 : P{l,f{x-1)) => / ( / ( . r - 1) + 1) = 0. T h u c h ien 

P ( l , X - 1) t a di tdc / (1 + fix - 1)) = fix). N l n t vay fix) = 0. Vx e M , t i n t 

la i t hay thoa man . 

Vay car ham so t hoa m a n yen can de bai la: / ( x ) = x, fix) = 0. 

Lxtu y . K y t h n a t " the t r i c t t i c n " n h n t r c n da di tdc si'r d n n g n h i a u (chftng han 

a vac bai t o i i n 2 .51, 2.54, 2.01.. .): can t r i e t t i e n / ( x + / ( j / ) ) va / ( x + xij) a 

l i a i ve, t a xe t : x + / ( y ) = .r + x j / => x = . V i vay, th i t c h ien P 
y 

chAv chftii se t h n ditcJt d i cn m o n g m n o n . 

B a i toan 2.135 (De ngh i t h i t h i O l y m p i c 30 /04 /2007) . Ttrn tat cd cdc ham 

./ : K -» M thoa man: fix fiy)) + fiy fir)) = 2T / / , Vx , y G E . (1) 

G i a i . T r o n g (1) cho x - y = 0 dUdc / (O) = 0. T r o i i g (1) cho x = y diWc 

/ ( x / ( x ) ) = x ' ^ V x e E . (2) 

T a s(l (h i ' t i ig n i i n l i / l a dcfii anh. G i a si'r / ( x i ) = / ( x 2 ) . K h i do 

r X , / f x , ) = X i / ( . r , ) r / ( X , / ( X , 1 ) = / a : i/(.T2)) ^ / = / ( X j / ( X 2 ) ) 

I . '-s/U-l) = -'^fix;) ^ I / ( . r - i /U l ) ) = fix2f{x2)) \ x l = / ( X 2 / ( x i ) ) 

Cong lai vP» .sir d n n g (1) t a ditdc x'^ + 2xiX2 <4> x i = X2. Vay / la ddn 

anh. T r o n g (2) ci io x = 1 t,a dudc / ( / { ! ) ) = 1 ^ / ( I ) . / ( / ( I ) ) = / ( I ) . Sny r a 

/ ( / ( i ) . / ( / ( i ) ) ) = / { / ( i ) ) •'=>^'[/(i)p = i ^ 

TrUdng hdp 1. / ( I ) = 1. T r o n g (1) lay y = 1 t a dUdc 

V , ; / ( x ) + / ( / { x ) ) = 2 x , V x e R 

* ' ' " ' ^ . / • ( . f ( - ' ) ) = -'̂  + •'• - /(• '•) = + z,Vx e E . (3) 

v6i : = X - fix) <^ / ( x ) ^ x - z. (4) 

T i r (4) ta c6: / ( x - 2) = / ( / ( x ) ) + r . Sny ra: 

/ ( x + c ) = / ( / ( x - z ) ) " ' ^ \ ; - . ) + . = x ^'^ 

=^/(i-) = / U\'i- + - ) ) = X + ; + - X + 2z. (5) 

(4) va (5) suy r a X - z = X 4- 2z 2 = 0 =^ / ( x ) = x , Vx 6 R. ThiSf l a i 

l i i y t hoa m a n . 
ifcfng hdp 2. / ( I ) = - 1 . T r o n g (2) thay x b d i - x t a dUdc 

/ ( - x / ( - , x ) ) = x 2 , V x € E . (6) 

o / la ddii anh uen i\l (2) va (6) suy ra / ( - x ) = - / ( x ) , V x e E . B d i vay 

t rong (1) lay 2/ = 1 t a ducrc: -fix) + / ( / ( x ) ) = 2 x , V x G R. Hay : 

/ ( / ( x ) ) = x + x + / ( x ) = x + i , V x e E , ' (7) 

yd\t = x +fix)^ fix) = t - x . luO ( 8 ) 

T i t (8) va do / la h a m le t r e n E nen t a c6: - \

do (7) 

fit-x) = fifix)) - x + t^ fi-ix-t))=x + t^ -fix-t)=x + t 

=>f{x ~-t) = ~ x - t ^ fi-x ~t) = fifix -t)) = ix-t) + t ^ x 
=>fix) = fifi-x-i))=^-x-t + t = -x. . ^ .-. . ( 9 ) 

T i f (9) , (8) suy ra ? - X = - X =>< = 0 / ( x ) = - x . T h i i l a i t h a y d i i n g . 

Vay cac h a m so t h o a m a n de bai la fix) = x , Vx 6 E va / ( x ) = -x, Vx G E . 

C h u y 2. Ban doc hay so sdnh bdi todn nay vdi bdi todn 5.8 d trang 521. 

Ba i toan 2.136. Tvm tat cd cdc ham so / : E E thoa man » ' ' • 

/ ( ^ ) + / ( ^ ) = 4 x , . V x , , G E . ' 

Hrfdng dan. T u d n g t i r ba i toan 2,135. f i ' 

Bai toan 2.137 (De ngh i t h i O l y m p i c 3 0 / 0 4 / 2 0 1 1 ) . Tim t&t cd cdc ham 
/ : E ^ E thoa man: / ( x ^ + fiy)) = xfix) + y, Vx, y G E . (1) 

Gia i . Da t / ( O ) = a. T r o n g (1) cho y = 0 t a dUdc 

/ ( x 2 + a) = X / ( X ) , V X G E . . . ( 2 ) 

Trong (2) cho x = 0 t a di tdc / ( a ) = 0. T r o n g (1) cho x = 0 t a dUdc 

. / • ( / (? ; ) ) = 2/, V y G E . 

Suy r a n i n / ( x , ) = / ( X 2 ) t h i x, = / ( / ( x , ) ) - / ( / ( X 2 ) ) = X2. Vay / la m o t 
^dn a n h t r en M . T r o n g (2) cho x = a t a dUdc 

/ ( a 2 + a ) = a / ( a ) = a / ( / ( 0 ) ) = a.0 = 0 = / ( a ) . J : ' 



D o do t\t f{a) = f{a^ + a) va / l a drin anh suy rii a = a'^ + a a = 0. Vay 
/ (O) = 0. T r o n g (1) cho y = i) t a duoc / ( x ^ ) = x / ( x ) , V x € K . D o d o 

" ' ' • fix') = xf{x) = / ( x ) . / ( / ( x ) ) = / ( / ( x ) ' - ^ ) . V x 6 R, 

V i / l a d o n anh non 

x' = [f{x)\' ^ [fix) - x] [fix) + x]=0^ 
fix) = X 
fix) = (3) 

T a de d a n g k i e m t r a diWc fix) = x vk fix) = -x t h o a m a n (1) . T a se c h i m g 
m i n h r k u g ngoai ra k h o n g con n g h i e n i nao khac . G i a sit fix) la m o t n g h i e n i 
khac vai ha i n g h i e m t r e n , n g h l a la t o n t a i a ^ 0 sao cho / ( « ) a va t o n t a i 
6 ^ 0 sao cho fib) ^ -b. Tit (3) suy r a / ( a ) = - a va fib) = b. Bdi vay t i t 

' ' /("^ + /('')) = "/(") + ^ /(""^ + b) = b a\ 

T a CO fin' + b)= + b hoac fia' + b) = -a' - b. Nki / ( a ^ + b) = a' + b t h i 

a''̂  + 6 - 6 - a = 0 ( t r a i v d i a 7̂  0 ) . 

N e u fin' + b) = -a' - b thi -a'^ - b = b - a' ^ b = 0 ( t r a i v d i b ^ 0 ) . Vay 

C h i CO k h a nang { f+J = g ^ { f+f = « ^ { t = S, ' ^ i ^ " "^"S 

m a u t h u a n v d i a 0 va 6 7̂  0. D e n day t a ket l u a n : C o h a i h a m so t h o a m a n 

de ba i l a _ 
fix) = X, Va: e M va fix) = -x, V i € M . 

C a c h k h a c ( n g S n g o n h d n ) . T f t (3) suy ra / ( I ) = 1 hoac / ( I ) = - 1 . N o u 

/ ( I ) = 1 t h i t h a y x = 1 vao (1) t a ditUc 

/ ( I + f{y)) = i + y^ / ' ( I + / ( y ) ) ( i + y)^ 
a ^ ( 1 + fiy))^ =.ii + y)2 =^ 2/(2/) + = 2y + ^ / ( y ) = y, Vy e E . 

Vay / (x- ) s X . T h i f lai t h a y t h o a m a n (1) . C o n neu / ( I ) = - 1 t h i t h a y x = 1 

vao (1) t a ditrfc 

/ ( I + fiv)) = - 1 + y ^ / ' ( I + / ( y ) ) = iy-1)' 
^ ( 1 + / ( j ; ) ) 2 = iy - 1)2 =^ 2 / ( y ) + = y2 - 2y ^ / ( y ) = - y , Vy e R. 

Vay fix) ^ - x , V x € R. T h i i l a i t h a y t h o a m a n (1). D e i day t a ket l u a n : C o 

h a i h a m so t h o a m a n do hai la 

/ ( x ) = X , Vx G R va / ( x ) = - X , Vx e K . ' 

C h u y 3 . Tic (3) chun thr' kk luan vc Ine'u f.huc nia ham s6. Ba.n doc hcu y 
r&ny (3) chi khdny dinh Tuuy vdi x € R thi yid Iri cua ham NO tat diem x la 
X hoar, -x, chdng han ham fix) = |x|,Vx e R thoa man (3 ) . 
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pai t o a n 2.138 ( O l y m p i c t o a n C h a u A T h a i B i n h D u o n g 2002). Tim tat 
cd cdc ham so fix) xdc. dinh tren M sao cho f hoac khong c6 hoac chi c6 hHu 
han 0-diem tren R iSo xo thuoc tap xdc dinh cua ham f ducfc goi la 0-diem 
cua ham f neu / ( X Q ) = 0) vd thoa man 

f + y ) = xV(x) + / ( / ( y ) ) , Vx , y e R. J' \ ̂  ; ' m 

G i a i . T r o n g (1) % x = 0 t a ditoc: / ( y ) = / ( / ( y ) ) , Vy € R. ' (2) 
Suy ra : , 

/(x-^ + y ) = x V ( x ) + / ( y ) , V x , y e R (3) 

=^f (x ' + y) = -x'fi~x) + fiy), Vx , y 6 R . ' ,'. _ (4) 

T i t (3) lay x =: 1 va y = 0 t a ditoc / (O) = 0. I^ 'ong (3) l ay y = 0 t a dUdc 

/(x^) = x V ( x ) , V x e R . ' (5) 

T i t (3) va (5) t a c6 fix' + y) = fix') + fiy), Vx, y e R, d i n ' t d i 

/ ( ^ - + y) = / ( i - ) + / ( y ) , Vy 6 R, Vx > 0. 

T i t (3) , (4) va / ( O ) = 0 suy r a / ( - x ) = -fix). Vx e R. N e u x < 0 t h i t l i eo 
(4) t a CO 

• i. . . 

/(x + y)=fi- |x| + y) = -f (|x| - 7/) = - [/ (|x|) + / (-y) ] 

= ~ [ / ( - ^ - ) - / ( y ) ] = / ( x ' ) + / ( y ) . 

Vay: fix + y ) = /(x) + fiy), Vx . y € R. " (6) 
Gia sit t o n t a i x„ ^ 0 sao cl io / ( X Q ) = 0. K h i do /(x^) = 0. 

• Tritcnig hop x„ 7̂  1 va X(, ^ - 1 . X e t day (x„) n h u sau: x„+i = x^, V n e N . 

/ ( X , ) = / ( 4 ) = 0. / ( x 2 ) = / {x\) = X ? / ( X , ) = 0 , . . . , fix,,) = 0, V n G N . 

Suy ra m g i so h a n g c i ia day deu la n g h i e m ciia /(x) = 0, m a xo ^ 1 va 
^ 0 7^ - 1 neu day (x„) c6 v6 so so h a n g khac n h a u , d ieu nav m a u t h u a n v d i 
gia t h i g t . 

• T r i t d n g hop xo = 1. T f t (6) suy r a / ( 2 ) = 0, / ( 3 ) = 0, /(4) = 0 , s u y r a 
' l a m / c6 v6 so 0 - d i e m , m a u t h u a n . , ' , , 
• T r u d n g h o p .r,, = ^1. T i t (6) suy r a / ( I ) = 0, / { 2 ) = 0, / ( 3 ) = 0 , s u y r a 
i ia iu / C O \ so 0-digrn, m a u t h u a n . 

ay .;; = 0 o -didm d u y n h a t c i ia h a i u / . T a c l u i n g m i n h / la d u n cuih. G i i 
''W y ( a i ) = / ( x ^ ) . K h i do v d i m o i y e R t a cd 

/(-'••i + y ) = / (x ,) + / ( y ) , / ( x 2 + y) = / ( X 2 ) + fiy). 
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Suy ra f{xi + y) = / ( i z + y) • Tit do 

/ {xi -X2) = f {{xi + y)- (X2 + y)) = / ( x i + y) + / ( - ( x 2 + y)) 
= / ( i - i + y) - f{x2 + y) = 0. 

vay T i - X 2 la nghiem ciia ham /, suy ra x i - X 2 = 0 hay x i = X 2 , d i n tdi / 
la ddn anh. Do do X.\t (2) ta dirdc }'{y) = y, Vy 6 E. Co duy uhat mot ham 
so thoa man cac yeu cau de bai la 

fix) = X, Vx € K ( th i i lai thay thoa man). 

L i f t i y- Tfr (5) va (6), sir dung phudng phap sai phan ta cung t i m ditdc fix). 
K i hieu c = /( I ) va: 

A','(x) = 5(x), A j ( x ) = A^(x + 1) - A° (x ) , AUX) = A^x + 1) - A J (X ) , . . . 

Bay gid ta se khai trien A^(x) va A^(x), vdi r (x ) = / {x'*) , .s(x) = x^fix). 

Do (6) nen ta c6: 

A^{x) = / ( ( x + l ) ^ ) - / ( x ' ' ) 

= 4/ (x^) + 6/ (x2) + 4/(x) + c 

A 2 ( X ) = 4 [ / ( ( X + 1 ) ^ ) - / ( X ^ ) ; 

+ 6 [ / ( ( x + l ) 2 ) - / ( x 2 ) ] + 4 [ / ( x + l ) - / ( x ) l 

= 4 [3/ (x^) + 3 f i x ) + c] + 6 [2 f i x ) + c] + 4c 

= 12/ (x2) + 24/(x) + 14c 

A ; ( X ) = 12 [/ ((x + 1)') - / (x^)] + 24 [fix + 1) - fix)] 

= 12 [2/(x) + c]+ 24c = 24/(x) + 36c. 

Alix) = ix + l)''fix + l)-x^fix) 

= ix + l)'[fix)+c]-x'fix) 

= (3.;;2 + 3 x + l ) / ( x ) + c(x + l ) ^ 

A2(X) = (3x2 + 93, + 7) + c] + c(x + 2)3 

- (3x2 + 3 x + l ) / ( x ) - c ( x + l ) 3 
(6x + 6) fix) + [(3x2 + 93. + 7) _̂  32-2 ^. 9a- ^. 7j , 

(6x + 6) fix) + 2 (3x2 _̂  9^. + 7) c 

A^(x) = (6x + 12) [fix) + c] + 2 (3x2 _̂  ^ ^ 

; t . - (6x -1- 6) fix) - 2 (3x2 + 9^. + 7) ^ 

= 6/(x) + 18x + 36c. . ,_:v.)\ 

Fpo (5) nen: 24/(x) + 36c = 6/(x) + 18x + 36c, Vx € M. Hay: 

fix) = X, Vx € R ( tha lai thay thoa man). 

\i toan 2.139. Tim tat cd cac ham sS f : (0; +00) - » (0; +00) thoa man 

/(x/(y) + l ) = y/(x + y), Vx , y e (0 ;+oo ) . ^ ( l ) 

^Giai. Gia silf / la ham so thoa man cac yeu cau de bai. K i hieu P(u, v) chi 
phep thay x bdi u va y bdi v vao (1). 

/ \ ^ 

/ 

i m 
/ ( 2 ) \  X  

J  

/ ( 2 ) = ^ / 

+ 

m + , V x > 0 

X y 

= X, Vx > 0. 

Vay / la toan anh. Tiep theo chiing minh / la ddn anh. Gia sijf a > 0, 6 > 0 sao 
cho /(a) = fib), tacan chiing minh a = b. G ias i i 6 > a. Kh i do T = 6 - a > 0. 

P(x, a) ^ / (x/(a) + 1) = a fix + a), Vx > 0 
P(x, b) / (x/(a) + 1) = 6/(x + 6), Vx > 0 

=> fix + a) = - fix + b), Vx > 0 
a 

=> fix) = -fix + T), Vx > a 

fbV 
=^ fix) = - /(x + nT), Vx > a, n € N. (2) 

Do / la toan anh nen 3y > 0 : /(y) > 1. Ton tai no e N d i i Idn sao cho 

U + IIQT - 1 > 0. Vdi moi n > no, thuc hien P ~^,y \a dUdc 

V f{y) ~ 1 / 
/ y J ^ n T - 1 \/ + n T - l \ 

f yfiy) + uTfiy) - 1 

V fiy) - 1 
yfiy) + nT-l 

= yf 

f{y) - 1 
+ nT]= yf 

fyfiy) + nT-l 

f{y) - 1 
yfiy) + nT-l 

fiy) - 1 
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do 
=> 
(2) 

(yf{y) + n T - r 
fyf{y) + n T - l 

\ - 1 
Suy ra y = , Vn > T I Q , day la dieu khoiig thd xay ra. Vay a = h, do do 
/ la ddn anh. XhU the / la song anh. 

P{1,1) ^ f ( / ( I ) + 1) = / (2 ) / ( I ) + 1 = 2 = ^ / ( I ) = 1. 

1 P ( l , x) =^ / ( / (x ) + 1) = x / ( l + x) / ( x + 1) - - / ( / ( ^ O + ! ) • . i > 

/ 

• / ( x + l ) = - / 
X 

/ 
X 

^ 1 ; 
1 

1 \

>/(/(.x-) + l ) = / 
f \ 

X 1 — 
X 

/ 

1 
t a dUdc / 1 t a dUdc / 1 , x j 

/ ( x ) + l = - ^ + ^ , V x > 0 . (3) 

+ 1 = 
1 

x / ( x ) 
+ x, Vx > 0. 

Tir (3) va (4) suy ra / ( x ) + 1 = 1 
• + X - 1 

+ - . Vx > 0. 
X 

(4) 
(5) 

f, x / ( x ) 
Giai phUdiig t r inh (5) vdi an la / ( x ) > 0 ta dime / ( x ) = - , Vx > 0. ThiJt lai 
thay ham so / ( x ) = Vx > 0 thoa man cac yen cau dg bai. , • • 
Lvfu y. Trong bai toan nay ta da b i lu dien / ( x + 1) theo hai each. ;̂ • 
B a i t o a n 2 . 1 4 0 . Tim tat cd cdc ham s6 f -.R^R sao cho 

^ / ( x'•'-/2 ( y ) ) = x / ( x ) - y ^ V x , y G R . ' (1) 
Giai . Ki hieu Piu.v) chi viee thay (x; y) bcii {u-v) vao (1). Trit6c hgt t a 
cluing niinh neu f{y) = 0 thi y = 0. Dat u= - / ^ ( O ) . 

P{0.0) => f{u) = 0 ; P{0,u) ^ /(O) = -u^ 

Vay ?i 1/. e { 0 , - 1 } . Neu 71 = - 1 t h i / ( O ) = - 1 va 
P ( - 1 , 0 ) => - 1 = - / ( - I ) => 1 = / ( - I ) => 1 = f{u) =^1 = 0 (v6 If). 

Do do u ^ 0 va /(O) = 0. P ( x , 0 ) / (x^) = x / ( x ) , Vx G M. Neu f{y) = 0 
thi tCr (1) suy ra /( .r^) = xf{x) - => = 0 => ?/ = 0. 

P(0 ,x)=s>/(-/2 (x) ) = -x2, V x e M . (2) 
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P ( - x , 0 ) ^ / ( x 2 ) = - x / ( - x ) , V x e ' . 1 , 1 

:Suy ra x / ( x ) = - x / ( - x ) . Vx e K , dan tdi / ( - x ) = - / ( x ) , Vx ^ 0. Ket hap 
vdi /(O) = 0 suy ra: / ( - x ) = - / ( x ) , Vx € M. (3) 
Ta se clu'nig minh / la toan anh. Tir (2) suy ra vdi moi y < 0, luon ton tai x 
sao cho / ( x ) = y. Con vdi y > 0 thi ton tai x .sao cho 

Vay / la toan anh. Tiep theo chimg niinh / ( x ) = x, Vx G R^T\X (1), sii dung 
cac ket qua d tren ,suy ra 

/ {x' - f(y)) = fix') - f {-f{y)), Vx, y G R . (4)' 

Tit (4) va do f la toan anh nen * ' 
/ ( x + y) = /{x) + / ( y ) , V x > 0 , y < 0 

^f{r + y) = f{x) + f{y),W.,yeR. .. 1 0 V. ; . (5) 

Sit dung fix') = x / ( x ) , Vx G R va (5) ta ditde ' ^̂ ^̂ ĉ  
/ ((x + 1)2) = (x + 1) [fix) + / ( I ) ] = x / ( x ) + .T/(l) + fix) + / ( I ) . 
/ ((x + 1)2) = fix' + 2x + 1) = x / ( x ) + 2 / (x ) + / ( I ) . 

^ x / ( ] ) + fix) = 2 / (x ) =^ fix) = ax, Vx G R (« = / ( I ) ) . 
Thay vao (1) dildc « = 1. Vay / ( x ) = x, Vx G R . Thi't lai thay thoa man. 
Bai t o a n 2 . 1 4 1 . Tim tat cd cdc ham so / : K ^ R thoa man 

/ ( / (xy) + x) = / ( / ( x ) / ( y ) + x) = / ( x ) + x / ( y ) , Vx, y G R . (1) 

Giai. Ki hieu P{ii,v) chi viee thay x bdi u, thay y bdi ?) vao (1). De thay 
ham so / ( x ) = 0 thoa man (1). Gia sir / ( x ) ^ 0, tiic la ton t^i u sao cho 
/ ( W ) ^ 0 . ,_,„^ / , , , „ 

P ( - l , - l ) = > / ( - l + / ( l ) ) = / ( - l + /2 ( - l ) ) = 0 . '̂ '"̂  (2) 
Suy ra ton tai v sao cho fiv) = 0. ' / ^ ' " 

u) t ' / ( i / ) = 0 V = 0. 
Vay /(:,.) = [)^:r,=o. Vi the tCt (2) ta c6 / ( I ) = 1. 

> ( i , x ) ^ / ( i + / ( x ) ) = i + / ( x ) , V X G R . , ' (3) 

X , - - i 

1 v^l i 
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do (3) . 
Giasii/(fc) = A ; ( f c e N ) . K h i d 6 / ( A : + l ) = / ( l + /(A:)) = l + /(A:) = l + fc. 
Theo nguyen l i quy n^p suy ra /(n) = n , Vn e N . Txl (2) suy ra / ^ ( - l ) = 1. 
Neu / ( - I ) = 1 t h i 

Do do -f{-n) = 1, Vn e N * , suy ra / ( - n ) = /(n), Vn G N * . 
n 1 < 1.1 t'vi>^ 

P ( - l , 2 ) ^ / ( - 1 + /( -2 ) ) = / ( - I ) - /(2) ^ 1 = - 1 . 

Dieu vo h nay chiliig to / ( - I ) = - 1 . Gia sii f{yi) = / ( y 2 ) - Neu ?/2 = 0 t h i 

i i ' l A i J 1 j /(yi ) = 0 =^ yi = 0 = » 7/1 = y 2 -

Neu y2j^0 t h i dat a = — . 

; ' ^ • • • • • • . • • r 

' ' * • -P (y2 ,1) ^ / ( / ( ? y 2 ) + ?/2) = / ( y 2 ) +1/2-

P ( y 2 , o ) ^ / ( / ( y i ) + 2 / 2 ) = / (2/2) + y 2 / ( a ) = > / ( a ) = l -

Tu: do P{a, 1) /(a + 1) = a + 1. Nhan xet r i n g neu /(x) = x t h i 

P{x, 1) =^ /(a; + 1) = f{x) + l=x + l 

/>(_! , a) ^ / ( - 1 + / ( - l ) / ( a ) ) = / ( - I ) - /(a) / ( - x - 1) = - x - 1. 

Slit dung nhan xet nay vdi f{a + 1) = a + 1 ta dUdc 

f{-a - 2) - - a - 2 => f{-a - 1) = - a - 1 => /(a) = o =^ a = 1. 

Suy ra t/i = 2/2, tir do / la ddn anh. Vay t\i (1) ta c6 
f{xy)^f{x)J{y),yx,yeR. (4) 

Tit (4) suy ra v a i m o i x 7̂  0 th i / ( I ) = f{x)f =^ / = . Ta CO 

M I ; 

-,x^ =^ f ( l + - ] = 
\x J \ fix) 

+ V x ^ O . 

f{x+l)^f(x{l+-) ] = / ( x ) 

/ 1 

1 
fix 

X 
^ x , - y ^ / ( . + l ) = /(x) + - ^ . 
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p o d o 't n\u:) f 

/ 2 ( x ) + x] [/(x) - x] = 0 ^ / ( x ) = X , Vx > 0. ; • 

do (4) 

Vai X < 0 ta CO fix) = / ( - ( - x ) ) =̂  'f{-l)f{-x) = - l ( - x ) = X . Ket hop 
y(o) = 0 suy ra /(x) = x, Vx € R. T h i i lai ta ket luan: Cac ham so can 

t im la fix) = 0, Vx e M va /(x) = x, Vx e R. 

B a i toan 2.142. Tim tat cd cac ham so / : R —» R thoa man: 
\>i'.j 

f ixy + fix)) - xfiy) + fix), Vx £ R. , , ( l ) ' 

G i a i . Trade het ta chiing minh rang ngu / thoa man (1) t h i / la ham "tUa 
ddn anh", ti ic la neu c6 x e M, y e R sao cho f{x) = f{y) 0 t h i x = y. 
That vay, gia sii /(x) = f{y) = zi=Q. K h i do theo (1), ta c6: 

f{xy + z) - xz -\- z. 

Mat khac, cung t\l (1), ta c6: i -
. : . . .• ! . : ; 

/ {xy + fiv)) = yfix) + fiy) ^ fixy + z) = yz + z. .,. 

Suy la.: xz + z = yz + z ̂  xz = yz ''°=4?̂ ° x = y. Vay / la ham "tUa ddn anh". 
Ttt (1) cho X = y = 0, ta dUdc: / (/(O)) - /(O). (2) 
Ta se chiing minh /(O) = 0. Neu /(O) ̂  0 t h i do / tua ddn anh nen tiJt (2) 
suy ra: /(O) = 0, den day ta gap mau thuan, vay /(O) = 0. Trong (1) chon 
y = 0, ta ditdc: / (/(x)) ^ f{x), Vx G R. (3) 
Do / "tua ddn anh nen tu! (3) suy ra: f{x) G {0, x } , Vx G R. (4) 
De thay cac ham so /(x) = 0, Vx G R, /(x) = x, Vx G R thoa man (1). Ta 
se chiing minh ngoai hai ham nay ra khong con ham nao khac. Gia sii phan 
chiing rang ton tai ham / thoa man (1) va 

3a ^0: fia) 7̂  0, 36 ^ 0 : ^ b. = ^'^ ' ' ' 

Tiir (4) ta c6: /(a) = a, /(6) = 0. Trong (1) lay x = a va y = 6 ta dUdc: 

, fiab + a) = fia). 

/(a) ^ 0 va / la tUa ddn anh nen ab + a = a => ah = 0, den day ta gap 
^ a u thuan. Vay chi c6 cac ham so sau thoa man yeu cau de bai: 

fix) 0, Vx € R, fix) = X , Vx G R. „ 
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2.4 G i a i phi^ofng t r i n h h a m dtfa vao gia tr i c u a doi 
so va gia tr i c i ia h a m so 

M o t so hai t o a n ve phifcing t r i n h h a m c6 the giai quyet hftng each t i m cac 
ti 'nh c l iat c i ia t a p xac d i n l i D cua bien so x lioac t a p gia t r i c i i a h a m so. 
T h o n g thvfcinj': t n t d c het t a t i m h a m / t r e n m o t t a p con X nao do cua D, 

sau do t i m h a m / t r e n ca tap xac d i n h D. O day t i n h chat t oan anh cua h a m 
so la ciuan t r o n g . Sau day la m o t so l u u y: ^ " 

• C h o D c M va l i ; u n so j : D ^ R . K h i do t a p xac d i n h c i ia h a m so / la 
D , t i i ] ) g ia t r i <'na h a m so / la T = / ( D ) = {!{x)\x e D). 

• Neu y t h u p c t a p gia t r i cnia h a m so / t i n t o n t a i i t n h a t m o t x thuoc 
tcip xac (hnh c i ia h a m / sao cho y = }\x). 

• M o i da t h i i c bac le dfni c6 t a p gia t r i la K (ket q u a t o n g quat nay durtr 
c l u i n g m i n h de dang, ban doc hay t i e n h a n h tUdng t U i i h u t r o n g Idi g iai 
c i ia bai t o a n 2.143, d t r a n g 200). 

• D o i vd i i i h u n g p h i t d n g t r i n h h a m c6 chi ia f{x±/(y)), J{x). f{y)... t i n ta 
t h i t d n g lay x = 0 va t h i t d n g t h a y x b d i ± / ( x ) , b d i ± f{y)... va t h u d n g 
p h a i t i m cho ducfc b igu d ien c i ia f{f{x)) theo f{x). 

• T a t h i r d n g b ien doi de x u a t h ien bieu t h i i c ax + b {a, b l a uhiJng hang 
so, a ^ 0) va cho x t l i a y dOi t r e n M de .suy r a b ieu t l u i c nay c6 t a p gi i i 
t r i la K . T 6 n g q u a t h d n , ta t h u d n g b ien d5i dg x u a t h i e n m o t d a thvXc 
bac 1(', sau do van d u n g ti 'nh chat da thuTc bac le c6 t a p gia t r i la M. 

B a i t o a n 2 .143 . 71m fat cd cdc ham sS / : R ^ R thoa man 

/ ( x ^ " ' ' + 2010y)) = f(x + y)+ f{3x + 20097/) - 2008, Vx, y eR. (1) 

G i a i . T h a y y = 3x - x ^ ' " ' vao (1) t a di ldc 

/ ( 4 x - x ^ n i i ) = 2008 V j - e K . (2) 

X e t h a m so g{x) = -a ;^" '^ + 4x , Vx € R. K h i do g{x) l i en tuc t r e n R va 

4 \ 
h m y{x)= l i m ( ^ x - ^ " " + 4 x ) = l i m x ^ ^ f - 1 + 

l i m < ' x ) = l i m ( - x ^ " " + 4 x ) = l i m x^" ' ! f - 1 + 

x201() J 

4 \ 

= - O O . 

= + 0 0 . 

Vay h a m so (,{x) c6 t a p g ia t r i la E . D o do t i t (2) .suy r a / ( x ) = 2008, Vx e 
T i n t l a i t h a y / ( . x ) = 2008, Vx e E . t h o a m a n . T o m la i h a m so can t i m la 

' / ( x ) = 2 0 0 8 , V x € R . 
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L u ' u y- Phej) t h a y y = 3x — x ^ " ' ' t i m dudc tvr p h i t d n g t r i n h ,> , ;t:i;;. ; 

x"-^"" + 2010y = 3x + 2009y y = 3x - x ^ " " . 

p a i t o a n 2 .144 . Ttm. tat cd cdc ham so / : E -+ E thoa man 

^(^2009 ^ + 2009y) = / ( y + x^ + 4x ) + / ( 2 0 1 0 y + x^) - 2016, Vx, y e R (1) 

Hi^olng d i n . T h a y y = x^""^ - x^ + 3x vao (1) t a d U d c ' ' • 

/(x'-^""-' + 7x) = 2016, Vx e R. (2) 

Do h a m y = X 2 " " " + 7 J - C 6 t a p gia t r i la R ncn t it (2) dUrtc / ( x ) = 2016, Vx G R. 

B a i t o a n 2 .145 . 71m tat cd cdc ham / : R —> R thoa man 

./• (.r + ./•(?/)) = X + / ( y ) + x / ( y ) . Vx, y G R. (1) 

G i a i . G i a sit / la h a m so t h o a m a n dS b a i , k h i do t a c6 (1) . T r o n g (1) lay 
I == 0 t a d U d c / ( / ( y ) ) = / ( y ) , V y £ R. Hay / ( / ( x ) ) = / ( x ) , V x e R. (2) 
Ta C O (1) tUcing d U d n g v d i 

/ {i- + fiy)) =x[\ i\y)\ f{y)yx, y e R. 

TrtfcJng hdp 1: / ( y ) = - 1 ( h a y / ( y ) = - l , V y e R ) . De t h a y / ( y ) = - 1 
thoa m a n (1) . Vay / ( y ) — - l , V y e E la m o t h a m so t h o a m a n de ba i . 
Tru-dng h d p 2: T o n t a i yo G R sao cho / ( y o ) - I . K h i do <, . , , 

/ ( : ^ + / ( y o ) ) = x [ l + / ( y n ) ] + / ( y o ) , V x G E . (3) 

Cho X t h a y dfji t r e n R, ve pha i c i ia (3) la da th i i c bac n h a t theo x t r e n E 
(do 1 + / ( y o ) / 0 ) , do do c6 t a p gia t r i l a R. Suy r a t a p g ia t r i c i ia ve t r a i 
c i ia (3) C l i n g la E . Vay h a m / c6 t a p gia t r i la R. D o d o vd i m o i u e R , t o n 
ta i u G R sao cho f{v) = u. Vay vd i m o i u G R t a c6 

/ ( " ) = / ( / ( ' ^ ) ) ' ' = ' V ( f ) = « . V 

N g h i a la / ( x ) = x , Vx G R. T h i i l a i t h a y h a m so / ( x ) = x , Vx G R k h o n g t h o a 
n ian (1) . Vay c6 d u y n h a t m o t h a m so t h o a m a n dS ba i la / ( x ) = - l , V x G R. 
Lvfu y . T i o n g ve i )hai c i ia (1) , k h i c6 d i n h y, t a t h u d U d c m o t d a t h i i c theo 
bi§n X dang ax + day la m o t d a n hieu dd t a s i i d u n g p h i t d n g p h a p g ia i n h i t 

t r i n h bay d t r e n . 

B a i t o a n 2 .146 . Tzm tat cd cdc ham / : E - » R thoa man , ' 

S?:: / ( 2 ; - / ( y ) ) = 2 / ( x ) + x + / ( y ) , V x , y G R . (1) 
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G i a i . G i a sit / l a h a m so thoa m a n de bai . D a t /(O) = a. T a c6 

H ' ' (1) ^ / ( x - / ( y ) ) - 2 / ( x - ) = x + / ( 2 / ) , V x , y 6 R . (2) 

T r o n g (2) lay y = 0 t a ditdc; / (./; - a) - 2/(x) = x + a, Vx € M. • (3) 
Cho X t h a y d6 i t r en R t a dttdc t ap g ia t r i c i ia ve pha i c i ia (3) la R. Suy r a 

vd i n i o i t £ M, t o n t a i u, u G R sao cho t = f{u) - 2f{v) ( d i t i m h a m / t a chi 

can t i m f{t) = / (/ ( « . ) - 2f{v)) = ? ) . T h a y x bd i /(?/) vao (1) t a dudc 

V , : :.v .K / (0 ) = 2/ (/ (y ) ) + 2/( j/ ) .VyGlR 

=>/{/W) = -fix) + ^ , V x € R. -v. !,.,,, : (4) 

T h a y x bd i / (x ) vao (1) t a ditdc 

, f{f{:r)-f{y))=2fif(x))+f{x) + f{y) . 

( f ) . = - 2 / ( x ) + a + / (x ) + /(y) 

; = - ( / ( x ) - / ( y ) ) + a , V x , y e R . 

T h a y x bd i /(•;) - / (y ) vao (1) t a dUdc 

/ [fix) - 2/(y) ) = 2/ (/(x) - / (y ) ) + / (x ) 

= - 2 [ / ( x ) - / ( y ) ] + 2 a + / (x ) 

- - [ / ( x ) - 2 / ( y ) ] + 2 a , V x . y e R . 

T a c6: f{t) = f{f{u) - 2/(u)) = - (/(u) - 2f{v)) + 2a - - < + 2a, Vt € R. 

Hay fix) = - X + 2a ,Vx € R. Suy ra: / (/(x)) = - / ( x ) + 2a .Vx £ R. K e t hop 

vd i (4) t a ditdc 2n='^ ^a = 0. Vay / (x ) - x , V x G R. Sau k h i t h i i l a i t a 

ket luan : Co d u y n h a t m o t h a m so thoa m a n de bai la / (x ) = - x . V x G R. 

Lvtn y . Do i = / (u ) - 2fiv) nen 

fit) = f if in) - 2 / ( 0 ) = / ifiu) - fiv) - fiv)) 

= 2 / ifiu) - fiv)) + fin) - fiv) + fiv) 2 / ifiu) - fiv)) + fin). 

Vay t a nay s inh n h u can pha i t i m / (/(x) - /(y) ) n h i t da t r i n h bay ci Idi g ia i . 

B a i t o a n 2 . 147 ( O l y m p i c t oan Quoc te-1999). Hay tim tdt cd cdc ham so 

/ : R R thoa man fix - / (y ) ) = /(/(y ) ) + x/ ( y ) + / (x ) - 1, Vx, y G R. (1) 

G i a i . D a t /(()) = a. De thay (1) tUdng d i l dng vdi 

/(•f - fiy)) - fix) = / (/(y ) ) + xfiy) - 1, Vx, y G R. (2) 

Tr iYdng h d p 1: fiy) = 0. De thay / (x ) = 0 khong thoa m a n (1). 

TrvfcJng h d p 2: T o n t a i yo G K : /(yo) ^ 0. K h i do t i t (2) t a c6 

fix - /(yo)) - fix) = /(/(yo)) + x/(yo) - 1, Vx G R . (3) 
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+ a. 

Y l pha i c i ia (3) c6 t ap g ia t r i la R, suy ra t ap g ia t r i cua ve t r a i c i i a (3) cung 
la K- Do d() vd i n i g i x € R luon t o n t a i u,v e R sao cho x = /(w) - f{v). 
Thay x bd i fiy) vao (1) t a dUdc a = 2/(/(y) ) + ( / ( y ) ) 2 - 1, Vy G R. Vay 

/(/(2/)) = - 5(/(2/))' + ^ , V y G R . • (4) 

Thay x bd i fix) vao (1) ta ditdc ket qua la: Vdi m o i x , y G R t a c6 

fifix) - fiy)) = fifiy)) + fix)fiy) + fifix)) - 1 = -IZM^/M 

Vay fix) = f if in) - fiv)) = _L^M^/M! + a = + a, Vx G R . Suy r a 

/ ( / W ) = - ^ ^ + a , V x G R . (5) 

2 I . l i t , ^ ' 

T i t (4) va (5) suy r a = a <^ a = 1. Do do / (x ) = + l ^Vx G R. Sau 

k h i t i n t l i i i t a ket luan : Co duy nha t m o t h a m so t h o a m a n de bai l a 

/ (x ) = + 1 , V X G R . 

L i m y . V i CO d u y n h a t h a m s6 / (x ) = - y + l , V x G R thoa m a n yeu cau 

de bai nen / k h o n g the la toan anh. T u y nh ien t i t (3) t a SUV r a ditdc h a m so 

9ix) = fix - /(yo)) - fix) la toan an l i nen vdi mo i so t h u c x , l uon c6 b i i u 

d i g n : x = / ( a ) - / ( , 0 . , 

B a i t o a n 2 .148 . Tiyn tdt cd cdc ham / : R R thoa man ' 

fix - fiy)) = fifiy)) + 2x/ (y ) + / ( x ) . + 2 , V x , y G R. (1) 

G i a i . Da t /(O) = a. Dg t h a y (1) t i t dng dudng vdi * , ' 

fix - fiy)) - fix) = fifiy)) + 2x/ (y ) +^2, Vx, y G R. (2) 

Trufdng h d p 1: / (y ) s 0. D6 thay / (x ) = 0 khong thoa m a n (1). 
T r i r d n g h d p 2 : T o n t a i yo G R : /(yo) ^ 0. K h i do t i t (2) t a c6 

fix - /(yo)) - fix) - /(/(yo)) + 2/(yo)x + 2, Vx G R. (3) 

pha i c i iu (3) c6 t a p g ia t r i la R , suy r a t ap g ia t r i c i i a ve t r a i c i i a (3) cung 

la R. D o do vdi m o i x G R lu5n t o n t a i u , t ; G R sao cho x = /(w) - fiv). 
Thay X bd i fiy) vao (1) t a dUdc a = 2/(/(y) ) + 2 ( / ( y ) ) 2 + 2,Vy G R. Vay 

/ (/ (y ) ) = - ( / ( y ) ) ' + ^ , V y G R . v . ^ . --^ (4) 
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T l u i y J - I x i i f(x) v;io (1) ta d\Mc k(H, qua la: Vcii ino i x , y € M t a c6 

/ (/ (x ) - Ky)] = fUiy)) + 2/ (x )/ (y ) + / (/ (x ) ) + 2 = - [ / ( x ) - f{y)f + a. 

Ta CO fix) = f{f{u) - f{v)) = -[f{u) - fii')]'^ + a= -x^ + n ,Vx € R. Suy ra 

/ (/ {x ) ) = - [ / ( x ) ] ^ + a , V x e l R . (5) 

T U (1) va (5) suy ra '^-^ = n ^ a = -2. Do do / (x ) = - x ^ - 2 ,Vx e R. 

Sau k h i rlnif l a i t a kc t h i an : Co duy nha t m o t i i am sfi t h o a m a n dc ba i la 

' / ( x ) = - x 2 - 2 , V x e E . • . , ( , ; ) | 

B a i t o a n 2 .149 . Ttrn t.dt cd cdc ham so / : R IR t.hda man 

K-r + /{!))) = (/(,'/))' + 2x/(//) + /( x ) , Vx, y € M. , (1) 

G i a i . Dat /(()) = a. T a c6 (1) t i f dng dUdng vdi 

/ ( x + / ( ; / ) ) - / ( - x ) = (/(y))^ + 2x/(2/), Vx, y e R. (2) 

Tri i -dng l i d p 1: ./(//) 0. Do t l i ay / (x ) - 0 t hoa m a n (1). 

Ti-ii-dng h d p 2: T o n t a i i/o € R : /(yo) ^ 0. K h i do t r o n g (2) thay y bd i yo 
ta (hr(;c . . ,, 

V ^ + / (y" ) ) - /(-^•) = (/ (yo) ) ' + 2x/ (yn ) , Vx G R. 

Vv p l i i i i CO tap gici t r i la R, do do ve t i a i c6 t f ip gia t i i la R. Suy r a vd i m o i 
r tr R luon t o n t a i ii,,v e R sao cho x = /(?/,) f{v). T h a y x = 0 vao (1) t a 
dUdc 

/(/(.'/)) = U { y ) f + Vy e R hay / (/ (x ) ) = {f{x)f + a, Vx G R. 

T h a y x Ix i i - / ( x ) vao (1) t a ditdc 

/ (/ (y ) - / (x ) ) = if{y)f - 2/ (x )/ (y ) + / (/ (x ) ) 

= ( / ( y ) ) ' - 2 / ( x ) / ( y ) + (/(x))2 + a ' ' 

= [ / ( y ) - / W j ' + " , V x , y G R . (3) 

Ta CO fix) = /(/(«) - / ( l O ) [ / ( w ) - / ( f ) ] ' + « = x'^ + a, Vx G R. T h i t la i 
t l i ay h a m s6 /(•'•) = x^ + « , Vx G R thoa man . Vay cac h a m so can t i m la 

fix) --= 0, Vx e M va fix) = x^ + n. Vx G R (a la hftng so bat k i ) . 

B a i t o a n 2 .150 (HSG Ha i Phong n a m hoc 2010-2011). Tim cdc ham so 
/ : R R thoa man f\x) + 2y/ (x ) + /(y) = /(y + / ( x ) ) , Vx, y G R. 

B a i t o a n 2 .151 . Tim tat cd cdc ham so / : R —> R thoa man dieu kien: 

/ ( X + /(y)) = /'(y) + 4x-V(y) + ex^/'Cy) + 4x/^(y) + / ( - x ) , Vx, y G R. ( i ) 

G i a i . Dat /(O) = a. Ta c6 (1) t u d n g dudng vd i : , ^ , . ,̂  

/ ( X + /(y ) ) - /(--O = /'(y) + 4x-V(y) + 6x'-^/2(y) + 4x/3(y), Vx, y G R. (2) 

Xr i tSng h d p 1: / (y ) = 0. Do thay / (x ) = 0 thoa m a n (1). j 
Trtfc^ng h d p 2: 3y,i G R : / (y,,) / 0. Ti 'ong (2) lay y = yo t a d iMc: 

/ ( x + / ( yo ) ) -/ { -^ - ) = / ' (yo )+4xV (y ( ) )+6x^/^(y„ )+4x/^(y„ ) ,Vx G R. (3) 

Vc phf i i (3) hv mo t da thi'rc bac ba non co t ap g ia t n la R. Suy ra v i t r f i i 
(3) c fmg CO tfij) gia t r i l ; i R. Do do vdi mo i x G R, t on t a i u, w G R sao cho: 
jc = fin) - fir). T r ong (1) h\ x = 0 dUdc: /(/(y)) = /''(y) + o , V y G R. Hay: 

/ ( / ( x ) ) = [ / ( x ) ] ' + « , V x G R . (4) 

T l iay X bdi -fix) vao (1) va sit d u n g (4) t a dUdc: \/f^'..'>'' . 

/(./(y) ^ / (x ) ) 

= / ' ( y ) - l / ' ^ x j / i y ) + (i/-(x)/'(y) - 4/(x)/^(y) + / (/(x)) „; 

=/'(y) - - l/ ' ' (x )/(y ) + 6/- (x )/- (y ) - 4/(x)/^(y) + f\x) + a 

= [/(y) / ( x j ] ' + r , , V x , y G R . 

\ay fix) = / (/ ( „ ) / ( r ) ) = [/(,/) /(,.)]•' + a = x^ + o, V:;: G R. 
T h u la i : \Vji /(:,•) = x ' + « , Vx G R, t a co: 

fi^- + f{lj))=f{r + y^ + a) = {x + y^ + ay^+a. , , (5) 

/•"(y) + l./-'/(y) + Gx-/-'(y) + 4x/^'(y) + / ( ^ x ) ' 

= (y' + a)' + 4x' ( y ' + a) + iSx' ( y ' + of + 4x (y^ + a)' + ( x ' + « ) 

= ( x + y ' +</)' + (/. (G) 

T t t (5) va (G) suy ra h a m so / (x ) = x'^ + a,Vx G R thoa m a n yen cau do I ja i . 
Vay ca • h a m so cAn t i m la: 

fix) = 0, Vx G R va fix) = x " + a. Vx G R (a la hftng so bat k i ) . 

B a i t o a n 2 .152 (Han Qu6c -2003) . nm tdt cd cdc ham so / : R R thoa 
^nn dih, ben: f ( r /(y)) = / (x ) + x/(y) + / (/(y)), Vx, y G R. 

B a i t o a n 2 .153 . Tzm fat cd cdc ham so / : R R thoa man: 

I if {'•>:) +y) = f (/(x) - y) + 4/(x)y, Vx, y G R. , (1) 



G i a i . Gia sir ham so / thoa man cac yeu cau de bad. K i hieu: p{x) = [ / ( T ) ] ^ . 

Trong (1) thay y boi /(.r) ta dUdc: / (2/(.T)) = /(O) + 4f{x), V.x e E . (2) 
Trong (1) thay y bdi 2/(y) - f{x), ta diTdc: 

/ (2/(y)) = / ( 2 / ( 1 ) - 2/(y)) + 4/(x) [2fiy) - / ( x ) ] , Vx, y e K. (3) 

T i l (2) va (3) suy ra: 

/(O) + 4f{y) = f (2[/(x) - /(y)]) + 8fix)f(y) - Af\x), Vx, y G R 

< ^ / ( 2 [ / ( x ) - / ( y ) ) ) = ( 2 ( / ( x ) - / ( y ) ] ) V / ( 0 ) , V x , y G M . (4) 

Ta se chiing minh {2 [/(x) - /(y)] |x, y € E } = E. (5) 
De thay liam so /(x) = 0, Vx e M thoa man cac yeu cEu de bai. Ticp theo 
gia sit /(x) 0 0, tite la 3xo G M sao cho /(xo) 7̂  0. Thay x = X Q vao (1): 

* / (/(xo) + y) - / (/(xo) - y) = 4/(xo)y, Vy e R. (6) 

V i /(xo) ^ 0 nen 4/(xo)y la mot da thi'tc bac nhat theo bien y, do do c6 tap 
gia t r i la M hay {4/(xo)y|y € R} = R. Vay t i t (6) suy ra 

{/(/(xo) + y ) - / ( / ( x o ) - y ) | y e R } = R. , 

Do do (5) difdc chitng minh. T i t (5) va (4) suy ra: 

/(x) = x^ + a, Vx e R. (7) 

T lu t lai thay ham so xac dinh bi'Ji (7) thoa man cac yeu cau de bai. 
Ket luan: cac ham s5 thoa man yeu c l u d6 bai la: 

/(x) = 0, /(x) = x'̂  + a (a la hS,ng so t i iy y ) . 

B a i toan 2.154 (Clion doi tuyOn Diic t in toan quoc te-2003; d u tuyen 
IMO-2002). Tim tat c.d cac ham so / : R —+ R thoa man 

/(/(x) + y ) = 2 x + / ( / ( y ) - x ) . V x , y e R . (1) 
(0) 

G i a i . Vdi y G R tuy y ta chpn P = Zi^Il-^. Hay y = /(O) - 2/3. Lai chon 

"= -f{(i),i^ f{a)- 13. K h i do 

/(7) = / (/(a) - /3) = / (/(/?) + a) - 2/3 = /(O) - 2/3 = y. 

Vay / la toan anh. Do do c6 a G R sao cho /(a) = 0. T i t (1) cho x — a dudc 

/(•y) = 2a + / ( / ( y ) - a ) , V y G R . ' 

Vdi mpi X G R, v i / la toan anh nen c6 y G R sao cho f{y)=x + a. K h i do 

X - /(y) - a = a + /(/(y) - a) = /(x) + a (do/(y) - a - x ) . 
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Suy l i * /(^) = X - a, Vx G R. ThiJf lai t h i y thoa man. Bdi vfly, ta t ca cac ham 
s6 can t i m la , , 

fix) = X + C, Vx G R (vdi C la hang so t i iy y.) 

lixtu y- LcJi giai tren dttdc t i m ra nhu the nao? Trit6c het ta nhan thay, neu 
t6n tai a G R ao cho /(a) = 0 t h i t i t (1) cho x = a ta ditdc 

f{y) = 2a + f (/(y) - n), Vy G R 
<^fif{y)-a) = [f{y)-a]-a., Vy G (2) 

Vdi mpi y G R, dat x = /(y) - a, tir (2) ta d U d c f{x) = x - a. Van d l bay 

gid la C O ton ta i so a nhit da yen cau, h d n nfta viec dat x = /(y) - a, Vy G R 
lieu da quet het cac gia t r i trong tap xac dinh cua ham / hay chita? Ca hai 
thru; mfu do s e d U d e giai (luyet neu / la toan anh. Vdi so thitc y bat k i , ta 
t im X G R sao cho /(x) = y. Di sil dung gia thiet (1), ta se t i m x d hai dang: 
. Dang 1: x = f{n)+ft. K h i do /(x) = / (/(a) +/3) = 2 a + /(/(/?) - n). Can 
chpn a, /3 dg . 

/ 2a + /(/(/y) ~a) = y' 
{ f{(3) - a = 0 

2/-/(0) 

Dang nay khoug chpn ditdc B. • "It 
. Dang 2: x = /(a) - ^. K h i do /(x) = / (/(a) - /3) = / (/(/3) + a) - 2/3. C^n 
chpn a, /3 de 

I /(/(/^) + a)_-2/3 = y /(O) - y 
V ; : ' ' 

f(ft)+ n = Q 

Bai toan da t i m ditdc Idi gii i i . ^ ' " ' i . ' i ' , 

Bai toan 2.155. Tim tat ca cac ham 5 0 / : R R thoa man 

fi^ - f{y)) = fix + y^^i") + /(/(y) + y2""») + 2016, Vx, y G R.' (1) 

Giai . Dat /(O) = a. T i t (1) c h o y = 0 t a d U d c 

/(x - a) = /(x) + J{a) + 2016, Vx, y G R. ' ' " ^ (2) 

Neu a = 0 t h i tiif (2) CO fix) = /(x) + 2016, Vx G R, v o h, v a y a 7̂  0. T i t (1) 
^hay x b d i /(y) t a d U d c 

a = / [fiy) + y ' " " ) + /(/(y) + 2/''̂ ') + 2016, Vy e R 

^ / + 2/""") = 6, Vy G R ^vdi 6 = a - 2 0 1 6 \ 

2 ) 
(3) 
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TiJt (3) va (1) suy ra 

fix - f{y)) = fix + + c, V.r, ?/ G M ( v d i c=b + 201&). (4) 

Til (4) t h a y x b d i x + fiy) ta dudc ., . 

fix) = f{x + fiy) + y^^'') + c, Vx, y e M. % ; (5) 

D ^ t gix) = fix) + x20i4 =^ 5(0) = /(O) = a 7̂  0 va (5) t r d t h a n h 

/(x) = / ( x + g ( y ) ) + c, V x . y e R . (6) 

D a t /i(y) = 5 (y + g(0)) - 3 ( y ) - / (y + 3(0)) + (y + 5 ( 0 ) ) ' ° ' ' - / ( y ) - 2/'°'^ 
T i r (6) lay y = 0 t a dUrtc / ( x ) = / (x + ^(O)) + c, Vx e M . Suy r a 

' hiy) = fiy) - r + (y + ,;(0))2°i' ' - / ( y ) - y^"^^ = (y + .7(0))^' ' " - y^"^^ - c 

V^y h ( y ) la m o t d a t h i i c bac 2013 theo y . T i r (G) t a c u n g c6 

/ (x + hiy)) = fix + hiy) + giy)) + c - / (x + g (y + g (0 ) ) ) + c 

= / ' / • ) . Vx ,y 6 R. (7^ 

M a hiy) l a d a t h i i c bac le nen c6 t a p gia t r i la M , vay t i r (7) suy r a 

fix + a) = fix), Vx,a e M . 

Tit d a y lay x = 0 ditdc fin) = n, Wn £ R, hay / la h a m hang . T h a y vao (1) 
dit0c 

a = a + a + 2016 <^ a = - 2 0 1 6 . 

V a y CO d u u g m o t h a m so t h o a m a n you cau do bai la f(x) = 2016, Vx e K . 
B a i toan 2.156. Tim tat cd cdc ham sd / : R IR thoa man 

fix + fiy)) = fix) + i x/ ( 4 y ) + / (/ (y ) ) , Vx, y € R. (1) 

G i a i . De t h a y fix) = 0 t h o a (1) . T i e p theo gia sijf /(x) ^ 0, t i i c la t o n t a i so 

thi^c t sao cho fit) ^ 0. K i h i ^ u P ( u , v) ch i vi$c t h a y x b d i u va t h a y y b d i v 
vao (1 ) . P ( 0 , 0 ) /(O) - 0. , t. 

P ifix), t) ^ f ifix) + fit)) = f ifix)) + ^/(x ) / ( 4 ( ) + / if it)), Vx e R. 

P { / ( ( ) , x) ^ /(/(<) + fix)) = /(/(<)) + lfit)fi4x) + / ( / ( x ) ) , Vx G R. 

=̂  /(0/(4x) = /(x)/(40 =• /(4x) = 8 a / ( x ) , Vx G R. (2) 

D o (2) nen (1) v i e t l a i 

'' • fix + fiy)) - fix) + ax fiy) + / ifiv)), Vx, y G M . (3) 

K i hieu Qiu, v) chi viec thay x bdi u va thay y bdi 1; v ^ (3 ) . L i n lirgt thvTc 
hign Q (/(") - /(^)' Q ifi^) - fi^)^ w) ta thu dUdc 

/ ifiu)) = f (/(") - fiv)) + a ifiu) - /(,;)] /(,;) + / {f{v)), Vu, i ; G R. 
/ ifiv)) = f ifiv) - fiu)) + a ifiv) - fiu)\ + f ifiu)), V u , veR. 

Suyra :' 

/ ifiu) - fiv)) + f ifiv) - fiu)) = a[f in) - fiv)]\ v G R. (4) 

N l u / la ham h t a g th i t h a y vao (1) duoc / ( x ) = 0, mau t h u i n , d o d o t o n 
tg,i u va w sao cho /(uo) ^ /(vo). Dat w = / ( W Q ) - fivo) 0. Tiit (4) ta c6 

fiw) + fi-w)=aw^ i-—^ '- = aw^ ' 
8a 

on 

Vay (3) t r d thanh ' 

fix + fiy)) = fix) + 2x / ( y ) + / (/(y)) , Vx . y G R. (5) 

^/ ix + fiy)) - fix) = 2x / ( y ) + / (/(y)), Vx, y G R. (6) 

K i hieu Riu, v) chi vice thay x bdi u va thay y bdi w vao (5) hoac (6) . 

R ifix), x)^f ( 2/(x ) ) = 2 / ifix)) + 2 / 2 ( x ) , Vx G R. • 

( 2 / ( x ) , x ) =^ / (3/(x ) ) = 3 / ( / ( x ) ) + 6 / 2 ( x ) , Vx G R. 

R (3/(.);), .7;) ^ / (4/(. ; ) ) = 4 / (/(x) ) + 1 2 / 2 ( x ) , Vx G R. 

Ket hop vdi (2) ta ditdc ^ ^ 

1 6 / ( / ( x ) ) = 4 / ( / ( x ) ) + 12/^(x) =^ / ( / ( x ) ) = f\x), Vx G R . • 

V i the R ( - / ( x ) , x ) =^ 0 = / ( - / ( x ) ) - 2/^(x) + / 2 ( x ) , Vx G R. Suy ra 

/ ( - . / " ( • T ) ) = / 2 ( . r ) , V x G R . 

Thuchien i ? ( - / ( x ) , y ) tadiroc 

fifiy) - /(.^O) - ./(--./(.r)) - 2 / ( . T ) / ( y ) + / 2 ( y ) 

=fHx) - 2 fix) fiy) + f\y) ^ [f[y) - f{x)]\, y G R. (7) 

Mat khac 

Rix, t)^fix + fit)) - fix) = 2xfit) + f if it)), Vx G R 

=>{fix + fit)) - fix)\x G M } = R ^ {fiy) - /(x)|x e R } = R. 

Ĵ ot h0p vdi (7) ta ditdc fix) = x\x G R. ThuT lai t h a y d u n g . Vay c6 hai 
"am so t h o a man cac yeu cau de bai la 

fix) = 0, Vx G R ; fix) = x2, Vx G R. 
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B a i t o a n 2 .157 . Tim tat cd cdc ham so / : R —• M thoa man 

f (2x + f{y)) = f{2x) + xf(2y) + / (/(y)), V i , y e R. (1) 

H U d n g d i n . T i r (1) t h a y x hdi | t a dUdc ' , ' ' 

/ ( x + / ( j / ) ) = / ( x ) + |/ (2y ) + /(/(T/)) , Vx, y e R . (2) 

Tiif (2), tien hanh tUdng t u nh i r bai toan 2.156 t a dUdc ket qua: Co hai ham 
so thoa man rac you oau d^ bai la f{x) = 0 , Vx 6 R ; / (x ) = x^, Vx e R. 

B a i t o a n 2 .158 . Ttm tat cd cdc ham so / : M R thoa m,dn 

f (.T + f{y)) = + 3) + 2.x/(y) + fix) - 3, Vx, y € R. (1) 

B a i t o a n 2 .159 (ViCt N a m T S T 2004). Tim tat cd cdc gid tri cua a sao cho 
tSn tat duy nhat mot ham so / : R —» R thoa mdn 

yo, . • .> / (^^' + + fiy)) = (/(•̂ OP + "2/, Vx, y e R. (1) 

G i a i . N h a n thay nen a = 0 t l i i c6 hai ham so thoa (1) la / (x ) = 0 va / (x ) = 1, 
do do xet Q 7̂  0. Do ve phai l a ham bac nhat theo y nen c6 tap gia t r i la R, 
do do 

{ / ( x 2 + y + / ( j / ) ) |y G R } = R {x^ + y + G R } = R, 

suy ra {/(y)|y G R } = R, hay / la t oan anh, dSn den ton tai 6 G R sao cho 
fib) = 0. T a se cln'mg n i i u h ueii / (x ) = 0 t h i x = 0. T i t (1) lay y = 6 dUdr 

/ (x'^ + b) = [fix)f + ah, Vx G R. (2) 

T i i (2) thay x bd i - x dUdc / (x^ + 6) = [fi-x)f + ab, Vx G R. K e t hdp vdi 

(2) dirdc {fix)]'' = [fi-x)]\x G R hay: |/(x)| = |/ ( -x )| , Vx G R. (3) 

T i r (3) suy r a /(-/;) = 0. T i r (1) lay y = -b dUdc 

/ (x^ - 6) = [/(x)]^ - ab, Vx G R. (4) 

T i r (4) va (2) suy ra : / (x^ + 6) - / (x^ - b) = 2ab, Vx G R. (5) 

T i r (5) lay X = 0 ditdc fib) - = 2o6 2a6 = 0 => 6 = 0. Vay t a thu 

dUdc t i n h chat /(O) = 0 va ueu / (x ) = 0 t h i x = 0, cung t i i t i n h chat nay ta 

c6: neu x ^ 0 th i fix) 7̂  0. TiT (1) cho y = 0 dUdc 

/(x^) = [/ (x )p , Vx G R. (6) 
1 I •;; • 
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T i r (6) lay X = 1 dirdc: / ( l ) = f^l) =^ / ( l ) = 1 (do 1 ^ 0 =^ / ( I ) ^ 0). ' 
T rong (1) cho y = 1 d i tdc: /(.r^ + 2) = [/(x))^ + a = /(.r^) + a, Vx e R. (7) 
T h a y x = 0 vao (7) dUdc a = / (2 ) . D o vay 

a' = f\2) = fi2') = /(4) = / [iV2)' + 2)= /(2) + a = 2a'°4^"a = 2. 

L i ic nay (1) t r 6 t h a n h : / (x^ + y + / (y ) ) = [/(x)]^ + 2y, Vx, y G R. (8) 

T i r (8) l i y y = - t a dUdc ^̂ ^̂  , 

/ .̂2 [/(:r)]^ 2 \

2 • '  V  2  

'  ( - ^ ) 

= 0, V x G 

= 0, V X G R 

^ 1 r, I - - X + —-—, Vx G ] 
(9) 

T i r (8) t h a y y bdi - I M ! t a ditdc 

/ 
v 2 • ^ V 2 

T i t (10), s i i d u n g (9) t a dU(?c . . 

x 2 - l Z M ! _ „ 2 ^ [ Z ( y r\ 
2 ^ ^ 2 y = [ / W ] ' - [ / ( 2 / ) ] ' , V x , y G R 

^ / ( x ^ - y^) = [fix)f - l / ( y ) l ^ Vx, y G R '̂ '̂  

= > / ( x ^ - y ' ) - / ( x ' ) - / ( 2 / ' ) - V x , y G R . 

T i t (11) l^y X - 0 d i tdc / ( - y 2 ) = - / ( y 2 ) , Vy G R, suy r a 

m = 'fi-t),yt>o. , . 

Vai ( < 0 thi - < > 0, ,si't d u n g (12) t a thu d i tdc / ( -< ) = - / ( < ) . K e t hdp v d i 
(12) suy r a / ( -< ) = -fit), Vt G R, hay / la ham so le tren R. T i t day ket 
hdp vdi (11) t a d.tdc: / ( x + y ) = / (x ) + / ( y ) , vdi x > 0, y < 0. (14) 
T i t (14) Cling c6: / ( x + y ) = fix) + / ( y ) , vdi x < 0, y > 0. " i ' (15) 
Neu X > 0 va y > 0 thi ' f . .r .ui-. : ( 

(11) 

(12) 

/ ( X + y ) = / ( x - ( - y ) ) "'^='"V(x) - fi~y) = / ( x ) + / ( y ) . (16) 
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Neu X < 0 vk y < 0 thi theo (16) ta c6 / ( - x - y) = f{-x) + f{-y), suy ra 
+ y) = -f{x) - J\y) ^ fix + y) = f{x) + /(y), vd[x<0,y< 0. (17) 

TCt (14), (15), (16), (17) suy ra: f{x +y) = f{x) + f{y), V x , y e R . (18) 
Siif dung (6) va (18) suy ra: 

- [fix + y)f = I {{X + yfy Vx, y e R ^^^^ ' 
, i ^ , ^ i / ( x ) + f{y)? = f{x^ + 2xy + y^), Vx,y e R 
' • ' =^ fix) + 2 fix)fiy) + fiy) = fit") + /(2xy) + /(y^), Vx, y G R 

^ / ( . r y ) = / ( . T ) / ( ? / ) , Vx ,yeR . (19) 

Tit (19), (18), / ( I ) - 1, su dung bai toan 2.169 d trang 218 ta dUdc / (x ) = x. 
Thii lai thay tlioa man (8). Vay a = 2 la gia tr i can tim. 

2.5 PhLfcfng trinh ham trong 16p ham ddn dieu 

2.5.1 Mot so dinh nghIa va tinh chat ^ 
Cho K la mot khoang (hay mot doan, mot niia khoang) nao do cua R va / 
la ham so xac dinh tren K. 

Dinh nghIa 1. Ham so f dxtcJc goi la dong bien ihay tang) tren K neu 

V : r i , X 2 e AT, T i < X 2 / ( x i ) < / ( ; r : 2 ) . 

Dinh nghIa 2. Hain so f duac goi la nghich bien ihay gidm) tren K neu 

V x i . X 2 eK,Xi<X2^ fixi) > fiX2). 

Dinh nghia 3. Hani so tang hoac gidm tren mot khodng duoc goi la ham so 

ddn dieu tren khodng do. - i f . - i i w. 

Dinh nghia 4. Ham so f duac goi Id t&ng thuc sU tren K neu 

V:;;i, ;;;2 € K. x i < X2 =^ fix\) < fix2). .; 

Dinh nghia 5. Ham so f duac goi la gidm thuc su tren K neu 

V x i . X 2 € A".!! < X 2 =>/(xi ) > . / " ( . T 2 ) . , 

Lifu y. Ham so tang (giam) thUc sU con dildc goi la ham so tang (giam) 
nghiem ngat. Ham so khong giam nghia la ham so tang nhimg c6 the tang 
khong nghiem ngat, ham so khong tang ngliTa la ham so giam nhvtng c6 the 
giam khong nghiem ngat. 

Dinh nghia 6. Ham so tang hoac. gidm tht/c sU tren mot khodng duac goi In. 
ham so dan dieu thUc sU tren khodng do. 
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Chu y 4. Dinh nghia ham so dong bien, nghich bien trong sdch gido khoa 
pTTH hieri hdnh chinh Id dinh nghia ham s8 tang thUc su, ham so gidm thifc 
sif trong quye'n sdch nay. -jvnt^ 4110 ; ' f 

£)inh ly 1- Moi ham dan dieu thuc tren mot khodng deu la dan dnh tren 
khodng do. 

Dinh ly 2. Neu f : D ^ R vd g : D R la hai ham t&ng thi f + g cung la 
fidm tang. 

Dinh ly 3. Niu f : D —> R va g : D ^ R la hai ham tang va khong dm thi 
f[x)gix) cung Id ham tang. 

Dinh ly 4. Neu f la ham dan dieu thuc sU tren (a; b) thi phuang trinh 
fix) = m CO nhieu nhdt la mot nghiem tren khodng do. 

Dinh ly 5. Neu f : Df R va g : Dg R Id hai ham tang vd tap xdc dinh 
cua ham g chtia tap gid tri cua ham f thi ham so hap go f Id ham tang. 

He qua 1. Niu f la ham tang thi ham s6 hap / ( /(x)) cung tang. 

He qua 2. Neu f la ham gidm thi ham so hap / ( / ( x ) ) la hdm so tang. 

Chtifng minh. Gia sii x < y. Khi do fix) > fiy) => / ( / ( x ) ) < / ( / ( y ) ) . Vay 
f o f Ih ham so tang. 

2.5.2 Mot s6 lifu y khi giai toan • 

Sau day la mot so Imi y, ban doc can ghi nhd de giai toan duac nhanh hdn. 

- Neu / ddn dieu thuc sU thi / la ddn anh. 

• Trong mot vai trudng hdp neu ta du doan dudc cong thiic ciia ham so, 
Chang han / (x ) = ^(x) thi c6 the xet fix) > y(x) va fix) < gix), sau 
do s\ dung ti'nh ddn dieu cua ham / de dan tdi dieu v6 l i (ching han 
bai toan 2.312). 

• Neu ham / ddn dieu va ta da c6 cong thiic ciia / tren tap so hiJu t i Q 
thi diiiig ki thuat chon hai day htiu t i ddn dieu iigitdc nhau, roi tit do 
chuyen qua gidi han (chSng han cac bai toan bai toan 2.167, 2.189). 

• Neu / cong tinh va ddn dieu tren R (hoftc R+) thi / (x ) = ax (xem 
cluing minh d bai toan 2.167, d trang 217). 
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2.5.3 SvC dung t i n h chat : /(a) = /(6) ^a = b 

Trong muc nay ta se sii dyng t inh chat: Neu / la hain so ddn d i fu tren 
khoang Kyka,b thuoc K sac cho /(a) = /(6) th i a = b. Dieu nay c6 y nghia 
rat Idn, no giup ta "giam bdt /". 

B a i toan 2.160 (Dc nghi th i Olympic 30/04/2011). Tim tat cd cdc ham s6 
f xdc dinh vd ddng bien tren R thoa man diiu kien 

/ ^ l / ( y ) + 2 x ] = 4 i + y + l , V 2 : , y€M. (1 ) 

Gia i . Thay x = - ^ y . v k ) (1) ta dUdc: / (^f{y) - ^y^ = 1, Vy G R. (2) 

Trong (1 ) lay X = y = 0 ta diffjc / (^\f{^)j = 1- Ket hdp vdi (2) ta dudc 

f{\fiy)-\y 

Do / dong bien tren R nen tvi (3) suy ra 

_ \m-\y = \m, V y e R , 

TiJt (4) suy ra f{x) = 2x + a, v6i a la hang so. Thay vao (1 ) t a dvtdc 

/ f 7 (2y + a) + 2x ) = 4x + y + 1, V i , y e R 

=>2 ^ i (2y + a) + 2x^ + a = 4x + y + 1, Vx, y e R 

<^y + 4 x + y = 4 x + y + l , V x , y € R 

3a , 2 

n 2 
V$,y CO duy nhat mot ham so thoa man d l bai la f{x) = 2x + - , Vx e R. 

B a i toan 2.161. Tim tat cd cdc ham so f xdc dinh nd dong bien tren 

thoa man dieu kien: f {^piv) - 3x j = 9x + 6y - 3, Vx, y e R. 

(4) 

HvCdng dan. Tudng t u bai l,odn 2.160 d trang 214. 

m 

Ba i toan 2.162. Tim tat cd cdc ham t&ng thuc sic f :R 

fif(x) + 2y) = f{2x + 2y) + 2009, V.x, y G 

thoa man 

(1) 

Gia i . Tac6 :/ (/ (y ) + 2 x ) = / (2y+ 2 x ) + 2009,Vx,ye M. (2) 
T i l (1) va (2) ta c6: /(/(x) + 2y) = /(/(y) + 2x), Vx, y € R. (3) 
Do / tang thuc sU nen t i l (3) ta c6 /(x) + 2y = /(y) + 2x, Vx, y e R. Hay 

/ ( x ) - 2 x = / ( y ) - 2 y . V x , y € R . 

Bcii vay /(x) - 2x = a,Vx e R (a la hS,ng so). Thay vac (1) ta ditdc 

2x + 2y + 2n = 2x + 2y + a + 2009 <!=> 2a = a + 2009 <^ a ^ 2009. 

Vay f { ^ ) = 2.T + 2009, Vx G R. T h i i lai thay thoa man. 

Bai toan 2.163. Tim tat cd cdc ham tang thuc st/ / : R -+ R thoa man 

fifix) + y)=f{x + y) + l,yx,yeR. ' (1) 

Hi/dng dan. Tifdng tir bai toan 2.162. 

Ba i toan 2.164 (Hy lap-1997). Tinh / ( I ) , biet rang f : (0;+00) ~* R Id 
ham so tang nghiern ngat vd thoa man dong thdi liai diiu kien 

/(x) > - - , V x > 0 . 
X 

/ (x )/ /(x) + - = 1 , V x > 0 . 
V 

(1) 

(2) 

Giai . Dat t = / ( I ) . The x = 1 vao (2) ta dUdc tf{t + 1) = 1. Suy ra t 7̂  0 

va fit + 1) = Tfr (1) thay rang /(I ) > - 1 ^ i + 1 > 0. Vay t i ^ (2) lay 
x = t + l dUdc 1". 

f{t + l)fif{t + l) + 
t + l J r u t + i 

= 1 ' 

>.f - + 
t t + ij J t + l 

Vi ham so / tang nghiem ngat nen tir (3) suy ra 

1 

(3) 

1 
- + 

i + VE 
= l<^2t + l=t^ + t'^t'^-t-l=0<F^t = 

^ 2 

> 0 th i 1 < < = /(I ) < / ( I + /,) = ! = \ / 5 - J . 

ta t lm (tudc /( I ) = i = Chu y la ham so /(x) = ^ ~ ^ thoa man 

N€u / = 

t t + l 

l + VE 

^ac dieu kien de bai. 
2x 
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2.5.4 Phu-dng p h a p kep gia t r i h a m so 

Trong m u c nay ta se xet mot so bai toan d U d e giai bang each van dung t inh 
d d n dieu cua ham s5 ket h d p vdi ket qua: A<B<A=>A = B. 

B a i toan 2.165. Cho / : R — E /a ham so tang vd thoa man: 

/ ( x + 2009) = / ( x ) , V x e R. 

ChxJCng minh rdng f Id ham h&ng. 

G i a i . Tiir gia thiet va bang quy n a p ta chiiing minh d i t d c 

/(.;;) = / ( x + 2009n), V.7: € R, Vrt G N . 

V6i X < y, ta clipn 

n 
J - X 

. 2009 

V i / la ham tang nen 

n < ^—- <n + l ^ x + 2009n <y<x + 2009(n + 1). 
- 2009 " M 

f{x + 2009/0 < /(?/) < /(•'• + 20G9(7(. + 1)) 
>f{x) < f{y) < f{x) f i x ) = f{y). 

Vay / la ham hang. 
L i f u y. Trong bai toan 2.165, thay gia thiet / la ham so tang bdi gia thiet / 
la ham so giam la cung dudc k i t qua / la ham hang. 

B a i toan 2.166. Cho f : (0; + 0 0 ) -» (0; +00) Id ham so t&ng vd thoa man: 

/ ( 2 i ) = / ( x ) , V x e ( 0 ; + c x ) ) . 

Chiing minh rhng f Id hdm hang. ' * 

G i a i . T\i gia thiet va bang quy nap ta ehi'mg minh ditdc 

, / ( x ) = / ( 2 " . T ) , V X G ( 0 ; + ( X ) ) , V n e N . 

Vcii 0 < .7; < y, ta clion 

n = [log., ^ ] ^ n < l o g 2 ^ < »t + 1 =^ 2" < ^ < 2"+' =^ 2"x < y < 2"+'x 

V i / la ham tang nen - \ 

, , „ , / ( 2 " X ) < / ( y ) < / ( 2 " + ' x ) = ^ / ( x ) < / ( y ) < / ( x ) / ( x ) = / ( y ) . . 

\  /  la ham hang. ' 
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2 . 5 . 5 Ph i fdng phap thac t r i e n tH Q len R 

jvjiu ham / d d n dieu va ta da c6 cong t h i i c ciia / tren tap so h a u t i Q t in 
dimg k l thuat chon hai day hihi t i d d n dieu n g U d c nhau, roi t i i do chuyeu 
qua gi<5i liaJ' J^"- kep gia t r i cua f{x) va suy ra cong thiic ciia ham / tren R. 
Viec xay dmig day so h im t i thoa man dieu kien cho tru6c se d U d c t r inh bay 
d muc 2.7.2 ( d trang 268). Ban doc c6 the t im higu k l thuat xay d U n g day so 
hilu t i bang e a c h doc muc 2.7.2 ngay bay gicJ ma khong gap kho khan gi ve 
thti t u kien thi'rc. 

B a i toan 2.167. Tim cdc hdm so / : R —> R, dan dieu tren R vd thoa man 

/ ( x + y) = / ( x ) + / ( y ) , V x . y e R . , K ^ M ! ' . - . (1) 

Gia i . Gia sit ham so / thoa man c a c y e n cau de bai. 

• Ti-ir5ng hdj) 1: / la ham tang. Tudng t u nhu bai toan 2.214 ci trang 278 
ta chiing minh d U d c 

/ ( . T ) = A , - x , V x e Q . (2) 

Vdi X G R tuy y, ton tai hai day so luTu t i { 7 / „ } , t ^ , {vn}n=\o cho 

?/,„ < X < Vn = 1 , 2 , . . . ; Hm ?/„ = l im !•„ = x. 
n — • + C X 3 n—>+oo 

V i / la ham tang nen ket hdp vdi (2) ta co 

/ { " n ) < f i x ) < fivn) kun < f i x ) < fct;„(Vn = 1 ,2 , . . . ) . 

Cho n —> + 0 0 trong bat dring thiic tren ta d U d c ! ; 

A-x < f i x ) < kx ^ f i x ) = A.-X. 

Vay f i x ) = k x , Y x G R (fc la hang so bat k i ) . T h u lai t luiy thoa man. 
• Tnr5ng hdp 2: / l a h a m giam. Titdng ti.r nhu bai toan 2.214 d trang 278 

ta cln'nig minh ditdc 

/ ( x ) = fcx,VxGQ. (2) 

Vc'Ji X G R tuy y, ton tai hai day .so hfm t i { w r j . t ^ i , {vn}n=i «ao c h o 

Un < X < Vn,Vn = 1 , 2 , . . . ; l im ?t„ = l im t'„ = x . 
ti—>+30 n—>+oo 

V i / l a ham giam nen ket hdp vdi (2) ta c6: 

fiUn) > f i x ) > f i v n ) = > k u n > f i x ) > (Vn = 1, 2 , . . . ) . 

Cho n —> +00 trong bat dang thiic tren ta d U d c 

kx> f i x ) > k x = ^ f i x ) = kx. 

Vay f i x ) = A-x,Vx G R ik la hang so bat k i ) . T h i i l ^ i thay thoa man. 
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Ket Inan: ham so thna man yen ran de bai la f{x) = kx,\fx G R (/: la hang 
so bat k i ) . 

B a i toan 2.168. Tnn tat cd cdc hain sS f : [0; + 0 0 ) -> [0; + 0 0 ) thoa man: 

fix + y) = fix) + / ( y ) , Vx, y e [0; + 0 0 ) . (1) 

G i a i . Gia si5r ham so / thoa man cac yclu can dc bai. Tvr (1) cho x = y = 0, 
ta dndc: /(O) = 0. Dat c = / ( I ) > 0. Ti^ (1) cho x = y t'd dudc: 

/ ( 2 x ) = fix + x) = fix) + fix) = 2 fix), Vx e [0; + 0 0 ) . ' 

Bang quy nap ta dg dang chitng minh ditOc: ' ' 

finx) = nfix), Vx G [0; + t » ) , n e N . (2) 

Vdi moi n = 1, 2 , ta c6: ' 

c=fil) = fin'-)'"^'\fn)=>f('-)=c'-,ynsW. (3) 

Tn 
Gia siif r € Q, r > 0. khi do 3m, n £ N* sao cho: r = — . Ta c6: 

n 

rf A d o (2) / l \ d o ( 3 ) cm 

fir)-f{-)-f[m.-) = m / ^ - j = - = - (4) 
T i t gia thiet sny ra: / ( x + y) > fix), Vx, y G [0; + 0 0 ) , do do / la ham t a n g 
tren [0; + 0 0 ) . Vdi moi so thitc x > 0, khi do ton tai hai day s6 hvtu t i duong 
( f in) , (/3n) «ao cho: rt„ < X < / ?„ , Vn = 1,2,.. . va l im Q„ = x = l im /?„. 

n—»+cx) n—++00 

Do (4) va do / tang tren [0; + 0 0 ) nen: 

/ ( a n ) < / ( x ) < / ( / 3 „ ) , V n = 1,2,.. . 
^ C Q „ < fix) < c/3„, Vn = L 2 , . . . (5) 

T i t (5) cho n —^ +00 va si'f diing ngnyen l i kep ta difdc: 

cx < / ( x ) < cx, Vx > 0. 

Vay fix) = cx. Vx > 0. Ket hdp vdi /(O) = 0, ta dndc: 

fix) ^ cx, Vx G [0; + 0 0 ) (vdi c la hang so khong am). (6) 

Thi't lai tliay ham so xac dinh bdi (6) thoa man cac yen can de bai. 

B a i toan 2.169. Tim tat cd cdc ham so / : K —• M thoa man dong thdi hai 
dieu kien sau: 

r T - : ; V < ' . / ( x + y) = / ( x ) + / ( y ) , Vx ,yGlR . '^M^*'* (D 
. fixy) = / ( x ) / ( y ) , Vx,y G R. ^ • (2) 

•* ; ' • • n r s T 

Giai . T i t (1), tien hanh tUdng t u nhit d IcJi giai bai toan 2.214 6 trang 278 
t,a chvtng minh ditdc car kot qna san: 

r / ( r x ) = r / ( x ) , V X G E , 7 - G Q (3) " 
I /(O) = 0, / ( - x ) = - / ( x ) , Vx G R. (4) 

Tit (2) cho y = X ta ditdc / ( x ^ ) = \fix)f, Vx G K. Suy ra / ( x ) > 0, Vx > 0. 
Tit (2) va (3) ta difdc: r / ( x ) = / ( r x ) = / ( r ) / ( x ) , Vx G R, r G Q. (5)^ 
De thay / ( x ) = 0 thoa man yen can do bai. Xet / ( x ) ^ 0. K h i do ton tai 

e E sao cho / (xo) 7^ 0. T i t (5) cho x = XQ, ta dUdc 

/ ( r ) - r, Vr G Q. • ' ^ ( 6 ) 

Tiep theo ta chting minh / la ham dong bicn. Gia sii: x < y. K h i do y - x > 0, 
suy ra fiy - x) >0. Sfi dung (1) ta dudc 

/ ( y ) = / ( ( y - x) +x) = f i y -x) + f i x ) > f i x ) f i x ) < fiy). 

Vay ham / dong bien tren R. Vdi x € R t i iy y, ta chon hai day so hiiu t i 
KKtrj, K C r j saocho 

Un < X < !.'„, Vn = 1, 2 , . . . ; l im u„ = l im Vn = x. 
n — + 0 0 n—>+oo 

Vi / la ham tang nen ket hop vdi (C) ta cd 

f i u n ) < f i x ) < f i v n ) => Un < / ( x ) < i;„(Vn = 1,2,. • • ) . ' 

Cho n —> + 0 0 trong bat dang thiic tren ta ditdc >̂ ='*' 

X < f i x ) < x =^ f i x ) = X. 1 ^ V .,: • 

Sau khi t h i i lai ta ket luan: Cd hai ham so thoa man cac yen cku de bai la 

f i x ) = 0, Vx G R va f i x ) = X, Vx G R. 

y- (ina bai toan 2.169 thudng difdc dimg dg giai nhieu bai toan 
khac, chang han bai toan 2.177 d trang 226, bai toan 2.178 d trang 227, bai 
toan 2.195 d trang 248. ^„ , , , 

Bai toan 2.170. Tim tat cd cdc ham 50 / : R ^ R thoa man dSng th&i hai 
^ini kien sau: 

f i x y ] = f i x ) f i y ) , V x , y G R ! ' " n f i j 

/ ( x + l ) = / ( x ) + l , V x , y G R . (2) 

^ia i - T i t (1) cho x = y = 0, ta ditdc: /(O) = /(O)^ ^ | -̂ jgj = 0 ^.^^ 

•^(0) = 1 th i t i t (1) cho y = 0 thu dUdc: / ( x ) = 1, Vx G R, ham so nay khong 



t hoa m a n (2) , vay /(O) = 0. G i a sit f{k) = k, yd i € N, k h i do theo (2) suy 
l a : /(fc + 1) = f{k) + 1 = A: + 1. T l i eo nguyen h' quy nap suy ra : 

t' f{n) = n , Vn e N* . ^ • (3) 

T i t (2) lay x = - 1 t a dudc: / ( - I ) = - 1 . T i t (1) lay j / = - 1 t a dUdc: 

N h a vay, vd i n nguyen a m t h i : / (n ) = - / ( - n ) - ( - n ) = r i . K e t hdp vd i 

(3) t a ditdc: f(n) = n. V n € Z . Vd i n € Z* , t a c6: 

1 
(4) 

\nj n 
(5) 

Vd i m e Z , n € Z* , s i i d u n g (1) va (4), t a dUdc: 

T i t (1) lay y = x suy ra : / ( x ) > 0, Vx > 0. T i t (1) lay y =-x suy ra : ;: 

/ (x ) < 0, Vx < 0. 

T i t (2) suy ra : / ( x ) > 1, Vx > 1. Ta c6: 

1 = / ( I ) = / u) / ( X ) / (1) ̂  / (1)=jj., Vx ̂ • (0 
T i e p theo t a c lu ing m i n h / la h a m so tang . Vd i x > y > 0, t a cd: 

> 1 ̂  fix) > f{y). 

Vay / la h a m so t ang t r e n [0; +oo ) . Vd i x < y < 0, t a cd: 

•'̂  > 1 / 
\yj y 
^'•''^ > 1 ̂  f{x)f Q") > 1 ̂  ^ > 1 fix) < fiy). 

Vay / la h a m so t a n g t r en ( - oo ;0 ] . Nh i t vay / la h a m so t a n g t r e n M. Vd i 

X e R t u y y, t a chon ha i day so l iQu t i {Mn }^ f ° i ^ {vn}n~i sao cho 

Uii\: Un < X < t ' n , Vn = 1, 2 , . . . ; l i m u„ = l i m v„ = x. 
n—*+oo n—>+oo 

V i / la h a m tang nen ke t hdp vdi (5) t a cd 
' ' " v < / (x ) < /( ( ; „ ) => n„ < fix) < Vn (V7i = 1, 2 , . . . ) . ^ .v 

Cho n —> + 0 0 t r o n g ba t d i n g t l n i c t r en t a dUdc 

•; • ('('iV<:' !• • X < / (x ) < X / (x ) = X. '»-̂  6T J i ; 

Vay fix) = x,Mxe M. T h i ^ la i thay thoa m a n . t ^̂ '̂̂'̂  i^) (̂ '̂̂ := 
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2 .5 .6 D i f a v e h a m d d n d i e u v a c o n g t i n h , s . 

Co nh i eu bai t oan m a d g ia t h i e t chua cd t i n h ddn d ieu , cong t m h . T u y nh i en 
ttr ph i tdng t r i n h h a m da cho va cac gia th i e t khac, t a se ch i ing m i n h dUdc 
h a m so ddn d ieu va cong t i n h , den day t a se van d u n g ba i t oan 2.167 (d t r a n g 
217) de suy ra ket qua. 

B a i t o a n 2 . 1 7 1 . Tim tat cd cdc ham s6 thoa man / : IR —> M thoa man dong 
thdi cdc dieu kien sau: 

. fix + y) = fix) + fiv), Vx, 2/ G M. ' ' 

. fix'''') = [fix)r'\^xeR. ''f'^'':\''' (2) 

G i a i . G i a sit / la h a m so thoa m a n cac yen cau dc ba i . T i t (2) suy ra : 

/ ( x ) > 0 , V x > 0 . , 

T i t ( I ) lay X = y = 0 t a ditdc /(O) = 0. Vd i x > y , t a cd x - y > 0, suy ra 
fix - y) > 0, do do: fix) = / ( ( x - y) + y) = / ( x - y) + /(y) > fiy). Vay / la 
h a m k h o n g g i am t r e n R. T i t day ket hdp vdi (1) va sit d u n g bai t oan 2.167, 
d t r a n g 217 suy r a / (x ) = A:x, Vx G K. T h a y vao (2) t a ditdc: 

kx^'^'^k^^V^VxeR. • 

Suy ra: k = ^ k {l - /t^'"^) = Q ^ 

fix) = 0, Vx G R; fix) = X , Vx G K. 

Thiif la i t h a y thoa m a n . 

L i f t i y . Co the thay so m u 2018 bd i s6 m i i chSn 2n , vd i n G N* . 

B a i t o a n 2 .172 . Tim tat cd cdc ham so thoa man f -.R-^R thoa m,dn dSny 
thdi cdc dieu kien sau: 

• fix + y) = fix) + fi'iT), V x , y G R. (1) 

• / (x2) = - [ / ( x ) ] ^ V x G R . ' • ' (2) 

G i a i . G ia s i i / l a h a m so thoa m a n cac yeu cau de bai . T i t (2) suy ra : 

/ ( x ) < 0 , V x > 0 . 

T i t (1) % X = y = 0 t a dUdc /(O) = 0. Vd i x > y, t a cd x - y > 0, suy r a 

/(•^ - ?;) < 0, do do: fix) = fiix - y) + y) = / ( x - y) + / (y ) < / (y ) . Vay 

/ la h a m g i am t r e n R. T i t day ket hdp vd i (1) va s i i d u n g ba i t oan 2.167, d 

t r ang 217 suy r a / ( x ) = fcx, Vx G R. T h a y vao (2) t a ditdc: 

fcx^ = - f c ^ x ^ Vx G R. •'i'-M ' ' 
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k^°" = l ^ N h i t v a y : 



fc = 0 
k = - 1 . 

tilhu vay: Suy ra: k = -k'^ ^ k {1 + k) = Q ^ 

fix) = 0, Vx 6 M; fix) = -X, Vx G R. 

Thii lai thay thoa man. 

Lift ! y. Co the thay .so mu 2 bdi so mu chan 2n, vdi n € 

B a i toan 2.173. Tim tat cd cdc ham so thoa man / : K -

thdi cdc diiu hen sau: 

• fix + y) = fix) + fiy),^x,yGR. 

. fix') = [fix)f, Vx e R. 

G i a i . Tir (1) cho X = y = 0 ta dUdc /(0)=0. T i l (1) thay y bdi -x va sijt 
dnng /(O) = 0 ta ciUdc: / ( x) = ^/(x) , Vx e E hay / la ham .s6 le tren M, 
Tvr (1) va (2) ta co: 

[ / ( , , ) + / ( , ; ) ]••' [ / ( X + = / ( { X + y)') - / {x' + 3x2,y + 3x?/̂  + y') 

= [/(•'•̂ )] + /(3.r?y(.T + ?/)) + [ / ( . ' / ) 

= fix')] + 3/(x?y(x + y)) + [fiy') 

thoa man dong 

(1) 

(2) 

(3 ) 

Mat khiic: 

[/-(,:) + fi,,)f = \fix)f + 3/(x)/{7y) [fix) + fiy)] + [/(?/)!' 

= UV-')] + 3/(x)/(y) [fix) + fiy)] + [f{y') 

Tif (3) va (4) suy ra: 

f(x)fiy) [fix) + fiy)] = f ixyix + y)), Vx, y e R. 

Tvr (2) \ky x - 1, ta ditoc: / ( I ) = [/(I)] ' <̂  / ( I ) e {0 ,1 , -1 } . 

• Tntdng hop 1: / ( I ) = 0. Tir (5) cho y = 1 ta ditdc: 

• 0 . ' ' • .: / (x^ + x) =0 , V x e R . 

(4) 

(5) 

(6) 

- - ; + 0 0 I nen tit Do ham so .^(x) = x^ + x, Vx G R c6 tap gia tri la 

/ (x ) = o . V x G - J ; + o o ) 

=>/(x) = 0, Vx G [0; +oo) 

=>/(x) = 0, Vx G R (do / la ham so le tren R ) . 

Thi'r lai thay ham so fix) = 0, Vx G R thoa man cac yen can d l bai. 

.6". . 
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, TrircJng hop 2: / ( I ) = 1 hoac / ( I ) = - 1 . Dat / ( I ) = c. Tif (5) cho y = 1 
ta diTdc: 

/ (x^ + x) = cfix) [fix) + c], Vx 6 R ' ' • 

^f (x2) + fix) = c(/(x)]2 + c^fix), Vx G K : 

< * / ( X 2 ) + / ( X ) = C [ / ( X ) ] 2 + / ( X ) , V X G K ^ ' •• 

« * / ( x 2 ) = r , • [ / ( x ) ] ^ V x e ] R . 

- Tritdng hop 2a: / (x^) = [/(x)]^ Vx G R, tUOng tvr bai toan 2.171 
(d trang 221), ta diioc: / (x) = x, Vx G R. T h d lai thay thoa man. 

- Trirdng hgJp 26: / (x^) = - [ / ( x ) p , Vx G R, suT dung bai toan 2.172 
(i3 trang 221), ta diroc: / (x) = Vx G R. Thii lai thay thoa man. 

Kfit hian: r ac ham so thoa man you can do bai la: ' 

fix) = 0, Vx G R; fix) = X. Vx G R; / (x ) = - x , Vx G R. 

Lift! y- Ta da tiiih [fix) + fiy)f theo hai each khac nhau d6 thu ditdc (5). 

Bai toan 2.174. Tim tat cd cdc ham dan dieu / : R —> R thoa man 

fix+ fiy)) = fix)+4y,Vx,yeR. (1) 

Giai . Gia su yj , y2 G R va / (y , ) = / (yz) , khi do vdi moi x G R ta c6 S " " ' 

/ (^ + / (y i ) ) = /(a; + /(y-i)) ^ /(a.-) +4yi = / (x) + 4y2 yi = y2. 

vay / la ddn anh. TVong (1) lay y = 0 ta dudc 

./•(.•r + /(0)) = / ( x ) , V x G R . (2) 

Trong (1) lay x = 0 ta dUdc / ( / (y) ) = /(O) + 4y,Vy G R. Hay 

/ ( / W ) = / ( 0 ) + 4 X , V X G R . ( 3 ) 

T'r (2) va (3) ta c6: / ( / ( / (x ) ) ) = /(4x),Vx G R. (4) 
/ la ddn anh non ti:r (4) ta co / ( / (x)) = 4x,Vx G R. Trong (1) thay x hdi 

fix) va su dung (3) ta dUdc 

/ ifix) + fiy)) = / (/(x))+4y = 4x+/(0)+4y = / (/(x + y)), Vx, y G R. (5) 

1̂ / la ddn anh nen tfr (5) ta c6 / (x + y) = / (x ) + / (y ) , Vx, y G R. T\ day va 
/ ddn diou non thoo hai toan 2.167. d trang 217 .suy ra fix) = kx, Vx G R. 

Dodo 

fix + fiy)) = kix + fiy)) - kix + ky) = kx + k^y, fix) + 4y = ^x + 4y. 



T h a y vao (1) suy r a vd i m p i y € M t a c6 

kx + k^y = /ci + 4y => fc^y = 4y =^ (A:̂  - 4)y = 0 => fc = ± 2 . 

Vay f{x) = 2a:, Vx € M va f{x) = - 2 i , V x e R. T h i i l a i thay thoa m a n . 
L t h i y . Se gon h d n m o t ch i i t , neu d i y r k n g til (2) va do / d d n anh nen 
x + /(O) = X, suy r a /(O) = 0. 

B a i t o a n 2 .175 ( I t a l y -2000 ) . ThtXc hien cdc yeu cdu sau: 
a) Tim tat cd cdc ham ddn dieu / : R —» IR thoa man 

/(.T + /{y) ) = / ( x ) + y , V x . y e l R . (1) 

b) ChUng minh rhng vdi moi so nguyen n > 1, khong ton tai ham, dan dieu 
nghiem. ngdt f iR^R sao cho: f (x + f{y)) = f{x) + y " . V i , y 6 R. (i) 

G i a i . 
a) G i a s('r y i , y2 e R va / ( y i ) = / ( y 2 ) , k h i do vdi m p i a; 6 R t a c6 

fix + / ( y i ) ) = fix + / (y2)) => fix) + yi= fix) + y j ^ y i = 2/2-

Vay / la dr)n anh . T i o n g (1) 1 % y = 0 t a dirpc 

v^/. ..' / ( x + /(0) ) = / ( x ) , V x e R . (2) 

T r o n g (1) lay X - 0 t a d i ldc / (/ (y ) ) = /(O) + y, Vy e R. H a y 

/(/(.7,-)) = / ( 0 ) + x , V x 6 R . (3) 

T i r (2) va (3) t a c6: / (/ (/ (x ) ) ) = / ( x ) , V x € R. (4) 

V i / l a dffn anh non t f t (4) t a r o / (/ (x ) ) = x , Vx £ R. So sanh vdi (3) t a suy 

r a /(O) = 0. T r o n g (1) thay x hd i / (x ) t a dapc 

/ (/(:'•) + fiv)) = f ifix)) + y = X + y = f (/(x + y ) ) , Vx , y € R. (5) 

V i / la ddn anh nen t i l (5) t a c6 / ( x + y) = fix) + / ( y ) , Vx, y G R. Tiit day va 

do / dd . i d i eu neu theo bad toan 2.167. d t r a n g 217 suy r a / (x ) = kx,Vx £ R 

D o do: fix + fiy)) = fc(x + / (y ) ) = fc(x + ky) = kx + k^y, fix) •hy = kx + y-
T h a y vao (1) suy r a vd i m p i y € R t a c6: 

kx + k'^y = kx + y ^ k'^y = y =^ (fc^ - l ) y = 0 =^ /c = ± 1 . 

Vay fix) = x , V x € R va / (x ) = - x , V x £ R. T h i i l a i t h a y t h o a m a n . 
b) G i a .sir t o n t a i h a m ddn d ieu ngh iem ngat / : R R t h o a m a n ( i ) . Do } 
ddn d ieu ngh i em ngat nen / la ddn anh. D o do vd i y 0 t h i fiy) fi-y)' 
suy r a 

fix + fiy)) / / ( x + fi-y)) ^ fix) + y " ^ fix) + ( - y ) " ^ y " # ( - y ) " , 
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dan t d i n l a so le. T r o n g (1) lay y = 0 t a dUdc / ( x 4- /(O)) = / ( x ) , do / la 
ddu a i ih nen x + /(O) = x /(O) = 0. TiX ( i ) lay y = 0 dudc 

fifiy)) = y'', V y e R . ^ ( i i ) 

T i r ( i i ) suy r a [/ (y ) ] " = / (/ (/(y))) = / ( y " ) , Vy 6 R. V I t h i ' • 

/ (X + y " ) = f ix + f (/(y) ) ) / ( x ) + r (y ) = / ( x ) + / ( y " ) , Vx, y G R. 

1\i day va do n le nen / ( x + y ) = / (x ) 4- fiy), Vx, y G R. M a / ddn d i eu nen 
theo bai t oan 2.167, d t r a n g 217 suy ra fix) = /cx,Vx G R. T h a y vao (i) dudc 

k ix + ky) = kx + y " , Vx, y G R. „ (4i ) 

T i r (4i) cho X = 0 va y = 1 t a dUdc fc^ = 1 <=s> fc G { 1 , - 1 } . T h i i t h a y ca 
hai h a m fix) = x va fix) = - x deu khong thoa (i). Vay k h o n g t o n t a i h a m 
so nao t h o a m a n t a c d ieu k i e u da no i d cau b). 

B a i t o a n 2 .176 . Tim tat cd cdc ham so / : R -+ R thoa man: 

/ ( l - i | + y + / ( y + / (y ) ) ) = 3y + | / ( x ) | , V x , y G R . ^ _ , (1) 

G i a i . T r o n g (1) t h a y x bd i - x , t a dUdc: 

/ (1:^1 + y + fiy + fiy))) = 3y + |/ ( -x )| , Vx, y G R. (2) 

Tiif (1) va (2) suy ra : |/(x)| = |/ ( -x )| => / ( - x ) = / (x ) hoSc / ( - x ) = -fix). 
Trong (2) cho x = 0 t a dUdc: / (y + / (y + fiy))) = 3y + |/(0)|, Vy G R. (3) 

G ia s i i < G R, k h i do xet : t = 3y + |/(0)| <^ y = ^—J/M, nhu v?ly theo (3) , 

t 6n t a i y = ^ ~ '^^"^^ G R, sao cho / (y + / (y + fiy))) = t, vi t h i / la t o an 

anh. Suy r a t d u t a i a sao cho / ( « ) = 0 va nhu the / ( - a ) = 0. L a n liTdt thay 
y bd i a va -a vao (3 ) , ta dUdc: 

0 = / ( a + / ( a + / ( « ) ) ) = 3 a + 1/(0)1, 

0 - / ( - « + / ( - a + / ( - a ) ) ) = - 3 a + 1/(0)1. 

Do do a = 0 va /(O) = 0. H d n nQa: / (x ) = 0 <^ x = 0. , (4) 

Phudng t r i n h h a m (3) t r d t h a n h : / (y + / (y + fiy))) = 3y, Vy € R. (5) 
Thay y = 0 vao (1) t a dUrtc: / (|x|) = |/(x)|, Vx G R. 

TiJt day va (4) suy ra rang neu x > 0 t h i / (x ) > 0. „ _ . (6) 

Bay g id vd i m p i x G R, ta chpn y = _1/M t h i cd: 

/ ( k l + y + / ( y + /(y ) ) ) = 0 , V x G R . (7) 
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Do (4) nen (7) y + / (j / + f { y ) ) = - |x|, Va: 6 E. Suy ra y + / (y + f(y)) 
nh^n moi gia t r i khong dudng. Vdi moi x > 0, y < 0, ton tai u sao cho 
y 4- y (u - I - f[u)) y. Do do d6 y den (5) va (6), ta c6: 

/ { x + y) = / +u + f{u + f{u))) = 3u + \f{x)\ 
= 3u + fix) = f{u + f {u + f(n))) + fix) = fix) + fiy). (8) 

Ttr (8) lay x = -y, ta ditoc: / ( - y ) = -fiy), nghia la / la ham le. Vdi x > 0 
va y > 0, ta c6: 

fix + y ) - fix) - fix + y) + fi-x) = fix + y - .r) = fiy) 
'S*- = ^ / ( x + y) = / ( x ) + / ( y ) . ••' 

Vdi a; < 0 va y < 0, ta c6: ;, ' , V) 

fix + y) - fix) = fix + y) + fi-x) = / ( x + y - x) = fiy) 

fix + y) = fix) + fiy). 

T6ng hop rac kot qua d tron ta thu dircJc: 

/ ( : r + y) = / ( x ) + /(?/), V x , y e I R . (9) 

Vdi X > y ta CO X - y > 0, do do sii dung (9) va (6) ta dUdc: 

fix) = fiix-y)+y) = fix-y)+fiy)> fiy). 

Nhir v?Ly / la ham ddng b i i n . Svt dung bai toan 2.167 (6 trang 217), ta dUdc: 

' / ( x ) = fcx, Vx e R. 

Thay vao (5) dan den fc = 1. Vay / ( x ) = x, Vx e R. ThuT 1 ^ thay thoa man. 

2.5.7 DtTa ve h a m cong t i n h v a n h a n t m h 

Trong muc nay ta se xet mot so bai toan phudng tr inh ham dUdc giai 
bang each van dung bai toan 2.169 d trang 218. Ti ic la chuTng minh ham 
so / : E R can t i m c6 t m h chat: 

/ { x + y) = / ( x ) + / ( 7 / ) , V x , y e R 

/ ( x y ) = / ( x ) / ( y ) , V x , y e R . 

Sau do sii dung bai toan 2.169 d trang 218 suy ra: 

fix) = 0, Vx G R va fix) = X , Vx e R. 

B a i toan 2.177 (Dc ughi t in Olympic 30/04/2009). T im tat cd cdc hdm 
/ : R R thoa man dieu kiitf. 

fixy-uv) = fix)fiy)-fiu)fiv),y2r,y,u,veR. (1) 

G i a i . TCt (1) cho x = y = u = i ; dUdc /(O) = 0. Trong (1) cho u = 0 ta dudc 

/ ( x y ) = / ( x ) / ( y ) , V x , y G R . M, (2) 

Trong (2) cho x = y = 1 ta dmc / ( I ) = / 2 ( i ) <^ / ( i ) e {o, 1}. Neu / ( I ) = o 
thi trong (2) cho y = 1 ta ditdc / ( x ) = 0, Vx e E. Tiep theo x6t / ( l ) = 1. 
Trong (1) cho y = t; = 1 ta dUdc 

/ ( x - u ) = / ( x ) - / ( u ) , V x , u e R . (3) 

Tit (3) suy ra / ( x ) = / ((x + y) - y) = / ( x + y) - fiy), do do i ' . 

fix + y) = fix) + fiy), Vx, y e R. , , (4) 

Txt (4) va (2), R\t dung bai toan 2.169 d trang 218 ta dUdc / ( x ) = 0 vh 
fix) = .T. Sau khi t h i i lai ta ket luan: Co hai ham so thoa man cac yeu cau 
de bai la 

fix) = 0, Vx e R va fix) = X , Vx € R. , I )>, i-U 

B M toan 2.178. Tim cdc him so / : E E thoa man phiCcfng trinh hdm 

fifix) + yz) = x + fiy)fiz),yx,y,2€R. (1) 

Gia i . Dat a = / (O). Trong (1) cho x = y = 2 = 0 ta dUdc / ( a ) = a^. 
Trong (1) cho x = 0, y = a, 0 = 0 ta dUdc / (a ) = / (a )a = a^. Suy ra 
a^ = a^^ae [0,1}. Neu a = 1 t h i trong (1) lay y = fix), 2 = 0 dUdc , , 

/ (fix)) = x + f ifix)), Vx 6 R (vo l i ) . 

V?iy a = 0. TCt (1) cho y = 0 dUdc 

/ ( / ( x ) ) = x, V x e R . (2) 

Tir (1) cho X = 0 dUdc 

/ ( y 2 ) = / ( y ) / ( 2 ) , Vy,2 6 R . (3) 

i « (3) cho 2 = 1 ta dUdc fiy) = / ( y ) / ( l ) , Vy € R. Do / ( y ) = 0, Vy € R 
Jtnong thoa man (1) nen / ( I ) = 1. T i i (1) cho 2 = 1 dxtac 

/ ( / ( x ) + y ) = x + / ( y ) , V x , y e R . '̂"̂  (4) 

Tfif (4) cho x = / ( 2 ) dUdc / ififiz)) + y ) = fiz) + fiy), V2, y G R. Sii dvng 
dan den 

/ ( ^ + y) = / { 2 ) + / ( y ) , V 2 . y G R . - ( 5 ) . 

f^l '^""^ 2.169 d trang 218 ta ditdc / ( x ) = 0 (lo?ii) va 
l^) = X . Thilr lai ta ket luan: Co duy nhat mot ham so thoa man cdc yeu 

"^^1 bai la / ( x ) = x, Vx s R. 



Bai toan 2.179. Tim tat cd cdc ham 5 0 / : R - » K thoa man 

• ' • / {{x + l)f{y)) = y [fix) + 1], Vx, yeR. (1) 

Giai. (1) cho X = - 1 dUdc /(O) = y [/(- I ) + 1], Vy G R , suy ra /(O) = 0 
va / ( - I ) = - 1 . T i l (1) cho X = 0 ditdc /(/(y)) = Vy G R , tal day suy ra 
/ la song anh. Vdi y = - 1 thi • . 

/ { - x - l ) = -[/(x) + l ] , V X G R . (2) 

Tir (2) \iyx = l dUdc fi-2) = - [ / ( I ) + 1]. Ttt (1) thay y bdi /(I) dUdc 

/(x + 1) = /(I) + 1], Vx G R . (3) 

Tif (3) lay X = - 2 dildc 

/ ( - I ) = /(I) [/(-2) + 1] =̂  /(I) l/(-2) + 1] = - 1 ^ [/(I)]' = 1-

Neu /(I) = - 1 thi /(I) = / ( - I ) , mau thuan vdi / la song anh, vay /(I) = 1. 

Ket hdp vdi (3) dUdc 

/(x + l ) = /(x) + l , V X G R . (4) 

Tif (2) va (4) suy ra / (-(x + 1)) = -f{x + 1), Vx G R , hay 
/(-x) = -fix), Vx G R . (5) 

Taco 
fixy) = f (.x/(/(y))) = / ( [ ( . X - 1) + l ] / ( / ( ? y ) ) ) 

= fiy) [fix - 1 ) + 1 ] ^ /(y) [/ (1^ - 1 ] + 1 ) 1 = 

V9,y ta thu dUdc 
/(xy) = /(x)/(y), V X , 2 / G R . (6) 

Vdi mpi y 7^ 0, ta CO 

fiy) 
[ x , N d o ( 6 ) / . I , A W f , / a : 

/(x + 2/) = / ( - + 1)2/ = / ( ( - + i ) j / ( y ) = / ( - + 1 

('-)fiy)-^fiy)'''^''fix)-^fiy). 
\yj 

Tit day ket li(?p vdi /(O) = 0 ta dUdc 
«W. .^o .>.,=,,. + + Vx,yGR. (7) 

T\X (6) va (7), sii dung bai toan 2.169 d trang 218 ta dildc /(x) = 0 va 
fix) = X . ThiJt lai ta ket lu?ln: Co duy nhat mpt ham so thoa man c^ yeu 
cau de bai la 

/(x) = x, V X G R . 

g^i toan 2.180 (India International Mathematical Olympiad Training Camp 
2013). Tim tat cd cdc ham so / ; R —» R thoa man: 

f (.T(1 + y)) = fix) [1 + / ( , ; ) ] , V X , y € R . ' ' (l) 

Giai. Ki hieu P(u, v) chi vi§c thay x bdi u va thay y bdi v vao (1). 

^(0, y) =̂  /(O) = /(O) [1 + fiy)] , Vy G R . ,̂ „ (2) 

• Khi /(O) 0, tir_(2) suy ra fiy) = 0, Vy G R , thay vao (1) th iy thoa man. 
• Khi /(O) = 0. De thay ham so fix) = 0, Vx G R thoa man cac yeu cau de 
bai. Tiep theo gia siif /(x) ^ 0 , tijtc la ton tai < G R sao cho /(f) 7̂  0 . 

Pit, -1) =̂  0 = /(/,) [1 + / ( - I ) ] =̂  / ( - I ) = - 1 . 
/ ' ( l , x ) = ^ / ( l + x ) = / ( l ) [ l + / ( x ) ] , V x € R . • 
Pil, 1) => /(2) = /(I) [1 + /(I)] = [/(l)]2 + /(I) . : . > 
P( l , 2) /(3) = /(I) [1 + /(2)] = [/(1)]3 + [/(1)]2 + /(I ) . 
P ( l , 3) =̂  /(4) = /(I) [1 + /(3)] = /(1)[1 + /(I) + /(1)2 + /(i)3]. 
F(2,1) =^ /(4) = /(2)[1 + /(I)] = /(1)[1 + fil)f. 

Dat a /(I ) . Khi do tir (4) va (5) suy ra: 

(4) 
(5) 

0 ,(1 + a + a^ + ô ) = rt(l + a)2 ^ a = 0 
1+a + a^ + a^ = il + a)^ 

a = 0 
l + a + a2+a3 = l + 2 a + a2 ^ 

a = 0 
a = 1 
a= - 1 . 

Trirdng hdp 1: /(I) = 0. Thay vao (3), ta dUdc: /(x + 1) = 0, Vx G R , hay 

/(.x) = 0, V X G R ( M ) . 

Trudng hop 2: /(I) = - 1 . Khi do: P(x, 1) /(2x) = 0, Vx G R , hay ^'' ' 

/(x) = 0 , V X G R (loai). 

Trudnghdp 3 :/(] ) = 1. Thay vao (3), tadirdc: ^ 
if! 

/(x + 1) = /(x) + 1, Vx G R . (6) 

Thay (6) vao (1) ta thu dUdc: 
/ ( x ( l + y)) = /(x)/(l + y) ,Vx,yG 

^ / ( • - ^ ? / ) = / ( . T ) / ( ? y ) , V . T , y G R . (7) 
Nhu vay: 

^ I) =^ /(^ + y) - /(^) [1 + / ( f ) ] . Vx ^ 0, Vy 
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f i x + y) = f i x ) + f{x).f (I) . Vx ?̂  0, Vy € M. (8) 

TCt (7), ta c6: 

T i t (8) va (9) suy ra: 

.m*«n.i / ( x + y) = /(a:) + /(y), V x ^ O , Vy e R . (10) 

Do /(O) = 0 neii: /(O + y) = /(O) + /(y), Vy G R. Ket hdp v6i (10), ta duoc: 

/ ( i + y) = / ( x ) + / ( y ) , V x , y e R . (11) 

Tir (11) va (7), sii dung l)ai toan 2.169 d trang 218 ta suy ra: fix) = x. 
Thu; lai, ta k i t luan: cac ham so thoa man yeu cau de bai la: 

f i x ) = 0, f i x ) = X. 

2.5.8 P h i f d n g t r i n h h a m / (G ( x , y ) ) = G (y , x ) ^ v 

Neu gap phudng t r inh dang nay th i nhfing vi§c sau la nen lam. 

• Cho a; = y d6 t i m diSm bat dong cua ham /. 

• Kh i biet di6m bat dpug, ki6m t i a xem ughich dao ciia u6 co phai la 
di^m bat dong hay khong, ho?lc t i rh hai di^m bat dong c6 phai la d i l m 
bat dong hay khong,... de tiT do r i i t ra mot s6 ket luan. 

• Kh i u la di6m bat dong, nghia la / ( u ) = u, ta thudng thay x = y = u 
vao phudng t r inh ham dg t im u. 

B a i t o a n 2.181 (De th i chinh thiic Olympic 30/04/2005, Olympic toan quoc 
te 1991). Tim moi ham so / : ( - ! ; +oo) -» ( - 1 ; +oo) thoa man hai diiu kien 
sau: 
(1) / ( x + / ( y ) + 2 ; / ( y ) ) = y + / ( x ) + y / ( x ) , V x , y e ( - l ; + o o ) . 

f i x ) 
(2) ^^-^ la ham so tang nghiem ngat trong cdc khodng ( - 1 ; 0) vd (0; +oo). 

G i a i . Gia si't / la ham so thoa man de bai. Trong (1) cho x = y ta diidc 

/ ( x + / ( i ) + x / ( x ) ) = x- + / ( x ) + x / ( i ) , V x G ( - l ; +oo ) . (3) 

Vay X + f{x) + x / ( x ) la difim bat dong ci'ia ham /. Gia sii u la mot diem 
bat dong ciia /, khi do /(u) = u. Trong (3) lay x = u (tiic la trong (1) lay 
X = y = u) ta (htoc 

f (» + f i u ) + u f ( u ) ) = u + f i u ) + u f i u ) / ( 2 u + u 2 ) =2u + u^. 
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TriTdng h d p 1: u e (-1;0). Kh i do v? •>r2ue (-1;0). Neu u^v} + 2u th i 
fix) i 

do la ham so tang thvtc svf trong khoang (-1;0) nen 

2 - -f i u ) ^ / ( « 2 + 2u) 
1 ^ 1 . u ....... 

Difiu man thnan nay chi'mg to > , r ' p if j , . - , - , . 

u = u^ + 2u ^ u^ + u = 0 ^ \ = ^'^ '•',''("„.,„ 

Nlntiig dieu nay lai man thuSn vcJi vi^c ta dang xet u e (-1;0). Vay tren 
(-1;0) ham / khong co di€m bat dong. 

T rUdng h d p 2: u e (0: +oo ) . Khi do u'^ + 2u G (0; +oo) . Neu u u"^ + 2u th i 

do la ham so tang thuc sit trong khoang (0; +oo ) nen 

f i u ) f i u ^ + 2u) 

Dieu man thuaii nay chi'tng to 

u = + 2u + u = 0 •«> u = 0 

Nhimg d i l u n a y la i m a u thuan vdi viec ta d a n g xet u G (0; +oo). Vay tren 
(0; +oo ) h a m / khong co d i ^ m bat dong . 

TVong (1) lay X = y = 0 ta ditOc /(/(O)) = /(O). Vay /(O) la di6m bat d o n g 
cua /. T i t ket q u a ciia tritcJng hdp 1 va tntdng hdp 2 suy ra /(O) = 0 va 

x + / ( x ) + x / ( x ) = 0 = ^ / ( x ) = -

Vay fix) = - ——-, Vx G ( - 1 ; +oo ) . T h i i lai thay thoa man. , , 

B a i t o a n 2.18? (Olympic Toan Quoc te-1983). Tim tat cd cdc ham so 

f : (0; + 0 0 ) (0; + 0 0 ) ' ' ' 

f-ho.i rr.dn ,tSng t.hdi hat dihi kien sau . , : 1 ^ 
(0 /(x/(y)) = y/ ( x ) , Vx , i ,G (0 ;+oo) . ' ^ ' ^ ' 
(") l im / ( x ) = 0 . 

G ia i . T i t (i) cho X = y ta ditdc - ( (HIM. ^ ' M ; . 

/(x/(x)) = x/(x) , Vx G (0; + 0 0 ) . ' • (1) 
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Gia siif a € (0; + C X D ) la di^m bat dong cua ham /, nghia la /(a) = a. Ta se 
chiliig minh 

\ ,1 /(a") = « " , V y t = 1,2,... (2) 

Hien nhign /(a) = a. Gia siV /(«'=) = 0*= (A; = 1, 2,...) Kh i do 

/(a''+i) = fia.a'^) - /("/(a*^)) = a'^/(a) = aKa = a'+K 

Theo nguyen l i quy nap suy l a (2) dung. Neu a > 1 th i ^hm^« " = + 0 0 . Do 

do l im /(a")'^=^' l im a" = + 0 0 . D i l u nay man thuan vdi (i i ). Bdi vay 
n—>+oo n—«+oo 

- 0 < a < 1. Tiep theo ta c6 
a = fin) = / ( l . / H ) = af{l) ^ a ( l - /(I) ) = 0 <^ /( I ) = l (do a ^ 0) 

Bdi vay i 

1 = /( I ) = /(a->.a) = / (a -V (a ) ) = a/Cfl-^ => f{a-') - a " ' 

. Giasii/(a '^) = a^-(fc = - 1 , - 2 , . . . ) Kh i do 

Mfen , / ( " ' ^M = = /(«.^(« ' ) ) = = = 

Vay theo nguyen l i quy nap suy la .̂^ ,̂ 

- / ( « - " ) = a - " , V n = 1,2,... (3) 

Neu 0 < a < 1 th i a'^ > 1. Do do 

l im /(a-") ' '=^^ l im (a"^)" = + 0 0 
n — ' + 0 0 n—>+oo 

Dieu nay mau thuan vdi (ii). B6i vay chi con kha nSng a - 1. Ket hdp vdi 

(1) ta dUdc ket qua xf{x) = 1 ^ f{x) = ^. Vay f{x) = ^ ,Vx e (0;+oo). 

Thiit l ^ i thay thoa man. 
Lifti y. Ban doc hay so sanh bai toan tren vdi bai toan 2.312 d trang 354. 

Ba i toan 2.183 (Do chmh thi'tr Olympic 30/04/2011). Tim tat cd cdc ham 
so / : [1; + 0 0 ) —» [1; + 0 0 ) thoa man dieu kien 

/(x/(y) ) = y/(x) , V x , y e [ l ;+oo) . (1) 

G ia i . Gia si't / la ham so thoa man cac yeu c i u de bai. Trong (1) cho 
X = ?y = 1 ta dudc / (/(I)) = / ( I ) . TVong (1) lay y - /( I ) t h i 

/ (x ./ (/ ( l ) ) ) = / ( l )/ (x ) =^ / (x/ ( l ) ) = /( l )/(x) ^ l ./(x) = / ( l )/ (x ) . 
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.̂ y y ( i ) = 1. Trong (1) cho x = 1 dUrtc 

fif{y)) = y, V y 6 [ l ; + o o ) . . , . (2) 

V i f 'l^' + ° ° ) ~^ l - ^ ' ^^"^ ^^y^ ~ ^ *^ ^° . • 

y = /(/(?;)) = /(!) = i ^ ? y = i . 

Suy ra /(y) > 1 vdi mpi y > 1. Cho x > y > 1 th i . , . 

fix) = f (^y) =/('-•/inv))) = f{y)-f (7) > fiv), 
\y J \y ) \y) 

1 i « A v 

guy ra ham / dong bien tren [1; + 0 0 ) . Ta se chutng minh 

/(x) = x,Vx e [ l ;+oo) . 

^ i a si'r CO XQ G [1; + 0 0 ) sao cho /(xo) 7̂  XQ. N I U /(xo) > XQ th i 

/ (/(xo)) > /(xo) => X o > /(xo), mau thuan vdi /(XQ) > XQ. ''̂  * 
1) n U i : 

' l u /(XO) < Xo th i , ., 

/ (/(xo)) < /(xo) xo < /(xo), mau thuan vdi /(xo) < xo-
>y /(x) = X. Vx e [1; + 0 0 ) . T h i i lai thay thoa man. ' ' • 
•ifu y. Ham so trong bai toan nay khong cd digm bat dong. j \ 

•".S-O C a c bai toan t6ng hdp 

M toan 2.184. Cho so thuc b > l.Tim tat cd cdc ham tdng thitc su 
thoa man: f (x/(y)) = yf{hx), Vx, y e R. ( i j 

Giai . Trudc het thay rang ham so /(x) = 0, Vx e M thoa man cac yeu cau 
de bai. Tiep theo gia sii /(x) ^ 0, khi do ton tai xo sao cho: /(fexo) 7̂  0. Ta 
.chiing minh / la ddn aiih. That vay, gia sii c6 y i va y2 ma /(yi ) = / ( y 2 ) , kh i 

/(xo/(yi ) ) = /(xo/(y2)) '*°='^yi/(6xo) = y2f{bxo) =^ yi = y2, suy ra / 
la ddn anh. Thay x = y = 1 vao (1), ta dUdc: / (/(I)) = f{b). V i / tang thuc 
sir nen: /( I ) = 6 f{b) > /(I ) > 0. Thay x = 1 vao (1), ta dUdc: 

fifiy)) = yfib) ^ /( i ./(/(y) ) ) = f{yf{b)) ^ f(y)m = bf{by). 

^^r- f{x)m^bf{bx),yx€R. (2) 
Ta chiing minh: /(x) = bx, Vx e R. Gia sii cd x ma /(x) > bx. Do / tang 
thirc su nen de y den (2), ta c6: 

f{f{x))>fibx)=^xm>f{bx)=>bxm>bf{bx) • 
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=> bxf{b) > f{x)f{b) bx> f{x) ( m a u t h u a n ) . 

G i a s i i c6 x m a / (x ) < bx. Do / t ang t h u c s\l nen de y den (2), t a c6: 

/ { / ( x ) ) < /{bx) => xfib) < fibx) => bxfib) < bfibx) • ' ' • 

/ , > ' v ^ ' = , ba;/(6) < / ( x ) / ( 6 ) =^ 6x < / ( x ) ( m a u t h u a n ) . 

Vay: fix) = bx, Vx 6 K . T h i i l a i thay thoa m a n . (W' l 
K e t l u a n : cac h a m so t h o a m a n yeu cau de ba i la: 

fix)=0,Yx&R; fix) = bx,\/xeR. ' 

B a i t o a n 2 . 185 ( Po land Second R o u n d 2010, Day 2 ) . Tim tat cd cdc ham 

• so don di&u / : IR M thoa man phuang trinh ham 

n / (/ (x ) - y) + / ( x + y) = 0, Vx, y G R . (1) 

G i a i . K i h i eu P ( u , v) ch i viec thay x b d i u va thay y b d i v vao p h u d n g t r i n h 
h a m (1). G i a s i i / k h o n g pha i l a ddn anh. K h i do t o n t a i ha i so a, b sao cho 
a > b va /(a) = fib). 

Pia, x - b ) ^ fifia) - X + 6) + / ( x + a - 6) = 0, Vx G R . (2) 

. Pib. X - 6) /(/(6) - X + 6) + fix) = 0, Vx G K. (3) 

Ti:r (2) va (3) va /(a) = fib), suy r a u w i >/. 

/ ( x + a - 6 ) = / ( . r ) , V x G R . (4) 

TCt (4) , t u d n g t u ba i t o an 2.1G5 (6 t r a n g 216), suy r a / l a h a m hang, ke t hop 

v6 i (1) t a dUdc / (x ) = 0 ,Vx G R . T i e p theo g ia svt f l a ddn anh . ''-̂ ^ -

P ( x , - / ( y ) ) = > / ( / ( x ) + / (y ) ) + / ( x - / ( y ) ) = 0 , V x , y G R . 

Piy, -fix)) ^ fifix) + fiv)) + fiy - fix)) = 0, Vx, y € R . '̂ a 
^ / ( x - / ( y ) ) = / ( y - / ( x ) ) , V x , y G R i 
^x-fiy) = y- fix),\/x,yeR 

<s.x + / (x ) = y + / ( y ) , V x , y G R 

X + / (x ) = a, Vx G R 

/ ( x ) = a - x , V X G R . (5) 

T h a y (5) vao (1), t a ditdc a - [a - x - y] + a - ix + y) = 0, Vx, y G R hay 
a = 0. Vay cac h a m so thoa m a n yeu cau de ba i la 

fix) = 0, V.r G R va fix) = - X , Vx G R . * 

L t f u y . Nou do ba i yon can / l a h a m ddn d iou th i t c su t h i ch i c6 h a m so 
fix) = —X, Vx G R thoa m a n yeu cau de ba i . 

^ * 2 3 4 

pai t o a n 2 .186 . Cho / la ham so khong gidm tren doan [0; 1] va thoa man 
dOny thdi cdc dieu kicn sau: 
1) / ( l - x ) = l - / ( x ) , V x G [0;1] . 

2 ) / ( | ) = 
^ > V x G [ 0 ; l ] . 

1 N . / i nnhf{-], / (-
..\ -t; • 

Giai . T i t (2) cho x = 0 t a dUdc /(O) = 0. T i r (1) cho x = 0 t a dUdc / ( I ) = i . 
/ 1 \ 

i) D a t y = / y—j, t a l an lud t CO 

V i s ; 
1 -2/ 

2 • 

1 + y 

mt khac / ( ^ 1 ) =. - A B Z ^ 

V ? i y / 
13 

1 

T 

1 + y 1 + y 1 

b) Ta CO / ( 

giam nen suy ra / ( x ) = ^. Vx G 

= - . M a h a m / kho ng 

1 2 

3^ 3 
. Tiif day s i i d u n g (3) t a dudc 

1 
m = l> V x G 

1 2 

9 ' 9 

M a i e 1 2 

9 ' 9 
0 + 1* 

L i f t i y . V i cac> p h u d n g t r i n h h a m cho t r o n g dg bai s inh bd i phep t i n h t i l n , 

Phep d6i xumg, phep <l6ng da i i g t i s6 \ De thay r & i g c6 chu t r i n h sau: 

— 1 - — = 1̂  ± 
13 ~^ 13 13 ^ 13 

1 - — = — ^ A J _ 
13 13 ^ 13 ~* 13 ' 

'^'eu nay g ia i th f ch v i sao t a c6 Idi g ia i cau a). Con d6 i vd i can b ) , vd i s6 -

t i ' U h u C i d t r c n so khOzig dong dudc 1 ^ _ ^ ^ ^ y . ^ .̂.̂ ^ J 

Phai Hit d u n g g ia t h i g t h a m / k h o n g g i am. (i; , i;, 



B a i t o a n 2 . 1 8 7 . 71m tat cd cdc ham so f : (0; +CXD) —• (0; +oo ) thoa man: 

f{xf{y))f{y) = f{x + y),^x,y>0. (1) 

G i a i . G i a siif c6 y > 0 m a f{y) > 1. K h i do chon x = j-^y^ _ ^ > 0 ' s " y ra; 

xf{y) = x + y.T\i do., ket hdp vdi (1), t a dudc: f{x + y)f{y) = f{x + y), suy 
ra f{y) = 1, m a u t h u a n . Vay vdi mo i y > 0 t a c6 0 < /(y) < 1. D o do: 

ix' / (^ + y) = / ( x / ( y ) ) / { y ) < / ( y ) , V x , y > 0 . (2) 

N h u the / l a h a m so g i a m v i vd i 0 < i < y t h i suT d u n g (2) t a dUdc: 

f{y) = f{y-x + x)<f{x). 

• G i a sir CO a > 0 m a f{a) = 1. K h i do theo (1), t a c6: 

f{y) = f / ( « ) = / ( « + !/), Vy > 0. 

H a m / k l i ong t a n g va t u a n hoan cong t i n h nen tUdng t i t n h u ba i t oan 2.1G5 
(d t r a n g 2IG) suy r a / l a h a m hang. T h a y vao (1) t a dUdc: f{x) = 1, Vx > 0. 
• T r i t dng hdj): 0 < f{x) < 1, V.r > 0. K h i do vdi 0 <x < y, t a c6: 

f(y) = f{y-x + x)^f({y-x)f{x))f{x)<fix). 

Suy r a / la h a m g i am th i t c sir. C l i o y = 1 vao (1) va da t / ( I ) = a, t a cd: 

f{xa)a --= f{x +1) = f{ax + l+x - ax) = / ( a x ) / ( (1 + x - ax)f{ax)) 

=^f{{l + x- ax)f{ax)) =a = / ( I ) => (1 + x - ax)fiax) = 1 

=^f{ax) = - ^ / ( x ) = 1 = -—^ • 
l+x -ax i + f. ^ X a + x - ax 

a 

Thi ' t l ^ i thay h a m so /(.r) = r - , V.x > 0 t h o a raaai y c u cau de ba i . 
a + (1 - a)x 

K e t luan : cac h a m so can t u n la: 

/ (x ) = l , V x > 0 ; / W - , ^ ( ; _ , ) , . V x > 0 . 

B a i toAn 2 . 1 8 8 ( O l y m p i c Toan Quoc te n a m 2002) . Tim tat cd cdc ham so 
/ : R — R thoa man: 

[f{x) + fiz)][fiy) + m]=f{xy-zt) + f(xt + yz),^x,y,z,teR. (D 

G i a i . T i i (1) cho x = y = z = 0, t a dUdc: 

2/(0) [/(O) + fit)] = 2/(0) , V« e R. (2) 

Trong (2) cho t = 0, ta. dUdc: 4[/(0)]2 = 2/(0) <=> /(O) = 0 

/(0) = 0 ,5 . ' - • 

, X c t t r i r d n g hdp : /(O) = 0, 5. T h a y vao (2) t a dudc: f{t) = J , V« e R. T h i t 
1 

l ^ i t a thay h a m so f{x) = - , Vx e R thoa m a n cac yen cau de ba i . 

, Xe t t r i r dng hdp : /(O) = 0. T i f (1) cho z = ( = 0 t a dUdc: 
/ ( xy ) = / ( x ) / ( y ) , V x , y e R . (3) 

Thay x = y^l vao (3) t a dUdc: / ( I ) = [/( l ) ]^ ^ J = J N l u / ( I ) = 0 

t h i t i r (3) cho y = 1 t a ditdc: f{x) = 0, Vx € R ( thoa m a n ) . X e t / ( I ) = l . 
Thay x = 0, y = t = 1 van (1) t a dUdc: 

mz) = f{-z) + f{z)^fi-z)=f{z),\fzeR. 

Nhir vay / la h a m c h i n t r en R, do do t a ch i can xet / t r e n [0; +oo ) . T a cd: 
/(O) = 0'-̂ . / ( I ) = 12. G i a si'r /(k - l ) = {k- 1)2 va f{k.) = k'^, vd i A- e T i r 
(1) cho y = < = 1, t a ditdc: 2 [/(x) + f{z)] = / ( x - z) + f(x + z),^x,ze R. 
T i r day lay X = /c, z = 1. dan t d i : 

2(/(A:) + / ( l ) J = / ( / : - 1) + / ( A : + 1) .uir-

:^2(k'^ + l) = {k- l)'^ + f{k+l) 

^f{k + l) = k'^ + 2k + l = {k+l)\ 

Theo nguyen l i q u y nap suy ra: / (n ) = u ^ , Vn e N . Vdi m p i q e Q + , g ia s i i 
ni 

(1= —, vd i •/;( 6 N* , II eN", si't d u n g (3) t a dUdc: 

l=/0) = / ( n . y = / ( n ) . / ( ^ ) - / 

/(.) = /(...^)=/(.o/(^) ' 

1 1 

fin) n2-

Vay f{q) = ,j\7 e Q + . T h a y t = x,z = y vao (1), t a ditdc: 

\f{x) + f{y)f = fix^ + y^)^^x,y eR. 

T i t (1) lay y = X. < = s t a dUdc: 

l/ (x ) + f{z)f = / (x2 - ^2) + 1(22:2), Vx, 2 e R. 

T i t (4) va (5) , t a cd: /(x2 + z^) = f (x^ - z"^) + f{2xz), Vx, z G R. 

T i t (4) suy r a vd i m p i x > 0, t a cd: 

(4) 

(5) 

(6) 

fix) = / > 0. 
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Do do: / ( x ) > 0, Vx > 0. Vdi a > 0, / i > 0, chpn x = \/a+^ > 0 va 

2 = W - > 0. K i l l do: 

f{a + h ) - f{a) ^ fix' + z') - fix-" - z^) /(2x2) > 0. 

Dan tdi ham / khong giani tren [0; +oo). Vdi moi x > 0, ton tai hai day so 
hiiu t i (Q „ ) , sao cho: 0 < Q„ < x < /9„, Vn = 1, 2 , . . . va 

Do / khong giani tren [0; +oc) nen: 
•;--\

/ K , ) < / ( . T ) < / ( / ? „ ) , V n = 1,2. . . . 
=>al< fix) < Pi yn=^ 1,2,... ' (7) 

Tfr (7) cho n — + 0 0 , ta ditclc: x^ < f(x) < x^ ̂  /(;;•) = x^, Vx > 0. NhU vay 
/{ . !•) = X - . Vx e M. T h u lai thfly thoa man. 
Ket luaii: cac ham .so can t i m la: 

fix) = - , Vx e K; / ( x ) = 1, Vx e R; fix) = x^, Vx 6 R. ;, 

B a i toan 2.189. Tim tat cd cdc ham so f : (0; +oo) -+ (0; +oo) thoa man 

/ ( x + y) + / ( x ) / ( y ) = / ( x 2 / ) + / ( x ) + / ( t / ) : V x , j / € ( 0 ; + o o ) . (1) 

G i a i . Trong (1) lay x = ly = 2 ta ditdc i 

/ ( 4 ) + [/(2)j2 = / (4 ) + 2/(2) / (2 ) = 2 (do / ( x ) > 0, Vx > 0). 
Trong (1) cho x = y — 1 ta. diMc ' / 

/ (2 ) + [/(l)p = / ( I ) + 2/(1) => [ /(l)] '^ - 3/(1) + 2 = 0 ^ 

a) Trirdng hdp / ( I ) = 2. Trong (1) ISy y 1 ta ditUc 

fix + 1) + 2 / (x ) = fix) + fix) + 2 ^ / ( x + 1 ) ^ 2 . -

Vay / ( x + 1) = 2,Vx > 0. Hay / ( x ) = 2,Vx > 1. Con vdi 0 < x < 1 ta chpn 

y — - > 1, thay vao (1) ta ditpc . ^ , j 

,0 < [ l f(x + - ) + fix)f ( - ) = / ( I ) + fix) + f f i ) 
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F =>2 + 2 / (x ) = 2 + fix) + 2=> fix) =2. 

Vay / (^ ) = 2, Vx > 0. Thrr lai dung. ' 
b) -n-ifdng hdp / ( I ) = 1. Thay j / = 1 vao (1) t a dudc 

fix + 1) + fi^) = fix) + fix) + 1 => / ( x + 1) = fix) + 1, Vx G (0; +oo). (2) 

Xfit (2) bang phep quy nap ddn gian ta dupe / ( n ) = n, Vn € N* v& 

/ ( x + n) = fix) + n, Vx e (0; +oo), Vn e N. ' " ' (3) 

Tit (1) lay X = n va ?/ = - ta dUdc 
n 

+ fin)f (1J = / ( I ) + + / j , Vn 6 N*. ^ 

Tii day sii dung (2) va (3) ta dupe ' > 

(-\ = - , V n e n 

Vdi mpi s6 hCm t i dudng ^ , vdi m , n e Thay x = m, y = i vao (1) ta 
dupe 

(̂ ) 

nimh / dong bien tren (0; + 0 0 ) . Vdi moi i > 1 ta ciion 
X . • • • > . . • 

2/ = >0=> yx -y = x=^x + y = xy=^ fix + y) = fi^y). 

Khi do (1) t r d thanh H»' j . , 

(̂̂ ^̂  (T^T) = + ^ (;;4T) ^ / (7^) - 1 ] = / ( - ) 
=i>/(.r) - 1 > 0 ̂  / ( x ) > 1 v a / ( - ^ ) = 7 ^ { ^ , V x > 1. 

(4) suy ra vdi mpi x > 0, ta c6 
fix) - 1 

+ ^ fix) + 1 
/ ( x + l ) - l fix) • 

(4) 
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Vay 

Do do: neu i > 1 th i f{x) > 1 va nea 0 < i < 1 thi 0 < /(x) < 1. 
• Xet 0 < a: < y < 1. Ta c6 

f{y-x + x) + f{y-x) fix) = f{{u- x)x) + f {y - x) + / ( x ) . 
•'• «=>/(?/) = / ((?/ - + f{y~T) + fix) -f{y- x) fix) 

' • ^f{y) = fix) + fi{y- x)x) + / ( y - x) [1 - fix)]. 

De y rang 0 < .x < 1, do do / ( x ) < 1. Vay / ( y ) > fix). Do do ham / dong 
bien tren khoang (0;1). 
• Xet 1 < X < y. K h i do ^ 

0<i<i<l=^/fl)</fi)=>-l-<-l-=^ fiy) > fix). 
V T. \yj \xj fiy) fix) 

Vay ham / dong bicn tren khoang ( l ; + o o ) . Do do / dong bion tron khoang 
(0; +oo). Cuoi Cling, v6i m6i x > 0 ta chon hai day huu t i { u n l ^ ^ i ' { ^ n l n ^ i 
sao cho: 

0 < tin < X < i;„,Vn = 1,2 ; hm u„ = l im Vn — x. u 

n—>+oo n—»+oo 

Khi do do / dong bien tren khoang (0; +oo) nen 

fiUn) < fix) < fiVn) ^ t i„ < fix) < t^n, Vn = 1 , 2 , . . . 
Cho n -+ +00 ta diWc / ( x ) = x. T h i i lai thay thoa man. 
Tom lai: Co hai ham so thoa man de bai la 

/ ( x ) = 2, Vx 6 (0;+00) v a / ( x ) = X , Vx € (0;+00). 

L i t u y. Bai toan 2.189 6 trang 238 nay c6 phudng t r inh ham titdng t u nlnr 
pliUdng t r inh ham trong bai toan 2.195 d trang 248, nhung c6 khac tap xa( 
dinh va tap gia t r i , bcii the Idi giai cung khac. 

B a i toan 2.190 (Moldova Team Selection Test 2009). Ttm tat cd cdc ham 
so f : [0; +oo) —» [0; +oo) thoa man 

/ ( x + y - z ) + / ( 2 v / ^ ) + / ( 2 ^ ) = / ( x + y + 2). (D 

vdi rnoi x,y,z £ [0; +oo) sao cho x + y > z. 

G i a i . Gia sxi ham so / thoa man cac yen cSu de bai. Thay x = y = z - ^ 
vao (1) ta dildc: /(O) = 0. Thay x = 0 vao (1): 

•~ fiy-z)+fi2^) = fiy + z),'iy>z>0. (2) 

Dftt gix) = f ( v / i ) . Ket hdp vAi (2), ta diror: 

9 {iy - 2)^) + gi^yz) = y ((y + z)2) , Vy > 2 > 9. (3) 

Vdi moi a > 0, 6 > 0, chon: r . i ; \\ |- ^ \ 

2 2 • 

Khi do: 
y > 2 > 0, (y - 2)2 = a, 4y2 = 6, (y + 2)2 = a + b. 

Ket hdp vdi (3), suy ra: 

y(a) + y(6) = y(a + 6), Va ,6 > 0 . ' (4) 

Do ham s6 g . [0; +00) [0; +00) nen ttr (4), sir dung bai toan 2;i68 (6 trang 
218), ta thu dudc: ^ 

y(x) = cx, Vx e [0; +00) (vdi c la hling so khong am). 

Do do: fix) = y(x2) = cx^, Vx > 0. T h i i lai thay ham so: , , ' 

fix) = cx^, Vx e [0; +00) (vdi c la hSng so khong am) 

thoa man cac yen can dg bai. ^ , ' i ^ i 
Lirti y. Phcp chon • • 

^ y/^ + y/g + 6 ^ ^ y / ^ T + I - '^1 ''' 

(liWc t i i i i ra nhiJ xet he: 

I {y - z)^ = g ^ f (y - 2>2 = „ , f y - 2 = 

^ ( y . - f y/a + Va + b Va + b- y/^X ' ' 
Hi,-.: 

B a i toan 2.191. Tim tdt cd cdc ham sS f : (0; +00) - (0; +00) thoa man 

/ ( / W + y) = x / ( l + x y ) , Vx,y 6 (0;+oo). . (1) 

Gia i . Ta cliurng minh / la ham khong tang. Gia si^ t6n tai hai s6 u, v sao 

cho 0 < „ < ^ va fire) < fiv). Dat w = ^/ (^) " " / W K h i do 
V - u 

V-U y - u 
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V i the w > f{v) > f{u). Ta c6 

f{w) = / {f{u) + [w - /(«)]) = uf{l + u[w- f{u)]) 
'vf{v) - uf{u) 

= uf [l+u 
V — 1/. 

Titdng t i t f{w) =vf [1 + 
uvlfiv) - f{u) 

V - u 
. Suy ra 

/ uv[nv)-fiu)\ uv[nv)-fiu)\^ ^ 

Den day ta gftp Inau thiiau, vi the, vdi moi u, u sao cho 0 < u < i ; ta c6 
f(u) > f{v), hay / la ham khong tang tren (0; +oo). Tiep theo ta t inh / ( I ) . 
Gia sir / ( I ) ^ 1. Thay .T = 1 vao (1) duoc 

/ ( / ( l ) + 2 / ) = / ( l + 2 / ) . V y > 0 . (2) 

T i l (2) thay y bai y - 1 ta ditdc 

/(2/) = / ( y + ( / ( i ) - i l ) . V2/>1. (3) 

T i t (2) thay y InJi y - / ( I ) ta ditOc 

/(y) = / ( y + [ i - / ( i ) l ) - V 2 / > / ( l ) . (4) 

. T i f (3) va (1) suy ra 

/ ( « + | / ( l ) - l | ) = /(u) , V a > m a x { L / ( l ) } . (5) 

Dat .ro = max { 1 , / ( I ) } . T i t (5) va do / la ham khong tang tren [.TO; + O O ) , suy 
ra / la hiuii hang tren [xa: +oc) (titdng t i t bai toan 2.1G5 d trang 216). Tuy 
nhien khi do, vciii mni x, y thuoc [ I Q ; + O O ) ta c6 ve trai ciia (1) \k f {f{x) + y) 
t rd thanh hang so, con ve phai ci'ia (1) la xf{l+xy) t h i khong the bang hang 
so, man thuan. Vay / ( I ) = 1. Vdi a; > 1, thay ?/ = 1 - - vao (1) ditdc 

f(j{x) + l - - ] =xf{x). V . T > 1 . 
\ X 

(6) 
/ 

N6u fix) > - t h i fix) + 1 - i > 1 ^ / (fix) + 1 - - ) < / ( I ) = 1, diSu 
X X \ J ^ 

nay man thuAii v6i ve phai ciia (6) la . T / ( X ) > 1. Tudng t i t , neu fix) < - th i 

cfing dan den man thu§.n. Vay 

fix) = ^ . Va: > 1 . " (7) 

rpjj (1) cho y = 1 ditdc 

/ifix) + 1) = xfil + x ) , Vx € (0; +oo) i 

•/(x) + l = l + - , V x > 0 
X 

>fix) = - , V x > 0 . 
X 

Vay fix) = Vx > 0. Thi'r lai thay thoa man.' 

Bai toan 2.192. Tim tat cd cue ham so dan diCu / : [0 : +oo) —> K thoa 
man 

[/(^) + f{y)] = fix"" - y^) + fi2xy), Vx > y > 0. (1) 

G i a i . TiJt (1) cho x = y = 0 ditdc 4/2(0) = 2/(0) ^ /(O) ^ |o. 

a) Truang h(?p /(O) = ^. Tir (1) cho x = 1, y = 0 ditdc 

/ ( 1 ) 4 - - = / ( i ) + 2 ^ / ( l ) e 

X^t / ( I ) = - - . Tvt (1) l iy X = 2/ = 1 dUdc 1 - ^ + /(2) ^ /(2) = K h i 

d6 ta thay /(O) > / ( ! ) , / ( ! ) < /(2), difiu nay man t h u l b vdi gia thifit ham 

/ ddn dieu. Vay / ( I ) = i . Tir (1) cho x = y thu dildc 

4/'(x) = - + /(2x2), Vx > 0. (2) 

Xet day so (x„) nli it sau: x i = 1 va x„+i = 2x2, Vn = 1 ,2 , . . . T i t (2) suy ra 

4/'(.-rn) = x + / ( . r „ + i ) , V7,, = l , 2 

day, bang jjhirdng phap qiiy nap, ta chiing minh du^c 

' fixn) = - , Vn = 1 ,2 , . . . . IT i t ; , • : (3) 

dang churng minh day (x„) tang nghiem ngat va khong bi chan tren, do 

" nii+oo " ^ ^ ° ^ " ™ '̂"̂  '̂'̂  day (x„) tang nghiem 
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ugat den + 0 0 suy r a f{x) = V i > 0. 

6) T r i f dng hdp /(O) = 0. Tit (1) cho y = 0 t a t h u dmc 

/ ' ( x ) = / ( x 2 ) , V a : > 0 . 

Suy r a f{x) > 0. Vx > 0. Ngoai r a tH (1) cho x = y d i ldc 

4 / 2 ( x ) - / ( 2 i 2 ) , V x > 0 . 

B 6 i t h e ' , 
4/ (x ) = / ( 2x ) , V x > 0 . ' (4) 

V6 i m o i u,v aaxy cho u > V >0, dU X = u + V, y = u - v,khi do X > y > 0, 

cho l i en theo (1) va (4) suy r a 

(I [f{u + v) + f{u-vf=^f{4uv) + f{2{u^-v^)) 

= 4 [fi2uv) + - v^)] = 4 [/ (u ) + f{v)f. 
.i i. •'*•'' 

Tit do va do / (x ) > 0, Vx > 0 nen suy r a 

f{^, + v)+f{u-v)=^2[f{u) + fiv)],Wu>v>Q. 

/ {x + 2/) + / ( x - j / ) = 2 [ / ( x ) + / ( y ) l , V x > j / > 0 . (5) 

T r o n g (5) Iky x = 1/, 4xt0c / {2x ) = 4/ ( x ) ,Vx > 0. T i l (5) lay x = 2y, dudc 

' (m f{3y) + f{y) = 2 [f{2y) + / (y ) ] , Vy > 0 

^ / ( 3 y ) + / ( y ) = 2 [4/(y) + / ( y ) ] , V y > 0 

^ / ( 3 y ) = 9 / ( y ) , V y > 0 

^ / ( 3 x ) = 9 / ( x ) , V x > 0 . 

G i a svi / ( ( n - l ) x ) = ( n - l)'VW,Vx > 0 va f{nx) = r?f{x)yx > 0 (v6i 

n = 2 , 3 , . . . ) - K h i do 

/ ( ( n + l ) x ) = / ( n x + x ) = ~ / ( n x - x ) + 2 [ / ( n x ) 4 - / ( x ) ] ' ; 

= - ( n - l )2/(x) + 2 [n2/(x) + / (x ) ] 

= (_„2 ^ 2 n - 1 + 2n2 + 2 )/ (x ) = ( n + 1) V (x ) , Vx > 0. 

Theo nguyen l i q u y nap t oan hoc suy r a 

/ ( n x ) = n 2 / W , V x > 0 , V n = l , 2 , . . . (6) 

T r o n g (G) lay x = 1, ta dUdc / (n ) = n2/( l ) . Suy r a 

1 / • 

m 

.ail 

n I n " 
, V n = l , 2 , . . ^ ^ + - ' 

liyx= — , V m , n = 1 ,2 , . . . , t a dUdc " ' V ' ; - . L V Y - T 

Vay / ( r ) = °-r'^-y^ e Q , r > 0 (v6i a = / ( I ) ) . Vd i x > 0 t i i y y, t a chpn ha i 
day so hviu t i {un}n=i r { ' ^ n } ^ ^ sao cho 

0 < u„ < X < u„, V n = 1, 2 , . . . ; l i m u„ = l i m Vn = x. 

n-»+oo n-»+oo 

jyfeu / la h a m ddn d ieu t a n g t h i 

fivn) < fix) < fivn) =^ min < f{x) < av^ (Vn = 1 , 2 , . 

Cho n + 0 0 t r o n g ba t dSi ig th i i c t r e n t a dUdc ax < f{x) < ax ^ / ( x ) = ax. 
Neu / l a h a m ddn d i eu g i am t h i 

f{un) > fix) > fivn) =^ aun > fix) > at;„ (Vn = 1 ,2 , . . . ) 

Cho n -+ + 0 0 t r o n g ba t d i n g t h i i c t r e n t a dUdc ax > fix) > ax ^ fix) = ax. 
VHy fix) = a x , V x > 0, ket hpp v6i /(O) = 0 suy r a / (x ) = a x , V x > 0. T i t (1) 
I4y X = 1 va y = 0 dUdc /^ ( l ) = / ( I ) ^ / ( i ) £ { 0 , 1 } . Vay a = 0, a = 1. 
Sau k h i t h i r la i t a ke t l u a n : T i t ca cac h a m so t h o a m a n yeu can dg ba i l a 

fix) = 0, Vx > 0; fix) = ^, Vx > 0; / (x ) = x\x > 0. , 

Lxiu y. B a i tioan t r e n x u a t p h a t tiir m o t h i n g d i n g t h i i c quen thuoc j ^ , . 

ix' + yr = ix'-y')' + i2xy)\ 

hang d i n g t h i i c nay l i en quan m a t th i e t den viec giai p h u d n g t r i n h ngh i em 
nguygn A^ + B^ = C^. D i g m m a n chot cua Idi g ia i d t r e n c h i n h l a t i n h chat 
/ (x) = /(x2), Vx > 0 de suy r a / (x ) > 0, Vx > 0. 

Bai toan 2.193. rim cac ham so f : R R dan dieu tren R va thoa man 

fi4x) - / (3x ) = 2x, Vx 6 E . (1) 

Giai. G i a s i i t o n t a i h a m / thoa m a n cac yeu cau de ba i . T a c6 

(1) <^ [/(4x) - 2.(4x)] = /(3x) - 2.(3x), Vx e R. ' (2) 

D^t 5(3;) = f{x) - 2x. T h a y vao (2) dupe . 

5(3x) = y(4x), Vx € R. * , £ = : ^ f : v : 1 (3) 
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TCf (3) thay x bdi ^ ta dvtcJc 

V6i a; > 0, dat x = f , hay u = \ogiX, thay vao (4) ta dvrdc = ( T ) \

W c j ) =4(3) 

<^h{u) = + 1), Vu e R ( v6i = 5 [{-) j 'r?^f\) 

• V?iy vai a; > 0 t h i /(x) = 2x + g{x) = 2x + h ( l o g | x ) . TvtOng ti.r, ta thu d U d c 

2x + h f logia; j khi a; > 0 
/ c ^ ' ^ k h i x = 0 
[ 2 x - K i t ( l o g i ( - a . ) ) k h i x < 0 

v6i c la hang so tuy y, /i va fc la nhQng ham so tuan hoan cong t i n h chu ki 
1 tren M, tuy y. Ta se chiing minh rllng h la ham hang tren [0; 1), t i t day sit 

. dung h{u) = /i(u + 1), Vu e K suy ra /i la ham hang tren R. 
• Xet trudng hop / la ham tang. Gia siS ton tai a, 6 € [0; 1), a 7^ b sao cho 
h{a) - h{b) = e>0. Xet hai day so (x„), (y„) nhit sau: 

iogiXn = a - n, logij/„ = 6 - n hay x„ = (-
, \n 4\ 

K h i do x„ > 0. j/„ > 0, l im x„ = 0, l im y„ = 0. Ta c6 
n—+00 n-»+oo :4fl 3t! 

/(x„) =2a :„ + / i ( l o g | 3 ; „ ) = 2 . T „ + / i ( « - " ) = 2 x „ + M«)-

Tudng t y : /(y„) = 2y„ + h{b). Do ^]im^a ;n = 0, ^^^^Vn = 0 nen ton ta i no 

du 16n sao cho ifc < ^,yfc < ^ vdi mpi A; > no- Bay gi6 c6 dinh m > no, do 

l im x„ = 0 suy ra c6 n > no du Idn sao cho x„ < y ^ , khi do ro rang .̂ 
n-»+oo <JBi 

e £ 

Luc nay: • - • ' - ^̂ '̂ ^ '̂ •'̂ •̂ '̂ ^ 
/ ( X „ ) - fiVm) = 2 ( X „ - Vm) + Ha) - h{b) > - £ + £ = 0 ^ f{Xn) > fiVm), 

( i i fu nay man t h u A n vcii t inh tftng cna ham /. Do d o h la ham hang tren 
[0;1)-
, X^t tntdng hap / la ham giam. Ta cung xay d U n g hai d a y so nhu tren. Do 

l im Xn = 0, l im j/„ = 0 nen ton tai no d i i 16n sao cho Xk < -,yk < - vdi 
T1-.+00 ^ 2 2 

m p i k > no. Bay gid c6 d i n h m > no, d o ^ h m ^ Vn - 0 suy ra c6 n > no d u 

lan sao cho y„ < Xm-. khi d o ro r a n g Xm - Vn > 0 - ^ = Luc nay: 

fiXm) - fiVn) = 2 (X„, - 3/„) + h{a) - hib) + £ = 0 => /(x™) > /(y„), 

d i e u nay mau thuSji v d i t i n h giam ciia ham /. Vay h la ham h a n g tren [0; 1). 
Tom lai h l a ham hang tren K. Titdng tit , ta c u n g chiiJng minh ditdc k la ham 
hJing tren R. Do d o f{x) = 2x + c, Vx e R (c l a hang so tuy y ) . T h i i lai t h a y 

thoa man. 

Bai t o a n 2.194 (Iran Team Selection Test 2013). Tim tat cd cdc ham so 
f,g : (0;+oo) —• (0;+00), vdi f Id ham so tang nghiem ngat vd thoa man 
dong thdi cdc phuang trinh hdm sau: 

/ {fix) + 2g{x) + 3f{y)) = g{x) + 2/(x) + Zg{y)., Vx, y > 0 (1) 
9(fix) +y + g{y)) = 2x- g{x) + f{y) + y, Vx ,y > 0. (2) 

G i a i . Dat /i(x) = /(x) + x. Ta se chiing minh h la d d n anh. Gia si't x i > 0 va 
X2 > Osao cho h{xi) = h{x2). K h i d o / ( x i ) + x i = / ( x 2 ) + X2, suy ra x i = X2 , 
v i neu x i > X2 t h i d o / l a ham t a n g nghiem n g a t nen 

f{xi) > / ( X 2 ) ^ / ( X i ) + X I > / ( X 2 ) + X2 j , ^ i 

dgn d a y ta gap mau t h u a n , t U d n g t u neu xi < X2 t h i c u n g d i n d e n m a u 
t h u a n . T i t (1), ta CO 

h(/(x) + 2g(x) + 3/(y)) - \f{x)+2g{x) + 3/(y)] '""'^ 

=5(x ) + 2/(x) + 35(y), V x , y e R . 

Hay ^ 

h (fix) + 2g{x) + 3/(y)) = 3/(x) + 3p(x) + 3/(y) + 3g{y), Vx, y > 0. (3) 

'^ong (3) thay x bdi y va thay y bdi x, ta d U d c . , 

ifiy) + 2g{y) + 3fix)) = 3/(x) + 3ff(x) + 3/(y) + 35(y), Vx, y > 0. (4) 

(3) va (4) suy ra • ' > - ( ' x . : 

/* ifix) + 2nix) + 3/(y)) = h ifiy) + 2r;(y) + 3/(x)) , Vx, y > 0. (5) 



Ma h la ddn anh nen t.i~r (5) ta co ' _ ' 

fix) + 2g(x) + 3/(y) = f{y) + 2g{y) + 3/(x), Wx,y>0 
ir • ̂  ^ / ( x ) - 5 ( x ) = / ( y ) - p ( y ) , V x , y > 0 

^f(x)-g{x) = c,Vx>0. ,„ (6) 

T i r (2) c h o X = y, t a d U d c j..^ 

5 (/(x) + I + g{x)) =2x^ gix) + f{x) + x, > 0 
< (/(.T) + X + 3 ( 1 ) ) = 3x - + / ( i ) , Vx > 0 f 

=>g(2g{x) + X + c) = 3x - c, Vx > 0. (7) 

T i r (7) s u y r a h a m g nhan mpi gia t r i 16n hdn c, d o d o ham / nh§,n mpi g i a 
t r i 16n hdn 2c v a c > 0. Thay (6) vao (1), t a d U d c 

/ {/(x) + 2/{x) - 2c + 3/(y)) = /(x) - c + 2/(x) + 3/(y) - 3c 
^ =*/(3/(x) + 3/(y) - 2c) = 3/(x) + 3/(y) - 4c. Vx, y > 0. 

=j./(x) = x - 2c. Vx > 10c 
=>g(x) = x - 3 c , V x > 10c. (8) 

Do (8) nen v d i x > 10c, t a c6 

2(7(x) + X + c = 2(x - 3c) + X + c = 3x - 5 c > 10c 
r =*>c/ (2i/(x) + X + c) = 3x - 5c - 3c = 3x - 8c. 

Vay thay (8) vao (7), ta d U d c c 0. Do do /(x) = g{x) = x ,Vx > 0. ThuT l a i 

thay /(x) = X, Vx > 0 v a g{x) = x, Vx > 0 thoa man c a c yeu cau d6 bai. 

B a i toan 2.195. 71m tat cd cdc ham / : R -> R thoa man phuang trinh 
ham , , 

/(x - v) + /(xjy) = /(x) - /(y) + /(x)/(y) , Vx, y € R. (1) 

G i a i . T i - o n g (1) c h o x = y = 0 t a d U d c 2/(0) = [/(O)]^ ^ /(O) £ {0 ,2 ) . 
Trtrdng hdp 1: / ( O ) = 0. Thay x = 0 vao (1) ta thu duTdc 

/(-!/) = - / ( y ) , V y € R . (2) 

Trong (1) thay y bdi - y v a d S y d e n (2) d i t d c 

/(x + y) - /(xy) = /(x) + /(y) - /(x)/(y) , Vx, y 6 R. (3) 

Cong (3) v a (1) theo ve t a d U d c 

/(x + y) + /(x - y) = 2/(x), Vx, y € R. (4) 

Ti t (4) c h o X = y v a luu y d g n /(O) = 0 t a d U d c /(2x) = 2/(x), Vx € R. Bdi 
the (4) t r d t l ianh 

' !{x + y) + /(x - y) = /(2x), Vx, y € R. (5) 

3» 

u = X + y, u = X - y. thay vao (5) d U d c 

/ ( « ) + / ( " ) = / ( « + ' • ) . V M , , ; € R • ' • , V ' ' ^ , ^ ^ ' ^ 
^ ! { ^ ) + /(2/) = + 2/), Vx, y e R. ' • (6) 

TO (G) v a (3) cho ta 

/(xy) = /(x)/(y) , V x . y e R . (7) 

T£t (7) v a (6), siir dung hai toan 2.169 ci trang 218 ta dirdr /(x) = 0 v a 
y(x) H X. Tluif l a i thay thoa man /(O) = 0 v a thoa man (1). 
Trtfdng h c J p 2: / ( O ) = 2. Thay x = 0 vao (1) ta d U d c 

/ ( - y ) + 2 = 2 - /(y) + 2/(y), Vy € R . 

Hay / ( - y ) = / ( y ) , Vy e R. Trong (1) thay y bdi - y v a luu y / ( - y ) = /(y) 
ta d U d c 

/(a; + y) + /(xy) = /(x) - /(y) + /(x)/(y) , Vx, y G R. (8) 

Tilt (8) va (1) suy ra 

/(x + y) = / ( x - y ) , V x , y € R . (9) 

Tilt (9) cho X = y dan den /(2x) = 2, Vx e R , hay /(x) = 2, Vx e R , t h e vao 
(1) thay thoa man. 
Vay CO b a ham so thoa man c a c yen cau de bai la 

/(x) = 0, /(x) = 2, /(x) = x. 

L t f u y. Bai toan 2.195 d trang 248 nay c6 phudng t r i n h ham n a na nhu 
phudng t r inh ham trong bai toan 2.189 d trang 238, nhung c6 khac tap xac 
dinh v a tap gia t r i , bcii the.lcJi giai cfmg khac. 

Bai toan 2.196 (Belarus - 1997). Tim tat cd cdc ham / : R R thoa man 
phuang trinh ham 

/(x + y) + /(x)/(y) = fix) + fiy) + /(xy) , Vx, y 6 R. (1) 

G i a i . N l u / la h a m hang th i t i t (1) ta ditdc /(x) = 0, /(x) s 2. Tiep theo 
g i a su / khong phai la ham hang. Thay y = 0 vao (1) d U 0 c 

' /(x)/(0) = 2/(0), Vx e R . ' - (2) 

Do dang xet / khong phai la ham hang n e n ton tai XQ e R : /(xo) ^ 2. Trong 
(2) \ky X = .To t a d U d c /(O) = 0. Ta s e ti 'nh /(x + ^ bang hai each. Trong (1) 
'̂ no y = 1 ta ditdc 

fix + 1) + / ( x ) / ( l ) = fix) + / ( I ) + fix), Vx e R 



^f{x + 1) = [2 - / ( I ) ] fix) + / ( I ) . Vx € R. (3) 

T i l (3) cho X = 1 ta dUdc /(2) = [2 - / ( I ) ] / ( I ) + / ( I ) = [3 - / ( I ) ] / ( I ) . 
Ti-oiig (3) tliay x hdi x + 1 vk sii dung (3) ta dUdc 

f{x + 2) = [2 - /(I ) ] [(2 - / ( l ) )/ (x ) + /( I ) ] + /.(I) 
= [ 2 ~ / ( i ) ] V W + /(2), V x e E . ' ' ^ ' ' v ; ; - ' ^ 

Trong (1) cho y = 2 duoc . 

^ /(x + 2) + /(x)/(2) = fix) + /(2) + fi2x), \fxeR *' 
• ^ / ( : r + 2) = [ l - / ( 2 ) ] / ( a ; ) + /(2x) + /(2), V x e M . (5) 

T i l (4) va (5) suy ra 

[2 - / ( l ) ] V ( x ) + /(2) = [1 - /(2)] fix) + fi2x) + /(2). Vx e M 
< : ^ / ( 2 x ) - [ 3 - / ( l ) ] / ( x ) , V x e M . (G) 

Vay /(2x) = a fix), Vx e M, vdi a = [ 3 - / ( 1 ) ] la hang so khac 0 (vi neu 
a = 0 t h i / la ham hang). Tit day ta dirrtc 

^ /(4x) = a V W , V x € E . (7) 

Trong (1) thay x bcii 2x, thay y bdi 2y va sii dung cac k i t qua tren ta dUdc 

a fix + ?y) + a^fix)fiy) = a fix) + afiy) + a^fixy), Vx, y £ M. (8) 

Nhan hai ve ci'ia (1) vdi dan den 

a^fix + y) + a^fix)fiy) = a^fix) + a^fiy) + a^fixy), Vx, y € M. (9) 

T\t (8) va (9) suy ra 

fix + y) + a fix) + ofiy) = a fix + y)+ fix) + /(y) , Vx, y € E 

< ^ ( a - l ) / ( x + y) = ( a - l ) [ / ( x ) + /(y)], V x , y € R . (1) 

Neu a = 1 t h i / ( I ) 3 = 2, thay vao (3) dUdc /(x + 1) = 2, Vx € M, hay /(x) = 2, 
khong rdi vao trUcJng hdp ta dang xet, vay a ^ I. Do do tu: (10) suy ra 

/(x + y) = /(x) + / (y ) , V x , y e ] R . ( U ) 

Ket hdp (11) vdi (1) ta dUdc l O U i i 

W . / ( : i ; y ) - / ( x ) / ( y ) , V x , y e R . . (12) 

Tir (11) va (12), sii dung bai toan 2.169 d trang 218 ta dUdc /(x) = x, Vx G E. 
T h i i lai dung. Vay c6 ba ham so thoa man cac yeu cau de bai la 

fix) = x, / ( x ) = 0 , fix) = 2. , ' 

p a i t o ^ " 2.197. T i m tat. cd cac ham / : E -+ R thoa man phuang trinh 

fix + y) + fixy) = fix) + fiy) + /(x)/(y) , Vx, y € R. (1) 

Cach 1- Phudng t r i n h ham (1) la t6ng ciia hai phiTdng t r i n h ham ham 

/ ( 3 : + y) =/(a:) + /(y) , V x , y e E . (2) 
fixy) = fix)fiy), Vx,y € E . (3) 

Ta biet rang neu c6 (2) va (3) th i theo bai toan 2.169 d trang 218 ta c6 ket 
qua fix) = X , Vx e R, /(x) = 0, Vx € E. Vay ta chi can chiing minh (1) suy 
ra (2) va (3) la xong. De tach dUdc cac phUdng t r inh ham trong (1) ta can 
quau tam don t i n h chan, le ciia ham /. Chang han neu / la ham le t i n t i i 
(1) thay y bdi - y ta ditdc 

fix - y) - fixy) = fix) - fiy) - fix) fiy)., Vx, y G E. (4) 

Cong (1) va (4) thu dUdc * 

fix + y)+ fix - y) = 2/(x). Vx, y e E. / (5) 

Tif (1) oho X = y = 0 dUdc /(O) 0. Tif (5) oho y = x ta ditdc 

/(2.r) = 2/(x), V x e R . 

TCr (5), dat II = X + y, V = X - y ta dUdc 
I , I 

/ ( » ) + / ( u ) - 2 / ( ^ ) , \/u,v 

^ / ( 2 H ) + /(2u) = 2/(u + v), VU,VGR 

^./•(•")+/('•) = /(»/.+ ('), yn,veR 
^fix)+fiy) = fix + y), V x , y e E . 

6 E .IJ I i i 

Vay tir (1) ta suv ra dUdc (2) neu / la ham le. Ket hdp (1) va (2) ta c6 (3). 
Bay gi5 clu'nig minh / la ham le. Mot each tU nhien, t i t (1) cho y = - 1 ta 
auoc 

fix - 1) + fi-x) = fix) + / ( - I ) + / ( x ) / ( - l ) , Vx € E . (5) 

Ta can t i m / ( - I ) . T i t (1) cho y = 1 ta ditdc 

/(.r + 1) + / ( x ) = / ( x ) + / ( I ) + / ( x ) / ( l ) , Vx e E 
^ / ( x + l ) - / ( l ) / ( x ) + / ( l ) , V x e E . (6) 

^^t^ / ( I ) = a. K h i do <it (2) suy ra " " - " f ' ' " = ^ ' ' 

/(2) = « 2 + a, /(3) = a^ + a^ + a, /(4) = + a^ + a"^ + a. • 
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Tir (1) cho X = y = 2 ta ditdr 

2/(4) = 2/(2) + / 2 ( 2 ) =^ 2 (a" + + + n) = 2 {a^ + a) + {n^ + n)^ 

=>2 (a"* + f;̂  + « 2 + a) = + 2n^ + 3a^ + 2a a" = => a € { 0 , - 1 , 1 } . 

• Neu 0 = 0 t h i t ir (6) suy l a f{x) = 0, Vx € M, thi t lai thay thoa man. 
• Neu a = - 1 t i l l tCr (6) ta c6 

'^^"^' ' ' ' ^ fix + 1) = -fiol) - 1, Vx e R. (7) 

Tir (7) cho X = - 1 ta ditclc / ( - I ) = - 1 . Thay vao (5) dan don 

/ ( X - 1) + / ( - x ) = / ( x ) - 1 - fix), Vx G K 
^ / ( x - l ) + / ( - x ) = - l , V x e M . (8) 

Trong (7) thay x brti - x ta durfc 

/ ( I - x) = - / ( - , r ) - 1, Vx e R. (9) 

Tir (9) va (8) suy ra / ( x - 1) = / ( I - x) , Vx e R, hay / ( x ) = / ( - x ) , Vx e R, 
vay / la ham cliSn. Do do tfr (1) thay y boi —y ta dUdc -

•iv.v.., / ( X -y) + fixy) - fix) + fiy) + / ( x ) / ( y ) , Vx, y € M. (10) 

Tir (1) va (10) suy ra fix-y) = fix + y), Vx, y£R. T\i day lay y = x dmc 
/ ( 2x ) = 0, Vx e E, hay / la ham hang, dieu nay man thuan vdi /(O) = 0 va 
/ ( - I ) = - 1 . Vay tnrdng hop a = - 1 kliong xay ra. 
• Neu n = 1 t h i t ir (G) ta c6 

T / ( x + l ) = / ( x ) + l , V x e E . (11) 

Tir (11) cho X = - 1 ta dirdc / ( - I ) = - 1 . The vao (5) dan den 

/ ( x - l ) + / ( - x ) = - l , V x e R . (12) 

T i t {6) thay x hdi -x ditdc 

/ ( I - i ) = / ( - ! ) + 1 , V x € R . (13) 

Tit (12) va (13) suy ra / ( x - 1) = - / ( I - x ) , Vx e R, hay 

/ ( - x ) = - / ( x ) , V x 6 R . 

Vay / la ham le. Theo l i luan ban dau ta c6 (2) va (3). Vay sut dung bai tea" 
2.169 d trang 218 ta diTdc / ( x ) = x. Sau khi t h i i lai ta ket luan: Co hai hai» 
so thoa man yfai cau de bai la / ( x ) = x, Vx 6 R, / ( x ) = 0, Vx e R. ^ 
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Cach 2. Neu / la ham hling t h i t i f (1) suy r a / ( x ) = 0. T i l p theo gia sii / 
khong phai la ham hang va / ( x ) ^ 0. Ta c6 .... , ,. 

(1) ^ fixy) = fix)fiy) + fix) + fiy) - fix + y), Vx, yeR. (2) 

Trong (2) lay x = 0, y = 0 dudc /(O) = 0. Trong (1) lay y = 1 dadc 

fix) = / ( x ) / ( l ) + fix) + / ( I ) - fix + 1), Vx e R : 
^ / ( l ) [fix) + 1] = fix + 1), Vx e R . V i . lofii 

Neu / ( I ) = 0 t h i tir (3) suy ra / ( x +1 ) = 0, Vx e R, hay / la ham hkng, v6 l i . 
Vay / ( I ) ^ 0. Trong (3) cho x = - 1 dUdc / ( I ) [ / ( - I ) + 1] = 0 / ( - I ) = - 1 . 
Trong (2) chox = ?y = - 1 dirdc / ( I ) = / 2 ( - i ) + 2 / ( - l ) - / ( - 2 ) = - l - / ( - 2 ) . 
Trong (3) cho x = - 2 dUdc 

/ ( I ) [ / ( - 2 ) + l l = : - 1 ^ - / 2 ( 1 ) = - ! ^ 

Neu / ( I ) = - 1 thi tir (2) cho y = - 1 dUdc ,\; ,̂ „ ~ u 

/ ( - x ) = - / ( x ) + / ( x ) - 1 - / ( X - 1), Vx e R 

^ / ( - x ) = - [1 + / ( x - 1)] = / ( I ) [1 + fix - 1)1 ' ° = i ' ' / ( x ) . Vx e R. 

Trong (2), lay y = x dUdc 

/ (x^) = / 2 ( x ) + 2 / (x ) - / ( 2x ) ^ / 2 ( x ) = / ( . T 2 ) - 2 / (x ) + / ( 2 x ) . (4) 

Trong (1) lay y = - x , ta dUdc 

fi-x') = / ( x ) / ( - x ) + fix) + fi-x) ^ fix') = / 2 ( x ) + 2 / ( x ) . . !• 

Ket hdp vdi (4) suy ra , j , , ,̂  .̂ 

fix') = fix') - 2fix) + / ( 2x ) + 2 / ( x ) / ( 2 x ) = 0, Vx € R. ' " 

Tit do / ( x ) = 0, Vx e R, hay / la ham hkng, v6 l i . Vay ta phai c6 / ( I ) = 1. 
Ket hdp v6i (3) diTdc 

/ ( x ) + l = / ( x + l ) , V x e R . (5) 

Tit (5) bang phop quy nap toan hoc, ta chii:ng minh ditdc 

/ ( « ) = a, V a € Z ; / ( x + a) = / ( x ) + / ( a ) , Vx e R, Va € Z. 

^cii moi a e Z, X 6 R, ta CO 

fia.x) = / ( a ) / ( x ) + fia) + fix) - / ( a + x) = a / ( x ) . 



Suy ra / ( - x ) = -f{x) va f{2x) = 2f{x). V i v?ly, vdi moi x e Q, ton tai 
p € Z, « e Z* sao cho x = - va 

qf{x) = fiqx) = f{p) = p ^ fix) = ^=^ fix) = X, Vx € Q. (6) 

Trong (1) cho y = X ta dUdc / (x^) = f\x) + 2fix) - / ( 2x ) = f^x), Vx 6 R. 
Do do vai moi x > 0 th i / ( x ) = [/ (v^) ]^ > 0. Con vdi x < 0 th i - x > 0, suy 
ra / ( x ) = - / ( - x ) < 0. Ta cung chiing minh dUdc 

th^t vliy nf - / ( n . ^ ) = fix) ^ / = T i l p theo ta chiing 

/ ( x + (/) = r/ + / ( x ) , Vx € R, Vv € Q. (7) 

Gia su * / = : - . n e Z, /) e Z*. K h i do 

+ „ = / ( . + J ) = + „ , = ffi^ = '•J^t± = / ( X ) + , . 
Vay (7) dUdc (huTng minh. Ta chihig minh ngu x > y th i fix) > / ( y ) . T6n 
tai r € Q sao cho y <r < x. Kh i do 

fix) = fix - r ) + r>r>r + fiy - r ) = / ( y ) . 

Gia silt ton tai x sao cho fix) ^ x. Khong mat t inh t6ng quat, gia sii / ( x ) > x. 
Xet r l a so liffu t i sao cho x < r < / ( x ) . V i r G Q nen /(?•) = r , suy ra 
fix) > r = f i r ) , (Ian td'\ < x. Vay x < r < i , v6 h'. TiJ day suy ra 
fix) = x,Vx G R. Sau khi thiif lai ta ket luan: Co hai ham so thoa man yeu 
cau de bai la fix) = x, Vx G R va / ( x ) = 0,Vx G R. 

N h a n xet 3. Nni. fa da thn duac fix) = Q (X) , VX G Q ma muSn chiing 
minh ket qua fix) = o (x ) , Vx G R, ta thudng diing ki thuat sau: Gia sxt ton 
tai X G R sao cho fix) ^ a (x ) , gia sit fix) > Of(x) itrudng h(lp fix) < a(x) 
duoc xct txCUny tu), khi. do ton tui so hUa ti q sao cho o (x ) < <7 < fix), dc 
dan tdi dieu man thudn ichdng hm bai toan 2.197, bai toan 2.94). Do do 
fix) = aix), Vx G R. 

B a i toan 2.198. Tim tat cd cdc ham so / : R R thoa man 

. ^ , , firg) = / (x ) / ( ;v ) - / ( x + ?/) + 1, Vx, y G R. (1) 
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HiTorng d a n . Dat p(x) = / ( x ) - 1, khi do tiif (1) c6 
] y ... 

gixy) = 9ix)giy) + ^(x) + giy) - g{x + y), Vx, y G M. (2) 

Tiif (2), siV dung btii toan 2.197 ta dUdc kct qua. Ngoai ra bai toan nay con 
diTdc giai hang phvtdng phap them bien (xem bai toan 2.323 d trang 365). 

B a i toan 2.199. Tim tat cd cdc ham so' / : R —» R thoa man 

fix + yfix)) - fix) + xfiy), Vx, y G R. , ( l ) 

G i a i . Dk thay fix) = 0 thoa man yeu cau de bai. Tiep theo xet / ( x ) ^ 0. T i l 
(1) cho y = 0 va X = 1 dUdc /(O) = 0. N l u / ( x ) = 0 th i xfiy) = 0, Vy G M, 
suy ra X = 0. Vay / ( x ) = 0 x = 0. Tijr (1) cho x = 1 dUdc 

/ ( l + y / ( l ) ) = / ( l ) + / ( y ) , V y G R . ' (2) 

N l u / ( I ) 1 th i thay y = J ^ r ^ vao (2) dUdc 

/ ( I ) 
/ 1 + = fil) + f 

1 - / ( 1 ) 7 • •' V I - / ( I ) ; 

Vay / ( I ) = 1, do do (2) trd thanh 

fiy+^) = fiy) + l, VyG 

Tfr (3) ta chitng minh chMc 

fin) = n, Yn G Z. 

vai 71 G Z, X G R, ta CO 

/ ( I ) = 0 (man thuan). 

(3) 

•k(\ ^ 

(4) 

finx) = / (n + (x - l ) n ) = / (71 + (x - l ) / ( n ) ) / ( n ) + n / ( x - 1) 

= n + n / ( x - l ) ' ' ° = i ^ ^ n + n [ / ( x ) - l ] = 7 z / ( x ) . , , ; ) ^ . , (5) 

N^Ufi = - 6 t h i , />/ 

/ (a ) = fi-lb) - l / ( t ) = -f(i) ^ f(a) + fib) = 0 = /(O) = fia + b). 

N l u a / - 6 t h i a + 6 ^ 0 va / ^ 0. V i t h i 

/ (a) = / a + h 
2 + 2 . / ( ^ ) - ^ i , 2 ; = / 

a + h 
+ 

a + b ( a - b 
2 . / ( ^ ) 
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/«.)=/ +57(53) ̂  ( — j j = ^ l ~ J * — ^ [^jm) 

Cong lai ta diMc f{a) + f{b) = 2/ ^ ^ y ^ ) /(a + Tom lai 

/(x + y) = /(x) + /(y) , V i , y € R . (6) 

Do (6) nen (1) t rd thanh /(x) + f {yf{x)) = f{x) + x/(t/), Vx, y G R, hay 

/ ( y / ( . T ) ) = . T / ( y ) , V.r ,7/6R. (7) 

Tiir (7) lay y = 1 dUdc / (/(x)) = x, Vx e R, suy la / la song anh. Do do, vdi 
nipi z 6 R, ton tai duy nhat x e R sao cho /(x) = 2. Sii dung (7) cho ta 

f(yz) = f (yfi^)) = xf{y) = f (/(x)) f{y) ='f{z)f{y), Vy, z G R. (8) 

Tfr (6) va (8), s\i dung bai toan 2.169 ci trang 218 ta diMc /(x) = x, Vx G R . 
Thiir lai dung. Vay c6 hai hain so thoa man cac yeu cau de bai la 

/ ( X ) = X , V X G R ; / ( X ) = 0 , V X G R . ' 

B a i l o a n 2 .200. Cho so nguyen n > 2. Ttm tat cd cdc ham so / : R R 
thoa man: 

• / ( x " + /{y)) = [/(x)r + y , V x , y G R . (1) 
G i a i . Dat /(O) = a. Ti-ong (1) cho x = 0 dime: /(/(y)) = y + u " , Vy £ R.(2) 
Sii dung (1) va (2), ta diTdc: 

/ (/ ( x " + / (/(y)))) = x " + / (/(y)) + a" x " + y + 2a", Vx, y G R. (3) 
• / ( / ( x " + /(/(y)) ) ) = / ( [ / ( . T ) ] " + / ( y ) ) 

= [/{/W)r4-y'°=^'\ + a " ) " + y . V x , y G R . (4) 

T i t (3) va (4), suy ra: x " + 2a" = (x + a")" , Vx G R. So sanh he so ciia x " - ' 
a hai v6, ta ditdc: C^«" = 0 <=j. a" = 0 «. = 0. Do do (2) t r d thanh: 

/(/(y)) = y, Vy G R. (5) 

Tit (5) suy ra / la song anh, do do /(x) = 0 x = 0. 
T i t (1) cho y = 0 ta dUdc: / (x") = [/(x)]", Vx G R. (6) 
V6i moi x > 0 va y G R, ta c6: 

\ + y) = f{{Vir + f (/(y))) = [/ ( ^ ) ] " + f{y) f{x) + f{y). 
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r^hitv^ty: /(x + t/) = /(x) + / ( y ) , V x 6 R , y > 0 . (7) 
Trong (7) lay y = - x ta dudc: 

0 = /(O) = / ( x + ( - x ) ) = fix) + n-x) / ( - x ) = - / ( x ) , Vx G R. (8) 

Vdi mQiy&^^^< 0' sii dung (7) va (8), ta dU(?c: 

/ ( X + y) - /(x) = / ( j ; + y) + / ( - x ) = / ((x + y) + ( - x ) ) = /(y) . 

Tft day k r t hdp vdi_(7), ta dUdc: /(x + y) = /(x) + /(y) , Vx, y G R. (9) 
Trifdng hdp n c hSn . T i t (6) thay x = 1, ta dildc: 

/ ( I ) = [ / ( I ) ] " ^ [ / ( l ) ] " - i = 1 ̂  / ( I ) = 1 (do n - 1 le). 

po n chan nen tiJt (Jo) suy ra vdi x > 0 t h i /(x) > 0. Gia s i i x < y, k h i do 
f{y - x) > 0 ta c6: 

f{y) = f { y - x + x) ''°='V(y - x) + /(x) > fix). 
V9,y ham / (long bien tren R. Silt dung bai toan 2.167 (d trang 217) suy ra 
fix) - A;x, Vx G R . Do / ( I ) = 1 nen /(x) = x ,Vx G R . T h i i lai thay diing. 
Trifdng h d p n le. T i t (6) thay X = 1, ta dUdc: 

/ ( I ) - [ / ( I ) ] " ^ [ / ( I ) ] " - ' = 1 ̂  / ( I ) = ± 1 (do n - 1 Chan). 

Ta chitng minh / ddn dieu. Trudc hot, t i t (9) va bang quy nap, ta c6: 

/(nx) = n/(x) . Vx G R, Vn G N . 

Dat /( I ) = A; G { 1 , - 1 } . Ta t i n h /((x + 1)") bang hai each. 

n 

/ ( ( x + 1 ) " ) = [fix+1)]" = [fix)+kr = Y, ^nifi^rk' 
n 

/ ( ( x + 1 ) " ) =/(5];c^x"-') = / ( x " + C i x " - i + - + C ^ - i x + l ) 

t=0 

= /(x" ) + C^/(x"-M + • • • + C^-'fix') + Cr V(x) + k. 
sanh hai ket qua tren, ta dUdc: 

/(x") + C'jix"-') + C2/(x"-2) + . . . + C--2/(x2) + C«-V(x) + A: 
H/(x)]" + C^[/(x)]" - ' ik + • • • + C ^ - ' / ( x ) A ; " - i + fc". 

° (6) nen t a c6: 

C ^ / ( x " - ' ) + C2/(x"-2) + . . . + C^-V(x2) + C : - i / ( x ) + A; 
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=c^[f{x)r-'k+-- + c^''f{x)k"-' + k". 

Do / i ham cpng tinh nen ta c6 the viet nhu sau: 

= c ^ [ / ( x ) r - i f c + . . . + c - > / ( x ) f c " - ' + f c " . (10) 

Xet ham so: 

g{x) = C ^ x " - i + C^x"-^ + . . . + ' c ^ - 2 i 2 = + i ) n _ _ nx - t . 

Ta c6: 
g'{x) = n(x + 1)"-^ - n x " - ' - n , g"{x) = n(n - l ) ( i + 1)" -^ - n(n - l ) x " - 2 

V i n-2 le nen ( x + 1 ) " - ^ > a:"-2. Do do: n ( n - l ) ( x + l ) " - 2 > n ( n - l ) x " - 2 . V % 
3"(x) > 0, Vx e R. Suy ra sr'(x) tang thitc su, vi vay phiTOng trinh g'{x) = o 
neu C O nghiem thi nghiem do la duy nhat. M a ^'(O) = 0 nen ^ ' ( i ) chi triet 
tieu tai mot di^m duy nhat x = 0. 
Ji.;.V VIM t'( .t i 

X - 0 0 0 + 0 O 

- 0 + 

9{^) ^^0^ 

Vay g{x) > 0, Vx € IR va ̂ (x) = 0 ^ x = 0. V6i mpi t > 0 luon c6 XQ sao cho 
t = gixa). Co hai trudng hdp: i ' - ' 
Tri idng hdp 1: fc = 1. Viet lai dang thiltc (10): 

/ ( C ^ x " - ' + c 2 x " - 2 + • • • + C^J-^x^) 

= C ^ [ / ( x ) ] " - i + C 2 [ / ( x ) ] " - 2 + . . . + Cr2[/(x)l2. 

Hay viet gon hon: f{g{x)) = g{f{x)). Lay t > 0 tuy y, theo cac t i n h chat 
ciia ham g ta thay ton tai XQ 7̂  0 sao cho ( = g{xo) va do / (xo) ̂  0 n ' ' " 
3(/(xo)) > 0. Vay: /(t) = f{g{xo)) - g{fixo)) > 0. Hay v6i x > 0 thi 
f{x) > 0. Vdi X < y t h i J/ - X > 0 =^ / ( y - x) > 0. K h i do ta c6: 

/ ( y ) = / ( y - X + x) = / ( y - x) + / ( x ) > fix). 

Suy ra / la ham ddn dieu tang. Nhu vay, / cong thih va ddn dieu tren R nen: 

/ ( x ) = A:x = x , V x 6 R . 

Trifdng hdp 2:-k= -1. Viet lai dang tlnic (10): 

/ ( c ^ x - ' + c ^ x - ^ + .-. + C - V ) 
• • =-c^\f{x)r-' + ci[f{x)r' — c^r'ifix)]'. 
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= - ( C ^ [ - / ( X ) ] " - ' + C 2 [ - / ( x ) ] " - 2 + + C - - 2 [ - / ( a ; ) p ) . 

Tay figi^)) = -gi-fi^))-TCr six bien thien cua g{x) ta c6: vdi moi t > 0 luon 
5 xo 7^ 0 (^u"g hai gia t r i X Q ) sao cho t = g(xo). Vdi XQ 7̂  0 t h i / ( X Q ) 7̂  0 va 
(x) > 0,Vx ^ 0. Do do: g{-f{xo)) > 0 => -g{-f(xo)) < 0. Vay: 

/(<) = figixo)) = - P ( - / ( X O ) ) < 0. 

'ay vdi x > 0 t h i / ( x ) < 0. Bay gid ta chiing niinh / ( x ) la ham so giam. 
Th^t vay, gia sii x < y =i. y - x > 0 / ( y - T ) < 0, ta c6: 

fiy) = fiy-x + x) = f{y-x) + fix)<f{x). 

Vay / cong t i n h va giam tren R nen f{x) = kx = - x , Vx 6 R. T h i i l^ii , ta 
dUdc nghiem J{x) = x, Vx € R va f{x) = - x , Vx G R. 
Ket luan: 
• Neu n chan t h i c6 duy nhat mot ham so thoa man yeu cau de bai la: 

/ ( x ) = x , V x e R . 

• Neu n le t h i c6 hai ham so thoa man yeu cau de bai la: 

/ ( x ) = X , V I e R; / ( x ) = - x , Vx e R. 

L i f u y. K h i n = 2, ta dudc de t h i Olympic Toan Qu6c te nam 1992^ 

2.6 Phi^dng t r i n h h a m trong Idp c a c h a m bi c h a n 

2.6.1 M o t vai lifti y k h i giai t o a n . 

Djnh nghia 7. Ham so f duoc goi Id hi ch&n tren tap D neu no xdc dinh 
tren D vd ton tai s6 M > 0 sao cho |/(x)| < M , Vx € D . 

f^jnh nghIa 8. Cho tap hap AcR. 

• So x duac goi Id mot can tren cua tap A neu vdi mgi a e A ta cd a < x. 
Luc nay ta noi tap A bi chfin tren. 

• So x duoc goi Id mot can dildi cua tap A neu vdi mgi a E A ta c6 x < a. 
Luc nay ta noi tap A bi chdn dudi. 

• Can tren be nhat [neu c6) cua tap A ditcic goi la can tren dung cua tap 
hap A, ki hieu Id sup A. Can dudi Idn nhdt {neu c6) cua tap A ditac goi 
id can dudi dung cua tap hap A, ki hifu id mi A. 
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Lvfu y. sup A c6 the khong thupc A. Neu sup^l thuoc A t h i do chinh la gia 
t r i 16n nhat cvia A, k i hieu la max^ . Tudng tu , inf A c6 the khong thuQc A. 
Neu inf thuQC A t h i do chiuh la gia t r i nho uhat ciia A, k i hieu la min .4. 
Chang han, vdi A = (a; 6) th i s u p ^ = 6 va ini A = a; vdi A = {a;b] thi 
sup A = b = max va inf ^ = a = min A; vdi 

A-ll'-'- i ] 

thi inf >1 = 0 va sup .4 = 1. 

D i n h ly 6. Tap con khdc rSng A cua R neu bi cHn tren thi c6 sup A, neu 
bi ch&n dudi thi c6 inf yl. ' r ' • 

D i n h ly 7 (Dac trUng cua can tren dung va can dudi diing). 

»^ A ^ i M> x,Va; € A 
M = sup >1 I > 0,3a e sao c/io a > M - e. 

• r A ^ i ni. < x,yx e A 
^ = ^^^'^'^ \\/e>0,3a€ A sao choa<rri + e. 

Trong thuc hanh t a thudng ap dung dinh ly sau: 

D i n h ly 8. C/io 0 ^ >l C R. 

• Neu tap hap A bi chan tren thi tdn tai day so {xn)n=i trong A sao cho 
hn, Xn = sup^l. 

• Neu tQ.p h0p A bi chan dudi thi ton tQ,i day so ix„)^^i trong A sao 
" l im x„ = in f> l . i ^ v o ^ -

n—»oo 

cho 

Chufng m i n h . Ta chiing minh phan sau ciia dinh l i , con phan dau diTdc tien 
hanh titdng4ivf. Theo dac tr itng cua inf >l, vdi mpi n = 1,2, . . . , ton ta i a;„ € ^ 
sao cho: ^ 

inf >l <Xn<iniA + - . 
n 

\+oo 
Ta CO (i„)+ri C A. Mat khac txi 

( \1 l im ( i n f > l ) = l im i n f > H - - = i n f > l ' w , ! 
n—»oo n—•oo y n J 

suy ra l im x„ = inf A. \ 

D i n h ly 9. Cho / : (a; 6) R Id ham so t&ng. Neu f bi ch&n tren thi f 
gidi han hHu han khi x b va l im f{x) = sup f{x). Neu f khong bi chan 

tren thi l im f{x) = +oo. 
X—.6 
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Chi?ng m i n h . Xet tritdng hop ham so / bi chan tren. Kh i do ^ = {f{x)\x e (a; b)} 
khac rong va bi chan tren nen ton tai supyl = sup /( .T ) . Vdi e > 0 bat k i , 

xe (a ;6 ) 

3a e (M; b) sao cho sup>l - e < f{a) < sup A. Vdi x e {a; b) vk n < x, ta cd 

/(a) < f{x) -^supA-£ < f{x) < sup A - sup^| < e. 

Gia sijf 6 € R (tritdng hop b = +oo khao sat tirong tu ) . Dat ;9 = 6 - a > 0, khi 
do ta c6: vdi nioi x e (a; b) sao cho 0 < - x < /? th i |/(x) - sup A\ e. Dieu 
nay chi'mg to l ini f{x) = sup A. Xet tri ldng hop / khong bi chan tren. Cho 

M g R. V i / khong bi chan tren nen ton tai A 6 (a; b) sao cho /(A) > M. Vay 
vdi X € (a; 6) va A < x, ta c6 /(A) < f{x) ^ f{x) > M. Gia sil 6 e R (trudng 
hdp b = +00 khao sat tiTOng t i t ) . Dat = 6 - A > 0, ta cd: vdi mpi x G (a; b) 
sao cho 0 < 6 - X < A th i f{x) > M. Dieu nay chufng to l im /(x) = +oo. 

x->6 

Ltr t i y. Neu 6 e R th i trong dinh l i tron ta cd tha ndi vo gidi han tra i tai b. 
L i fu y. Doi vdi bai toan phuong t r inh ham trong Idp cac ham bi chan, dg 
hvrdng tdi mot t inh chat nao do ciia ham so ta thudng diing phudng phap 
phan chiJng, gia si i t inh chat do khong dung de dan tdi mot dieu mau thuan 
vdi gia thiet ham bi chan. 

2.6.2 Mot s6 bai toan. > 

Ba i toan 2.201. Tim tat cd cac ham f : R -* R bi chdn trong khodng 

)̂ ̂ " '""̂  -̂̂ ^̂  ~ (0 ^ ̂ -
Giai . T i t gia thiet (1) ta cd: 

/W = ^/(|)+x2 u i m i H ' , ( 

2^ ( 2 ) " 22-̂  (22) ^ 23 

22^(22) " 23-'^ ( 2 3 ) 26 

2"^ ( 2 " ) ^ 2"+i '^ ( 2 ^ ) 23" 

-'frl nb\r 

Cong lai ta dUdc: ' ' 

/W = 2 ^ / ( ^ ) + x 2 + ^ + V x e R , Vn = l , 2 , . '2) 
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I X 1 
Vdi mpi X eR, ton t^i n € N* du Idii sao cho - - < < Do / b i ch$,n 

trgn khoang (̂ -̂ ; nen 3c e R : / ( • ^ ) < V^y tijf (*) cho n ^ + 0 0 

ta dupe: 

Thi'r lai thay dung. 

B a i toan 2.202. Tim tat cd cdc ham f : 

.1 

• R bi chan tren doan [a; b] vd 

than m.dn dicu kien: 

•f''' f{x + y) = f{x) + f{y), V x , y € R . (1) 

Gia i . Do / b i chan tren doan [a; b] nen 3^/ € R sao cho f{x) < M, Vx- € [a; b]. 
Ta se chutng minh / cung bi chan tren doan [ 0 ; 6 - a ] . That vay, vdi mpi 
X € [0; 6 - a] th i x + a € [a; 6]. Ta c6 < ^• 

fix + a) = fix) + fia) ^ fix) = fix + a) - /(a) - 2 M < /(x) < 2M. 

Vay |/(x)| < 2M, Vx G [ 0 ; i - a], hay / cung bi chSn tren doan [0; b-a]. Dkt 

6 - a = d > 0, khi do / bi chan tren [0; d]. D^t c = gix) = fix) - ex. 

Kh i do vdi moi x e R, j / e R t l i i 

^ j . gix + y) = fix + y)- c(x + y) = fix) - cx + fiy) - cy = gix) + giy). 

Hdn nQa yid) = fid) - cd - 0. Vay y(x + d) = gix), Vx e R, hay g \k ham 
tuan hoan, hdn nfia g cung hi chan tren [0;d], ket hpp vdi t inh tuan hoan 
ciia g tren R, suy ra g hi chan tren R. Gia sii 3xo £ R : 5(xo) ^ 0. Kh i do vdi 
so t\f nhien n th i ginxo) - ngixa), suy ra 

|3(nxo)| n|5(xo)|, Vn e (2) 

Do ^(xo) 7̂  0 nen tir (2) ta c6 hm |3(nxo)| = l im |g(xo)|n = + 0 0 , do do 
n — ' + 0 0 n — » + o o 

|5(nio)| Idn t i i y y (chi can chpn n du Idn), trai vdi dieu kien bi chan cua ham 
g. Vay gix) = 0 , Vx € R, do do /(x) = cx, Vx € R (c la hang so). Thut lai 
thay thoa man. 

B a i toan 2.203. Tim tat cd cdc ham / : R — R 6? chan tren doan [-1; 1] 
vd thoa man diJ.u kien 

(1) /(4/(x) + /(y)) = 4 x + y, Vx,y £ 

V 
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(5iai. Trong (1) cho x = j / dudc .V i /;T 

/(5/(x)) = 5x, V x e R . ., i (2) 

pat 5/(x) = u, 5fiy) = V. Tir (2) ta dUdc /(u) = 5x, fiv) = 5y. Tiir do 

/(4/(w) + /{i;)) = /(4.5x + 5j/) = /(20x + 5y). ( 3 ) 

MJt khac, theo (1) ta c6 

/ + fiv)) = iu + v = 20 fix) + 5/(y). I 

Ttf (4) va (3) ta dUdc 

(4) 

/(20x + 5y) = 20/(x) + 5/(y), Vx, y 6 R. _ ^ ( 5 ) 

Trong (5) cho .T = y = 0 dvCOc /(O) = 0, cho x = 0 dupc /(5y) = 5fiy), cho 
y = 0 dupe /(20x) = 20/(x). Vay (5) t rd thanh 

/(20x + 5y) = /(20x) + /(5y), Vx, y e R 

^ / ( x + y) = / ( i ) + /(y), V x , y e R . (6) 

Tir (6), sii dung k i t qua bai toan 2.202 d trang 262, ta dupc 

fix) = cx, Vx e R (c la hang .so). 

Thuf lai thay c6 hai ham s6 thoa man yeu cau dg bai la /(x) = x va /(x) = - x . 

Bai toan 2.204. Tim cdc ham / : R R, bi chdn tren R, /( I ) = 1 vd 

/ 1 \ 
• 

x + ^ = / x + / - , Vx ^ 0 . (1) 

Giai . Gia siif / la ham .so thoa man cac yen can d& bai, kh i do ton ta i so 
W > 0 sao cho , «.i 

-M < fix) < M , Vx € R. (2) 

Gpi c. la can tren be uhat cua tap hpp {/(x)|x € R}, tiic la /(x) < r, Vx € R 
va vdi mpi e > 0, luon ton t?ii xo G R sao cho /(XQ) > C - e. D O (2) nen luon 
ton tai c. Ta CO c > 2 vi 

•J - <• • : 

/(2) = f ( l + ^ ] = /(I ) + [/(1)]2 = 1 + 1 = 2 =^ c > 2. 

^ ' ^ i moi so tir nhien A-, luon ton tai x*; sao cho /(xfc) > c - p tir day, ton tai 

day s6 (x„) sao cho 

fixn) > c - Vn = l , 2 , . . . 
n (3) 
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Taco 
2 do (3) 1 

> c - r + 

. , u - [ ,/'Mf<i^ r f - V - ^ ^ M a t k h a c t a l ^ i i c o 

i 2 

1 1 

V -1/ 

=>c, 

c>f 

1 2 2 c ^ 1 

V 

1 1 , 2r 

1 1 do c>2 / 
> C 

c ( f c - 2 ) 
it 

nen (3) khong dung khi A; du Idn, vay khong ton tai 
fc—>+c» k{k — 2) 

ham so / thoa man cac yeu cau de bai. 

B a i t o a n 2.205. Cho ham so f : [0; +oo) - » [0; +oo), bi ch&n tren doan [0; 1] 

va thoa man 

f(x)f{y) < x^f (I) + y'f (I), Vx, y € [0; +oo). 

Chiing minh rang f{x) < x, V.;; e (0; +oo). 
G i a i . T i t (1) cho y = x > 0 ta dudc f^{x) < 2x^f (^), Vx > 0 hay 

(1) 

, Vx > 0. (2) 

D^t /(x) = it, suf dyng (2), suy ra v6i mpi x>0 t h i 

(3) 

(4) 
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U i 6 ; - 2 f - x ^ l ^ x i ^ ; 

-1 2 

X 

L 8 J 

U8k 16 

X .30 (5) 

Vdi mpi X > 0, neu n du Idn th i — e [0; 1], dieu nay gdi y r i n g day la day 

t ioug doan [0; 1] ma anh cua day nay qua / khong bi ch$.n. Ta se chiing minh 
rang neu k > x^ t h i 

^ ( ^ ) ^ 2 - x ^ , , 7 y = 2 ' : - 2 n - l . (6) 

T i t (2), (3), (4), (5) suy ra neu fc > x^ th i (6) dung khi n - 1,2,3,4. Gia sii 
khang dinh do dung t6i n. Khi do 

•K2"+0 - 2 X 

L 2"" J 
2 2 n - l 

_ 22N+2n-1^2 _ 2 2 ( 2 " - 2 n - l ) + 2 n - 1 ^ 2 _ 2 2 " + ' - 2 ( " + ' ) - " ^ 2 

Theo nguyen h' quy nap suy ra (6) dung v6i moi n e N*. V$.y neu ton tai x > 0 
sao cho /(x) > x^ t h i t i t (6) va Hm (2^x^) = +oo se dan tdi mau thuan 

n->+oo ^ ' 
vdi gia thiet ham / bi chan tren [0; 1], do do /(x) < x^, Vx > 0. Mat khac t i t 
(1) cho X = y = 0 ta dUrJc /2 (0) < 0 <^ /(O) = 0. Vay /(x) < x^, Vx > 0. 

Ba i t o a n 2.206. Cho ham so f : thoa man |/(x)| < 1, Vx va 

f " - ^ 4 2 + fix) = f X + - I, Vx 6 R: (1) 

Chiing minh r&ng f la ham tudn hoan. ••• " 

Gia i . Dat a = i, 6 = J . Kh i do (1) viet lai 
6 7 . 

/(x + a + b) + fix) = /(x + a) + fix + 6), Vx € R. 

Lan lu0t thay x bdi x + a, x + 2a, x + 3a, x + 4a, x + 5a ta dUdc 

fix + 2a + 6) + fix + a) = fix + 2a) + /(x + a + 6), Vx € R. 
fix + 3a + 6) + fix + 2a) = fix + 3a) + fix + 2a + b), Vx £ R. 
fix + 4a + 6) + fix + 3a) = fix + 4a) + /(x + 3a + 6), Vx € K. 

(2) 

(3) 
(4) 
(5) 

265 



f{x + 5a + 6) + f{x + 4a) = f{x + 5a) + f{x + 4a 4- h), V i e K. (6) 
/ ( i + 6a + 6) + /(x + 5a) = f{x + 6a) + /(x + 5a + 6), V i 6 R. (7) 

Cong tat ca (2), (3), . . . ,(7) ta duoc 

/(x) + / ( x + 6a + 6) = / ( x + 6) + / ( x + 6a), V i € R 

'* = > / ( x ) 4 - / ( x + l + 6) = /(x + 6 ) + / ( x + l ) , V x € R . (8) 

Trong (8) Ian ludt thay x boi x + ,̂ x + 26^..., x + &b va lay tfing ta ditdr 

/(x) + /(x + 1 + 76) = /(x + 1) + /(x + 76), Vx € R 

=^/(a:) +/ ( ^ + 2) = / ( x + 1) +/ ( x + 1), Vx e R 

*^/(x + 2) - /(x + 1) = /(x + 1) ~ /(x), Vx e R. 

Neu dat /{x + 1) - /(x) = c th i t i t (9) ta c6 

•̂̂^ /(x + l ) - / ( x ) = c N 
/(x + 2 ) - / ( x + l ) = c 

(9) 

/(x + n ) - / ( x + n - l ) = c. 

/(x + n) - /(x) = nc, Vx € (10) Cong lai ta ditdc 

Tir ( i j S U V ra neu c ^ 0 th i / ( i + n) Idn tuy y khi n di i Icm, dieu nay mau 

thuan v6i gia thiet |/(x)| < 1, Vx e R, vay c = 0 va 

X', , f{x + \) = f{x), V x e R . (11) 

T i t (11) suy ra / la ham tuan hoau, ta co dieu phai chutug ni inh. 

Ba i toan 2.207. Tim cac ham so dong hien f : (0; +oo) - » R vd thoa man: 

/(x + l ) = / ( x ) + 2 - ^ V x > 0 . (1) 

Gia i . Dat /(x) = g(x) - 2^-\x > 0. Thay vao (1) t a dUdc 

.9(x + 1) - 2'-(^+'> = .<7(x) - 2^-^ + 2 - ^ Vx > 0 

^ f f ( x + l ) = 9(x), V x > 0 . (2) 

Do / d5ng b i l n tren (0; +oo) nen n i u / bi chan tren t h i ^\unj{x) = A, vdi 

do l im 21 -^ = 0 
X—>+oo A = sup /•(./•), do do l im <i{x) = A 

k i , ta (6 dinh a. T i t (2), bang quy nap suy ra 

^ ^ g{a)=g{a + n),yn = 1,2,... 

. V6i fv > 0 bat 

(3) 
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T i t (3) suy ra 5 (a ) = l im g(a) = l im ^(Q + n) = l im ^(x) = A. V i a 
n — > + o o n — • + ( » I — • + 0 0 

tuy y nen g{x) = ^, Vx > 0, do do /(x) = - 2 ^ - ^ + >1, Vx > 0, t h i l l ^ i thay 
thoa man. Neu / khong bi chan tren th i l im /(x) = + 0 0 , do do lap luan 

X—»+oo 

nhu tren ta dUdc g{x) = + 0 0 , Vx > 0, v6 l i . Vay tat ca cac ham so thoa man 
you rai l do bai la /(x) = -2^~^ + A, "ix > 0 {A la hang so tuy y ) . 

• l i t ; : i.h 1 -

2.7 Phu'dng t r inh ham trong Idp cac h a m lien tuc 

2.7.1 Mot s6 IiTu y 

Viec giai phitdng t r inh ham trong Idp cac ham lien tuc xuat hien kha nhi§u 
trong quyen sach nay, ke ca trifdc va sau bai nay. Chii y rang khai niem 
lien tuc rat quan trong, viec van dung khai niem nay di giai toan doi hoi 
phai niim vfnig ban chat. Ban doc nen xem them cac bai toan c6 lien quan 
trong chudng "Si'f dung day so de giai mot s6 dang phUdng t r inh ham" d cac 
trang 559 (va mot so trang sau do), trang 320 (va mot so trang sau do). Sau 
day la mot s(i hm y: 

• Cho ham so / xac dinh tron D c R va xo e D. Ham so / dUdc goi la 
lien tuc tai d i l m X Q neu l im /(x) = / ( X Q ) . 

X - . X O • 

• Cho ham so / xac dinh tren Z) c R va xo € D. Kh i do ham so / lien tuc 
tai ./o khi va chi khi vdi moi day {in}n=i ^ ^ sao cho l im x„ = xo ta 

n—»+oo 

C O lira /(x„ ) = / ( X O ) . - > : t - „ t . ' -t 
ri—'+oo 

• Cac ham so c (hang so), x .s inx , cosx, tanx .co tx , e ,̂ Inx dUdc goi la cac 
ham s6 sd cap cd ban. Cac ham so thu ditdc t i t cac ham so sd cap cd 
ban bang each lay tong, hieu, tich, thitdng va phep lay ham hdp ditdc 
goi la cac ham so sd cap. Cac ham so sd cap lien tuc tren tap xac dinh 
ciia chiing. 

• (Dinh If Gia t r i trung gian). Neu ham / lien tuc tren d o ^ [a; b] t h i /(x) 
lay tat ca cac gia t r i t i t /(a) den f{b). 

• Neu liam / lien tiic tren doan [a; 6| th i no c6 gid t r j Idn nhat va gia t r j 
nho nhat tren doan [a; 61. 

• Ket qua va kT thuat giai cua bai to&n 2.214 d trang 278 dUdc sur dung 
nhigu Ian, Vjan doc can nam viYng. 

• Neu / va g la nhitng ham lien tuc tren R va /(x) = g(x), Vx € Q th i 

/(x) = fl(x), Vx e R. 
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• Neu ham so / la ddn anh va lien t i i r tren mot khoang nao do th i no 
ddn di§u thilc sU tren khoang do (xem chiing minh 6 muc 2.7.6, 3 trang 
296). 

2.7.2 X a y diAig day so huTu t i 

K h i da t i m dUdc cong thiic cua ham s6 / tren tap so hOu ti Q, neu muon 
suy ra dudc cong thilc ciia ham / tren t^p s6 thuc, ta thudng suf dung day 
so, gi6i han va t i n l i lien tuc, ddn dieu, dac biet la phai xay ditng cac day s6 
hfni t i thoa man dieu kien nao do. 

i . i '• 

• GiOa hai so thUc phan biet luon c6 mot so hHu ti . 
Chufng mi n h . Gia sii x, y la hai so thUc phan biet va x <y. Chpn so 
tvr nhien n du 16n sao cho n{y-x) > 3. K h i do ton tai so ngiiyen m 
sao cho: ^ 

fix < m < ny x < — < y. 
I! 

Vay — \h so hOu t i nam giiia x va y. 
• n 

V6i moi so thi.tc x, luon ton tai day so hiiu ti (x„) hoi tu ve x. 
Chufng minh . V6i moi so tU nhien n, luon ton tai so hitu ti x„ sao cho 

1 1 
X < x „ < x H — . 

n n 

Vay ta xay dimg dUdc day s6 hftu ti (x„) thoa man 

1 1 1 1 I I / 1 W 1 o X < x„ < X + - =^ < x„ - X < - =^ x„ - X < - , Vn = 1,2, . . . 
n . n n n ii 

Txi day ciio n -» +oo va siif dung nguyou l i kcp ta ditdc lim x„ = x, 
n—»+oo 

suy ra dieu phai chiing minh. 
• V6i moi X € R, X > 0, luon ton day so hQu t i dudng (i„) hoi t u ve x. 

Chufng minh. V6i m6i so tiT nhien n, luon ton tai so h im t i x„ sao cho 

x - - < x „ < x + - . 
n n 

Vay ta xay duiig dUdc day so hiiu t i (x„) thoa man 

^ 1 1 1 1 I I ^ 1 W 1 o 
X < x„ < x + - - - < x„ - X < - =4- |x„ - x| < - , Vn = 1,2, . . . 

n n n n n ^ 

,j T i i day cho n -* +oo va sii dung nguyen li kep ta dUdc lim x„ = x. 

Do X > 0 nen ton t^i so t i ; nhien no sao cho x„ > - > 0, Vn > no Dat: 
y\ XriQ+l, y2 = Xno+2i • • V n = ^no+n-
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Ta thu diMc day so hfm t i dUdng (y„) thoa man: 

l im y„ = l im x„o+„ = x. 
n—>+oo n—>+oo i 

Suy ra dieu phai chiing minh. 
C a c h khac . Gia sii x > 0. Vdi moi n e N*, luon ton tai so hihi t i x„ 
sao cho: ^ ^ 

0<x + — <xn<x+-. ,, > 
2n 

/ 1 \ 
(xn) la day hi iu t i ditdng, l im x H 

n-.+oo y 2 n / 

n 

= l im 
n—•+00 

f l ^ 
x + - = .X- nen 

ti t 0 < X + ^ < x„ < X + Vn = 1,2,..., sii dung nguyen li k^p suy 
ra lim x„ = x. 

Vdi moi so thiTc x luon ton tai hai day so hQu ti ( Q „ ) , (/?„) sao cho 

an< X < /?„, Vn = 1,2,... va lim a„ = x = l im 
n — + 0 O n->+oo j . 

Chufng minh . Gia sit x e R. Vdi moi n e N*, luon ton tai so hSu ti a „ 
va pn «ao cho: ^ 

X - ;J < a„ < X , Vn = 1,2,... ; va X < /?„ < X + - , Vn = 1,2,. . . 
" n 

Do l im ( X - -
n- .+oo V n J 

l im 
n—'+oo 

f 1 
X H — ) = lim X = X nen 

lim an = x= hm /3„. 
n—+00 n-^+oo 

Vay ta thu dirdc hai day so hfm ti (a„) , (/:(„) sao cho 

Oin<x<(3n, Vn = 1,2,... va lim Q„ = x = lim /3„. 
n—t+cx) n—»+oo 

Vdi moi so thuc x > 0 luon ton tai hai day so h im t i diTdng (a„), (/?„) 
sao cho 

" n < X < /3„ , V n = 1,2,. . . va lim a„ = x = l im y9„. 
n—>+oo n—•+00 

Chihig m i n h . Gia sut x > 0. Vdi moi n e N* , luon ton tgi so him t i a„ 
va ^ sao cho: , , . ^ ; 

^ < ^ - < « n < X , Vn = 1,2,... ; va x < ^„ < x + - , Vn = 1, 2 , . . . 
n 
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( l im ^ 1 + - ! = l im i = a:nen 

l im a „ = .T = l im /?„. 
n — + 0 0 n->+oo 

Vay ta th\ ditdc hai day so l i fni t i during ( « „ ) , (/?„) sao cho 

a „ < I < /?„, Vn = 1.2, . . . va l im Q„ = x = l im /3„. 
n _ _ f - n , , 1 _ „ - . + o o n - > + o o 

V6i mpi s6 thyc x e [0; 1], luon ton ta i day so hOu t i {xn) C [0; 1] sao 
cho l im Tn = X. 

n — + 0 0 

Chii fng m f n h r 

- K h i I = 0. Xet day so: x„ = - , Vn = 1,2, . . . K h i do day so hfrn t i 
n 

(x„) C [0; 1) va hpi t u ve 0. 
y - K h i X = 1. Xet day so: x„ = 1 - Vn = 1, 2,. . . Khi do day sfi 

n 
hiYu t i (x„ ) c [0; 1] va hpi t u ve 1. 

- K h i 0 < X < 1. Vai moi n = 1, 2 , . . . , ta luon c6: 

. ,\, .vv T ; i , -> 0 < X < X + ^-j^ < 1- a: 

Suy ra t6n tai so hihi t i x„ sao cho: x < x„ < x + • Nhu \hy 

ton tai day so hUu t i (x„ ) C [0; 1] sao cho: 

" x < x „ < x + ^ ^ , V n = l , 2 , . . . (*) 

V 

T i i (*) cho n - » +CXD, ta dUdc: l im = x. 
<l . n — + 0 0 

• V6i mpi so thvtc x, luon ton t?d day so hQu t i (x„) c | ^ | m € Z , n s N 

sao cho: l im x„ = x. • • 
n — ' + 0 0 

Chufng m i n h . Ta c6: 
[2"x] < 2"x < [2"x] + 1, Vn 6 N 

^E£l<.<&!+> v „ e N . (•) 

2" ~ ~ 2" 2" 

T t t (*) cho n +00 va sii dung nguyen \i kep ta dUdc: ^ ^ n i ^ ^-2;r' ^ '̂ 

dicii phai chiing minh. .( . / " 
' 2V0 

2.7.3 P h i ^ d n g t r i n h v d i m o t a n h a m >oH 

Trong muc nay, ta chii yeu suT dung ket qua: Cho ham so / xac dinh tren 
^ C K va xo € D. K h i do ham so / lien tuc t ^ i XQ khi va chi khi v6i mpi day. 
/ T „ l " * " ^ C Z) sao cho l im x„ = X Q ta c6: l im / ( x „ ) = / ( X Q ) . 

L t f u y. K h i uay cho hpc tro toi thudng noi nom na ket qua nay la: "Ham s6 
J lieu tm- khi va chi khi l im ciia ep bang ep ciia l i m " 

B a i t o a n 2.208. Tim tat cd cdc ham so f lien ty.c tg.i 0 vd thoa man 

/ ( x ) = / ( 2 0 1 7 x ) , V x 6 R . ..; (1) 

G i a i . Dat /(O) = a. Trong (1) thay x bdi 
2017 

ta dUdc 

/ W = / ( 2 o I ^ ) . V x e R . 

Vdi moi x i € R, ta xay di^ng day so { x „ } nhu sau: x„+i = 
2017 

(2) 

, V n = 1,2, . . . 
1 Khi do { x „ } la cap so nhan vdi so hang dau la x i , cong bpi q = ^^y^- Vay so 

h^ng tong quat cua day so nhy la x„ = 
2017 

lim Xn = l im 
n—'+oo II—>+oo 

/ 1 
2017 

n - l 

x i = x i l im 

x i , V n = 1,2, . . . D o d o 

' • = 0 . 
n - + o o V 2017 

Hdn nira ti f (2) ta c6 '•: 

/(.,)-/(^)- /(«)--/(^)-fM'y-«•».:• 
Vi / la ham lien tuc 1̂ ,1 0 nen 

/ ( x i ) = l im / ( x i ) = l im f{x„) = f l im x„ = / ( O ) = a. 
n — + 0 0 n — + 0 0 \n->+oo ) 

Vay / ( x , ) ^ u ,Vx i 6 R. Hay / la haiu hang tren R. Thi't lai thay thoa man. 
L u u y. Ta (Qng c6 thg t r inh ngdn gpn hdn nhu sau: Vdi mpi x thupc R ta c6 

^ 1 / la ham lien tuc t?d 0 nen 

/ ( . ) . _ i i , , , ^ / ( x , . Jm^/ ( ^ ) = / 55?̂ ) = / ( 0 ) ,vx € R. 

ra / la ham hkng tren R. 
y. Ban doc hay so sanh bai toan nay vcii bai toan 1.44 6 trang 26. 
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B a i t o a n 2.209. Tim tat cd cdc ham sS f lien tvc t(ii 0 vd thoa man 

/ ( i ) = 7 / (2017a;) ,VieR. (1) 

G i a i . Dat /(O) = a. Trong (1) thay x bdi 2017 
ta duoc 

(2) 

Vdi moi x i € R, ta xay di^ng day so {x„} nhu sau: X n + i = •^j^'^ € N ' . 

K h i do {x„};^f°i la cap so nhan v6i so h^ng dau la x i , cong bgi q = Vay 

so hang t6ng quat cua day so nay la x„ = 
1 

2017 

n - l 
2017" 

x i , V n = 1,2,. . . Do 

do: l im x„ = l im 
n->+oo n—>+oo 

/ 1 y ,. / 1 
x i = x i l im 

2017 y n - + o o 
2017 

n - l 

= 0. Hon niJa 

t i t (2) ta c6: 

V i / la ham lien tuc tai 0 nen 

/ ( x i ) = l im / ( x i ) = l im — 3 - / l im x„ - 0./(0) = 0 

n—»+oo n->+oo 7" ' y^n->+oo J 

V?iy f{xi) = 0 ,Vxi e R. Hay / dong uhat 0 tren R. Thiif l?ii thay thoa man. 
L i r t i y. Lien h$ bai toan 2.208, 2.209 vdi bai toan 1.84 6 trang 50. 
B a i t o a n 2.210 (De nghi t h i Olympic Toan Sinh vien Toan quoc - 2012). 
Tim tat cd cdc ham lien tuc / : R ^ R thoa man 

3 / ( 2 x + l ) = / ( x ) 4 - 5 x , V x € K . (1) 

G i a i . Gia sut / la ham s6 thoa man cac yeu cau de bai. Ta c6 

(1) ^ 3 [/(2x + 1) - (2x + 1)1 = [fix) - x] - 3, Vx e R 

^ 3g{2x + 1) = g(x) - 3, Vx € R (vdi ^ (x) = / ( x ) - x ) . (2) 

3 
Dat g{x) = + h{x). Ta c6 / la ham so lien tyc tren R, suy ra g, h cung 

lien tuc tren R. Thay vao (2) dUdc: h{2x + 1) = ^ / i ( x ) , Vx € R. (3) 
o 

X - 1 X - 1 ' 
Do tUdng ling x — — la song anh t i t R vao R nen thay x bdi — 7 7 — , ta co 

hi 
v - l \ 

2 ) 
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, V x e R . (4) 

Sii dung (4) lien tiep, suy ra vdi mpi x 6 R th i 

2 - 2 2 \ 
23 

- 1 - 2 - 2 2 2 " - i \ 
2" 

_ 1 . /ar + 1 - 2 " \ 

VI l im 
n—+00 2 

1 - 2 " ,. / x + 1 \ 
2 ^ = „ i i ? ? ^ ( - ^ - l J = - l 

/ . ( . T ) = lim ^ ( . x ) = lim f l ^ / ' - ^ + l - 2 " \ 
n - . + o o n - . + o o [ 3 " \ 2" ^ 

nen 

= 0 . / i ( - l ) = 0, V x e R . 

3 . i f f m " i . ' 
V9.y / ( i ) = X - - , Vx e R. T h i i l§ii thay thoa man. 

L i f u y. Tir (3), van dyng chu y 11 6 trang 52, ta c6 the giai quyet tiep nhu 
sau: Dat x = < - 1, thay vao (3) dU0c 

h{2t-\) = \h{i-\), V t e R ' ' ""^''^^'^ • 

^ ^ ( 2 0 = 3 . ' ( 0 , W 6 R (vdi ^ ( 0 = h{t - 1), W € I 

^ ^ W ^ ^ V ^ f ^ ) , V < € R 

=(5) K ^ ) - • = (0""(?^)'" <=' 

Do lien tyc nen l im !̂  f ; ^ ) = f l im = ¥?(0). V^^y t i (5) suy ra 

V ( 0 = hm 
n - » + o o (5) (^)] = „ii?oc (5)" ^ (^) = 0-^(0) = 0-

Do do ^(«) = 0, V< G R, dan den h{t. - 1) = 0, Vt € R hay /t(«) = 0, Vi! e R. 

% / ( x ) = X - ^ , Vx e R. T h i i lai thay thoa man. 

Ba i t o a n 2 . 2 1 1 . Tim tat cd cdc ham so f lien tyc tren doan [0; 1] vd thoa 
"^nn (iSng thdi hai diSu kien: 

^ . • r i i iO i l rfii," I • 
fix) = 2016, Vx 6 

•i (V; .tAf / c ' (1) 

/ ( x ) = / ( 2 x - l ) , VxG Q ; l 
(2) 
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G i a i . Ta se chilng minh rkng v6i moi so nguyen ditdng n th i 

f{x) = 2016, Vx € 

Do (1) nen (3) dung khi n = 1. Gia siif 

/ ( x ) = 2016, Vx e 

Ta can cluing minh: / ( x ) = 2016, Vx € 0 ; 1 - 2*:+! 

(3) 

(4) 

(5) 

Dc cln'tng minh (5) dung ta chi can xct x 6 2' 2*=+! 
, Mc nay 

l < 2 x < 2 - J - ^ 0 < 2 x - l < l - ^ = ^ / ( 2 x - 1) = 2016, 

do do, sir dung (2) ta dUdc / ( x ) = / (2x - 1) = 2016. B6i vay 

/ ( x ) = 2016, Vx e (Vn e N*). 

Vai moi X e [0:1), ton tai so tv.t nhien n (dii l(3n) stio cho x 6 

do ti t (6) dudc , ^ 
U f - . . / ( x ) = 2016, x € [0;1). 

Do liam / lieu tuc tren doan [0; 1] nen 

0 : 1 - 2" 

(6) 

, d o 

(7) 

= l im / f l -4V'°=' 1™ 2016 = 2016. 

T i t (7) va (8) suy ra / ( x ) = 2016, x 6 [0; 1]. Thiit lai thay thoa man. 

(8) 

2.7.4 Suf d u n g gia t r i Idn nhSt v a gia t r i nho nhSt c u a h a m s6 

Tiong muc nay ta so siir dung cac ket qua sau ve ham lien tuc: 

• (Dinh l i Gia t r i t rung gian). Neu ham / lien tuc tren doan [a; 6] th i / ( x ) 
( f lay tat ca cac gia t r i t i t f{a) f{b). 

• Neu ham / lien tuc tren doan [a; b] th i no c6 gia t r i 16n nhat va gia t r i 

nho nhat tren doan [u;b]. 
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L i f t i y- Neu max / ( x ) = inin / ( x ) th i / la ham hang tren D. v 

B a i toan 2.212. Ttm tat cd cac ham lien tuc / : [0; 1] R thoa man: 

/ ( X ) = J 
l + x \ 

2 y'j 
• Vx e [0; 1].. (1) 

G i a i . Gia sii ham so / thoa maai cac you cau dc hhi. Do / lien tuc tren doan 
[0; 1] nen ton tai gia t r i Idn nhat va gia t r i nho nhat tren doan do. Dat: 

m a x / ( x ) = / (xo ) , ^^^fi^) = fivo) (^O: yo 6 [0; 1]). ixr>.i , , r : 

Khi do / (xo ) > fix), Vx e [0; I j . Do do: - = 

/ ( a : o ) > / ( f ) , / ( . r o ) > / 
/ 1 + xo 

Ti t (1), ta c6: 

/(x-o) = ^ 

• • , ) 

/ ( f ) . / 
1 + xo < 1 

- 2' 
/ ( f ) + / M ] : 

«>2/(i„| < / ( y ) + / d o ) => f M £ / ( y ) * f M = / ( y ) • 

Nhit vav / ( ^ ) = m a x / ( x ) . Sit dung cac lap luan 6 tren suy ra: 

= . / ( . o ) = / ( f ) = / ( | ) = . . . = / g ) , V n = l , 2 . . . . (2) 

Ti t (2), siV dung t inh lien tuc ciia ham / va l im — = 0, ta thu dU(?c: 
n—+00 2" 

/ (xo ) = l im / (xo ) = hm / (g) = / ( hm = /(O). 
n->+oo ti—>+oo \ 2 " / y n - . + o o 2 " y 

Vay m a x / ( x ) /(O). Titdng tu , ta c6: njv u I U 

/ (yo ) < / ( f ) , Hyo) < f 

T i ^ ( l ) s 

1 + 

suy ra: 

/w = i [/(!)+/ 
/ J - 2 [ / ( f ) . / H 
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=>2/(j/o) >/(!)+ /(vo) ^ /(vo) > / ( f ) ^ /(yo) = / ( f ) 
-/(vo) = / ( f ) = / ( | ) = - = /(g).Vn = l , 2 , . . . 

=^rnm/(x) = /(yo) = „lim^/(vo) = = f ( „ l i - ^ ^ ) = /(O)-

Nhu vay max/(x) = min/( i ) = /(O), suy ra / la ham hang tren doan [0; 1]. 
[0;1] (0;ll 

Thiit lai thay thoa man. 
Bai toan 2.213. Tim tat cd cdc ham lien tuc f -.R-yR thoa man 

Giai . Vi ham / lien tuc tren doan [ - 1 ; 1] nen ton t9.i gi4 tr j Idn nhat va gia 
tr i nho nhat tren doan do, vay dat 

M = max /(x) = /(xo). = mm^/(x) = /(yo). 

Taco 
. r2 + 1 

1 

VS/ 2M = 2/(xo) = / Xo 
+ / 

1 - x o \ 
(2) 

Dg y rang e [ - 1 ; 1] (do X Q e [ - 1 ; 1]) va € [ - 1 ; 1] nen 
X n + 1 

ket hrtp vcTii (2) ta durtc / 

< M , / Xo 
< M, 

X 

= M . Xay dung day so (x„);^^ nhu sau: 

, V n - 0 , 1 , 2 . . . 

Theo tren suy ra /(x„) = M , Vn 0,1,2.. . Ta c6 - 1 < x„ < 1, Vn. Neu 

moi n, suy ra . T . „ + I ^ 

xl + 1 

Xo = 0 t i l l x„ = 0 v6i mpi n, suy ra lim x„ = 0. Neu xo > 0 thi x„ > 0 vdi 
n—'+oo 

X 

< X n , dan tdi day (.T„) giam, do do lim x„ = 0. 

Neu Xo < 0 thi x„ < 0 vdi mpi n, suy ra day (x„) tSng, do do lim x„ = 0. 
n—'+cx> 

Tom l^i lim x„ = 0. Ma ham / lien tuc tren R nen 
n—'+oo 

M= lim M= lim f{xn) = f lim x„ =/(O). 
n—>+ix> n->+oo ^n-»+oo y 276 

Tircttig t u ta ch;mg minh dUdc m =/(O), suy ra A/= m 

Do 

fix) = no), Vx € f - 1 ; 1]. 

e [-1;1] nen t i l (1) va (3) taco 
(3) 

X2 + 1 

2/(x)-/(0) + / f i — V x e K . ' (4) 

D^t /(x) = /(O) +5(1), khi do ham g lien tyc tren R va thay vao (4) dupe 

2gix) = g^^y V x 6 R . 

Tir (5), thay x bdi 1 - 2x ta dudc 

2 5 ( l - 2 x ) = p ( x ) , V x € R . 

TH (6), thay x bdi ^ , ta dupc 

(5) 

(6) 

2^(-) = p ( ^ ) , V x 6 R . (7) 

Vdi xo e R, xet day s6 (x„) nhu sau: x „ , , = '-^,Vne N. Khi do ; 

3x„ - 1 = ^ ~ ^ ^ " - 1 _ 1 ^ -(3x„_i - 1) ^ 
2 2 ( 3 x „ _ 2 - i ) 

- 2 J ( 3 x „ _ 3 - l ) = . . . = 

\y 

- 2 J ( 3 x 0 - 1 ) . 

^ " 3 x 0 - 1 

7 3 •„i!?U-̂ « = [ Ttt (7) taco 

2P(^„) = p(x„+i) ^ 5(x„) = 25(^„_,) = 2^g(xn-2) 

^ 1 ham .9 lien tyc tren R nen t i i (8) ta c6 

4) 

•• 2"5(xo). (8) 

\ ( \ 
= 9 lim x„ 

/ \^n—>+oo J = „i!l?oo^(^"^=„ii?«2"^(xo). (9) 

nii™, 2" " " '̂̂  '̂ '̂  5(2:0) = 0. Do xo lay tiiy y trong R nen 
^if) H 0, suy ra / la hkm hkng tren R. Sau khi thur l^i ta ket lu^n: l ^ t ca 

ham so thoa man yen can de bai deu c6 dang 

/(x) = C, Vx e R (C la hang so bat ki) . 
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L t r u y. T i t (5), van dung chu y 11 6 trang 52, ta c6 the giai quyet tiep nhu 

sau: Dat x = t+ -, thay vao (5) ta diI0c 

^h{t) = i/i (^-l^y V< € R ^vdi hit) =9(^t + ̂  1 \

^  '  n - ^ + o o  
=  o . h ( o )  =  0, v« e 

^h{x) = 0 5(1) = 0. 

Vw fix) = C, Vx e R (C la hang so bat k i ) . 

2.7.5 Phifctag t r i n h h a m C a u c h y (Cos i ) va uTng dung 

Kh i giai phuong t r inh ham vdi c$.p bien ttf do c6 gia thiet ham lien tuc ta 
thirdng sii dung ket qua ciia bai toan 2.214 (khi t h i HGS ta dUdc phep siif 
dvmg ket qua nky mk khong can chiing minh 1^). 

B a i toan 2.214 (Phudng t r inh ham Cauchy). Hay tim tdt cd cdc ham so 
/ : R —» R, lien tuc tren R vd thoa man 

/(x + y) = /(x)+/(2 ; ) ,Vx,yeR. (1) 

Gia i . Gia sii / la ham so thoa man de bai, kh i do ta c6 (1). Trong (1) lay 
y = a; ta ditdc 

/(2x) = 2/ (x ) ,VxeR . (2) 

Trong (2) lay x = 0 ta duric /(O) = 0. Tii (1) va (2) va bang phuong phap 
quy nap t a chiing minh dxtifc 

/(nx) = n / ( x ) , V x e R , V n G N . 

Trong (1) lay 2/ = - X va si i dyng /(O) = 0 ta ditdc 

/ ( - x ) = - / ( x ) , V x e R . 

Bdi v?iy kh i n = - 1 , - 2 , . . . , sii dung (3) va (4) ta c6 

finx) = / ( - n ( - x ) ) = -nfi-x) = n/(x) , Vx € R. 

(3) 

(4) 

(5) 
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Tif (3) va (5) suy ra 

finx) = nfix),Vx e R, Vn € Z. 

Vdi mpi n = 1,2,..., sit dung (3) ta c6 

1 

(6) 

(7) 

^ / ( x ) , V x e 
n 

/ ( x ) = / ( n . i x ) : = n / ( i x ) ^ / ( i x ) 4 / ( x ) , V x . 

Vdi nioi 70, n € Z va n > 0, sii dung (7) va (6) ta c6 

Bdi vay 
firx) = r / ( x ) , V x € R , V r S Q. (8) 

Trong (8) lay x = 1 ta ditdc 

/ ( r ) = , • / ( ! ) , V r e Q . (9) 

Vdi moi X e R ton ta i day so hftu t i {rn}1',^i sao cho l im r „ = x. V i / lien 
n->+<x) 

tuc nen 

/ ( x ) - / l im r „ = l im /(/•„)= l im r „ / ( l ) = / ( I ) l im r „ - / ( l ) x . 
\^n—'+00 J n—>+oo n—•+c« n—»+oo 

Vay 

fix) = ax, Vx € R (vdi C la hang so t i iy y ) . ' (10) 

Th i i lai thay thoa man. Ta ket luan: tat ca cac ham so can t i m dcu c6 d9,ng 
nhit 6 (10). 

N h a n xet 4. Ldi giai cua bai toan 2.214 Id mot Idi giai khuon mdu, kinh 
ditn, 710 if" duoc lap lai nhieu Idn trong quytn such ndy. Ban doc nen xem 
them phuong phdp gidi cung nhu cdc bai todn cua dang ndy d bdi 2.8: Phuang 
trinh hdm dang / ( G ' ( x , y ) ) = F ( / ( x ) , /(y)) (d trang 320). 

N h a n xet 5. Trong bdi todn 2.214, neu ta thay gia thiet hdm so f lien tuc 
tren R bdi hdm so f lien tuc tai diem .TQ thi ket qud tren van dung. That vay, 
neu hdm so f lien tuc tat dic'm X Q thi l im fit) = / ( x o ) . Bdi vay 

Um fin) = l im 
u—;x u-x+xo-^xo 

/ ( ( M - X + X O ) + ( X - X O ) ) 

= fixn) + fix - X O ) = /(xo + x - X Q ) = fix), 

^ay f lien tuc tai x e R. Nhu vay, neu hdm so f xdc dinh tren R, lien tuc tai 
^^•n X O E R vd thoa man phuang trinh hdm Cauchy thi f lien tuc tren R. 
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B a i toan 2.215. Tim cdc ham so / : K —» R, lien tuc tren R va thoa man 

f{x + y) = f{x)-f{y)yx,yeR. (1) 

Gia i . Cho y = 0 ta dUdc f{x) = f{x) - /(O) => /(O) = 0. Cho a: = 0 ta dudc 

/(j/) = /(0)-/(y) ,V3/eIR 
**/(y) = o ,VyeR . 

Vay CO duy nhat mot ham so thoa man de bai la / ( i ) = 0, Vx € R. 
Lthi y. Gia thiet l iam / lien tuc trong de bai la thfta. 

B a i toan 2.216. Tim cdc ham so / : R - » R, lien tuc tren R va thoa man 

f{x + y) = f{x)f{y)yx,y€R. (1) 

Gia i . De thay ham f{x) = 0 thoa man (1). Tiep theo x6t f{x) ^ 0. Kh i do 
ton tai xo e R sao cho f{xo) ^ 0. Theo (1) ta c6 

/(x„) = / ( i + ( i o - x ) ) = / ( x ) . / ( x o - i ) , V x e R . 

Suy ra f{x) ^ 0, Vx e R va /(x) = / (| + |) = [/ (0]' > 0,Vx e R. Vay 

d$t ln/ (x ) = g{x) (/(x) = e-'W). Kh i do ham g lien tyc tren R va 

* <^e.9(x+y) ^ e9(x)+g(v)^ Vx, y € R 

Siiab u j 1' ^g{j: + y) = g(x) + p(y), Vx, y e R. i 

Theo ket qua bai toan 2.214 suy ra ^(x) = 6x,Vx € R (6 la hang so). Vay 

/(x) = e*̂  = a-̂ , vdi a > 0 tuy y. Cac ham so thoa man de bai la 

/(x) = 0, /(x) = o"" (a la hang so dudng). 

Ltfu y . PliUdng t r inh ham (1) ciia bai toan 2.216 cung dUdc goi la phUdng 
t r inh ham Cauchy. Ket qua bai toan 2.216 diTdc phep sii dung ma khong can 
chi'mg minh lai. , 

B a i toan 2.217. Tim tat cd cdc ham so / : R\} R, lien t^c tren R\} 
va thoa man: f{xy) = /(x) + /(y), Vx, y € R. (1) 

Gia i . 
a) Trudc het t a t i m ham so / tren khoang (0; +oo), muon vay, xet x > 0 va 
y > 0. Dat X = r;", y = r " va / (c^) = (/{t). Kh i do (1) c6 dang 

g{u + v)= g{u)+g{v)yu,veR. (2) 
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. h e heo bai to4n 2.214 d trang 278 suy ra g{t) = bt, do do h atf" 

fix) = a lnx ,Vx > 0, a € R, tuy y. ^ ' 

b) Tiep theo ta t im ham so / tren khoang ( -c » ;0 ) , muon vay,xet x < 0 va 
y < 0 th i xy > 0. Trong (1) lay y = x va suT dung ket qua phan a) ta dudc 

/(a;) = ^/ ( i ^ ) = ^fr lnx^ = 61n|x|, vdi 6 6 R tuy y. 

ThuT lai ta thay ham /(x) = 61n|x|, vdi 6 thuoc R tuy y, thoa man cac dieu 
kien ciia bai toan dftt ra. Vay 

/(x) = bln|x|,Vxe R\{0}, vdi 6 e R t i i y y. 

Bai toan 2.218. Tim tat cd cdc ham so / : R —> R, lien ty,c tren R va thoa 
man dieu kien 

f{T. + y)^fix) + f{y)+xy,W.,yeR. 

2 
HUdng dan. Xet ham so p : R R nhu sau: g{x) = f{x) - y , V x € R. 

Thay vao phUdng t r inh ham da cho ta dUdc 
g{x + y)=g{x)+g{y),Yx,y€R. 

Sau do sijf dung ket qua bai toan 2.214 d trang 278. 
x2 

Lifti y. Phop dat /(x) = g{x) + — t im ra nhu sau: Can dat /(x) = g{x)-\-cx^, 

vdi c t i m sau, sao cho khi thay vao phUdng t r inh ham da cho £a dU0c 
g{x + y)=g{x) + g{y),\/x,y&R. 

Thay vao ta c6 

g{x + y) + r. {x + yf = ;i{x) + c:i? + g{y) + c^x^ + xy, Vx, y 6 R 
<^y(x + y) + 2cxy = ^(x) + g{y) + xy, Vx, y G R. >\ ̂  ̂

^ •̂y de kh i i xy 6 hai ve, ta can chpn c sao cho 2c = 1 c = 

Sa l toan 2.219. Tim tat cd cdc ham so / : R -+ R, lien tuc tren R va thoa 
" lan dieu kien 

>.n.A '>':> 
/ ( i + y) = f{x) + f{y) + x 2 y + x y 2 + xy, Vx, y G R. (*) 

H u d n g d i n . fix) = g{x) + ^ + ^- Thay vao (1) t a ditgc 

g{x + y)=g{x)+g{y),Vx,yeR. 



Sail do siTf dung ket qua bai toan 2.214 d trang 278. 
Lxiu y. Phep dat / ( x ) = g{x) + ^ + ^ dUdc t i m ra nhu sau: Ta can dat 

^ , f{x)=g{x) + bx^ + cx\

vdi 6, c t i m sau, sao cho khi thay vac phudng tr inh ham da cho t a difdc 

g{x + y) = g{x)+.g{y),^x,y£R. 

Thay vao ta c6 ' 

j , ,^ , . g{T + y) + h{x + yf + c{x + yf 
=g(x) + h.r^ + cx^ + g{y) + h)^ + n/ + x^y + xy"^ + xy. 

V^y ta can chpn 6 va c sao cho 

2bxy + 3r( .T^?/ + .rjy^) = x^y + xy^ + xy. 

Nghla la ta c ^ i c6: { = } ^ (6; c) = (̂ i; ^ j . 

B a i t o a n 2.220. T im (At cd cdc ham so / : R — R, lien tuc tren R vd thoa 

man dieu ki$n 

f{x + y) = fix)+f{y) + hx''y + xy^)-xyyx,y&R. 

2.2 2-3 

H i f d n g d i n . /(.x) = gix) - y + y • 

N h a n x e t 6. Phep d&t f{x) = g{x) + fo{x) trong cdc bdi todn 2.218, 2.219, 
2.220 dc dUa vr. phitdng trinh ham g{x + y) = g{x) + g{y) con durlc tim ra 
nhu sau: Ta tim mot nghiem rieng fo{x) cila phuang trinh ham da cho, sau 
do dat f{x) = g{x) + fo{x). Ch&ng han trong bdi todn 2.218, ta chon nghiem 

x^ 

rieng / O ( . T ) = ~. Khi tlm nghiem rieng, thudng thi ta tim trong cdc Idp hdm 

hang, hdm bdc nhat, hdm da thiic, hdm dcn dieu, hdm tudn hodn... 

B a i l o a n 2 .221 . Tim tat cd cdc hdm so / : R R, lien t^c tren R va thoa 

man dieu kiCn 

f{x + y-l) = f{x-l) + f{y-l) + x^y + xy^ 

+ ^(xV + ^ ' j r f x y 2 ) - ^ , V x , 2 / e R . 
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i"* x'^ x^ 
i fdng d i n . Dflt / ( x - 1) = 5(x) + ^ + "2 4 " ^^^^ phitong t r i n h 

ham da cho ta dudc ^'"*'' ' '̂ ' " 

x'^ X ^ X ^ 7/4 J/2 •(. 

+ x ^ / + x i /^ + - (x2, /2 + x^v + .x?y2) _ ^ v̂ -̂  y g K_ 

guy ra g la ham so lien tuc tren R va thoa man dieu kien . 

3 ( x + ( / ) = (7(x) + ,9 ( ; ; ) ,Vx,yeR. v 

Bai t o a n 2.222. Tim cdc hdm so / : R —» R. lien tuc tren R vd thoa man 

fix + y) + fiz) = f{x) + f{y + z),^x,y,z&R. (1) 

Gia i . Dat /(O) = a. Trong (1) lay ^ = 0 ta ditrtc 

fix + y)+a = fix) + / ( y ) , Vx. y 6 R. (2) 

D<lt fix) - a = gix).yx G R. Khi.do g la ham .so xac dinh va lien tur tren R. 
Plon nfta thay vao (2) ta diftJc 

gi.r + y)=gix)+giy)yx,y£R. 7 , 0 > ( J ) \  (3) 

Ttt (3), sir (lung kct qua bai toan 2.214 u traiig 278 ta dUdc gix) = //.;•, V./- € R. 
Vay fix) = bx + a, Vx € R (a va b la liKng so t i iy y)- T h u lai thay thoa man. 

Bai t o a n 2.223 (PliUdng tr inh ham Jensen). Tim cdc hdm so f : R-> R 
lien ty,c trO.n R ud thdu man dieu kien: 

, ( I ± i ) = Z(£l±Zi»),v.',,<='R. ^^^^ (1) 

Giai . Trong (1) lay y = 0 ta dUdc 

{^dla = fiQ)). (2) 

Tu(2) ta co i ' • 

/ ( x ^ ^ + » ^ / ( x ) + / ( y ) ^ ^ ^ ; ^ ^ ^ " ' i ; ^ 

^ / ( x + i/) + a = / ( x ) + / ( y ) , V x , y € R . '̂ ^ ' . (3). 
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Xet ham so p : R — R nhu sau g{x) = f{x) - a, Vx e R. Vi / lien tyc tren R 
nen lien tuc tren R. Thay vao (3) ta dildc 

g{x + y) + 2a = g{x) + a + g{y) + a, Vx, y e R 
<^5(x + y) =p(x) + 5(y), Vx,y € R. (4) 

Tiif (4) va sii dung ket qua bai toan 2.214 6 trang 278, ta dU(?c: 

g(x) = bx=> / ( i ) =bx + a. 

ThiX l ^ i thay ham so 

f{x) = bx + a,Vx € R (a,b la cac hang so) tiAii m d 

thoa maai cac ycu cau do bai, vay do la dap so can tim. 

Bai toan 2.224 (HSG Quoc gia 2006 - bang B). Ttm tat cd cac ham so 
f{x) xdc (link, litii iuc tren R, lay gia trj trong R va thoa man 

fir. - v).f[v - z).f{z - x) + 8 = 0, Vx, y, 2 6 R. (1) 

Giai . Gia siif / la ham so thoa man car yen can de bai, khi do ta c6 (1). 

Thay x = |, y = - r = 0 vao (1) ta dUdc 

A-l) + 8 = oyte 

Suy ra f{t) < 0 ,Vi e R. Vay dat / (x) = -29(^). Thay vao (1) ta dUdc 

_ 2 9 (2 - i ) = - 2 ^ V x , y , 2 e 

(2) 

(3) 

(4) 

^<Ax: - v) + uiv - 2) + - x) = 3, Vx, y, 2 e R. 

Dat h{x) = g{x) - 1, thay v^o (2) ta dUdc 

h{x -y) + h{y - 2) = -h{z - x), Vx, y, 2 £ R. 

D?,t u = X - y, i ; = y - 2 => ?i + t; = X - 2. Tir (3) ta CO * 

h(u) + h{v) = -h{-u - v),\fu,v€R. 

Trong (4), lay u = i ; = 0 ta dUdc h{0) = 0. Trong (4), lay i; = 0 va sur dyng 
/i(0) = 0, suy ra h{-u) - -h{u)yu e R. Vay t i i (4) ta dvldc 

h{u) + h{v) = hiu + v),Vu,veR. (5) 

T\t (5), su dung ket qua bai toan 2.214 d trang 278 ta dUdc h{x) ^ ax, Vx G 
vdi a la hang so thuc tuy y nao do. Vay g(x) = ax + 1, suy ra ham so ban 
dau la fix) = -2'^+\i a la hl i ig so thuc tuy y nao do. Thi i lai thay haiu 
so nay thoa man cac yen cau bai toan. 
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ai toan 2.225. Tim tat cd cac ham 5 0 / : R — R, hen tuc tr€n R va thoa 
adn dieu Hen 

/ ( ^ ) ] = / ( x ) / ( y ) , V x , y e R . (1) 

iai. De thay ham f = Q thoa man cac yen can do bai. Ticp theo gia .su 
^ 0. nghia la ton tai xo e R sao cho /(xo) ^ 0. T i l (1) ta c6 

(x) / (2x0 - x) = ^ ^ x + 2xo x^ ' = [ / ( : c o ) ] 2 > 0 ^ / ( x ) ^ 0 , V x € R . 

iTdng hdp 1. / (x ) > 0, Vx 6 R. Xet ham so g nhu sau: 

5 : R - - R , p(x) = l n ( / ( x ) ) , x € R . 

Khi do g lien tyc tren R va 

. ( ^ ) = l n [ / ( ^ ) ] = l n ( v / 7 w 7 ( ^ ) 

= \n (/(x)) + In (/(y))l = \) + g{y)i Vx, y 6 R. (2) 

X a ham so h nhu sau: / i : R — R, h{x) = g{x) -g{0), x € R. Khi do h{0) = 0 
va h lien tuc tren R. Txt (2) ta c6 ^ _ ^ _ ^ , ^ 

Tro:ig (3) lay y = Q ta duuc 

x + y\ h(x) + h{y) 
, Vx, y 6 

''(0 = ^/"W^VxeR. 

(3) 

(4) 
(3) va (4) suy ra 

/i(x + y) = /i(x) + M y ) , V x , y e R . , (5) 

Tiir (5), Slit dung ket qua bai toan 2.214 6 trang 278 ta dUdc h{x) = Ax, Vx e R, 
vai A la hang so thitc tuy y nao do. Dat n = g{0). Khi do 

ff(i) = Ax + => In {fix)) = Xx + ^l^ fix) = 6^=^+" = ae^^ (a = e'' > 0). 

Thir lai thay ham so / (x ) = ae'̂ ^,Vx G R (a, A la hang so, a > O) thoa man 
cac you cau do biii. 

Jrudng hdp 2. fix) < 0,Vx G R. Khi do - fix) > 0,Vx G R. Theo trUdng •̂ p̂ 1 S U V ra suy ra 

-fix) = be''\x G R (6, a la hSng s6, b > O). 



Vay fix) = ce.f^'',Vx € K {c, 0 la hang so). T h i i la i thay t h o a m a n . 

Tat ca cac h a m so t h o a m a n yen cau de ba i la 

fix) = 0 , Vx € M va fix) = ce^"", V i € R (c, p la hang so). 

B a i t o a n 2.226. Tim tat cd cdc ham s6 f : (0; +oo ) -+ (0; +oo ) lien tuc tren 

(0; +oc ) va thoa man a , 

/ifixy) - xy) + xfiv) + y/ (x ) = fixy) + fix)fiy). Vx, y e (0; +oo ) . (1) 

G i a i . T i t (1) chpn y = 1 t a dirdc ^ ^ ^ J 

/ ( / ( . T ) - x ) + x / ( l ) + / ( x ) = / ( x ) + / ( x ) / ( l ) . Vx e (0;+<x>) 

^fili-r) - :r) = ./•(l)[,/"(x) - x ) ] , Vx e (0; +oo ) . (2) 

Do (2) nen (1) co tho v iot la i t h a n h 

• / ( l ) [/ (x j/ ) - xy] = fixy) -xy + [fix) - x][/(y) - y)], Vx, y e (0; +oo ) . 

D a t y ( x ) = fix) - x t a dvtdr fil)gixy) = gixy) + .g(x)g(y), suy r a 

gWaixy) = gix)giy), Vx, y € (0; + ^ ) . (3) 

C u n g t i r (1) t a suy r a (hroc / (x ) > x n h u vay gix) > 0. V i / Hen t i i c nen h a m 

g c fmg l ien tuc . T h a y x = ii'^y = c", vd i u, v thuoc M va da t y {c ' ) = t h i 

t i t (3) t a SUV ra > 
/«(())/!(« + v) = /i(u)/i(u), VM, I ' e R, (4) 

t r o n g do > 0, Vu e R va h cung la h a m l ien tuc t r en R. T i e p tuc dat 

kix) = ln(/t(x) ) t i l l t i r (1) t a suy ra 

^ 0 ) + kia + v) = kill) + kiv), Vu, v € R, (5) 

va A: cung la h a m l ien tuc t r e n R. Tit (5), da t m { x ) = A;(x) - fc(0) t a dudc 

m ( n + Li) = m ( u ) + m ( y ) , Vu, u € R, (6) 

T\i (6) , su d u n g ket qua bai t o an 2.214 cl t r ang 278 t a dUdc m ( x ) = ax , Vx € R, 

vd i a la hfuig so. Suy ra A-(x) = ax + b vd i a, b la cac l iKng so th i t c . Nht f vay 

/l(x) = e - +^ f l ( x ) = 3 ( e " - ) = e = e .X 

C u o i cung fix) = X + C x " , Vx > 0, t r o n g do C la m p t hang so d u d n g va a la 

m o t hang so tlu.tc. T l i i i l a i thay t h o a m a n . 

B a i t o a n 2.227. Tim tat cd cdc ham lien tuc / : R — R sao cho 

• < J . f ( \ / ^ ^ T 7 ) =f{x^- y') + / ( v/2xy ) , Vx; y G R. (D 
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G i a i . T r o n g (1) l4y x = y = 0 t a dudc /(O) = 0. Cho x = 0 dvrdc 

f{t) = fi-t), V ^ e R . 

Dfi y r f tng vd i a > 0, i > 0, luon t 6 n t ^ i x € R va y G R sao cho 

(2) 

i 
i 

J 

x'-y'' = a 
V2xy = b. 

D o d o 

fia) + fib) = f ( V a 2 + 6 2 ) , Va > 0, 6 > 0 

+ / ( v ^ ) = / (\/^n^), Va > 0, 6 > 0. f--\\) 

Dat gix) = f (\/x), suy r a g la h a m l ien tuc t r en [0; +oo ) va 

gia + 6) = gia) + s(6) , Va > 0, 6 > 0. 

Suy ra gia) = ca, v d i c l a h a n g so k h o n g am. Vay fix) = cx^, v d i c l a hang 
so khong am. T h i r l a i thay thoa m a n . 

B a i t o a n 2.228. Tim tat cd cdc ham so lien tuc f :R-^R thoa man 

/ 2 ( x ) = f ( x + y ) / ( x - y ) , V x , y G R . (1) 

G i a i . K i h i eu P ( u , v) ch i viec thay x bd i u, t h a y y b d i v vao (1). G i a s i i t o n 
tai u € R ' s a o cho / (u ) = 0. K h i do 

P ( x , u - x ) ^ / 2 ( x ) = 0 = ^ / ( x ) = 0 , V X G R . ' ' ^ ' ^ 

T h i i l a i t h a y / ( x ) = 0 t hoa m a n (1). T i ep theo g ia s i i / ( x ) ^ 0, Vx G R . 

^ . ( x ) = 2 ^ ( | ) , V x G R , v d i , ( x ) = l n Z | g . 

'^^ (1) t a CO _ 

(2) 

fix) fix + y) fjx-y) «ur i r . i i 
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^2g{x) = g{x + y) + 9{x-y),^x,yeR 

Ug{2x) = yix + y) + g{x - y), Vx.y € R. (3) 

Vai mQi so thifc u, v, dat ^^-^ = i , ^^y^ = y- '^^ 

g(u+v)=g{u) + g{v),\/u,vGR. (4) 

Tir (4), si'r di ing kot, qua bai toan 2.214 d trang 278 ta d i M r g{x) = ax. V i 
the 

Thi'r l a i thay liani s6 f(x) = aa ' , € R tlioa man (1). Vay tat ca cac ham 

so tlioa m a n yon c;an do bai la f{x) = aa"", Vx e R, vd i a la hang so t i i y y, a 

la hang so dudng. 

Ba i toan 2.229. Tim tat cd cdc ham so Hen tuc / : K R thoa man 

{/(̂ • + y)} = {/W + /(y)}, Vx,2/eR. (1) 

{trony do [/] Id so nguyen Idn nhdt khong vuat qua t vd {t} — t - [t]). 

Gia i . Tir (1) ta 0 6 

/ ( X + y) - [fix + y)l = fix) + f(y) - \f{x) + /(y)], Vx, y G R 

W ( x + y ) - / ( x ) - / ( y ) = l/(x + y ) ] - [ / ( x ) + /(y)], V x . y e R . (2) 

Ve t r a i cvia (2 ) l a ham so lien t u c theo x I'mg v6i moi y c6 dinh cho t rUdc con 
ve i)hai nhan gia t r i n g u y e n , nen tfr (2) suy ra 

/(x + y ) - / { x ) - / ( y ) = C e Z , V x , y G R . (3) 

Dat fix) = - C + y(x) , th i y : R — R c u n g l a ham lien t u c . Thay vao (3) 
dUcJc 

gix + y)=yix) + giy),^x,yeR. (4) 

T\t (4), siif d u n g k c t qud bai t o a n 2.214 ci t r a n g 278 ta d roc gix) = ax, Vx £ R-

vdi a la h a n g s5 t h u c tuy y nao do. Suy ra /(x) = ox - C, C € Z. Thiif lai 

t h a y ham so nay t h o a man cac yen cau bai t o a n . 

Ba i toan 2.230 (Do nghi th i Olympic 30/4/2010). Tim tat cd cdc ham so 
/ : R —• R lien tuc tai 0 vd thoa man: Vdi moi so thifc x, y ta c6 

/(x + y) [fix) + 1] [/(y) + 1] = [fix) + fiy) + 2/(x)/Cy)] [/(x + y) + 1]. (D 
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G i Gia i . Tuf (1) thay x bdi ^ va thay y bdi | ta duoc 

/ ( . ) [ / ( f ) + l = 2 / ( f )+/ ' ( f ) ] [ /W + l ] , V x e R . (2) 

• Neu ton ta i xo e R sao cho / ( X Q ) = - 1 t h i tiir (2) lay x = XQ ta ditoc 

= WOT 
T>rmig ti.r ta (htoo / j = - 1 , Vn = 1, 2 , . . . Tir day si'r dung gia thiet ham 

cho y = 0 va sit dung /(O) = - 1 dUdc [fix) + 1]^ = 0,Vx e R hay /(x) = - 1 . 
Thiit lai thay diing. 

• N6u /(x) # - 1 . Vx € R t i l l ta V ie t lai (1) nhir sau: 

• Vx, y e K 

f(- + y) _ / ( X ) / ( , ) 

+ ^ , V x , y e R ^'+7i^) i + /(^) ^ i : j r 7 ( ^ < ' i J. 

^yix + y ) = ^ ( , , . ) + ^ ( ^ ^ y^. ^ g / ^. ^ 

V (3) 

Do / lien tuc ta i 0 nen suy ra g lien tuc t ^ i 0, do do t i i (3) suy ra g lien tuc 
tren R (do nhan xet 5 d trang 279). Vay ap dung ket qua bai toan 2.214 suy 
ra y(x) = ax, Vx e R (a la hang so). Liic nay 

(1 - ax) fix) = ax, Vx S R. (4) 

Neu a / 0 th i vdi x 7^ - , t i t (4) suy ra 

f, . ax 1 
fix) = , Vx ^ 

I - ax ^ a (5) 

Ttr (5) \ky a-' = ^ t a dudc / = - 2 . Neu / = 6 th i tir (1) cho 

^ = y = - ta dixdc - 2 ( 6 + 1 ) 2 ^ - (26 + 262) 46 + 2 = 26 <f4. 6 = - 1 . Vay 

^ - j = - 1 , man thuan, do do a = 0, dan td i fix) = 0. Thuf lai thay thoa 

'"an. Co hai ham so thoa man yeu cau de bai la /(x) s - 1 va fix) = - 0 . 
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B a i t o a n 2 . 2 3 1 . Tim cdc ham f : thoa man dieu kien / ( I ) = 1 i;d 

; „ / ( ! ) = . , V . ^ 0 . . V'' ' ; (2) 

G i a i . 
C a c h 1 . TCI (1) cho I = y = 0 ditdc /(O) = 0. Ta se chiing minh / Hen tuc 

tj^ii 0. T ir (2) suy ra f{x) va / cung dau. V i ham so y = a; + ^ c6 tap gia 

t r i la ( -oo; - 2 ] U [2; +oo) nen vdi y thoa |y| > 2, ton tai 17>̂  0 de y = x + i . 

K h i do 

= I / W I + > 2 i = 2. 

Vay, vdi moi y thoa |y| > 2 ta c6 / ( y ) > 2. Vdi y thoa 0 < [y| < ta c6 

> 2, theo tren suy ra 

1 = = \l{y)V 

t>i.»' ft "lA.'i 

4 > 2 i / ( y ) | = » | / ( y ) l < 

M a 1/(0)1 = 0 < - nen vdi y thoa |y| < ta c6 |/(y)| < - . V6i |y| < ^ thi 

|2y| < ^ , do do 2 |/(y)| = |2/(y)| = |/(2y)| < 1 ^ |/(y)| < 1 Bang quy nap 

ta chiJng minh dudc 

\f{y)\ ^ , vdi mgi y thoa man |y| < ^ (n - 2, 3 , . . . ) . (3) 

Ta can chiing m i n h l im f{x) = f(0). Vdi moi £ > 0, ton tai n G N * sao cho 

— < £. Vdi moi x sao cho |xi < — , theo (3) ta cd |/(a;)| < e, suy ra l im / (x ) -

ma /(O) = 0 nen ^im,/(s^) = /(O), dan tdi ham / lien tuc ta i 0. Do (1) va 

ham / lien tuc ta i 0 nen sii dung nhan xet 5 d trang 279 suy ra / hen tut' 

tren R. Six dung ket qua bai toan 2.214 suy ra f{x) — ax,Vx e R (a la hang 

so). M a / ( I ) = 1 nen a = 1. Vay / ( x ) = x, t h i i lai thay thoa man. 

C a c h 2. Ta chitng minh dvTdc /(O) = 0, / ( I ) = 1 va 

/ ( x - y) = / ( x ) - / ( y ) , V x , y e 
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Vdi moi X ^ {0 ,1} , ta c6 

1 
/ x ( i - x ) y 

do 1 
(7) Jix)^T{i-x) 

i ^ / (I - X) + / (x ) dojl) / ( I ) 

/ ( 2 : ) / ( l - x ) / ( x ) / ( l - x ) 
1 1 

/ ( x ) / ( l - x) / ( x ) [ / ( I ) - / ( : r ) ] / ( x ) -72(^-

Mat khac 

/ 1 \ do (2) 1 
fix-x^) f{x)-f{x^)-, x ( i - x ) ; 

TiJt (4) va (5) suy ra , / -

fix) - fix) = / ( x ) - / ( x ^ ) ^ /(x2) = /2 (x) ^ ^ (^) > 0, Vx > 0. 

(4) 

(5) 

Vi the, vdi X > y ta c6 / ( x ) - / ( y ) = / ( x - y) > 0, suy ra / la ham so dong 
bien tren R. Theo bai toan 2.167 d trang 217 ta c6 

/ ( x ) = fcx, Vx e R (A; la hang so). miV.: 

Do / ( I ) = 1 nen = 1. Vay / ( x ) x ,Vx e R. Thii lai thay thoa man. 

Ba i t o a n 2.232 ( I M C 2010). Tim tat cd cdc ham so / : R R, lien tuc 
tren R va thoa man dieu kien 

fixy + x + y) = fixy) + / ( x ) + / ( y ) , Vx, y € R. (1) 

G i a i . Gia sut / la ham so thoa man de bai. Tijf (1) cho x = y = 0 ta dUdc 
/(O) = 0. Cho y = - 1 vao (1) thu dirdc ket qua / la ham le. Cho y = 1 vao 
(1) ta dUdc 

/ ( 2 x + l ) = 2 / (x ) + / ( l ) , V x e R . (2) 

SiJf dung (1) va (2) ta dUdc 

/ (2(xy + X + y) + 1) = 2 / (xy + x + y) + / ( l ) = 2 [ / (x) + / ( y ) + / ( x y ) ] + / ( l ) . 

^ ^ t khac cung theo (1) va (2) ta cd ^, ' , , 

/ (2(xy + X + y) + 1) = / (2x + 1 + y(2x + 1) + y) 

» = / ( 2 x + l ) + / (y(2x + l ) ) + / ( y ) 
= 2 / (x ) + / ( l ) + / ( y ) + / ( 2 x y + y) . 

/ ( 2 x y + y) = f{y) + 2 / ( x y ) , Vx, y G R. (3) 
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Cho X = — vao (3) vdi chu y /(O) = 0 ta c6 

Ti f day ket hdp vdi (3) ta dUdc 

f{2xy + y) = f{y) + fi2xy)yx,yeR. (4) 

Vdi m-pi so thuc u va v. Neu u = 0 t h i / ' (u + v) = f{u) + f{v). Neu v^O th i 
dat X = — va y = I I . K h i do 
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f{u + v) = f{2xy + y) ^'^ / (2xy ) + f{y) = f{u) + f{v). 

Tom lai f{u + v) = f{u) + f{v), Vu , i ; e R. Theo ket qua bai toan 2.214 6 
trang 278 suy ra / ( x ) = ax. T h i i lai thay thoa man. 

B a i t o a n 2.233. Tim tat cd cdc ham lien tuc f :R-^R thoa man 

f{fif{x + y + xy))) = f{x) + fiy)+f{xy), Vx, y S R. (1) 

G i a i . T i t (1) cho y = 0, ta c6 /3 (x) = / ( x ) + 2/ (0) , Vx e E, trong do 
hix) = mfix))).Tiid6 s u y r a 

fix) + fiy) + fixy) = hix + y + xy) = f{x + y + xy) + 2/ (0) , Vx e R. (2) 

Dat g{x) = f{x) - /(O) th i g cung la ham so lien tuc tren R va tii (2) suy ra 

g{xy + x + y) = g{x) + g{y) + g{xy), Vx, y e R. (3) 

TiJt (3), sii dung bai toan 2.232 d trang 291 ta dUdc g{x) = ax. Do do 

/ ( x ) = ax + 6, Vx 6 R. 

Thay vao (1) ta dudc , ^ 

a (a [a (xy + x + y ) + 6 ] + 6 ) 4 - 6 = ax + 6 + ay + 6 + axy + h 

<^a (a^ (xy + X + y) + a6 + 6) + 6 = ax + 6 + ay + 6 + axy + b 

, -i^a^ {xy + x + y)-\-a% + ab + b^ a{xy + x + y) + 36 

^ r a3 = a ^ / a € { 0 , 1 , - 1 } ^ 
\ \ + ab^2b 

Y^y cac ham so thoa man yeu cau dc bai la 

vu, / ( x ) = 0, fix) = X + 6, fix) = -x. 
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a = 0 ' 
6 = 0 
a = 1 
h t i i y y-
a = - 1 , 
6 = 0. ; 

g a i t o a n 2.234. Cho tncdc a e R. Tim tat cd cdc ham so / : R —• R lien 
tuc tren R va thoa man 

x^fiy) + yfix^) = fixy) + a,\/x,yeR. ' ' (1) 

G i a i . Tir (1) cho y = 0 ditdc 1^/(0) = /(O) + a, Vx € R, dieu nay chi xay ra 

khi I a — ^ a ̂ 0 t h i bai toan v6 nghi^m. Xet a = 0, khi do 

(1) ^ x^fiy) + y/(x2) = / ( x y ) , Vx, y € R. Vl̂ 'P ' (2) 

Tif (2) cho X = y = 1 (hwc / ( I ) = 0. Tiit (2) cho y = 1 dvt0c •' ' • 

/ (x^) = / ( x ) , Vx € R. '^'"^ • 

Tir (2) cho X = y dUdc x^fix) + x/(x2) = / ( x^ ) . Vx € R. Suy ra 

x V ( i ) + x / ( x ) = / ( x ) , Vx e R ' 
<^(x2 + x - l ) / ( x ) = 0 , V x € R 

^ n V ^ / + - l - ^ / 5 \ =>/ (x) = 0, Vx ̂  I , | . 

Do / lien tuc tai ^ ̂  ^ nen \ 

l i m / ( x ) = / f ^ ) = . / ( ^ ) = l im 0 = 0. , n ; J 
Tuong tir, / ^"•^ ~ = 0. Vay / ( x ) r= 0, Vx e R. Thurlai thay thoa man. 
Lt fu y. Thay gia thiet / lien tuc tren R bdi gia thiet / la ham khong giam 
(lioac khong tang) tren R ta ditdc ket qua tUdng t u . 

B a i t o a n 2.235. Tim tat cd cdc ham so / : R — R, lien tvc tren R vd thoa " lan diiu kien 

/ ( a : + / ( y ) ) = 2 y + / ( x ) , V x , y e R . (1) 

^ i a i . Gia sii / la ham so thoa man cac yeu cau dc bai. Nhan xet r i n g / la 
'"Ot doii anh. That vay, neu / ( y i ) = / ( y 2 ) t h i ling vdi moi x ta c6 

fi^ + fiy\)) = fix + /(2/2)) => 2 y i + fix) = 2y2 + / ( x ) ^ y i = yz-

T la tap gia tri c i ia / , khi dp T = {/(y)|y € R} . Trpiig (1) lay x = 0 dUdc 

!. / ( / ( y ) ) = 2y + / ( 0 ) , V y e R . ' (2) 
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Do 2y + /(O) c6 t̂ lp gia tri la R nen tCt (2) suy ra / (/(y)) c6 t$.p gia tri la R, 
hay { / (/(y)) |y e R } = R. Ma { / (/(y)) |y G R } C T nen T = R. Do do t6n 
tai a sao cho / (a) = 0. Trong (1) lay y = a dUdc 

/ (x) =2a + fix) a = 0 =0 /(O) = 0. 

Thay vao (2) dU0c . 
/ ( / ( y ) ) = 2y. V y e R . •.(/.;• (3) 

Trong (1) thay x -- f{t) va sii dung (3) ta dU0c 

/ (/('•) + f{y)) = 2y + J U{t)) = 2y + 2t = 2{y + t) = f {f{y + t)). (4) 

Ma / la ddn anh nen tiif (4) suy ra 

f{t + y)=f{t) + fiy),^t,yeR. (5) 

T i l (5), sii dung ket qua bai toan 2.214 d trang 278 ta dUdc / (x ) = ax, Vx € R, 
vdi a la hang so thi.rc. Thay vao (1) ta dirdc 

a (x + ay) = 2y + ax, Vx, y 6 R. (6) 

Tit (6) cho X = y = 1 ta ditdc a{l + a) = 2 + a ^ a'^ ^ 2 <^ a = ±V2. Vay 

,;. fix) = V2x, Vx € R ; fix) = - V^x, Vx G R. 

Thi't lai thay ham so nay thoa man cac yeu cau bai toan. 
Ltfti y. 
• T a CO the chi'mg minh /(O) = 0 nhanh hdn nhil sau: Tit (1) lay x = y = 0 
ta thu dUdc / (/(O)) = /(O), tir day va do / la ddn anh nen /(O) = 0. Hoac 
dat /(O) = Q, khi do / ( a ) = a, tiit (1) cho x = 0 va y = a ta dUdc 

t , i / ( / ( a ) ) = 2 n + a = > a = 2a + Q=J>a = 0=J>/(0) = 0. 

• Tit (3) suy ra / la toan anh. Sii dung (3) thi (1) trd thanh 

/ ( : r + / ( y ) ) = / ( x ) + / ( / ( y ) ) , V x , y € R 

; i j =>/(x + t) = fix) + fit), Vx, ( G R (do / la toan anh) 

=>fix) = ax, Vx € R. 

• Tit ket qua / ddn anh va lieu tuc suy ra / la ham ddn dieu, tiJt day ket hdp 
vdi (5) va sii dung bai toan 2.167 (d trang 217) ta cung thu difdc ket qua. 

B a i toan 2.236. Ttm cac ham so / : R R lien tv.c tren R va thoa man 

/ ( x + / (y)) = y + / ( x + l ) , V X G R . ( D 

m . . 

G i a i . K i hi?u v) chi vi$c thay x bdi u va thay y bdi v vao (1). 

P ( 0 , y + l - / ( l ) ) ^ / ( / ( y + l - / ( l ) ) ) = y + l , Vy G R . (2) 

Thi^c hi?n P ( x - / { l ) , / ( y + 1 - / ( I ) ) ) va sii dung (2) ta dUdc 

fix- / ( I ) + y + 1) = / (y + 1 - / ( I ) ) + / (x + 1 - / ( I ) ) , Vx, y G R . (3) 

Dat gix) = fi^ + 1 - / ( I ) ) , khi do g la ham so lien tuc tren R va theo (3) thi 

9ix + y)=9ix)+giy), Vx, y G R 

=^fl(x) = ax fix) = a [x + / ( I ) - 1] => fix) = ax + b, Vx G R . 

Thay vtu) (1) ta dUdc * • 

a (x + ay + 6) + 6 = y + a(x + 1) + 6, Vx, y G R 

^a'^y + ab = y + a, Vx, y G R 

V?ly CO hai ham so thoa man cac yeu cau de bai la fix) = x+l, fix) = - x + 1 . 

Bai toan 2.237. Tim tat cd cac ham so / : R —• R lien tuc tren R thoa man 

fix + fiy + fiz))) = fix) + / (/(y)) + / (/ ifiz))), Vx, y, z G R . (1) 

Giai . Ki hi^u P(u, v, w) chi phep thay x bdi u, thay y bdi v, thay z bdi w 
vao phitdug trinh (1). Lan litdt thuc hi?n P (0, y - fiz), z), P (x, y - fiz), z) 
dudc 

/ iliy)) = m + / (/ (y - fiz))) + fif ifiz))), Vx, y,zeR. (2) 

fix + fiy)) = fix) + / (/ (y - fiz))) + fif ifiz))), Vx, y, z G R . (3) 

Tit (2) va (3) suy ra 

/ 0^ + fiy)) = fix) + f (/(y)) - /(O), Vx, y G R . (4) 

Dat gix) = fix) - /(O), A = {/(x)|x G R } . Vi / lien tuc tren R nen ham g 
ciing lien tuc tren R. Tit (4) suy ra 

g(x + y) = ff(x) + 3(y), V X G R , y G ^ l . (5) 

Vdi mQi X G R, y G ^ ta cd gix) = 5 ((x - y) + y) =^^(x - y) + giy). Suy ra 

9ix-y)=9ix)-giy),yxeR,y&A. . (6) 

<̂3i mQi X G R , yi G .4, y2 G A, siif dung (5) va (6) ta dUdc 

5 (x + yi + y2) = gix + yi) + givi) = gix) + giyi) + g(y2) 



= g{x) + g{yi + y2). (7) 
9{x + y i - 2/2) = g{x + 2/1) - 9{y2) = 9(x) + g{yi) - 3(1/2) 

= ,'7(-'̂ ) + .'7(?/i -?/2)- (8) 

T i t (7) va (8) suy ra vdi inpi x e M, ?/ la t6ng va hieu hiiu han cac phan tii 

ciia A th i 
g{x + y) = 9{x)+g{y). • 

• Tritdng hdp 1: Tap A c6 dung mot phan tii. K h i do / \k hkm hkng, thay 
vao (1) duoc f(x) = 0. 
• Trirdng hdp 2: T^p A c6 nhieu hon mQt phan tii. Do ham g lien tuc nen 
ton tai u < f sao cho [u; v] C A vk mpi so thuc deu dupc bieu dieu thanh 
t6ng va hieu h im han cac phan tii cua A. V i the nen ^̂ ^̂  

Tiir day suy ra g{x) = ax, do do f{x) = ax + b. Thay vao (1) ta dUOc 

a[x + a (y + az + b) + b] = ax + b + a {ay + b) + b + a [a {az + b)+b] 

' <=^ax + a'^ {y + az + b) + ab = ax + a {ay + b) + a^ {az + b) + 2b + ab 

•' 'iF^ax + a'^ {y + az + b) = ax + a{ay + b) + a^ {az + 6) + 26 

It ^ax + a^y + a^z + a^b = ax + a^y + a^z + a^b -\-ab + 2b 

( <=>a6 + 26 = 0 6(a + 2) = 0 <=> 6 = 0 „ 
a = - 2 . 

Vay cac ham so thoa man yeu cau de bai la 

i i / ( x ) = 0, f{x) = ax, f{x) = -2x + 6. 

2.7.6 L ien he givta. ham lien tuc va ham dotn dieu 

Co mot ket qua rat sau sic ve moi lien he giiia ti'nh ddn di?u va t inh lien tuc 
ciia ham so, do la: Neu ham so / la ddn anh va lien tuc tren mot khoang nao 
do th i no ddn dieu tlu.rc sit tren khoang do. 
Chufng minh. Gia sijf / ddn anh va lien tuc tren (a; 6). Lay hai gia t r i c6 
dinh a,P € (a; 6) ma a < (i. V6i moi x,y € (a;6),x < y, ta xet ham so 
g : [0; 1] —> K ditdc xac dinh nhu sau 

g{t) = /((!- t)0 + ty)-f ((1 - t)a + tx),^t e [0; 1]. 

K h i do g la ham lien tuc tren doan [0; 1] va 
5(0) = / ( / 3 ) - / ( a ) , 9{l) = f{y)-f{x). 

Neu 5(0).3(1) = [/(/?) - / (a ) ) lf{y) - f{x)] < 0 th i ton tai 7 € (0; 1) sao cho 
3(7) = 0. Nghia la: / ((1 - -y)/} + iy)- J ({1 - i)a + 7 x ) = 0. Hay 

...... 7Jil-,7)/? + 7 y ) = / ( ( l - 7 ) a + 7a:). 

\f\ la ddn anh nen .(- ., 

(1 - 7)/3 + 7y = (1 - 7 ) a + i x ^ { \  i ) { l 3  -  Q) = 7 (x - y). ' ^ 

Di^u nay la vo l i v i ve phai am con ve trai dUdng. B^i vay 

g{O).g{l)=[f{0)-f{a)]{f{y)-f{x)]>O - : -

Nhimg n l i i [/(/?) - f{a)] [f{y) - f{x)] = 0 t h i /(/?) = f{a) ho$c f{y) = / ( x ) . 
Dieu nay mau thuan v(3i / la ddn anh. Bdi vay ; 

[ / ( / ? ) - / ( a ) ] - / W ] > 0. 

Suy ra /(/3) - / ( a ) luon cung dau v6i f{y) - f{x). '% • f.,: -

• Trirdng hdp 1: / ( a ) < f{0). K h i do do f{p) - f{a) luon cung dau vdi 
f{y) - f{x) nen / ( x ) < / ( y ) , suy ra / tang thitc sU. 

• TrUdng hdp 2: / ( a ) > f{P). K h i do do - f{a) luon cung dau v6i 
I{y) - /(•^) nen f{x) > f{y), suy ra / giam thuc sU. 

Nhu vay / ddn dieu thufc sU. , , 

C h u y 5. Co mot moi lien he niia, rat thu vi va sau sdc giiia ham lien txic vd 
ham ddn dieu, do la: "Neu / : M —• M /d todn anh vd Id hdm so t&ng nghiem 
ngd' tren E thi f Id hdm so Hen tuc tren R." Ket qua ndy dicac phdt bii'u 
du6i dang bo de vd se duoc chiiny minh d trang 529. 

B a i t o a n 2.238. Tim tat cd cac hdm so f lien tuc tren R vd thoa man hai 
dieu kien sau: . • , , v 
i) f{-x)^-f{x), V x e R 
» ) / ( / ( x ) ) = 2:, V x e R . 

G ia i . Ta c6 / la ddn anh. That vay, neu f{x) = / ( y ) th i 

•^'^ x = f{f{x)) = f{f{y))^y. '-'^'^ 

Vi / ddn anh va lien tuc nen / ddn dieu tren R. 
Tri tclng h d p 1: / dong bicii tren R. T i l {ii) suy ra / ( x ) = x, Vx e R. 
That vay, gia sijf ton tai XQ 6 R sao cho / (xo) X Q . Neu / ( X Q ) < XQ t h i 
Hf{xo)) < / ( X Q ) =^ Xo < / ( x o ) , mau thuan. Neu / ( X Q ) > X Q th i 

/ ( / ( •^o) ) > / ( x o ) Xo > / ( . T o ) (mau thuan). 

Vay nen f dong bien th i f{x) = x, Vx € R. 
l^ifcJng h d p 2: / nghich bien tren R. Dat g{x) = -f{x), Vx G R. K h i do 
ham g lion tuc, dong bion tron R va 

9 {9{x)) = -f ( 3 ( x ) ) = - / ( - / ( x ) ) = / ( / ( x ) ) = X , Vx G R. 
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Vay theo t r i f d n g hdp 1 suy r a g{x) = x, V i € R hay f{x) = - x . V i e R. Sau 
k h i t h i i l a i t a ke t l u a u : Co ha i h a m so t h o a mail cac yeu cau de ba i l a 

f{x) = X, Vx € M va fix) = - X , Vx e K. 

B a i t o a n 2 . 239 . Tim tat cd nhUng ham so f •.R->R, lien tuc tren R, thoa 
man dihi kren h{x) + /(^) = 2 x , Vx e R, trong do h{x) = f {f (/ (x ) ) ) . 

G i a i . T r i tdc het t a chilrng m i n h / la m o t d d n anh . T h a t vay, neu / ( x i ) = /(xz) 

/ (/ (X l ) ) = / ( / ( X 2 ) ) ^ /3(X1) = / 3 ( X 2 ) . 

D o do 2 x 1 - / ( x i ) = 2 x 2 - /(x2) X I = X 2 . Vay / l a ddn anh va hen tuc 

t r en R nen suy l a / la h a m so ddn d ieu t h u c sU (hoac dong b ien hoac ngh ich 

b ien t r e n R). G i a siir / d5ng bien t r en R ( t n r d n g hop ngh i ch b ien dUdc xet 

t u d n g t u ) . N e u xay r a /(xo) > XQ t h i 

/ (/(x,,)) > /(xn) /3(xo) - / (/ ifi^o))) > f (/M) > fi^o) > xo-

V?Ly /3(xo) > xo /3(xo) + /(xo) > xo + xo=> fsixo) + /(xo) > 2 x 0 , m a u 

t h u a n vd i g ia t h i g t . T u o n g t u , neu /(xo) < xo t h i cung d i n t d i m a u t h u a u 

vd i gia t h i e t . Vay / (x ) = x , Vx e R. Thi i t l a i thay h a m so nay t h o a m a n cac 

yeu cau de ba i . 

B a i t o a n 2 .240 . Tim tat cd cac ham so lien tuc f -.R-^R thoa man: 

/2017(X) = X, Vx G R, (1) 

trong do /„(x) = /(/(... ( / ( x ) ) . . . ) ) , n Idn f. 

G i a i . G i a stjf h a m so / t h o a m a n cac yeu cau de ba i . T a ch i ing m i n h / la 
don anh . G i a si'r c6 cac so th i rc x i , X2 sao cho / (x i ) = /(x2). K h i do: 

do (1) 
f{f{xi)) = f{f{X2))=>---=^fn{xi) = fn{x2) => X, = X 2 . 

N h u vay, / l a ddn anh. M a / la h a m l ien tuc nen / ddn d ieu t h u c su. 

• T r i rdng hdp 1: / t a n g t h a c sU. T a se ch i ing m i n h : /(x) = x, Vx e R. 

- Neu t o n t a i x € R sao cho: / (x ) > x. K h i do do / la h a m tang 

n g h i e m ngat nen: /2(x) = / (/(x)) > / ( x ) . T a suy r a ngay: 
('ill'.; •'. 

X - /2017(x) > /2016(x) > • • • > /2(x) > /(X) > X (V6 l i ) . 

- Neu t o n t a i x e R sao cho: /(x) < x . K h i do do / la h a m tang 

, ; , n gh i em ngat nen: /2 (x ) = / (/(x)) < / (x ) . T a suy r a ngay: 

: X = /2017(x) < /2016{3;) < • • ' < fiix) < / (x ) < X ( v6 l l ) . 

Hi' 

Vay fix) = X , Vx € R. Thu ; la i thay thoa m a n . n 

• T r i rdng hdp 2: / g i am su. Vd i x < y, k h i do / (x ) > / ( y ) . Suy ra : 

> /2 (x) = / ( / ( x ) ) < / ( / ( y ) ) = /2(2/). 

C i i n h u the : /• • ^ 

/20i6(x) < /20i6(2/) /2()i7(x) > /2oi7(j/)''=^''X > y ( m a u t h u l n ) . 

Vay t r i r d n g hop / g i am sU khong the xay ra . 

Ke t l uan : c6 d u y n h a t m o t h a m so thoa m a n yeu cau de ba i la 

fix) = X , Vx 6 R. 

B a i t o a n 2 .241 (De ngh i t h i O l y m p i c 30/04/2004). Tim tat cd cac ham 
Hen tuc f:R-*R thoa man f (x/(y) ) = yfix)yx, y&R. (1) 

G i a i . T r o n g (1) lay x = y = 0 t a dUdc /(G) = 0. H d n nula tijf (1) t a c6 

/(2//(x)) = x/ ( j / ) ,Vx ,2/6R. ,̂  (2) 

va / iyfix)) = f ifixfiy))) = f ( l/(x/(2/)) ) = x / ( y ) / ( l ) , Vx, y e R. (3) 

Tii (2) va (3) t a c6 x/ (y ) [/(I ) - 1] = 0, Vx, yeR. (4) 

De thay rang / (x ) s 0 la m o t h a m so thoa m a n dS ba i . T i e p theo t a g ia sU 

ton t a i Xo £ R sao cho /(xo) 0. T r ong (4) lay x = 1 va y = XQ t a dUdc 

/ ( I ) = 1. G i a sur /(/yi) ^ /(y2). K h i do 

yi/(2:o) = / (xo/(yi) ) = / (xo/(y2)) = y2/(xo) ^ yi = ya. 

Vay / la ddn anh , ket hdp gia th i e t / l ien tuc suy r a / ddn d i eu th i f c sU. T i r 

/(O) = 0 < 1 = / ( I ) suy r a / la h a m tang th irc sir. T r ong (1) cho x = 1 dUdc 

= y , V y € R . - (5) 

N§u fiy) < y t h i do / t a n g th i rc sir nen /(/(?;)) < / (y ) ^ y < / (y ) , m a u 

thuan . Neu /(y ) > y t h i y = /(/ (y) ) > fiy), m a u t h u a n . Vay .. 

/(?;) = ? y ,VyeR . 

Thijt l a i t h a y thoa m a n . T a ket luan : c6 ha i h a m so thoa m a n de ba i l a 

/ (x ) = 0 , V x G R v a / ( x ) = x , V x e R . , , .. 

B a i t o a n 2 .242 . Cho ham f Hen tuc tren R thoa man: /(2010) = 2009 vd 

. •> /(x ) ./4 (x) = l , V x e R , (1) 

t^ong do ki hieu f^ix) = / (/ (/ (/ (x ) ) ) ) . Hay tinh / (2008) . ; , 
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G i a i . K i hieu / . (x) = / ( / ( x ) ) , Mx) = / ( / 2 ( x ) ) . Gpi T la tap gia t r i cua 
ham / . Tlieo gia t h i l t t h i 2009 6 T. T i t (1) suy ra: 

/4(2010) = 
1 

2009 
e T ; x /3{x) = l , V x e T . 

(2) / 1 \Do / lien tyc tren D = — — ; 2009 c T nen: /3(x) = - , V i e D . 
y zuuy J X 

Tix (2) suy ra v6i moi x, y thuoc D ta c6: neu f{x) = f{y) t h i 

/2(x) = /2(2/) =J>/3(x) = / 3 ( y ) - = - ^ X = y. 

Hay / la ddn anh tren D va do / la ham lien tuc tren D nen / la ham don 

dieu thi.tc sU tren D. 
TrU&ng hdp 1: / la ham giam tln^c sU tren D. Gia sii ton t^i TQ e D sao 
rho 

/(xo) > ^ =*' /2(xo) < /= a) (3) 

Lai CO - = /3(xn) = /(/2(.':o)) > / ( / f ^ : ) ) = . Suy ra: 

T i t (3) va (4) suy ra 

— = X o -
\XQJ 

(4) 

1 / 1 \ 
Xo > /2(xo) / (xo) < /3(xo) = — niau thuan vdi /(xo) > — • 

X Q \o / 

Vav kiioiig ton tai Jo € D d(> /(xo) > — . Lap luan tuong t u , ta cung ohi'tug 
Xo 

in i i i l i (hroc khong ton tai xo € D d«̂  /(xo) < — . Vay nen 

/(a;) = i , V x e Z ) . (5) 

1 
2008 Lai do 2008 e D nen t i t (5) suy ra /(2008) = 

Trtrdiig hdp 2: / la ham tang thifc sU tren 5 . Gia suT ton tai xo e D sao 
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Lai CO ^ = /3(xo) = / ( /2(xo)) >f(^f (̂ )̂) = /2 ( ^ ^ ) . Suy ra: 

/ f - ) > / 3 f - ) = x o . 
V x o / V ^ o / (4) 

Tit (3) va (4) suy ra 

xo < /2(xo) / (xo) < /3(xo) = 

1 

mau thuan vdi / (xo) > 

Vav khong ton tai xo € D de /(xo) > — . Lap luan titdng t u , ta cung chiing 
Xo ^ 

luinh ditOi khong Ion tai xo € D de /(xo) < — . Vay nen 
Xo ,1 - ' 

/ (x ) = i , V x 6 Z ? . (5) 

Lai do 2008 e D nen t i t (5) suy ra /(2008) = 
2008 f-• • , 

2.7.7 S u y l u a n dtfa vao do thi ci ia h a m lien t u c 

Ta biot rfliig do th i cua ham lion tuc la mot dudng not lion. Van dtmg dion 
nay giup ta dtta ra dUdc nhiii ig lap luan chi'nh xac ve gia t r i cung nhu tap 
gia t r i ciia ham so lien tuc. 

Bai toan 2.243 ( O L Y M P I C toan Sinh vien toan qu6c-2003). Chring minh 
rang khoiig ton tai ham s6 f{x) lien tuc tren R va thoa man 

/ (x + 2002) \f{x) + V2(m ^ -2004. Vx G (1) 

Gia i . Gia si't ton ta i ham so / thoa man cac yen can de bai. K h i do / ( x ) ^ 0 
va / ( x ) ^ -^2003 vdi mgi x e R. Goi T la tap gia t r i ciia ham so / . Do / 
lien tuc nen chi c6 the xay ra mot trong ba tnfdng hdp sau: 
Trifdng hdp 1: T C ( -oo ; -\/2003). K h i do 

/ ( x + 2002) [ / (x) + v/2003] > 0,Vx e R. 

^ien nay man thuan vdi (1). 
Trudng hdp 2: T c (0; +oo). K h i do 

/ ( x + 2002) fix) + \/2003 > 0, Vx € R. 
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Dieu nay man thuan vdi (1). ^ . 
T r i i d n g h d p 3: T C ( - ^ « 3 ; O). Kh i do vdi moi x G R ta co 

Vay: 

- V2003 < /(x + 2002) < 0, 0 </ (x ) + V2003 < ^/2003. 

/(x + 2002) f{x) + 72003 < 2003, Vx € R. Dieu nay cung niau thuan 

vdi (1). Vay khong ton tai ham so f{x). 
Lvtu y. Do ta gia thiet ham / lien tuc lien neu ham / nhan mot gia t r i trong 
khoang (0; +oo) va nlian mot gia t r i khac trong khoang (-%/2003; 0) th i do 
do th i ham hen tuc la mot ditdng net lien nen no phai cat true hoanh, do do 
ham / nhan gia t r i 0, dieu nay man thuan vdi /(x) 7̂  0, Vx € K. Nhtr vay 
tap gia t r i T ciia ham / chi c6 the la: T c ( - 0 0 ; -^2003) hoac T c (0; + 0 0 ) 
hoac T c (-\/2003;0). 

B a i t o a n 2.2AA. Tim tat cd cdc ham so f lien tuc tren E va thoa man 

{f{x)f - (x^ + 3) [/(x)]2 + (x2 + 3) fix) + x" - 1 = 0, Vx £ R. 

G i a i . Dat y = /(x) , t = x^. Thay vao (1) dujlc 

-{t + 3)y^ + {t + 3)y + t^-1 = 0 

., , •> . <^<^ - {y^ -y)t + y^ -3y'^ + 3y-l= 0. 

V i A = (2/2 - yf - 4(y - if = {y- \)\y - 2f = (y^ - 3y + 2 ) ' nen 

-y + y^ - 3y + 2 

(1) 

(2) 

Amm \; t = 

t = 
y 2 - y - 6 ' - 3 y + 2) ^ 

t = iy-l? 

Tilf do: (1) ^ f)gf_^l]2t^.2 ^ € {X^ + 1,X + 1, - X + 1} . (3) 

Do th i cac ham ao /i (x) = x + 1 va /2(x) = - x + 1 c6 diem chung la ^(0; !)• 
Do th i cac ham so /i (x) = x + 1 va /3(x) = x^ + 1 c6 d i i m hai digm chung 
la A(0; 1) va Z?(l; 2). Dfi th i cac ham so faix) = - x + 1 va /3(x) =x'^ + 1 c6 
digm hai diem chung la A{0; 1) va C ( - l ; 2). Do ham / lien tuc tren K nen 

( Mx) khi X e ( - 0 0 ; - 1 ) 
f ( . r ] - } M^) k h i x e [ - l ; 0 ] 

, , • ^ (̂̂ ) k h i x e ( 0 ; l ) 
• . r I Mx) kh i X 6 [ l ;+oo ) , 

V d i I, j, k, I dvtdc chon tuy y trong {1,2,3}. Vay c6 tat ca 3^ = 81 ham s6 th5a 
man cac yeu cau d l bai va dvtdc xac dinh nhi l tren. 
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2,7.8 Phxidng t r i n h v d i n h i l u a n h a m 

• Cac k i thuat giai d trudc van dudc ap dung thanh cong trong phan nay. 
Ket qua ciia bai toan 2.214 ci trang 278 tiep tuc dUdc sii dung nh i lu . 

• Doi vdi phUdng t r inh ham chuta cap bien t i t do x, y va chiia n h i l u an 
ham, ch^mg han hai an ham / va g, ta thirdng phan H bien so hoSc cho 
y (hoSc x) bang mot so nao do di b i i u dien ham / theo g, sau do thay 
vao phUdng t r inh ham da cho dc dita ve con mot an ham. Ban doc c6 
the t i m hieu them viec giai phUdng t r inh ham vdi n h i l u an ham trong 
bai 2.9 (d trang 337): PhUdng t r inh ham trong Idp ham lUdng giac. 

Ba i t o a n 2.245. Tim tat cd cdc ham so f xdc dinh va lien tuc tren R; g 
xdc dinh tren R vd thoa man dieu kien 

fix + y)=y{x)+g{y)yx,y£R. (1) 

Gia i . Trong (1) lay y = 0 ta ditdc 

g{x) = fix) - b, Vx 6 R (vdi 6 = y(0)). (2) 

Thay (2) vao (1) ta dUdc 

/(x + y) = /(x) + / (y ) -26 ,Vx ,yeR. (3) 

Dat fix) - 26 - /i(x), Vx e R. Thay vao (3) ta dUdc 

/i(x + y) = /i(x) + /i(y),Vx,yeR. (4) 

Vi / la ham lien tuc tren R nen h la ham lien tuc tren R, do do t ^ (4) va siir 
dung ket qua bai toan 2.214 d trang 278 suy ra /i(x) = ax, Vx 6 R. Bdi v$,y 

fix) = ax + 2b,Vx e R va gix) = ax + b,\/xG R. 

Thi i lai thay thoa man. 

LUu y. Phep dat /(x) -2b = /i(x),Vx € R ditdc t i m ra la do ta da van dyng 
nh|n xet 4 ci trang 43. Cu the la t i t (3) ta tildng titdng r i n g 

c = c + c - 2 b < ^ c = 26. V i * 

% ta phai dat fix) - 2b = /i(x) d6 khuf -26. 

^ a i t o a n 2.246. Tnn tdt cd cdc ham so f,g, h xdc dynh vd Hen t\ic tren R, 
man phuang trinh ham: " / *• *V*M •f-- • 

/(x + y )= f f ( x ) + % ) , V x , y e R . (1) 
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Giai. Trong (1) lay y = 0 ta ditdc 

g{x) = fix) - a ,Vi e R (vdi a = h{0)). (2) 

Trong (1) lay X = 0 ta ditdc 

Hy) = fiy) - 6, Vx e R (vdi 6 = 5(0))• (3) 

Thay (2) va (3) vao (1) ta dtfdc 

fix + y) = fix) + fiy) - (a + 6), Vx, y e R. (4) 

Dat fix) - (a + 6) = fc(x), Vx G R. Thay vao (4) ta diTdc 

fc(x + y) = fc(x)+fc(y),Vx,;/eR. (5) 

Vi / la hain lien tyc tren R nen k \k ham lien tuc tren R, do do tit (5) va svi 
dvmg ket qua hk\ 2.214 d trang 278 suy ra kix) = cx, Vx € R. Bcii vay 

fix) = cx + a + 6, Vx e R vk gix) = cx + 6, Vx € R vk /i(x) = cx + a, Vx € R. 

Thur lai thay thoa man. 

Bai toan 2.247. Tim tat cd cdc ham so f,g,h xdc dinh vd lien tuc tren 
R\} vd thoa man 

/ ( x y ) = 5 ( x ) + % ) , V x , y e R \ { 0 } (1) 

Giai. Trong (1) lay y = 1 ta d«dc 

ff(x) = / ( x ) - « , V x € R \ { 0 } (vdi a = M l ) ) - (2) 

Trong (1) lay X = 1 ta ditdc 

hiy) = fiy)-b,yxeR\{0} (vdi6 = s ( l ) ) . (3) 

Thay (2) va (3) vao (1) ta dUdc 

/ (xy) = fix) + fiy) - (a + ft), Vx, y G r\} . (4) 

D^t fix) - (a + b) = A;(x),Vx G R. Thay vao (4) ta dU0c 
/:(xy) = fc(x) + M y ) , V x , y G R \ { 0 } . (5) 

Vi / la ham lien tuc tren (0; +00) nen A: Ik hkm lien tyc tren R\, do do 
ta (5) va sur dyng ket qua bai toan 2.217 d trang 280 suy ra 

A:(x) = cln|x|,VxGR\{0}. 

Bdi v^y vdi mpi x G R\} ta c6 

fix) = cln|x| +a + b; p(x) = cln|x| + b; kix) = cln|x| + a. 

Thur thay thoa man. 
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gai toan 2.248. Tim cdc ham so f lien tuc tren R ; g, h xdc djnh tren R 
ua thoa man diiu kien 

fix + y)= 9ix).hiy), Vx, y G R . (1) 

Giai. Trong (1) lay x = 0 ta dUdc 

/ (y) = a M y ) , V y G R (vaia = g(0)). (2) 

Trong (1) l iy y = 0 ta dUdc 

fix) = 6 5 ( 1 ) , Vy G R (vdi b = hiO)). . e t S . S n«. (3) 

Neu a / 0 va 6 ^ 0 thi tit (2) vk (3) ta c6 

gix) = ^,\/xeR; MX) = ^ , V X G R . 
0 a 

Thay vao (1) ta ditdc 

fix + y)^ . V x . y e R 
. I4.,t.4 iOQii l i M I l ) ^ . l U i l l . i l l:i ii.r^ t>i -ritf V 

^0(x + y) = 0(x)^(y), Vx, y G R (v6i ^(x) = Zifl , Vx G RJ. 
(4) 

Vi / lien tuc nen (/> lien tuc, do do t i i (4), sut dung k i t qua bai toan 2.216 d 
trang 280 suy ra 0(x) = 0 h o ^ 0(x) = ĉ  (c la hang so dUdng). Neu 0(x) = 0 
thi fix) = 0, suy ra ^(x) = 0 man thuan vdi tntdng hdp ta dang xet a 5^ 0. 
V9,y (Pix) = a .̂ Do do 

fix) = ab.c', gix) = a.c", /i(x) = b.c'. v. ' 
Thijf lai thay thoa man. Xet a = 0. Khi do / (x ) = 0. Neu g(x) = 0 thi h tuy 
y, con neu t6n t ^ i xo G R sao cho ^(xo) ^ 0 thi tit (1) c6 

0 = / (xo + y) = y(xo)/i(y), Vy 6 R , 
suy ra /i(x) = 0. Thi l lai thay 

fix) = 0, /i(x) = 0, g \k ham so tiiy y khong dong nhat 0 

thoa man (1). Xet 6 = 0. Khi do fix) = 0. Neu ft(x) = 0 thi g tuy y, con neu 
ton t ^ i 1 0 G R sao cho /i(xo) 7^ 0 thi tit (1) c6 

0 = / ( x + xo)=5(x)/i(xo), VXGR, V. 

ra gix) = 0. Thut lai thay ' ? ^ ^ 

/ (x ) = 0, gix) = 0, / i la ham so tiiy y khong dong nhat 0 

• f t ' ' . 



thoa man (1). M^t khac de thay 

fix) = 0, gix) = 0, h{x) = 0 

cung thoa man (1). Vay tat ca cac trUcJng hdp thoa man yeu can de bai la 

fix) = ab.c^, f,ix) = a.c^, = b.c'-

(S^l«.iv. { fix) = 0, hix) = Q, gVa. ham so tuy y xac dinh tren R; 

fix) = 0, gix) = 0 , ft la ham so tuy y xac dinh tren K. 

B a i t o a n 2.249. 71m cdc ham so f,g,h xac djnh va lien tuc tren (0 : +oo) 
thoa man diCu kicii: fixy) = gix).hiy), Vx,y e (0 : +oo). 

D a p s6. 

fix) = 0, gix) = 0, li la ham so xac dinh va Hon tuc tron (0 : +oo), t i iy y; 

fix)= 0, hix) =0, g la ham so xac dinh va lien tuc tren (0 : +oo), t i i y y; 

fix) = abx", gix) = ax'', hix) = bx"^. 

Sau day ta se xet mot vai bai toan phiMng t r inh ham duoc giai bang each sijt 

dung cac bai toan 2.245, 2.263. 

B a i t o a n 2.250. Ttm tat cd cdc ham so / : R —• R lien tuc tren R vd thoa 
man dieu kien: Neu A + B + C = TT thi fiA) + + /(C) = TT. 

G i a i . Gia si'r ham / thoa man cac yeu cau de bai. W6i moi s6 thuc A, B, C 

sao cho A + D + C = Tr,ta.c6 

fiA)+fiD)+fiC) = ir^fiiT-iB + C)) = iT-fiD)-fiC). (1) 

vai moi so thuc I , y, dat z = TT - ( i + y). Theo (1) ta CO 

fin-ix + y))^n- fix) - fiy), ^x, y e R. (2) 

Dat Fix) = / ( T T - x), Gix) = ^ - fix), kh i do F, G la nh t og ham lien tuc 

tren R va do (2) nen 

F ( i + y) = G(x) + G(y), V x , y e R . (3) 

Tir (3), sijf dung bai toan 2.245 d trang 303 ta ditdc 

Fix) = ax + 26, Vx € R va, G ( i ) = ax + 6, Vx e R, ' • 

vdi a, b la cac h&ng so t i i y y. Do do 

" c /(x) = | - a x - 6 , V x € R . ,0 5 . ( x ) \) 

Gia sii ham / xac dinh bdi (4). Gia s\i x + y + z = TT, khi do d i l u kien d^ 
fix) + f{y) + fi^) = la 

o(7r - x) + 26 + a(7r - y) + 26 + a(7r - z) + 26 = TT 

•^3an - a(x + y + z) + 66 = TT 2a7r + 66 = TT 6 = —— 
6 

Yg,y fix) = - a x + ^ ( a + 1), Vx € E (vdi a la hang so tuy y ) . Thut l?ii thay 
thoa man. , ^ ^ 1 , i j ^ 

B a i t o a n 2.251. Tim tat cd cdc ham so f,g,h iR -* R lien tuc tren R vd 

thoa man didu kien: Ncn A + B + C = n thi fiA) + y (B) + /i(C) = TT. 

Gia i . Gia sii cac ham f,g, h thoa man cac yeu cau de bai. Vdi moi so thijtc 
A, B, C sao cho + 5 + C = TT, ta c6 

fiA) + giB) + hiC) = TT ^ / (TT - ( 5 + C)) = TT - y (B) - /i(C). (1) 

Vdi mpi so thuc x, y, dat z = TT - (x + y). Theo (1) ta cd \/ • 

/ (TT - (x + y)) = TT - y(x) - /*(y), Vx, y e R. ( 2 ) 

Dat Fix) = fin - x), Gix) = J - gix), Hix) = J - ft(x), kh i do F, G, H l a 

nhOng ham lien tuc tren R va do (2) nen 

F(x + y) = G(x) + /f(y), V x , y e R . (3) 

Tir (3), sur dung bai toan 2.263 6 trang 320 ta dUdc 

Fix) = cx+a+6 ,Vx e R v i G ( i ) = cx+6,Vx e R va //(x) = cx+a ,Vx € R. 

vdi a, b, c la cac hang so tiiy y. V?Ly vdi moi x e R thi 

fix) = c(7r - x) + a + 6, y(x) = | - cx - 6, /i(x) = ^ - cx - a. 

Thi'r l^i thay thoa man. 

2.7.9 Phi fdng t r i n h h a m C a u c h y (Cos i ) t r e n mot doan 

^ i ? c giai phudng tr inh ham Cosi tren R hoac tren cac ni ia khoang [a; +oo), 
(^oo; 6] da dUdc de cap trong nhieu tai lieu. Tuy nhien viec giai phUdng tr inh 
ham Cosi tron mot doan thi chira dUdc do cap hoac co do cap nhimg con tan 
" lan va chira giai quyet triet d6. V i vay ta danh rieng ra mot muc de giai 
^Uyet tron ven bai toan giai phUdng t r inh ham Cosi tren mot doan bat ki . 



B a i t o a n 2.252. Tim tat cd cac ham so lien tv,c / : [0; 1] —+ K thoa man: 

f{x + y) = fix) + f{y), V i , V, X + y € [0; 1]. (1) 

G i a i . Tit (1) cho x = y = 0,U dxtac /(O) = 0. Dat, /(I) = c. Gia sii n e N*, 

khi do 0 < - < 1, sii dung (1) nhieu Ian, t a d\t0c: 
n 

( \ 

\g c6 n so h^ng / 

/ 1 \ = - , V n = L 2 , . . . (2) 
n 

Vdi m € N ,n G N* va m < n t a c6: 0 < - , - < 1- Do do: 

( \ 

" ^ 3 
\g c6 m so li^ng / 

do (2) c m , , 
= m • - = c —. \c>) 

n n 

Nhu vay, vdi moi so hOu t i r e [0; 1], sii dung (3), ta dUdc: /(r ) = cr. (4) 
Gia sii I e [0; 1], khi do ton tai day so hfni t i (r„) C [0; 1] sao cho r„ = i . 

V i / la ham so lien tuc tren [0; 1] nen: 

/ \ (4) 
/(x) = / l im r„ ---- l im /(r„ ) = l im cr„ - c l im r„ = ex. 

y n - > + o o J n-»+oo n->+oo n—>+c» 

Cac ham so thoa man yen can d6 bai la: /(x) = cx, Vx G [0; 1] (c la hang so). 

Thi f lai thay thoa man. 

B a i t o a n 2.253. Tim tat cd cac ham so lien tvc / : [0; 1] -* R thoa man: 

G i a i . Trong (1) lay y = 0 ta dUdc: 

, / ( f ) = ^ ^ . V x G [ 0 ; l ] ( va ia = /(0)). 

TCr (2) va j ; i ) _ ta c6: 

(1) 

(2) 

f±±y) + a^m+J{y)^ Vx , j / G [ 0 ; 1] 
2 2 

<^f{x + y) + a = f{x) + f{y), Vx, y € [0; 1]. (3) 

Xet ham so g : R R nhu sau: g{x) = f{x) - a, Vx G K. V i / lien t y c tren 
[0; 1] nen g lien tuc tr§n [0; 1]. Thay vao (3) ta dUdc: 

g{x + y)+ 2a = g{x) + a + g{y) + a, Vx, y G [0; 1] 
<^g{x + y) = g{x) + g{y), Vx, y G [0; 1]. (4) 

Do { (x ;y )|x,y,x + y G [0; 1]} c { ( x ;y )|x , y G [0; 1]} nen tH (4), suT dung ket 
qua bai toan 2.252 ci trang 308, ta dUdc: 

^(x) = 6x /(x) = bx + a. 

Thi i l?ti thay ham so . 

/(x) = 6x + a, Vx G R (a, h \k cAc h^ng so) ' '' 

thoa man cac yeu cau de bai, vay do l a dap so c i n t im . 

B M t o a n 2.254. Tim tat cd cac ham so lien tuc / : [a; 6] -+ R thoa man: 

= ^~ -, Vx,y G [a;6]. (1) 

Gia i . Gia sii ham / thoa man cac you cau de bai. Xet ham so ip : [0; 1] —• [a; b] 
nhu sau: ^{t) = (1 - t)a + tb, Vt G [0; 1]. Kh i do: 5 = / o : [0; 1] — R Ik ham 
so lien tuc tren doan [0; 1]. Vdi mpi x, y thuoc doan [0; 1], ta c6: 

g{x) + g{y) _ (1 - x) a + xb + (1 - y) a + yb " 

= ( ' - ^ ) « ' - ^ ' - m 
Tfit (2), s i i dung hhi toan 2.254 6 trang 309, ta dUdc: 

5(x) = mx + n, Vx G [0; 1] (m, n la hang so) . 

Theo bai toan 1.5 (d trang 6), ta c6 ip la song anh va: 

'p-Ht) = l^,ytsla;b]. 

5 = J o(p=> goip'^. Vdi mpi x G [a;b], t a c6: 

fix) = g {ip-\x)) = g = "̂ fr̂  +n = Ax + B, 

v<5i4 = ^ , B = . „ _ ^ l a n h Q n g h ^ n g s 6 . , . . x l n 
rp 0 — a b — a 

lai thay ham so /(x) = >lx + B, Vx G [a; 6] (vdi A, B l a nhiJng h&ng so) 
"̂ oa man c a c yeu cau de bai. .̂.. 
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Bai toan 2.255. Tim tat cd cdc ham so lien txic / : [a; /3] —» R thoa man: 
f(x + y) = f{x) + f{y),\/x,y,x + ye[a;(3]. ^ - ( 1 ) 

Giai . Gia suf ham so / thoa maii cac you cau de bai. De thay rkiig neu 
x,y e [a; P] thi x + y e [2a; 2/3]. Bai toan nay rat kho, ta can phai chia ra 
nhieu trixdng h(?p. 

Trr f6nghdpl : [a ; ;3 ]n [2Q ;2 / ? ] = 0(changh?ui 2 ;| n [4; 5] = 0). Khi 

do v6i mpi x, y e [Q; /?], ta c6 x + y ^ [Q; /3] nen / la ham so tiiy y, xac 
dinh va Hen tuc tren doan [a; P]. 

, Tri /dng hdp 2: [a; P] n [2a; 2/?] ^ 0, [a; p] n [2a; 2/3] = [ai;pi] (ching 
..• h9,n [l;6]n[2;12] = (2; 6]). Vdi mpi x G [ai;/3i], ta c6 | € [a;p], do do: 

Nha vay: / (|) = ^f{x), Vx e [a i ;^ i ] . Vdi moi x,y 6 [ai;/3i], ta c6 

^ G [ « ; / 3 ] , d o d 6 : 

' ' Sii dung bai toan 2.254 (d trang 309), ta diTdc: 

/ ( x ) = ax + ft, Vx e [ai; Pi] vd\ b la hlng so. ; 

Tri fdng hdp 2a: a > 0. Kli i do: 
2a</3, a, = 2a, A =/?• 

Do do: a(2a) + 6 = / (2a ) = / ( a ) + / ( a ) = 2/(a). 
V^y: / (a ) = aa + - . Vdi mpi x e [a; ;9 - a], ta c6: 

i^i i . 2 
x + ae[2a;/3] = [a i ;A] . 

Do do: 

a{x + a) + b = f{x + a) = f{x) + f{a) = / (x ) + aa + ^. 

V§,y: / (x ) = ax + ^, Vx e [a; /3 - a]. 

: r * - 3 1 0 

• Nlu ^ - « > 2a «• a < I thi 2a 6 [a; /3 - a]. Ta c6: 
3 

n(2a) + h = /(2a) = a(2a) + ^ 6 = 0. 

V$y: / (x ) = ax,Vx€[a;/3]. 
* Neu /3 - a < 2a thi / (x ) xac dinh b^: 

I «-^+^ khi .T e [a ; /3 -a ] 
p(x) khi X e 
ax + khi X 6 

p-a; 2a] 
2a; ^] 

(2) 

trong do y(x) la ham so lien tuc tren [p - a; 2a] va thoa man: . 

.9(/3 - a) = a(/3 - a) + ^, .7(2a) = 2aa + h. 

Ta chiirng minh ham so / xac dinh bdi (2) thoa man (1): Gia 
six X va y thuoc doan [a; /3] sao cho x + y G [a; /3]. Khi do neu 
X ^ [a; /3 - a] ho$c y ^[a;P - 6\i 

x + y> P^x + y^[a;P] (mau thuan) .' 

Vay ca X va y ciing thuoc [o; /3 - a], do do x + y € [2a; /3], dan 
den: 

+ / (y) = ax + - + ay + - = a(x + y) + 6 = / ( x + y). 

V$y ham so / xac dinh bdi (2) thoa man (1). 
Tri^dng hdp 2b: /3 < 0 (chang han: [-4; - l ] n [ - 8 ; -2] = [-4; - 2 ] ) . 
Khi do: a < 2/3, a, =a,Px= 2/3. Do do: • " 

am + h = f{2P) = fiP) + fiP) = 2/(/3). ^̂ ^̂ ^̂  , 

Vay:/(/3) = a ^ + ^ . , 
Vdi mpi X € [a - /3;j9] X + /3 6 [a; 2p] = [ai;Pi], do do: 

fl(x + P) + b = fix + P) = fix) + fiP) = fix) + ap+^-. 

Vay: / (x ) = a x + ^ , V x e [a-/3;/3]. ^ \ ^ ) \ 

* Neu a- p< 2/3 thi 2p e [a - p; p]. Do do: ' ' ' \ 

a(2/3) + 6 = /(2/3) = a(2/3) + ^ =i> 6 = 0. 

Vay: / (x ) = ax, Vx e [a;/3]. 
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* N l u a- 0 > 2/3 t h i / ( x ) xar dinh bcli: ' 5 j r 

{ ax + b kh i X e [a; 20] 
h{x) khixe[2p-a-0\
ax+- kh i I 6 (a-/?; /?] 

trong do h la hkm so lien tuc tren [2/3; a - /3] va 

( i ) • /t(2/^) = 2a0 + b, h{a - 0) = a{a - 0) + ^. 

Ta chiing minh ham so / xac diuh bcii (3) thoa man (1): Gia 
sii X va y thupc doan [a; 0] sao cho x + y e [a; 0]. K h i do neu 
xi[n-0;0]ho^yi[a-0;0]th\ 

X + y < a =i' X + y ^ [a; 0] (mau thuan) . 

Vay ca X va y cimg thupc [a - /3; /3], do do x + y € [a; 20], dkn 

den: 

/(a.) + f{y) =ax+^+ay+^=a{x + y)+b = f{x + y) . 

V^y ham so / xac dinh bdi (3) thoa man (1). 
. Trirdng hdp 2c: a<O<0. K h i do: a i = a, 0i = 0. 

V i O e [Q;73] = [ Q I ; / 3 , ] nen: 

/ ( O ) = / { O + 0 ) = / ( O ) + / ( O ) =^ m = 0 ^ 6 = 0. 

V ? L y / ( x ) = a x , V x G [ a ; / 3 ] . i> l , 

Ket lu^n: 
• Neu [Q; 0] D [2a; 20] = 0 th i / la ham so tuy y, xac dinh va hen tuc tren 

doan [oi;0]. 

• Neu O<a<\0 ho^ a < 30 < 0 ho$c a < 0 < /? t h i 

/(:/;) = ux, Vx € [n; 0] (vdi a \k hang so t i i y y ) . 

• Neu \0 <n< hi t i l l h i m / xac dinh bdi (2). 
• •' \j' •• r (7..V 

• Neu 30 <a<20 t h i ham / xac dinh bdi (3). 
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2.7.10 C a c bai toan tong hdp ^ ' > = J k iv; ' / i 

P a i toan 2.256. Co f/ie' ton tai /lay A;/idn5 mpt ham so / : R R, /ten tyc 
^ren R i ' " ^"'P"' ^' ^ / ( ^ ) 
„fl chi khi / ( x + 1) /d so v6 ti. 

Giai . Gia sii ton tai ham so lien tyc / : R —» R thoa man dicu kien 

V x e R : / ( x ) e Q ^ / ( x + l ) G R \ Q . (*) 

Xet cac ham s6: g{x) = f{x + 1) - / ( x ) , h{x) = f{x + 1) + / ( x ) . K h i do g vk 
fi la nhSng ham so lien tuc tren R. Ta c6 g vk h khong the dong thdi la ham 
hang. That v?Ly, gia sii </(x) = C i , h{x) = Ci- Liic do 

2 / (x ) = C 2 - C i / ( x ) = C (C la hang so). 

Vi the vdi Q G R th i / ( a ) = / ( a + 1 ) = C , dieu nay mau thuan vdi (*). Bay gid 
gia sit h khong phai la ham hKng (khong mat ti'nh tdng quat), khi do ton ta i 
x i , 2:2, x i / X 2 saq cho h{x\) < h{x2)- Luc nay c6 so hQu t i r G [h{xi); h{x2)]. 
Ta CO [h{xi) - r ] [h{x2) - r] < 0, ma k{x) = h{x) - r , Vx G R la ham lien tuc 
iicu t i t day suy l a phitcJng t i i n h /?,(x) - r = 0 c6 nghiem, tiic la ton tai XQ G R 
sao cho h{xo) = r , t i t do / ( X Q + 1) + / ( X Q ) = r . Ma r G Q nen / ( X Q + 1) vk 
/(x'o) hoac dong thdi la so hfni t i hoilc dong thdi la so v6 t i . Dieu nay mau 
thuan vdi (*). Vay khong ton tai ham so nhu de bai doi hoi. 

Bai toan 2.257. Tim tat ca cac ham so / : R -» R lien tuc tren R va thoa 
man dieu kien: Vdi moi so thuc x, y sao cho x-y e Q, ta c6 f{x)- f{y) G Q. 

Giai . Dat g{x) = / ( x ) - / (O), khi do g la ham hen tyc tren R , g{Q) = 0 v i 
9{x) - g{y) hSu t i neu X - y hihi t i . Xet r G Q. Dat 

h{x) = g{x + r ) - y (x) , Vx G R. 

Khi do ham h lien tyc tren R, / i ( 0 ) = g{r) vk h{x) G Q vdi mpi x G R. Ta se 
chiing minh h{x) = g{r), Vx G R. Neu ton tai so thitc a sao cho h{a) g{r). 
Do t inh chat lien tuc ciia ham h nen vdi so v6 t i 

|, / 3 G (min{/ i (af) , f f (r)} ; max{ / i (a ) , f f ( r ) } ) 

^ho tritdc, deu ton tai XQ G R sao cho /i(xo) = 0, dieu nay mau thuan vdi 
^(x) G Q vdi mpi x G R. Vay /i(x) = g{r), Vx G R. Tur do 

i V • • • 

g{x + r)= g{x) + g{r), Vx G R, Vr G Q 
=^5(x + y) = 3(x) + 5(y), Vx, y G R. 

313 



Suy ra g{x) = ax, Vx G K, dan den /(x) = ax + b, Vx 6 R. L ^ c 6 ,. 

/ ( l ) - / ( 0 ) = a e Q . 

Nhif v$,y / ( i ) =ax + b, V i G R, trong do a, b la hang so, a G Q. T h i i lai t h i y 

thoa man. 
L\iu y. Trong Idi giai bai toan 2.257, ta da siir dung mot ket qua rat hay vg 
ham so lien tvic, do la: Neu f vh g \k nhfmg ham lien tuc tren R va 

/(x) = 5(x), Vx G Q 

t i l l /(x) = g{x), Vx G R. ' • 

B a i t o a n 2.258. Ttrn tat cd cdc ham so / : R R lien tuc tren R vd thoa 
man diiu kien: Vdi moi so thuc x, y sao cho x + y G Q, ta c6 f{x) + f{y) e Q. 

B a i t o a n 2.259. Tim tat cd cdc ham so lien tyc / : R —> R thoa man 

/ ( x ) / ( l - x ) = l , V X G R . (1) 

1 I * 
G i a i . Dat x - - = t, thay vao (1) ta diWc 

z 

+ V t G R 

^'At)g{-t) = 1, V« G R (vdi g{t) = / f « + ^Y Vt G RY (2) 

Do / lien tyc tren R nen ham g cung lien tuc tren R. T t t (2) suy ra vdi moi 
X t h i g{x) 7^ 0, do 5 lien tuc nen ^(x) > 0, Vx G R hoic ^(x) < 0, Vx G R. 
• T r i r d n g hdp 1: g{x) > 0, Vx G R. Kh i do 

1 

v6i h la ham so lien tuc tren R va h{t) > 0, Vt G R. 
• TriYdng hdp 2: g{x) < 0, Vx G R. Kh i do 

\y-\:" ( 2 ) ^ , ( t ) = - ^ , v t G R 

314 

- p W = - , / # ^ , v t G 

[kit) 
k{-t) , V iG 

vdi k la ham so lien tuc tren R va k[t) < 0, Vi G R. 
Sail khi thi'r lai ta c6 kot luan: cac ham so thoa man you cau do bai la 

/(x) = 

\ h{\-x) 
-, V X G R ; / (X ) = - ' - ^ , V X G R , 

trong do h la ham H6 lien tuc tren R va h{t) > 0, V< G R con k la ham s6 Hen 
tuc tren R va A:(<) < 0, Vf G R. .̂̂ ^ , • 

Bai t o a n 2.260. Tim tat cd cdc ham so f -.R-^R thoa man: 

x [/ (x + l ) - / ( x ) J =/ ( x ) , V X G R . 
I/W - / ( 2 / ) | <\x-y\, V x , y G R . 

(1) 
(2): 

Giai . Tir (1) ta c6 

/ 
/(:«^ + l ) = 1 + 

\ 

<^/{x + l ) = X + 1 
T 

fix) 
X + 1 X 

1 
fix), Vx G K\} 

/(x), V X G R \ { 0 } 

, V X G R \ { 0 , - 1 } 

^p(x + 1) = p(x), Vx G R\, -1} (vdi p(x) = l^\ (3) 

Ta CO /(.X) = .,/,(,:), v.r G R\, - 1 } . Ti6p theo ta se sii dung (2) d6 di i tng 
"" »h ket qua /(x) = xp(x), Vx G R. Theo (2) ta c6 

l in i [fix) - f{y)] z= 0 ^ l im /(x) = /(y), 

"̂̂ y ra ham / lien tuc tren R. Vdi- u, v la hai s6 thirc va n G Z, trong (2) lay 
- 7 z + n + l , y = t; + n v a s i r dung (3) ta duoc 

l(w + n + \)pixL) - ( u + n)piv)\ |(u + n + 1) - (i; + n)| 

\iu + \)p{u) - j;p(t;) + n[piu) - piv)\\ + l-v\ . , y . . 
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(U + 1)P{U) - VP{V) ^ p(^) _ p(„) 

n n 
, V n 6 Z \ { 0 } . (4) 

T i t (4) cho n + 0 0 va si'l dung tfnh lien tuc cua ham t r i tuyct doi ta diigc 
p(u) = p(u), suy ra p la ham hSng, do do f{x) = c i , Vx e R\, - 1 } . Do / 
lien tuc tren R nen 

/(O) = l im f{x) = l i m f c i ) = 0, / ( - I ) = l im / ( x ) = hm (cx) = -c . 
z—»0 X—>0 X — • - ! X — • - ! 

Vay / ( x ) = vx, Vx € R, thay vk ) (1) thay thoa man, c6n thay vao (2) ta 
dUdc |c| < 1. l i t ca cac ham so can t i m la / ( x ) = cx, Vx e R (c la hang s6 
bat k i trong [ - 1 ; ! ] ) . 

B a i toan 2.261. Tim tat cd cdc ham so / : R R, lien tuc tren R va thoa 
man diiu kien: f{xy) + f{x + y) = f(xy + x) + / ( y ) , Vx, y € R. (1) 

G i a i . Ta c6: (1) -f:̂  / (xy + x) - / (xy) ^ f {x + y) - f (y), Vx, y G R. (2) 
Trong (2) thay y hdi xy t a dUdc 

imu / (^^y + ^)-f {^''y) =f{x + xy)-f {xy), Vx, y G R. 

T i t (2) va (3) t a c o 

/ ( x ^ y + x ) - / ( x ^ y ) = / { x + y ) - / ( y ) , V x , y G R . 

Trong (4) lai thay y b6i xy ta dUdc ' 

/ (x^y + x ) - / (x^y) =f{x + xy)-f {xy), Vx, y G R. 

T i t (5) va (2) t a c6 ' 

/ {x^j + x)-J [xS,) = / (-r + y) - / (y): Vx, y G R. 

Quy ngip theo n , suy ra: Vdi moi n G Z, ta c6 

/ ( x "y + x) - / (x"y) = / (x + y) - / (y), Vx, y G R. 

Gia sii 0 |x| < 1. V i ham / lien tuc tren R nen t i i (7) ta c6 

/ ( :c + y ) - / ( y ) = l im [ / ( x + y ) - / ( y ) ] = l im [ / ( x " y + x) - / (x"y)l 
n—'+00 n—•+00 

= f l l im (x"y + z ) ) - f ( l im { x " y ) ^ = / ( x ) - / ( O ) -
\^n- .+oo y \^n—+00 J 

/ ( x + y) = / ( x ) + / ( y ) - / ( 0 ) , V y G R , 0 ^ | x | < l . («) 
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I 

(3) 

(4) 

(5) 

(6) 

(7) 

Gia sii |x| > 1. V i ham / lien tyc tren R nen tCt (7) ta c6 

/ (x + y) - / (y) = ^ l i rn^\f { x + y)-f (y)] = ^ Hm^ [/ (x"y + x) - / (x"y)] 

= / f l im (x"y + x ) ) - / f l im (x^y) ) = / ( x ) - / (O). 

^ ° ° /(x- + y) = / ( x ) + / ( y ) - /(O),Vy G R, |x| > 1.+ - (9) 
T i t (8) va (9) t a c6 

/ ( x + y) = / ( x ) + / ( y ) - / (O), Vy G R, x G R\, - 1 } . (10) 

Ti t (10) suy ra \ (v.^ + •>.. 

l i m / ( x + y) = l in i [ / (x) + / ( y ) - / ( G ) ] 
X—»1 X—»1 

= ! ' / ( l + 3 / ) = / ( l ) + / ( t / ) - / ( 0 ) , V y G R . (11) 

Tudng tvf, trong (10) cho x - » - 1 va suf dyng t i n h lien tyc cua ham / ta dUdc 

/ ( - l + y) = / ( - l ) + / ( 2 / ) - / ( 0 ) , V y G R . • • ^ j f (12) 

Tif (10), (11), (12) suy ra 

/ ( x + y) = / ( x ) + f{y) - / (O), Vx, y G R. (13) 

Xet ham so y : R R, nhu sau: g{x) = f{x) - f{0). K h i do ham g lien tyc 
tren R va t i t (13) ta c6 

5(x + y) = 5(x) + y ( y ) , V x , y G R . (14) 

Tit (14), sii dung ket qua bai toan 2.214 d trang 278 ta dUdc 

f/(x) = ax,Vx G R, 

v a i a la hang so thifc tuy y nao do. Vay f{x) = ax + b, vdi a, 6 la cdc hang 
so. T h i i lai thay thoa man. Ham so thoa man cac yeu cau de bai c6 dang 

/ ( x ) = ax + 6, Vx G R (vdi a, b la cdc hang so tuy y ) . ' 

S a i toan 2.262. Tim tat cd cdc ham so lien tuc f :R-*R thoa man 

m + f{y) + f{z) + f{x + y + z) 

=f{x + y) + / ( y + z) + f{z + x ) , V x , y , z e R . (1) 



G i a i . K i hieu P(w, v, w) chi viec thay bp ( i ; y; z) bdi bp (u; v; w) vao (1). 

P{x. y, y) fix) + 2 / ( y ) + fix + 2y) = 2 fix + y) + fi2y) 
^ fix + 2y) - fix + y) = fix + j / ) - fix) + [fi2y) - 2 / ( y ) ] . 

Thi/c hien P(x + ?/, y) ta clUtJc 

/ ( x - + 2/) + 2 / ( y ) + / ( x + 3j/) = / ( x + 2y) + / ( 2 y ) + / ( x + 22/) 
(g) =>/(x + 3j/) - / ( x + 2y) = fix + 2y) - fix + y) + [/(2y) - 2 / ( y ) ] . 

Thuc liiori lion tiop ta ditdc day phirdng t r inh ham sau: 

fix + 2y) - fix + y) = / ( x + y) - fix) + [/(2y) - 2/(2/)] , ^ . ' 
/ ( •^ + 32/) - / ( x + 2y) = / ( x + 2y) - fix + y) + [/(2y) - 2 / ( y ) | 
/(.'• + 4y) - fix + 3y) = /(;;: + 3y) - fix + 2y) + [/(2?y) - 2 / (y ) ] 

/(.;; + in + l)y) - fix + ny) = fix + ny) - / ( x + (n - l ) y ) + [ /(2y) - 2 / (y)] 

Cong lai ta dudc 

fix + in + l)y) - fix + y) = / ( x + ny) - / ( x ) + n [/(2y) - 2 / (y ) ] 
=> [fix + in + l ) y ) - / ( x + ny)] = / { x + y) - / ( x ) + n [/(2y) ~ 2 / (y ) ] 

[fix + ny) - / ( x + in- l )y) ] = / ( x + y) - / ( x ) + (n - 1; l / ( 2 y ) - 2 / (y ) i 

^ / ( x + rjy) - / ( x ) = n [fix + y) - fix)] + " i t ^ lfl2y) - 2 / ( y ) ] . 

Tit day cho x = 0 ta dUrto 

/ ( n y ) - /(O) = n [ / (y) - /(O)] + (/(2y) _ 2 / (y) ] 

=>/(ny) = mzlM,,2 ^ 4 / ( y ) - / ( 2 y ) - 2 / ( 0 ) ^ ^ 

>/(nx) = + 4 / ( x ) - / ( 2 x ) - 2 / ( 0 ) ^ _ ^ 
n e 

Vdi p, (J la cac so ngUyen ditong ta c6 

Suy ra 

4 / ( f ) - / ( ^ ) - 2 / ( 0 ) 
-9-

/ ( q - \ fip) = 
/ ( 2 ) - 2 / ( l ) 2 , 4 / (1 ) - / ( 2 ) - 2/(0) 

p + p. 

/ ( ^ ) - 2 / ( e ) , 4 / ( 2 ) - / ( ^ ) - 2 / ( 0 ) 
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/ ( 2 ) 2/(1) 2 , 4 / (1 ) - / ( 2 ) - 2/(0) : f = 2 P + 2 

f i f day thay p hdi pn vh q hdi qn in = 1,2,...) ta dudc 

/ ( ^ ) - 2 / ( g ) 4 / ( f ) - / ( f ) - 2 / ( 0 ) 

J ( 2 ) ^ 2 / ( 1 ) 4/(1) / (2 ) - 2/(0) 
2 " + — r — pn. 

Do do 

+ 

l^lll^. / ( 2 ) - 2 / ( l ) 
2 ^ ; 

4 / ( 1 ) - / ( 2 ) - 2 / ( 0 ) 
2 ;3 ^ 

;0 ,4'io'y:r 

n = 0. (2) 

Do (2) diing vol moi n= 1.2.. . non 

/ ( ^ V 2 / ( ^ ^ ) 

4 / ( J ' ) - / ( ^ V 2 / ( 0 ) 

' r - [ / ( 2 ) - 2 / ( l ) l p ^ = 0, 
1.1 

(3) 

( 4 / ( 1 ) - / ( 2 ) - 2 / ( 0 ) ] p = 0. (4) 

Tff (3) rut / ( ^ ) rhay vao (4) ta d.roc 

6 / ( ^ ' ) - [ / ( 2 ) - 2 / ( 1 ) 1 ^ - 2 / ( 0 ) /̂ = [ 4 , A ( l ) - / ( 2 ) - 2 / ( 0 ) ] p 

- 1/(2) - 2/(l)J ^ - 2/(0) = [4/(1) - / ( 2 ) - 2/(0)] E 

>fiEj = \m - 2 / ( 1 ) ] ^ Mi ) j iM_: igZ(o) ]p / W 

>/(;•) = ar^ + hv + c, Vr S Q, r > 0. 

• 8 

(5) 

liani / lien tuo nen t i t (5) suy ra / ( x ) = ax^ + bx + c, Vx > 0. T i t (1) cho 
= y = ; = 0 ta dU(.R; /(O) = 0. Vdi x > 0, thuc hion P ( - x . x, x) ta diTOc 

/ ( - x ) + 2 / ( x ) + fix) = / ( 2 x ) ^ / ( - x ) + 3 / (x ) = / ( 2 x ) . (6) 

^" vol .,; > 0 till 2x > 0 lien tir (6) ta c6 

/ ( - x ) + 3HX^ + 36x + 3(; = 4«x''^ + 26x + r <=> / ( - x ) = ax^ - hx - 2c. , 
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r ax^ + bx + c khi X > 0 ^ ^ 
V§,y f{x)=< 0 khi x = 0 Do / hen tuc tai 0 nen 

I ax'^ - 6a; - 2c khi x < 0. 
/(O) = hm fix) = hm f{x) =̂  0 = c = -2c <^ c = 0. 

X - . 0 + 

Tom lai /(x) = ax^ + 6x, Vx € R, vdi a, 6 la nhOng h^ng so t i iy y. T h i i lai 
thay thoa man. 

B a i toan 2.263. Tim tat cd cdc ham so /, g, h xdc dinh vd lien tuc tren doan 
[0; 1], thoa man phuang trinh ham: 

f ' , . .... • > • , . . . fix + y)= g{x) + h{y), Vx, j/,x + y € [0; 1]. ' (1) 

Gia i . Trong (1) lay y = 0 ta dudc: 

' ' 5 W = / ( 2 : ) - « , V i e [ 0 ; l ] ( vd ia = /i(0)). i (2) 

Trong (1) lay X = 0 ta cliWc: 

/'(//) = fiv) - h, Vx e [0; 1] (vdi h = giO)). ^ (3) 

Thay (2) va (3) vao (1) ta ditdc: 

fix + y) = fix) + fiy) -ia + b),Vx,y,x+y € [0; 1]. (4) 

Dat fix) -ia + b) = fc(x),Vx,y,x+y£ [0; 1). Thay vao (4) ta ditdc 

• •• ' • ' ' . ' A.-(x + y) = kix) + kiy)yx. y,x+y£ [0; 1]. (5) 

Vi / la ham lien tyc tren [0; 1] nen k la ham lien tuc tren [0; 1], do do tu: (5) 
va sii dung ket qua bai toan 2.252 d trang 308 suy ra: fc(x) = cx,Vx € [0; 1]. 
Vay, cac ham so thoa man yen cau de bai la: /(x) = cx + a + b, Vx e [0; 1] vii 

gix) = cx + 6,Vx e [0; 1] va /i(x) = cx + a,Vx € [0; 1]. 

ThiJ lai thay thoa man. 

2.8 Phufcfng t r i n h h a m d a n g f{G{x,y)) = F{f{x),f{y)) 

Trong bdi nay ta si xet mot so phudng trinh ham vdi cap bien tu do vd hdvi 
can tim Id lien tuc. Cdc.h gidi chung Id: 

• Thiet lap cong thiic cho ham trong N . 
• Thiet lap cong thvcc cho ham trong Z. 
• Thiet lap cong thtic cho ham trong Q. 

Tic do chuyin qua gidi han di thiet lap cong thi'Cc tudng tU cho ham trong tap 
so thifc R. Chu y rdng tinh lien tuc khong cd tdc dung doi vdi cdc phtCdng 

trinh ham tren tap cdc so hHu ti Q. Tuy nhien neu biit chdc chan Id hdi" 
lien tuc, ta c6 the' thiet lap cong thiic cho ham trong Q vd suy ra cong tht!'' 

tuong tu trong R. 
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(1) 

2.8.1 Phurdng t r i n h h a m fix + y) = F (/(x), fiy)) JA ,V 

X^t phUOng trinh hdm dang 

.̂ (.x + ?y ) -F (/ (x ) ,/ (? ; ) ) , 

trong do f la hdm so lien tuc. " ' 

Cach giai. Trong (1), cho y = x. ta ditdc 

/(2x) = F ( / ( x ) , / ( x ) ) : = F 2 ( / ( x ) ) , 

/(3x) = / (2x + x) = F (/(2x), fix)) = F ( F 2 (/(x)), fix)) := F3 (/(x)). 

Mpt each tdng quat, ta co 

finx) - / iiu - l ) x + x) = F if in - l ) x , fix)) = F ( F „ _ i (/(x)), fix)) 
Hay 

finx) : - F „ ( / ( x ) ) , V n e N*, vdi F „ ( 2 ) = F ( F x - i ( z ) , 2), FJC^) := z (2) 

D^t / ( I ) = c, khi do, tLf (2), ta t inh / (̂ ĵ ( vdi m, n = 1,2,...) nhxl sau 

/(n) = / ( n . l ) = F „ ( / ( l ) ) = F „ ( c ) , ^ j • 

^ / M = / ( n . ^ ) ^ F , . ( / ( ^ ) ) = F . ( c ) 

{ - ) e F - ' ( { F „ ( c ) } ) . 

Vay ta tim dudc / (J^^ (vdi m, n = 1, 2 , . . . ) , v i / lien tuc nen tir day, chuyen 
qua gidi han ta tim diWc /(x) , Vx > 0. Mat khac, tii (1) cho x = y = 0, ta c6 
the tim dM0c /(O). Sau do tim diTdc /(x),Vx < 0. 

Bai toan 2.264. Tim tat cd cdc hdm so lien tuc f thoa man ,.\'\'^ ' 

fix + y) = fix) + fiy) - /(x)/(y), Vx, y e R v - ( l ) 

Giai. Gia si'r / la ham so thoa man de bai, khi do ta rd (1). Trong (1), lay = ta dUdc 

/(2x) = 2/(x) - {fix)f = 1 - [1 - fix)]', Vx e R 

(^2 <J day la F2 ( x ) - 2x - x^ = 1 - ( l - x)^). Vay 

/(3x) = /(2x + x) = /(2x) + fix) - /(2x)/(x) . , , 

= 2/(x) - [/(x)]2 + fix) - [2/(x) - [fix)f] fix) ' 

= 3/(x) - 3 [fix)f + [fix)]' = 1 - [1 - fix)]' , Vx 6 R. 

(2) 
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(Fa CI day l a F^{x) = 3x - 3x^ + = 1 - {1 - x)^). G i a s i i 

K h i do v 6 i i i i o i X € M t a C O •• > 

= 1 - [1 - / ( x ) ] " + [1 ^ / ( x ) ] ' 7 ( x ) = 1 - [1 - / ( x ) j " + ' . 

Vay theo n g u y e n l y q u y n a p t o a n hoc, suy r a V ~ ' • 

^ . / ( n x ) = 1 - [ 1 - / ( x ) ] " , V x € R , V 7 7 = 1 . 2 , . . . (3) 

T r o n g (2 ) , t h a y x b o i ^ , t a dmc f{x) = 1 - 1 - / ( ^ ) ^ Vx e K . Suy ra 

fix) < 1 , Vx e M . V d i n , m = 1 . 2 , . . . , theo (3 ) , t a c6 

/ ( n ) = / ( n . l ) = l - [ 1 - / ( 1 ) 1 " 

= ^ / ( r n ) = / ( n . ^ ) = 1 - [l - / ( ^ ) ] " = 1 - [1 - / ( i F 

^ N l u / ( I ) = 1 t h i t i r (1) suy r a 

• / ( x ) = / ( l + ( x - l ) ) = l + / ( x - l ) - / ( x - l ) = l , V x e K . 

•-Neu / ( I ) ^ 1 t h i / ( I ) < 1. G o i r = l u ( l - / ( I ) ) , k h i do theo (4) t a c6 

/ ( ^ ) = l - c ^ , V n , m = 1 , 2 , . . . 

N g h i a l a 

V d i n i o i i € R , x > 0. k h i do t 6 n t a i day so h i h i t i d i rong { r „ } ^ ^ i sao cho 

l i m r „ = X . V i / l i e n t u c nen 
n—>+oo 

fix) - / f l i m r „ ) = l i m / ( r „ ) = l i m (1 - e^-"") = 1 - e'^. 
\n—'+00 / n—'+oo n—+oo 

/ ( x ) = l - e ^ ^ , V x e R , x > 0 . 

T r o u g (1 ) , cho r ==y = 0, t a dUdc 

:•,,, m) - i / (o )p = o ^ /(o) [i - /(o)] = o ^ 

(5) 

(6) 
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Neu / ( O ) = 1, t h i t r o n g (1) , lay x = 1, y = 0, t a dudc r,-v..^.. ^ j , . , 

/ ( l ) = / ( l + 0 ) = / ( l ) + l - / ( l ) ^ / ( l ) = l , 

digu nay m a u t h u a n v d i / ( I ) ^ 1, vay / (O) ^ 1, do do t i f (6) t a c6 / ( O ) = 0. 
Vdi m p i X G R, X < 0, t r o n g (1) , lay y = - x , t a duoc . 

0 = / (O) = fix -x) = fix) + fi-x) - / ( x ) / ( - x ) , V x < 0 

= 1 - e ' ^ , V x < 0 . (7) 

T i f (5) , (7 ) , va / ( O ) = 0, suy ra / ( x ) = 1 - e<=^,Vx G R. Thut l a i t h a y t h o a 
j j i a i i . Vay cac h a m so t h o a m a n de ba i la 

fix) = l , V x G R va / ( x ) = 1 - e"^,Vx G R (c la hang so t u y y ) 

C h u y 6. Trong bai toan tren, neu dat gix) — 1 - fix) thi ta ducfc phudng 
trinh ham Cauchy gix + y) = gix)giy). 

B a i t o a n 2 . 2 6 5 . Tim tat cd cac ham so lien tuc f thoa man 

fix + y) = fix) + fiy) + / ( x ) / ( y ) , Vx , y G R. (1) 

H t r d n g d i n . Ngoai each l a m tucfng t u nh ir ba i t o a n 2.264, t a con c6 t h e 
lam n h a n h h d n uhiT sau: P h u o n g t r i n h h a m (1) k h i e n t a l i en t i r d n g den cac 
phirong t r i n h h a m Cauchy. Vay t a so t i m each dat an p h u (doi b ien) dd dira 
ve cac phUdng t r i n h h a m Cauchy. T i u d c het t a t i m m o t n g h i e m r i eng cua 
(1), t o t n h a t l a t i m n g h i e m r ieng la h a m hang , m u o n v$,y xe t phUdng t r i n h 

C = C + C + C.C + C = 0 <=> C = 0 
C = - l . 

Ta xet C = - 1 . N g h i e m tSng q u a t c i i a (1) se c6 d a n g / ( x ) = ^ ( x ) + ( - 1 ) . ' 
% t a se d a t / ( x ) = gix) - 1. T h a y vao (1) t a duoc 

ri 
gix + y ) - l = gix) - 1 + giy) - 1 + [gix) - 1] [giy) - 1] 

^gix + y)= gix) + giy) - 1 + gix)giy) - gix) - giy) + 1 „ , 
<^gix + y) = gix).giy). 

^au do sii d u n g ket q u a ba i t o a n 2.216 d t r a n g 280 t a d i ldc ket qua: Cac h a m 
thoa m a n de ba i l a 

/ ( x ) = - l , V x G R; / ( x ) = 0 , V x G R v a / ( x ) = c ^ - l , V x G R . /.' 

la hang so d u o n g khae 1, t u y y ) . 



B a i toan 2.266. Tim cdc hdms6f:R^R lien tuc tren R vd thoa man 

fix + y) = af{x)f{y) + bf{x) + bf{y) + Vx, y € (1) 

HMdng dan. T i l (1) ta thay vMg clia dat f{x) = ag{x) + P, thay vao (1) 

ag{x + y) + fi = o. [ag{x) + /3] [agiy) + P] 
9-h 

+ b [ag{x) + P + ag{y) + I3\ Vx, y e R. (2) 

He s5 cua g{x)giy), ^ v i phai cua (2) \hn ludt la aa^ aaP + ba, 

aap + ba. Vay ta can chon a va /3 sao cho 

{
2 • V T T - -

aa = a 

a 

Do do ta dat /(x.) = ^Mn̂ ^ thay vao (1) se dudc 
CL 

_ , , , . g{x + y)=g{x)g{y), V x . y S R . 

Den day ta su dung bai toan 2.216 ci trang 280. 

\a a 

Ba i toan 2.267. Tim cdc ham s6 f xdc dinh vd lien tuc tren tap xdc dinh, 

thoa m,dn diiu kien 

Gia i . Dat a = /(O). Trong (1) cho x = y = 0 ta dUdc 

2a + 

(1) 

a = 
a = 0 
a = - 1 . 

1 ^ Q2 

TVvfdng hdp 1: /(O) = - 1 - K h i do, cho j / = 0 phudng t r inh (1) t rd thanh 

. / ( x - ) - l - 2 / ( x ) 

1 + f{x) 

Ta thu dUdc /(x) = - 1 (loai). 
Trifdng h d p 2: /(O) = 0. Cho y = x ta thu dUdc 

: / ( 2 ^ ) - i - [ / ( x ) ] ^ . 
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Cho y = 2x, ta dUdc , . A S , ,if 

^ /(x) + /(2x) + 2/(x)/(2x) _ + 1 ^ + 2 / ( - ) Y ^ 

_ + 2/(x) +J [/ ( x ) l 2 _ 3 / ( x l + 3[/(x)]2^ 

\ / (x ) - "2 [/ (x ) ]2 1 ' ^ [1 + /(x ) ] [1 ^{x)y 

Suy ra 

Gia sU ta CO " ' ' \ / *• 

Khi do • , ' " ' v ' 

/ ( n x ) + / ( x ) + 2 / ( n x ) / ( x ) / ( ( n + l ) T ) = /(nx + .x) = 
1 - / ( n x ) / ( x ) 

n / ( x ) , ^ , 2n[/(x) ]2 : -
^ l - ( n - l ) / ( x ) ^ ^ ^ - ^ ^ l - ( n - l ) / ( x ) • 

1 - ( n - l ) / ( x ) 

^ n / ( x ) + fix) - (n - l ) [ / ( x ) ] 2 + 2n[/(.T)]2 

l - ( n - l ) / ( x ) - n [ / ( x ) ] 2 

_ n / ( x ) + / ( x ) + ( n + l ) [ / ( x ) p " . ' 

[ l - n / ( x ) ] [ l + / ( x ) l 

^ ( n + l ) / ( x ) [ l + / (x ) ] _ ( n + l ) / ( x ) . 1 ^ p 
[ l - n / ( x ) ] [ l + / (x ) ] l - n / ( x ) ' A - ^ ; 7 - ^ , v x e M . 

Theo nguyen ly quy nap, ta c6 

'^ong (2) Ian lifdt cho x = 1. x = — , Vm, n e N* ta dUdc . , . , 
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D o do 
- . m n / ( — ) m 1 

mm = f^m.) = — / ( - ) ^ — 
1 - ( - - Dm - ' - 1 _ ( n - 1 ) / ( ^ ) ' • ' ^ " ^ " - 1 • 

Suy r a ,. , 

- m ( n - ! ) / ( ! ) / ( ^ ) = nj ( ^ ) - n ( m - ( ^ ) 

Suy r a r..., I , 

m l 

. m , ij. 
n ^ ' l + / ( l ) - ^ / ( l ) " 

D o / l i en t.nc nen hKng each lay g id i h a n , t a durtc 

l + b - bx 0 

1 — a i a 1 + 0 

V6\ < 0, t r o n g (1) t a cl io y — -x. K h i do 

. _ . . . . _ / ( x ) + / ( - x ) + 2 / ( x ) / ( - x ) 
l - / ( x ) / ( - x ) 

=^/( . '0 + / ( - : ^ ) + 2 / ( x ) / ( - x ) = O 
a x 

. . ^"^^"^ ^ l + 2 / ( - x ) ^ , , - 2 a x - r ^ ' ^ ^ < 0 ' ^ ^ a-

N h i t v$y t a c6 

•'̂ •̂ ^ 1 - a x o 

S . U k h i t h * l , i ( d i y r l . g / ( « ) / ( v ) ^ 1 k h i X + „ ^ i ) , . a d a * nghi«m 

• ^ 1 - a x « 
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2 . 8 . 2 P h i ^ d n g t r i n h h a m f{x + y) = F ( / ( x - y ) , f{x),f(y),x, y) 

y^^X ph iroug t r i n h h a m ' - ; ' 

/ ( x + y ) = F ( / ( x - y ) , / ( x ) , / ( 2 / ) , x , 2 / ) (1) 

trong do / l a h a m so l i en tuc . 

e a c h g i a i . T r o n g (1), cho y = x, t a dUdc 

/ ( 2 x ) = F ( a , / ( x ) , / ( x ) , x , x ) ( v d i a = / ( O ) ) . S t i o ,M 

T i o n g (1), t h a y x b d i 2x va t h a y y bo i x , t a diroc ' ^ " " ' r " 
/ ( 3 x ) = F ( / ( x ) , / ( 2 x ) , / ( x ) , 2 x , x ) . 

M o t each t o n g q u a t , t a c6 ' ' ' ' ' ' ' 

/ ( 7 i x ) = / ( ( n - l ) x + x ) 
= F if {{7, - 2).r), / ( ( n - l ) x ) , fix), {7,. - l ) x , x ) : = F„ ( / ( x ) , x ) (2) 

Tir (2), t a t i n i / ^ ^ ) > v6 i m , n = 1,2,... V i / l i en tuc nen t\t day, chuyeu ' 

qua gidi han t a t i m diTdc / ( x ) , Vx > 0. Sau do t i m dUdc / ( x ) , Vx < 0. 

B a i t o a n 2 . 2 6 8 ( O l y m p i c t o a n S i n h v i g n t o a n qu6c-2010) . Tim tat cd cac 
haul so / ( x ) licn tuc tren E thoa man / ( I ) = 2010 vd 

fix + y) = 2010^/(2/) + 2010V(x) , Vx, y G R. (1) 

G i a i . Gia six h a m so / t h o a m a n cac yeu cau de b a i . T r o n g (1) lay y = 
dUdc 

/ ( 2 x ) - 2 . 2 0 1 0 ^ / ( x ) , V x G R . (2) , 

Trong (1) lay y = 2x va sir d u n g (2) t a dUdc 

/ ( 3 x ) = / ( 2 x + x ) - 20102^/(x) + 2010^/(2x) 
= 20102' / (x) + 2.20102^/(x) = 3.201o2^/(x), Vx G R (3) 

Gia Slit / ( n x ) = n .2010( " - ' )^ / (x ) , Vx G R. K h i do 

/ ((7i + l ) x ) = / (nx + x ) = 2010"- ' /(x) + 2010'^/(nx) 
= 2010"" / (x ) + n.2010"^/(x) = ( n + l )2010"^/ (x) . 

Theo i i guyen l i q u y nap suy r a 
• i f ' '") 

/ ( n x ) - n . 2 0 1 o ( " - i ^ V ( a ; ) , V x G R , V n = 1,2, . . . . (4) 

fin) = / ( n . l ) = n . 2 0 1 0 " - V ( l ) = n.2010", V n = 1,2, (5) 



Vcii n = 1, 2,.. . va m = 1, 2, . . . , theo (4) va (5) ta c6 

/ ( n ) = / [rn.^^ = m . 2 0 1 0 ( " ' - " - / ( ^ ) = n.2010" 

Suy la m . 2 0 1 0 " - - f ( - ) = n.2010" ^ / ( - ] = - 2 0 1 0 ^ . Vay 

/ ( r ) = r.2010".Vr € Q , r > 0. (G) 

Vdi mpi X G R , I > 0, kh i do ton tai day so hfm t i dUdng {rn}^^i sao cho 
Hm r„ = V i / Hen tuc nen 

n — ' + 0 0 ' J . 

fix) = f ( Hm r„]= Hm / (r„) = Hm (r„.2010'"") = a:.2010^. 

Vay 
fix) = 1.2010'^,Vx e M, X > 0. (7) 

Tiong (2) lay X = 0 ta dildc /(O) = 0. Do do trong (1), xet x < 0, tiT (1) va 
(7) ta (hxac 

0 = / ( x - x) = 2 0 1 0 V ( - x ) + 2010-^/(x) 
=2010^(-x).2010-^ + 2010-^./(x) = - x + 2010-^. / (x). 

Suy ra / ( x ) = x.2010^,Vx < 0. Ket hop v6i (7) va /(O) = 0, suy ra 

/ ( x ) = .r.2010'^,Vx 6 R. 

Tlii'r lai dung. 
C a c h khac . Dat / ( x ) = 2010-'y(x), Vx e R. Khi do ham s6 g lien tuc tren 
R. Thay vao (1) ta ditdc 

2010^+"g(x + y) = 2010^+"g{y) + 2010^+"5(x), Vx G R 
^g{x + y) = !j{y) + r/(x), Vx G R. 

Theo bai toan 2.214 d trang 278 suy ra g{x) = ax, Vx G R. V i g{l) = = 1 
nen a = 1. Vay ^(x) = x , V i G R. Do do f(x) = x.2010^,Vx G R. Thiif lai 
dung. V$,y c6 duy nhat nigt ham so thoa man cac you cau dc bai la 

^'^'^ / ( x ) = X . 2 0 1 0 ^ , V X G R . 

B a i toan 2.269. Tim tat cd cdc ham sS / ( x ) lien tuc tren R va thoa man 
dieu ki§n f{\) = 2 va 

/ ( x + y) = 2 V ( i ) + 2 V ( y ) + 2 W i . 3 . y _ V x , j / G R . (D 
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g a i toan 2.270. Tim cdc ham so / : M —• R lien tuc tren E vd thoa man 

f{x+y) = a^yf{x)f{y),\/x,yeR. ' (!) 

jlu'dng dan . TCr (1) ta thay rkng can dat / ( x ) = a"'^^g{x), thay vao (1) dudc 

a°^^+y^%ix + y) = a''^'''+^'^+^ygix)g{y), Vx. y G R. 

Can chpn a sao cho a{x + y)'^ = a{x'^ + y"^) + xy, Vx, y G R, tiic la a = ^ Do 

(̂ 6 ta dat / ( x ) = a 2 ^(x) , thay van (1) se dUrtc 

g{x + y) = g{x)g{y), Vx, y G R. •, 

Dcr; day ta si'r dung bai toan 2.21C ci trang 280. ,;n yjjp ,] ii'>vi/-:jii ••. 

Bai toan 2.271. Tim cdc ham s6 / : R —» R lien tuc tren R vd thoa man 

fix + y) = 2015''y+'«'fix)fiy), Vx, y G R. (1) 

Htf(3ng d i n . T i t (1) thay rang can dat fix) = 2015"^^7(x), thay vao (1) 
dUdc 

20Vo''^^+y)'fix + y) = 2015 " (^ '+ ' ' ' )+^ '^+^ ' 'V ( i - ) / (y) , Vx, y G R. 

Ta can chpn a sao cho Q(X + y)-* = a(x^ + y^) + x^y + xy^, Vx, y G R, hay 
1 

3a = 1 <^ a = - . Do do ta dat / ( x ) 2015^fl(x) , thay vao (1) se dUdc 
•ft. : 

p(x + y) = g(x)g(y), V x , y G R . 

Den day ta sii dung bai toan 2.216 ci trang 280. : : i ' 

Bai toan 2.272 (Do nghi t h i Olympic 30/04/2011). Tim tat cd cdc ham so 
lien iuc / : R -> [0; + 0 0 ) sao cho 

f\x + y) - f\x - y) = 4 / ( x ) / ( y ) , Vx, y G R. 

Bai toan 2.273. Tim cdc ham so f lien tuc tren R vd thoa man dieu kien 

/ ( x + y) + / ( x - y ) = 2 [ / ( x ) + / ( y ) l , V x , y G R . ' " (1) 

^ i a i . Gia sit / la ham so thoa man de bai, khi do ta c6 (1). Trong (1) ta lay 
= y = 0, ta dudc /(O) = 0. Trong (1) lay x = 0, ta dirpc 

/ ( y ) + / ( -2 / ) = 2 / ( y ) , V x , y G R 
« ' / { - y ) = / ( y ) , V y G R . 
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Tiong (1) lay y = x, ta d\tdc / ( 2 i ) = 4/(1), V i € R . Trong (1) lay x = 2y, ta 

dUdc 

/(3y)4-/(y) = 2 [ / ( 2 y ) + / ( y ) ] , V y e R 

^ / ( 3 y ) + /(y) = 2[4/(y) + / ( y ) ] , V y e R 

^ / ( 3 y ) = 9/(2/),V2/eR 

<^/(3i) = 9 / ( i ) , V x e R. . • ' 

Gia sir / ( ( n - l ) x ) = (n - l ) V ( ^ ) , V x S R ; /(nx) = n2/(2:), Vx € R. K h i do 

/ ((ri + l ) x ) = / (nx + x) = - / ( n x - x) + 2 [/(nx) + /(x)] 

= - ( n - l ) V W + 2 [ n V W + /(x)] 

, = ( - n ^ + 2n - 1 + 2rx2 + 2)/(x) = (n + l)'^f{x)yx € R. 

Theo nguyen l i quy n^p toan hoc suy l a 

/(r,x) = n 2 / ( 2 : ) , V x € R , V n = 1 ,2 , . . . 

Trong (2) lay .r = 1, ta diWc / (n ) = 71^/(1). Suy ra 

( - ) 

(2) 

Lay X = ^ , V m , n = 1 ,2 , . . . , ta dUrtc 

Vay / (/•) = ar2, Vy € Q, > 0 (vdi a = / ( I ) ) . 
• Vdi nioi x G R, x > 0, kh i do ton tai day so hfiu t i duong {r„}|^^ sao cho 

l im r„ = X . V i / lien tuc nen 
I I — + 0 0 ' I f f . . 1 1 

'5 f{x) = f l im r„ = l im / ( r „ ) = l im (ar,^.) = ax^. 
y^n->+c» J n->+oo n — • + ( » ^ ' ^ 

Vay /(x) = O.T2,VX > 0 (v^i a = / ( I ) ) . 
• Vdi :;: < 0, v i /( -y) = f{y),Vy € R nen suy ra 

fix) = fi-x) = a ( -x )2 = flx2,Vx < 0. 

Vay f{x) = ax2,Vx € R (vdi a la h t o g so). Thut lai dung. 
L i f t i y . Phudng t r i n h ham (1) lien quan quan den d i n g th\ic hinh binh hanh: 

• + i ; i ' + | u - 7 i ' = 2(|i?i' + |iri'). 

Ban ch4t ciia IcJi giai la chilng minh ngu ham / lien tuc va thoa man dang 

thvtc hinh buih hanh t i n phai c6 dang /(x) = / ( l ) x . 
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B a i toan 2.274. Tim cdc ham so f lien tuc va thoa man dieu ki$n 

/(x + y ) - / ( x - y ) = 2 / ( y ) . V i , y e R . • (1) 

G i a i . Trong (1) cho x = y = 0 ta dUdc /(O) = 0. Clio x = 0 ta dudc 

/(-?/) = - / ( y ) , V y e R . 

Cho y = X, ta dvfdc . ^ j „ > 

/(2X) = 2 / ( X ) , V X G R . 

Cho X = 2y ta dUdc /(3y) - /(y) = 2/(y), Vy € R , hay 

/(3x) = 3 / ( x ) , V x € R . . 

k
Ta se chiing nunh vdi mpi n 6 N * th i 

' /(•nr) = n / ( x ) , V x e R . ^ (2) 

H i l n nhien (2) diing khi n = 1. Gia sU (2) dung tdi n = k (k € N'), tire la 

^ /(A:x) = A-/(x) ,VxeR. 

Khi do 

f[{k+l)x] = f{kx + x) = f[(k - l)x] + 2/(x) = {k + l ) / ( x ) . V x € R. 

Vay (2) Cling di ing khi n — k + I. Theo nguyen ly quy nap suy ra (2) dung 

vdi mqi n € N * . Trong (2) Ian Ittdt cho x = l , x = —,\/rn,n € N ' , ta ditdc 
It 

f{n) = nf{l),f{7n) = nf{-). 
n 

suy ra / ( ^ ) = ( ^ ) / ( l ) . Do / hen tuc nen bftng each lay gidi han, ta dUdc 

fix) = ax,Vx > 0,a = / ( I ) e R. '̂"'•'̂  

Vdi X < 0, ta CO /(x) = -fi-x) = - a ( - x ) = ax. Lai do /(O) = 0 neu 

/(x) = ax,Vx G R (Q la hrmg so) ^ 

^ ^ w n nay thoa man dieu kien bai toan. Vay nghiem cua bai toan la: O'tn 

fix) = ax. Vx e R (a la hang so). ; ' 

Lufu y . Co the dat u — x + y. v = x - y de giai bai toan nay. 

^ a i t o a n 2.275. Tnn cdc ham sd / : R — R lien tuc tren R va thoa man 

[/(x-)/(y)l' = + y)fix - y ) , Vx, y e R . • • (1) 
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G i a i . De thay ham f{x) = 0 thoa man cac yen can de bai. T i l p theo gia svir 
/(.r) ^ 0, tvtc la ten tai XQ G R sao cho / ( X Q ) 7^ 0. K i h i f u P{u, v) chi viec 
thay X hdi u, thay y hdi v vao (1). 

P{xo, 0) => [fixo)m? = [/(xn)]' ^ /'(O) = 1 ^ /(O) = ± 1 . (2) 

Nhan xet rimg neu ham /(x) thoa man (1) t h i -f{x) cung thoa (1) nen tir 

(2) ta CO the gia siif /(O) = 1. Neu ton tai /, ^ 0 sao cho / ( ( ) = 0 t h i 

Do / lion tuc nen 0 = l im / = f ( hm = /(O), mau thuan. Vi 
n—+00 \ 2 " / \^n—+oo2"/ 

the non f{t) 7^ 0, Vt G R. Ta c6 the gia sii f{x) > 0, Vx G E. T i l (1) suy la 

In {fix)f(y)f = in (/(x + 3/)/(x - y)) , Vx, y G R 

^ 2 [In (/(x)) + In ifiv))] = In (/(x + y)) + In (/(x - y)) , Vx, y G R 

^.'/(^' + y) + <!{•'• - V) = 2 [r/(x) + r;(y)], Vx, y G R ( y ( x ) = In (/ (x ) ) ) . 

Do ham y lion tuc non don day, si3r dung bai toan 2.273 d trang 329 ta dudc 
g{x) = a x 2 , V x G R (vdi a la h i n g so). Do do /(x) ^ e-'̂ )̂ = e"̂ '". Sau khi th i i 
lai ta kgt luan: Cac ham so thoa man yen cau Ah bai la f{x) = 0, /(x) = e°-̂  , 
f{x) = -e*"-̂ ,̂ v6i a va 6 la nhiing h4ng so t i i y y. 

2.8.3 P h i f d n g t r i n h h a m f{ax + hy + c) = Af{x) + Bf{y) + C 

D i n h ly 10. Ne.u / khong phdi la ham h&ng va thoa man 

f{ax + by+c) = A f{x) + Bf{y) + C, abAB 0, Vx, y G R, 

thi ham g{x) = /(x) - /(0),Vx G R thoa phuong trinh ham Cauchy 

i/(x + y ) = y ( x ) + y ( y ) , V x , y G R . 

Chufng m i n h . T iong phUdug t i i u h da cho lay i = - , y = ta ditdc 
a 0 

a h 

• C h o x = - , y = t a d U d c / ( u ) = ^ / ( - ) + B / { - r ) + C . 
a b a b 

• C h o x = 0 , y = ^ ^ , t a d U d c }{v) ^ Af{<d) + BfC^) + C. 
h b b 

332 

JVi VI 
Niu (1 ~ ^ - 5 ) ^ 0 th i k = - . K h i do, fix) = ^ . Ngu 

I — A. — Jj 1 — v4 — 

, Cho :r = 0, y = ta ditdc /(O) = Af(0) + Bf{--^) + C. ,M 

guy ra ' '^f'-

II fiu + v)= f{u) + f{v) - /(O), Vu, V G R. 

HI ^f{x + y) - /(O) = fix) - m + f{y) - /(O),Vx, y G R. 

^ d a y ta c6 g{x + y) = y{x) + y(y) , vdi y(x) = /(x) - /(O), Vx, y G R. Dinh 
Iv da cliWc chiing minh. 

Bai toan 2.276. Tim tat cd cdc ham f xdc dinh trcn R vd lien tuc tai mot 
dirm vd thoa m.nn M'̂ iftStii • ^ j i K n t i l , - i f ; ' ! :,iii:&M J>IN 

J(ax + by + <•) = Af{x) + Bf{y) + M, abAB / 0, Vx, y G R. (1) 

Hii'o'ng d a n . . - , 
T r i f d n g hdp 1. K h i (1) co nghiem hftng /(x) = k,Vx G R. Thay nghiem 
j ( j -) = A; vao (1) ta dUdc 

k = {A +B)k +M <^ {I - A- B)k = M. 

M M 
' B 

{1- A B) = 0 va ^/ = 0 thi yk G R, ham f{x) ^ k \h nghiem. Neu 
(l - A - B) = Q va M ^ 0 th i bai toan khong c6 nghiem hang. 
Trifoing lidp 2. Plurdng tr inh (1) c6 nghiem khong hang /(x) lien tuc tai mot 
(licni. K h i do ta dat g{x) = /(x) - /(O).Vx G R. Thco dinh ly trcn tin g{x) 
la nghiem ciia pliUdng t i inh ham Cauchy y(x + y) = g{x) + ^(y) , Vx, y G R. 
Do / ( j ) lion ti.ic tai mot diom non y(x) lion ti.ic tai mot diem. Hdn nfta. ^(x) 
thoa man phUdng trinh ham Cauchy nen ta c6 the chiing minh dudc y(x) 
lien tuc tren R va ta con c6 ^(x) = ax, Vx G R, a t i iy y, suy ra dang ci ia f{x) 
la 

fix) = ax + 7 , Vx G R, 7 = /(OJ G R. 

(De y rang vi /(x) khong hang nen a 0.) Bay gid ta t h i i lai : 
fiax + by + c) = A fix) + B/(y) + M, Vx, y G R 

<=>o(o,x + by + r) + 7 =̂  ̂ ( o x + 7 ) + B(r>y + 7 ) + M , Vx, y G R 
<=>(aa - Aa)x + (6a - Ba)y = ^ 7 + S 7 + M - C Q - 7 , Vx, y G R 

a-A)a = 0 , (a = A 
^ { ( b - B)a = 0 \ B , , 

\l47 + 6 7 + M - ca - 7 = 0 + B - 1 ) 7 = ca - M'"^ 

C O ket luan: 
• Neu a = A,b = B,A + B ~ 1 0 thi bai toan c6 nghiem khong hang lien 

la 

fix) - ax + ^, Vx G R, a G R ' . 
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• Neil a=^A,b=B,A + B = l,c=M=0 th i bai toan c6 nghi^m khong 

hang lien tyc la 

/ ( , T ) = nr. + 7, V.T € E, rv G R ' , 7 tuy y. 

• Neu a = A,h=B,A + B^l,c^O,M^O t h i bai toan c6 nghi§m khong 

hftng lien tuc la 
/ ( x ) = — a : + 7 , - V x e M , 7 t u y y . ' ' 

• Ngoai ba kha nang nay t h i bai toan khong c6 nghiem lien tuc khong hkng 
la i mot di6m. Bai toan dUdc giai hoan toan. 
Sau (lay lii rnot so dp dung cila bai toan 2.276. 

B a i toan 2-277. Tim cdc ham so f{x) xdc dinh, lien tuc tren E vd thoa 

man 
fiuT + by) = af(x) + hf{y),\^x, y € K, ah ̂  0 

Hvtdng dan. 
.Neu n + b^l th i f{x) = nx, Q € M tuy y. 

Neu n + b=l th i f{x) = ax + 7, a, 7 e E ti'iy y. 

B a i toan 2.278. Tim cdc ham so f(x.) xdc dinh, hen tuc f.rcn E vd th.ua 

man 
J {ax + by) = a fix) - bf(rj),Vx, yGR.ab^O 

H\idn% d a n . 
Neu n~b^\i / ( i ) = 0, V i e R. 

'•' Neu <; - 6 = I t i n f(x) = 7, 7 e R tuy y. 
B a i toan 2.279. Cho n,6 6 E \. Tim cdc ham f : (0;+00) — (0:+oc) 
xdc. dinh, lien tuc tren (0: +00) vd thoa man dieu kien 

/ / U V ) = ( /U) ] " [ / ( y ) l ' .Vx ,ye (0 ;+oo ) . 

Htrdng d a n . 
NC'u a + by^l t h i fix) = <."'"^, a e R tuy y. 
Ncni a + b=l t h i fix) = c"^" •'+''• a, 7 G R tuy y. 

B a i toan 2.280. Cho o, 6 G R \. Tim cdc ham / : (0 : +00) ^ (0 : 
xdc dinh, lien tuc tren (0 : +00) vd thoa man dic.u kicn ' 

fiax + by) = [/(x•)]"[/(2/)]^Vx, «/ G (0 : +00). 

Uvtdng dan. fix.) = 0; fix) = 70"^, a > 0,7 tuy y. , . 
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2.8.4 P h i W n g t r i n h h a m / ( a x + by + c) = F{f{x), f{y)) 

Xet phiCcfng trinh ham * f * - ' ' ' . 

fiax + by + c) = Fifix),fiy)),abj^O,Vx,yeR. (1) 

C a c h giai. T- dua phuong t r inh (1) ve dang da b i l t f{x + y) = F ( / ( x ) , fiy)). 
Trifdng hcJp 1. Neu a + b = 0 th i b = -a. Tit (1) ta c6 

/ ( ( a ( x - j / ) + c ) = F ( / ( x ) , / ( y ) ) . • 

Trong (1) cho y = 0 ta ditdc fiax + c) = F ( / ( x ) , / (O)), dat c = /(O) va thay 
I bdi X - y ta C O / ( a ( x - y) + c) = F ( / ( x - 2/), e). Do do 

Fif{x-y),c.) = Fif{x),fiy)). ^ • (2) 

Gia sir / ( x - y) bigu dien dUdc theo fix), fiy) la / ( x - y) = G ( / ( x ) , / ( y ) ) . 
Khi do tfr day, laii hrdt cho x = 0,y= -z, ta dUdc / ( - y ) = G(e, / ( y ) ) va 

fix + z) = fix - i-z)) = G ( / ( x ) , fi-z)) = G ( / ( x ) , G(e, / ( z ) ) ) . 

Dat / / ( / ( x ) , fiz)) = G ( / ( x ) , G(e, / ( z ) ) ) . K h i do / ( x + y) = / / ( / ( x ) , / ( y ) ) . 
Trifdng hdp 2. a + 6 7̂  0. K h i do trong (1) ta thay 

ax + 6y _ _ 
x = y= — = px + qy,p+q = I 

a + b • ' 

ta dUdc 

fiax + by + c) = Fifipx + qy)Jipx+qy)) = Fiifipx + qy)), 

suy ra F 2 ( / ( p x + gy)) = F ( / ( x ) , / ( y ) ) , suy ra 

fipx + qy) = F2-'{Fifix),fiy))}, (ngu t6n t^i Fa"^) 

= G ( / ( x ) , / ( y ) ) , G = F 2 - ' F (3) 

• Trong (3) cho .r = - , y = - , ta dUdc /(« + v) = G [ / ( - ) , / ( - ) ] . 
p q P q 

• TVong (3) cho X = ^ , y = 0 ta ditdc / ( « ) = G [ / ( ^ ) , /(O)]. ,, / » , , 

• Trong (3) cho x - 0, y = - , ta ditdc fiv) - G[ / (0 ) , / ( - ) ] . 

Clia sir t i i cac phUdng t r i n h nay, ham / ( - ) c6 t h ^ bi6u dien ditdc theo / ( u ) , 
P 

ham / ( - ) cung bigu dien dUdc theo fiv). khi do ta dudc 
, :„ 

. ., fiu + v) = H[fiu),fiv)]. 

^nit vay trong hai tntcmg hdp, ta da chuyt^n bai toan vc dang da biet. 
'^^ day ta j.et cdc bai todn dp dung. 
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(5) 

B a i toan 2.281. Cho a la h&ng so. Tim cdc ham f lien tuc tren R, thoa 

man 
2f{x-y + a)^f{x) + f{y),Vx,y€R. (1) 

G i a i . Trong (1) cho y = 0, ta duoc 

2 / ( x + a) = / ( ! ) + / { 0 ) , V x e E . (2) 

Trong (2) thay x hdi x - y, ta duoc 

2f{x-y + a)=^ f{x-y) +f{0),yx,y€R. (3) 

T i l (1) va (3), t a c o 

/,vv^ :• • fix -y) = fix) + fiy) - / ( 0 ) , V x , 2 / e E. (4) 

Trong (4) cho x = 0 ditdc / ( - y ) = / ( y ) , Vy € R. •[ 
T\t (4) cho y = -z \k svt dung (5) t a dildc: ^ 

/ ( x + z) = / ( x ) + / ( z ) - / ( 0 ) , V x , ^ e l R 

^fix + z)-fiO) = fix)-fiO) + fiz)-fiO)yx,zG 

Dat <7(x) = fix) - / (O), gix) lien tyc va 5 ( 0 ) = 0, t a dudc 

gix + z)=gix) + giz),'ix,z€R. 

Do do, gix) = ax, nen / ( x ) = ax + 7 , Vx € R, a va 7 la hang so. T h i l lai ta 

thay fix) chi thoa man (1) vdi Q = 0. Vay / ( x ) = 7 , Vx G M ( 7 la hh.ng so). 

B a i toan 2.282. Tim cdc ham fix) lien tuc tren R vd thoa man 

, , , , , / { x + 2y + l ) = / ( x ) + 2 / ( y ) , V x , y e K . (1) 

1_ 2_ 
G i a i . Trong (1) thay x - y = -x + -y, ta d U 0 c 

. v W - , - . • • ^ 
,j / ( x + 2y + l ) = 3 / ( J x + | y ) , V x , y e R . (2) 

T i i (1) va (2) ta c6 

^3-^ ' 3^ 

/ ( ^ x + ? y ) = ^ / ( x ) + | / ( y ) , V x , y G R . 

Theo ket qua bai toan 2.277 d trang 334, t a dudc 

. fix) = ax + 6, Vx e R (a va 6 la hang so). v* 

Thay vao (1) t a dUdc a ( i + 2y + 1) + 6 = ax + 6 + 2(ay + b)=^b=^a. Vay 

nghi?m cua bai toan la / ( x ) = a(x + ^ ) , Vx € R, vdi a la hang so. 
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2,9 PhiA^fng trinh ham trong Idp ham Itfdng giac 

p g g i a i dvcac c a c b a i t o a n d a n g n a y t a c a n p h a t h i e n r a c a c dSc t r v m g h a m 
litdng giac d U d c c h e d a u t r o n g p h U d n g t r i n h h a m , tijt do m d i d u a r a nhOng 
p h e p t h g g i a t r i p h u h d p . Co nhiing b a i t o a n c h i c a n m o t v a i p h e p t h e l a di 
d e n k e t q u a , n h i m g c i i n g c6 nhieu b a i t o a n k h o , p h a i t r a i q u a nhieu p h e p t h e 
jndi t i m r a Idi g i a i . Dac b i e t n h i J n g p h U d n g t r i n h h a m m a c6 t h e m g i a t h i e t 
l ien t u c t h i r d n g l a n h i i n g b a i t o a n k h o . Dua t r e n c a c c o n g t h i i c l u o n g g i a c : 

cos (x + y) + cos (x - y) = 2 cos X cos y 

cos (x + y) - cos (x - y) = - 2 s i n x s i n y -•- ; * )\

s i n ( x + y) + sin(x - y) = 2sinxcosy 
s i n ( x + y) - s i n ( x — y) = 2 cos x s i n y, 

b ^ n g v i e c t h a y h a m s i n x , c o s x , s i n y , c o s y d b e n v e p h a i b d i c a c a n h a m / 
v a 5 t a d e x u a t v a g i a i d U d c c a c b a i t o a n s a u . 

Bai t o a n 2.283. Ttm tat cd cdc ham / : R R thoa man 

/ ( x + y ) + / ( x - y ) = 2 / ( y ) c o s x , V x , y € R . | ( 1 ) 

Gia i . Dat /(O) = C. Trong (1) c h o y = 0 t a d U d c 

/ ( x ) = C . c o s x , V x € R . , , (2) 

Thi'r l a i : Thay (2) vao (1) t a d U d c \

C [cos (x + y) + cos (x - y)] = 2C. cosx. cosy, Vx, y e R. 

Vay (2) thoa m a n (1), do do ham .so cSn t i m c6 dang 

/ ( x ) = C. cosx, Vx € R (C l a hang so bat k i ) . \ .^J,.t i-^} \ 

Bai t o a n 2.284 (De n g h i t h i Olympic 30/04/1999). Tim tat cd cdc ham 
fix) xdc dinh vdi moi x eR vd thoa - ^ 

1 /(O) = 1999, / ( | ) = 2000 

1 fi^ + V) + fix - y l = 2 / (x ) c o s y , Vx, y e R. 

Giai . Ti-ong (1) t h a y x = i - ^ v a y = ^ t a d u d c 

fit) + fit -ir) = 2 fit - ^ ) . cos I = 0, VtG R. (2) 

' ^ o n g (1) thay x = ^ va y = i - ^ t a d U d c 

/ { 0 + / ( 7 r - 0 = 2 / ( J ) - c o s ( ( - | ) = 2 .2000sin( ,V«GR. (3) 
^2'—^- 2 
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Trong ( 1 ) thay x = 0 vh y = t - IT ta ditric 

f{t -n) + f{n -t)= 2/(0).cos(« - TT) = -2.1999cosf,V< 6 R. (4) 

Cong (2) va (3) ta diMc • ' i ' 

2/(^) + /(t - TT) + / ( T T - 0 = 2.2000 sin (, V« e R. 

Ket hup v6i (4) ta dildc 

2/(0 - 2.1999cosi = 2.2000sin(,V< e R. 

V?Ly /(t) = 1999cos« +2000 sini,V« € E. Hay 

J{x) = 1 9 9 9 C 0 S X +2000 s i n x , V i € R. 

Thiir lai thay f{x) thoa man de bai. 

B a i toan 2.285 (De t l i i HSG Tl ianh Pho HCM, nam hoc 2002-2003). Tim 
tat cd cdc ham / : R —» R vd thoa man 

•> f /(0) = 2002, / ( 0 = 2003 

Ba i toan 2.286 (De nghi thi Olympic 30/04/2004). Tim tat cd cdc ham 
/(.•;;) xdc dfnh v6i moi x € R vd thoa man 

, , , f /(0) = 2003, / ( 0 = 2004 
\ + y) +f{x-ij)=2f{x)cosy.yx,yeR. 

Ba i toan 2.287 (De nghi thi Olympic 30/04/2007). Tim tat cd cdc ham 
/(.r) xdc dtnh u6i moi .r e R wd thoa man 

f /(O) = 30^ / = 2007 

1 /(x + y) + / ( x - y ) =2/( i )cos2/,Vx,t/eR. 
Ba i toan 2.288. Tim tat cd cdc ham f{x) xdc dinh vdi moi 2; e R ud thoa 

man 
fix + y) + fix -y)= 2/(x) cosby,Vx, y e R ivdi 6 ^ 0 ) . (1) 

Gia i . Dat /(O) = C, /(|-) = B. Trong (1) cho x = 0 va y = t ta dudc 

fit) +fi-t) = 2Ccosbt,\/teR. (2) 

Trong (1) cho x = ^ + < va y = ^ ta dUdc 

fil + i) + m = 2 / ( ^ + t) cos(^) = 0, V( e R. (3) 

< 338 . 

TVong ( l ) chox^I-^yty = I-+tuau0c 

/ ( ^ 0 + / ( - 0 = 2 / ( i L ) e o s ( ^ ^ , . ) _ 2 a , , , , ^ , ^ ^ 

Cong (2) va (3) ta diroc 
• t • V 

2/W +/(^ + 0 +/(-O = 2Ccos6t, V< g K. 

Lay (5) triir (4) ta duoc-

(4) 

(5) 

" 2 fit) = 2C. cos bt + 2B. sin 6^ V« € R. f . . ' 
<(=>/(x) = C. cos 6x + B. sin 6x, Vx e R. 

Th i i lai thay ham so /(x) = Ccos6x + B. sin6x, Vx 6 R thoa man de bai. Vay 
tat ca cac ham so can t i m la 

fix) = C. cos bx + B. sin bx, Vx e R (vdi A, B la cac hfing so bat k i ) . 

Bai toan 2.289. Tim tat cd cdc hciTrt / : K —• K thoo, jxidu 

fi^ + y)- fix -y) = 2fiy) cos2x, Vx, y e R. 

Giai. Trong (1) cho x = 0 ta dadc 

/(-2/) = -/(j/),V2/eR. .̂ , , • >. 

Trong (1) cho X = ^ va y = ^ - < ta ditdc ^ ., 

•' • / ( | - « ) - / ( 0 = 0 , V ( € R . 

Trong (1) cho i = ^ - ( va y = ^ va su dung (2) ta difdc '. 

/(^ - 0 + /(O = 2Csin2^V« e R (vdi C = /(^)). 

(1) 

(2) 

(3) 

.«.'::( 

(4) 

Tir (3) va (4) ta c6 fit) = Csin2/,V/ e R hay fix) = Csin2x,V.r e R. T h i i 
thay ham so /(x) = Csin2x, Vx e R thoa man de bai. Vay tat ca cac ham 
can t i m la 

fix) = C. sin2x, Vx € R (vdi C la cac hang so bat k i ) . 

toan 2.290. Tim cdc ham /,5 : R -» R thoa man phMng trinh ham 

fix + y) - gix-y) = 2 sin X sin 2/, Vx,y e R . (1) 
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G i a i . Taco ) -r 
(1) <^ f{x + y)- g{x -y)= cos(x - y) - cos(x + y) , Va;, y e R 

('•• <^ f{x + y) + cos{x + y)=g{x-y) + cos{x-y),'ix,y€R. (2) 

Dat u = X + y, v = x-y. T\t (2) ta dudc , ,., , , , . 

f{u) + cos u = g{v) + cos v, Vu, u € R 
" ^ / / ( u ) + cosu = c, V u e K • r / f i ) = c - c o s x , V x € M 

I + cost; = c, Vv € M ^ 1 5(x) = c - cosx, Vx € M 

(c la hang so). Sau khi t h i i lai ta ket luan f{x) = c - cosx, Vx € R va 
g{x) = c - cosx, Vx e R, trong do c la hang so tuy y. 

B a i t o a n 2 .291 . Tim cdc ham f,g -.R-^M. thoa man phucfng trinh ham 

f{x + y)+g{x-y) = 2 s i n x s i n y , Vx, y e R. (1) 

G i a i . Ta c6 

(1) fix + y) + g{x -y) = cos(x - y) - cos(x + y) , Vx, y € R 
<^ fix + y) + cos(x + y) - cos(x - y) - ^(x - y) , Vx, y € R. (2) 

Dat u = X + y, t; = x - y. T\ (2) ta dUdc 

/ ( u ) + cosu = cos V - g(w), Vu, w e R. (3) 

Tft (3) lay i ; = 0 ta diioc f{u) + cos u =̂  1 - y(0), Vu € R, tvt do dan td i 

cosv-g{v) = 1 - 5 ( 0 ) , Vu e R. 

Vay / ( x ) = - cosx + c, Vx € R va ^(x) = cosx - c, Vx e R, trong do c la 
hang so tuy y. T h i i lai thay thoa man. 

B a i t o a n 2.292. Tim cdc ham / , 5 : R R thoa man phudng trinh ham 

/ ( x + y) + ^(x - y) = 2 sin X cos y, Vx, y e R. 

B a i t o a n 2.293. Tim cdc ham f,g -.R—^R thoa man phuong trinh ham 

fix - y) - fix + y) = 2y(x) siny, Vx, y £ R. (D 

G i a i . Trong (1) lay x = 0 va dat g(0) = d ta ditdc 

' / ( - y ) - / ( y ) = 2 d s i n y , V y e R . = (2) 

D6i vai tro ciia x va y trong (1) ta dUdc " ^^'^'^ 

fiv-x)-fix + y) = 2giy)smx,Wx,yeR. (3) 
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I i , y (1) t r d (3) t a dvujc ' n, ; / ' H ^ A ys/̂  

fix - y) - fiy - x) = 2y(x) siny - 2giy) sinx, Vx, y e R. 

SOr dung (2) t h i (4) t r d thanh , , j , | ,,,,, .̂^ 

2<f sin(y - x) = 2gix) siny - 2giy) sinx, Vx, y € R 

<i^2d(sinycosX - cosysinx) = 2.g(x)siny - 2giy)smx, Vx ,y e ! 

<^ [^(x) - dcosx] siny = [giy) - dcosy] sinx, Vx, y G R. 

Tit (5) lay y = I va dat a = g , ta ditdc • 

P' (/(x) - ficos.r = asin.x, Vx e R. 

Thay y(x) = as inx + dcosx vao (1) ta dUdc 

fix - y) - / ( x + y) 

=2 (a sin X + d cos x) sin y = 2a sin x sin y + 2d cos x sin y 

= a [cos(x - y) - cos( i + y)] + d [sin(x + y) - sin(x - y)], Vx, y e R. 

Ta Viet lai theo kieu phan l i bien so: V6i mpi x, y e R ta c6 

fix -y) - a cos(x -y) + d sin(x - y) = / ( x + y ) - a cos(x + y)+d sin(x + y) 

Dat u = X + y, u = X - y, t a ditdc 

fiv) - acosv + dsinv = / ( u ) - acosu + ds inu , Vu, v g R 

•^•/(u) - a cos u + d sin u = c, Vu € R (c la hang so). 

Thi'r lai thay cac ham so sau thoa man cac yeu cau d6 bai 

fix) = a c o s i - ds inx + c, Vx € R va ^(x) = as inx + dcosx, Vx G R, 

v<5i a, c, d la cdc hiing so tuy y. 

BM t o a n 2.294. Tim cdc ham / : R -» R thoa man phuang trinh ham 

sin(x + y) = / ( x ) s i n y + / ( y ) s i n x , Vx,y 6 R. (1) 

G i a i . Cho y = ^ vao (1) ta dUdc ,~ .̂ . > , . -

i cosx = fix) + f ( - ) sinx, Vx e R. (2) 

'^^ (2) cho x = | , dUdc 2 / (I) = 0 / = 0. V^y / ( x ) = cosx, Vx € R. 
l£ii thay thoa man. 

(4) 

(5) 

341 



B a i toan 2.295. Tim cdc ham f,g :R —>R thoa man phuang tnnh ham 

" • sin(x +J/) =/(x)sm2/ + p(2/)sina:, V i , 1/6 K. , V,; (1) 

G i a i . Cho 2/ = J vao (1) ta dildc '''"''^^ ' • 

' cosx = / ( a ; ) + 5 ( ^ ) s i n x , V i e K . (2) 

Suy ra /(x) = cosx + b s i n i , V i G M, 6 = la hang so. Thay vao (1) 

ta ditdc 

sin(.T +7/) = (cosx + f c s i n j : ) s i n y + .(7(i/)sin.T. V x , ? ; e K 
<4-sinxcosy = bs inxs iny + (/(y) sinx, Vx, 2/e R. (3) 

Trong (3) lay x = ^ , ta dit0c cosy = hsiny + g{y), V?; e M, hay 

.(7(x) = cosx - ftsinx, Vx e R . 

Sau khi thi'r lai ta ket luan: Cac ham so thoa man yen can de bai la 

/(x) = cosx + 6sinx, Vx £ R va ^(x) = cosx - 6sinx, Vx 6 R , 

con b la hang so t u y y. 

B a i toan 2.296. Tim tat cd cdc ham so /, g : R — R thoa man dieu kien 

f{x + y) ^ g{x)smy + g{y)sinx,^x,y & (1) 

G i a i . Trong (1) cho y = 0 ta dUdc /(x) = asinx, Vx e R, a = ^(0) la hang 

so. Thay vao (1) difdc 

asin(x + y) = g(x) siny + 5(j/)sinx, Vx ,y € R . (2) 

Trong (2) cho y = ^ , ta dUdc 

acosx = g{x) + g sinx. Vx G R . (3) 

Trong (3) cho x = ^ , ta dirdc g = 0. V^y ^(x) = acosx, Vx € R . Thi i 

lai ta dudc cac ham so thoa man yen cau de bai la 

/(x) = as inx , Vx € R va ^(x) = acosx, Vx € R (a la hang so t i iy y) . 

Til cong thtic sin(x + y) sin(x - y) = sin^x - sin^y, Vx, y € R , neu thay ham 
sin d ve trdi bdi an ham f(x), ta de xuat vd gidi duoc bdi toan sau. 

M2 •. ' 

]3ai toan 2.297. Tim t&t cd cdc ham s6 f : R —> R thoa man dieu kien 

/(a: + y)/(x - y) = sin^x - sin^y, Vx, y e R . (1) 

G i a i . T a c o • - v . f .^o. ; 

sin(x + y) sin(x - y) = sin^xcos^y - cos^xsin^y 

= sin^x ( l - sin^y) - ( l - sin^x) sin^y = sin^x - sin^y. 

V i vay 

(1) <^ fix + y)f{x -y)= sin(x + y) sin(x - y) , Vx, y € R . (2) 

Dat u = x + y,v = x-y. K h i do (2) tUdng dUdng vdi 

f{u) f{v) = sin usin v, Vu, i; G R . (3) 

De thay ham f(x) = 0 khong thoa (1), Xet /(x) ^ 0. K h i do ton tai XQ G R 

sac cho /(xo) 7̂  0. Trong (3) lay v = xo ta dUdc f{u) = s inu, Vu G R . 

„ sin X() , , . , , 
Dat a = ——-, khi do 

/(x) = asinx, V X G R . ' \ 

Thay vao (3) ta dUdc â  = 1 hay a - ±1. T l iU lai ta ditdc cac ham so thoa 
man yen cau de bai la /(x) = sinx, Vx G R va /(x) = - sinx, Vx G R . 

Bai toan 2.298. 71m tat cd cdc ham so / : R - » R thoa man dieu kien 

f (2016x) = / (sin(5x + 2y)) + / (sin(5x - 2y)), Vx G R . (1) 

Giai.'^[Yong (1) lay X = — va dat C = / ——— , ta dUdc 
10 \0 J "" 

/(cos2y) = Jc7, Vy G R 

=^f{t) = -C.yte[-VA] ^ (2) 

Do sin(5x ± 2y) G [ - 1 ; 1] nen tir (1) va (2) suy ra / (2016x) = C, Vx G R , hay 
f (x) ~ C. Thay vao (1) ta dudc C - 0. Vay c6 duy nhat mot ham so thoa 
'^an cac yeu can de bai la 

/ (x) = 0, Vx G R . 

fiai toan 2.299 (Phudng t r inh ham D'Alembert) . Tim tat cd cdc ham f{x) 
^"•c dinh, hen tuc tren R vd thoa man dieu kien 

fix + y) + fix -y) = 2/(x)/(y), Vx, y G R . (1) 
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G i a i . Trong (1) cho y = Q, ditcJc 2/( i ) = 2/(x)/(0) ,Vi 6 R. Ro rang, / ( i ) = Q 
la mpt nghi fm. Ta gia silf /(x) ^ 0, khi do /(O) = 1 . Trong (1) cho x = o, 
duoc /(-?/) = f(y),yy 6 K, nen ham / c h i n . Ta xet hai tritdng hop. 
T r i f d n g h d p 1 . 3xo ^ 0-l / ( X Q ) | < 1. V i /(O) = 1 va /(x) lien tyc nen 

3e > 0 : Vx e /(x) > 0. (2) 

Vai no e N * dii 16n, ^ e (-e, e), ta c6 f{^)> 0. Nhan xet rang 

v i neu ton ta i UQ e N * sao cho / > 1 t h i tiJf (1) suy ra 

f i ^ ) = m ^ ) ? " 1 > 1, / ( ^ ) = m ^ ) ? - 1 > 1-

Tiep tuc qua t r inh nay, ta dudc /(XQ ) = 2 [ / ( ^ ) ] ^ - 1 > 1, mau thuan vcii 

I/(-To)I < 1 . Suy ra ton tai x i ^ 0 (chi can lay x i = ^ ) sao cho 0 < / ( x i ) < l 

va fix) > 0,Vx € (-|xi|; |xi|). Dat / ( x i ) = cosa,0 < a<^.T\X {V suy ra 

f{2xi) = 2 [ / ( x i ) ] 2 - 1 = 2cos2a - 1 = cos2a. 
Gia suT f{kxi) = cosfca, VA; > 1. K h i do 

f[{k + l ) i i ] = fikxi + X , ) = 2/(/cxi)/(xi) - f[{k - l ) x i ] 
{i) = 2cosfca. cosrt - cos(A; - l ) a = cos(fc + 1)Q. 

Theo nguyen l i quy nap suy ra /(fcxi) = coska,\/k e N * . Mat khac, / la ham 
chan va /(O) = 1 , nen ^ 

fikxi) = cosfc«,Vfc € Z. (2) 

Trong (1) cho x = y = y ta dUdc 

, / ( X . ) = 2f (I) - 1 ^ [fQ)f = = i ± | 2 £ ^ = cos^ f. 

Do ^ 6 (-|x,|; |xi|) nen / ( ^ ) > 0, vay ta c6 / ( ^ ) = cos | . Gia sii 

I : i - v i . ' r >• = cos^,Vfc > 1 . 

K h i do, t ^ (1) cho x = y= ta ditdc 

' ... [ / ( ^ ) ] = + •'̂ (2^ '̂ = 2^^ + = 2 * ^ -

. 3 4 4 

Do ^ e (-|xi|;|xi|) nen / ( ^ ) > 0, ta suy ra J , ; , ' , ^ ' ' ' ' 

Nhvf vay, theo nguyen l i quy nap suy ra /(|^) = cos ^ , Vn e N * . (3) 

Ttf (2) va (3) ta suy ra / ( — x i ) = cos — a , Vm, n e Z , n > 0. Do /(x) va cosx 

1^ cU ham so lien tuc tren R, va '̂ ''̂ ^ '̂ ̂  • • 

/(x) = cosax,Vx e >1 = { — n G Z , n > 0 } , a = — , 
2 x i 

hdn nCa tap A la tap t r i i mat trong R, nen /(x) = cosax,Vx e R, a = — . 
x i 

T ln i lai ta thay /(x) = cosox.Vx e R, a e R thoa man dieu kien bai toan. 
Lap luan tUdng t u , ta xet trUdng hdp con lai. 
T r i r d n g h d p 2. |/(xo)| > 1, VXQ 7^ 0. Neu /(x) < - 1 t h i ton ta i X 2 7^ 0 sao 
cho / ( x 2 ) = 0 < 1 (vi /(O) = 1, /(x) < - 1 va / lien tuc) . K h i do, theo trudng 
h0p 1, ta CO 

|/(x)| = |cosax| < 1 ( v o l y ) . 

Vay /(x) > l , V x 7̂  0. Lay X I 7̂  0 c6 dmh, dat /(x j ) = cosh a, a > 0. T i t (1) 
ta suy ra 

/(2xi) = 2 [ / ( x i ) ] 2 - 1 = 2cosh2 a - 1 = cosh2a. 

Bang quy nap ta chiing minh dUdc f{kx\) = coshA:a,Vfc 6 N . M a t khac, / la 
ham chan, nen 

/(A.-xi) =coshA;a,VA;e Z. (4) 

Trong (1) cho x = 7/ = y ta dUdc ^ 

r f / ^ i M 2 1 + c o s h a 2 " r / ^ ^ K . a ' ' ' ' * 

[ / ( y ) l = — 2 — = — ^ — = cosh^ 2 ^ - ^ ( y ) = '""'^r , , 
D b g quy nap, chung ta chi'mg minh ditdc 

/ ( | ^ ) - c o s h ^ , V n e N . . • (5) 

T't (4) va (5) ta suy ra / ( ^ ' i ) = c o s h ^ f v , V m , n G Z , n > 0. Do f{x) va 

^oshx la cac ham so hen tuc tren R, va • 1,; ./ 

f{nxi) = coshf3a,Va e A = {~xi;m,n £ Z, n > 0} , ' ' " 

nSa A la tap trvi mat trong R, nen / ( x x i ) = coshxa,Vx e R, suy ra 

/(x) = cosh ax, Vx e R, a = — . 
X l 
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Tliilf lai ta thay f{x) = coshaa;, Vx 6 M, a ^ 0 thoa man dieu kien bai toan. 
Tom lai ta c6 ughiem ciia bai toan la: 

fix) ~ 0;f{x) = I, fix) = cosux.W € R; fix) = cosh ax, Vx- € R, a 6 K, a 0 

2.10 Phifcfng trinh ham c6 su" dung dao ham 

Trong bai nay ta se giai mot so plutckig t r inh ham bang each sii dung dao 
ham. LiTii y rSng trong mot so bai toan. khi ham so can t im chua c6 dao hani, 
tru6c het phai chuTng minh no c6 dao ham tren tap tUdng ling. Ta thu5ng sij 
di.mg cac ki thnat sau: 
• Dao ham hai ve tilfng bien. Xac lap nhiitig gidi han di tao thanh dao ham. 
• Cho ham so y = fix) xac dinh tren khoang (a; b) va diem xo e (a; 6). Khi 

do gidi han hiJu han (neu c6) ci'ia t i so —fi^o) ^ . 
X - Xo 

dao ham cua ham so da cho tai X Q , k i hieu la / ' ( X Q ) hoac j / ' (xo), nghia la 

f'ixo) = lira 
/ ( x ) - / ( . T O ) 

X — ' X o X — X'o 

Vay neu l im •/(^-+ 0̂ ~-/(̂ -O J^J J^QU ^an th i 
/,-o h 

• Ham so da thi'tc luon c6 dao ham tai moi diem (ditpc van dung d bai toan 
3.29 6 trang 403). 
• Tir dinh l i Lagrange, ta suy ra hai ket qua sau: 

o Cho ham so / lien tuc tren doan [a; b] va c6 dao ham tren (a; b). Kh i flo 

fix) = 0, Vx e (a; h) ^ fix) = C (ham hang), Vx e [a; b]. 

o Cho ham so / lien tuc tren doan [a; 6] va co dao ham tren (a; b). Kh i (̂ f 

fix) = k, Vx e in; h) / ( x ) = kx + C, Vx € [a; b] (it, C la hang so)-

• Moi ham so lien tuc tren K (d day K la mot khoang, mot doan hoac mÔ  
mia khoang nao do) deu c6 nguyen ham tren K. 

• Neu ham so fix) c6 nguyen ham th i / fix)dx — fix). 
. . . \J J 
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Bai t o a n 2.300. Tim ham s6 f xac dinh tren R va thoa man i- , ,, 

Gia i . Vdi moi x y ta c6 

[ / (x ) - fjy)]' 
< 1̂- - yl 2015 _ \f(x)~fiy)\ 

X — y 
2015 

• l im 
.V—X 

/ ( x ) - f{y) 
x~y = 0 =^ / ' ( . ; • )= 0. 

Vay ham / c6 dao ham tai moi digm va / ' ( x ) = 0, Vx. Suy ra / ( x ) = C, vdi 
C la hftug so, t h i i lai thay thoa man. 

Bai t o a n 2 .301 (Olympic Toan Sinh Vien toan quoc nam 1999). Xac dinh 

cdc ham fix), thoa nidn dieu kien . , 1 " ' 

| / ( x + h) - fix -h)\< h\x 6 E, V/i > 0. 

Giai . T i t gia thiet ta co f,>,,, 

| / ( x + 2h) - / ( x ) | < h\x € R, V/i > 0 

^ Zfl z 
,. fix + 2h) - fix) ^ r 

=>/ ' (x) = 0. Vx e R. H,. . ; A'iR/ 

Vay fix) = C, vdi C la hSng so t i iy y. Thilf lai thay thoa man. 

Bai t oan 2.302 (India ISI Entrance Examination 2013). Cho ham so: 
/ : R -» R thoa man ' ' ' t r= •), -itniT 

(1) 
+ y)- fix -y)~y\< y\, yeR. ,)\ 

^hun, mrnh rang fix) = | + a Vx e R, . . . c la hhng sS tuy y. 

Dat fix) - f = gij:)^ thay vao (1) ta duac , 

^(x + 2;) + f ± ^ _ ^ ( , _ ^ ) _ £ ^ _ 
< Vx, 2/ e R r - • • 2 •" 2 

<^ |5(x + 7/) - 5(x - 2/)| < ^/^ Vx, y € R 

=^l5(a: + y ) - 5 ( : i - - y ) l < y ' ^ V x 6 R , V 2 / > 0 . ^ ,̂  (2) 

(2), siir dung bai toan 2.301, ta duoc ^(x) = C, vdi C la hang so t i iy y. 
^ ^ay, ta co dieu phai chiJng minh. 
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B a i toan 2.303 (Dg nghi t h i Olympic 30/03/2010). Tim tdt cd cdc ham s6 

f-
•/30\ 

• R thoa man dieu ki$n f 
= 2010 va 

{x-y)f{x + y)-{x + y)f{x-y) = 8xy (x" - y'), V x , y € 

G i a i . T i t gia thiet, vdi X J / v a X 7 ^ - y , ta CO 

fi^ + y) _ f^^-y) = &xy (x2 + y2). 
x+y x-y 

fix) Dat g{x) = — , thay vao (1) ta dildc 
X 

9{x + y)- g{x - y) - 8 i y (x^ + y^), Vx ^ y, x 7̂  - y . 

ChQnx = a + ^ , y = ^ . T v r ( 2 ) t a c 6 

(1) 

(2) 

5 (a +/i) - 5 (a) = 8 

g{a + h) -g (a) 

/ /A /i 
a + - 1 -

V 2 / 2 J •< 

= 4 

l im 

Vay iiain g c6 dao ham tai moi di§m x 0 va g'{x) = 4x^, Vx ^ 0. Do do 

fl(x) - x" + C, Vx 7^ 0 (C la hang so) 

=>/(x) = x^ + Cx, Vx ^ 0. 

Thay x = y = 1 vao gia thiet ta dircJc /(O) = 0. Vay 

fix) = + Cx, Vx e M ( th i i Igi thay thoa man). 

/"soA = 2010 nen 

/SOV ^ / 3 0 \ = 2 0 1 0 0 C = — 2 0 1 0 -
/3oy 

Co diiy nhat mot ham .so thoa man yen can d6 bai la 
•51 

2010- ( - x , V x € K . - ^ * ^ ' ^ l 

Lvtu y. Bai t o a n 2.303 c o n d U d c g i a i t U d n g tvf n h u b a i t o a n 2.45 d t r a n g H"^' 
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B a i t o a n 2.304 (Olympic Toan Sinh Vien toan quoc nam 2000). Ttm tdt 
cd cdc ham so f{x) c6 dao ham tren R va. thoa man dieu kien 

fix + y) = fix) + fiy) + 2xy, Vx, y 6 R. (1) 

G i a i . Trong ( 1 ) lay x = y = 0 ta duoc /(O) = 0. Tir ( 1 ) ta c6 

/ ' ( . ) = lim^ f^-^y)-n^) = Hm , , , , 
y—O y j ,_0 y 

= l im (fiy)-fio) 
+ 2x = /'(O) + 2x = 2x + a, 

vdi a = /'(O). Vay nen /(x) = x^ + ax + 6, Vx € M. V i /(O) = 0 nen 6 = 0. 
Thuf lai thay ham so fix) = x^ + ax, Vx e R thoa man cac yen can de bai. 
hvhi y. Co the thay gia thiet ham so /(x) c6 dao ham tren R bdi gia t h i i t 
yen hdn do la ham so /(x) lien tuc tren R, tham chi khong can nhiing gia 
thict do ta van giai chtdc phitdng t r i n h ham (1). 

Ba i t o a n 2.305 (Olympic Toan Sinh Vien toan quoc nam 1995). Tim tdt 
cd cdc ham so f : I, thoa man dieu kien lira fix) 

fix + y)< fix)+fiy),Vx,yGR 

= 1 vd 

Giai . Gia sii ham / thoa man cac yen can do bai. Tî t ( 1 ) ta c6 

fix) < fix + y) + fi-y) => - / ( - y ) < /(x + y) - /(x) < fiy). 

Tit (2) suy ra neu y > 0 t h i ^ 

fi-y) fix+ y)-fix) fiy)_ 

y y 

(1) 

(2) 

(3) 

^ ^ - - ^ - . , 1 ! " , = . Vay t . (3)'cho y . 0^ 

su dung nguyen h kcp ta dudc ^ o 

/(x + y ) - / ( x ) ^ 
y • j I -

'^^ (2) suy ra neu y < 0 t h i ' ' '• 

to) ^ /(x + y ) - / ( x ) ^ /fa) . 
-y 

(4) 

(3) 
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r - 1 nen l i m = 1, l i m = 1. V^y t i t (3) cho y 0 ~ 

va si't d i i n g ng i i yen If kep t a d iMc 

h m — — z ^• 
y 

(5) 

ra T . r (4) va (5) suy r a l i m + ^) ~-^^^^ = 1, hay f'{x) = 1, Vx 6 K. Suy 

/ ( . ; ; ) = X + f;, Vx € M. 

D o d ieu k i en h m ^ = 1 nen c = 0. Vg-y / (x ) = x l a h a m so can t i m ( t h u 
x — O X 

l a i t h a y thoa m a n ) . 

B a i t o a n 2 . 3 0 6 . Tim tat cd cdc ham so / : R K co dao ham lien tuc tren 

R 7Hi than mnii diJ.u kie.n 

a , I / ( 5 x + 4 ) = : 5 / ( x ) , V x € R . (1) 

G i a i . G ia sU h a m / t h o a n .an c a . you Ah ba i . Lky dao h a m ha i v6 cua 

(1) theo b i en a: t a dUdc ! 

(5x + 4 ) ' / ' (5x + 4) = 5/ ' (x ) , V x e : 

^ / ' ( 5 x + 4) = /'W, V x e R . (2) 

X - 4 
T i o u g (2) thay x b d i — t a dUdc 

/ ^ - 4 ^ / x - 2 4 \ 

25 

/ x - 5 ^ + n 
I 52 i 

/ x - 5 3 + l \ 

V 53 

v / ^ x - 5 " + l \ 

Do /' l i en tuc t r e n R nen 

/ x - 5 M J , \ 

5" 
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lim 
^n—»+oo 

X - 5" + 1 

5 " 
= / ' l i m ; 

n—•+00, 
— - 1 — 
5" 5" 

y^y f[x) = a, Vx e R, vai a = / ' ( - I ) . D o do / (x ) = ax + 6, Vx € R. T r o n g 
(1) lay X = - 1 t a ditdc / ( - I ) = 0, suy ra 0 = - a + 6 <^ 6 = n. V?ly 

/ (x ) = n ( x + l ) , V x € R ( a l a h a n g s 6 ) . 

T h ^ lai thay thoa man. 
X — 4 

L t f u y- Phep thay x bd i — ^ — dUdc tim r a tvl v i^c t im h a m ngUdc c u a h a m 
x - 4 

s5 y = 5x + 4 la h a m so y = ^ . 

B a i t o a n 2 . 3 0 7 . Tim cdc ham so / : R —• R cd dao ham tai 0 f d i/ida man 

/ (2x ) = 2/(x>, Vx 6 R. (1 ) 

G i a i . G i a si't h a m so / thoa m a n cac yeu cau de ba i . Tvf (1) cho x = 0 dUdc 
/(O) = 0. X e t h a m so <?: R R n l i u sau: 

g{x) = k h i X 0 

1 / ' & ) k h i x = 0. 

Vdi mo i x 7^ 0, theo (1) t a c6 

/ (2x ) fix) 

2x 
^ 5 ( 2 x ) = 5 { x ) . (2) 

Mat khac fi ' i 'f .'. ; 

Vay h a m 5 l i en tuc t a i 0. T i i (2) t a c6 

5 W = 5( f) = - = 5 ( ^ ) , V x ^ O , Vn = l , 2 , . . . (3) 

'^o h a m g l i en tuc t a i 0 va ^ h m ^ ^ ^ ^' "^2; 7^ 0 nen tiT (3) suy r a 

9{x)= l i m . f ; ( x ) = l i m g = g ( Hm = ^ (0 ) , Vx ^ 0. 
n - * + o o n - . + o o V 2" / \^n-.+oo 2" / 

the (,{x) = /'(O), Vx e R, hay g la h a m hang. Do do / (x ) = cx, Vx 7^ 0.. 
^ai do /(O) = 0 nen / (x ) = cx, Vx e R (c la h k n g so). Thut l ^ i thay t h o a 
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B a i toan 2.308. Tim tat ca cac ham so f xdc dinh vd hen tuc tren doan 
[0; 1], CO dao ham tren khodng (0; 1) vd thoa man hai diiu kien sau: 
a) 20 fix) + 11 fix) + 2009 < 0, Vx € (0; 1) ; 

b) /(O) = / ( I ) = ,„ „̂  y ...^l , 

G i a i . Gia sir ton ta i ham so / thoa man cac dieu kien bai ra. Xet ham so 

2009^ 
g{x) = e 20 fix) + 11 

, Vx G [0; 1]. 

V i ham / hen tuc tren doan [0; 1], c6 dao ham tren khoang (0; 1) nen ham g 
Men tuc tren doan [0; 1], c6 dao ham tren khoang (0; 1). Ta co ,̂ 

, 11 H i 

1 U 2 
— p 20 

20 

f{x) + 
2009 

11 
+ e W / ' ( x ) 

20/'(X) + 11/(.T) + 2009 

Theo dieu kien a) suy ra g'{x) < 0,Vx G (0; 1). Vay g la ham giam trong 
khoang (0; 1). Mat kliac, t i t gia tl i iet /)) suy ra g{0) = g{l) = 0. Vay g{x) = 0 
tren [0; 1], do dc) • 

900Q 
/(x) = - ^ . V x G [ 0 ; l ] . 

Thi'r lai thay thoa man. 

Li:fu y. Viec xet ham g ditrtc t i m ra nhu sau: Di sil dung ditoc gia thiet a), 

ta can xet l iaiu so g c6 dang 

2009^ g{x) = fix) + 11 
, Vx G [0; 1] (vdi k t i m sau). AB: • 

K h i do 

g'ix) = ke"^ fix) + 
2009 

11 

fix) + kf{x) + 
2009^-1 

11 
• ,v, , ^ ^ 2009̂ -

Vay ta can t i m k sao cho 20/'(x)+ll/(:<:)+2009 t i le vdi fix) + kjix) + 

Muon vay t i l l f X , mil ' \! ft.f'*'"' 

^ - n ~ 11.2009 ^ 20 
fix) + 

2009" 
11 

Tir day ta con rut ra dUrtc phildng phap xay ditng cac bai toan mdi, titdug 

tif nhu bai toan tren nhU sau. 
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201 9 
V i d u 1. Xet ham s6 f{x) = — - . Khi do ' o « , - i v - o , ^ . ; i -^a' 

/'(.r) = 0 3/'(x) + 201 I x - 2012 > 0. 

fa diMc bai todn sau. 

gai toan 2.309. Tim tat cd cdc ham so f xdc dinh vd lien tuc tren doan 
[0; 2].. CO dao ham trcn khodng (0; 2) vd thoa man hai dieu kien sau-
a) 3 / ' ( x ) + 2 0 1 1 / ^ x ) - 2 0 1 2 < 0 , V x G (0;2) ; 

b) /(O) = /(2) = g:̂ :̂.̂ .̂ ^ -mjis'lkflih - u X O i l - '<•. : 

2.11 Giai phifdng trinh ham bang phifcfng phap them 
bien •-'j'̂ *^ <'» 

Day la mot phudng phap mdi x u i t hien trong th5i gian gan day. Y titdng 
rat don gian nhu sau: K h i gap nhiing phitdng t r inh ham vdi cap bien tiT do 

ij, bftng each them bien mdi z. ta se t inh mot bifiu thfrc nao do chiila x, y, z 
theo hai each khac iihau, tfr day ta thu durlc mot phitdng t r i n h ham theo ba 
bien x, y, z, sau do chon z bAng nhiing gia t r i dac biet hoSc bien d6i, rut 
goii ])liUdng t r i n h ham theo ba b i i n x, y, z di thu dUdc nhitng phUdng tr inh 
iiam nu'Ji, liifc'Jng tdi ket qua bai toan. Ldi giai ciia cac bai toan sau day sc 
the hien phudiig phap nay. )'\ iy,a: i ^ ' . ; i 

Bai toan 2.310. Tim tat cd cdc ham so / : E -
rndn di6u kien 

fix + fiy))=2y + nx), Vx,?/G 

, lien tuc tren R vd thoa 

(I) 

^ " ^ ^ i - them bign mdi 
mm sau: Vdi moi x, y, z thuoc R, sir dung (1) ta ditdc 

fix + y + fiz))^2z + f{x + y), Vx,y,zG 

^'at khac cung vdi moi s6 tliuc x, y, z t h i 

Tir (2) 

(2) 

(3) 

va (3) suy ra 

2z + f{x + y)=2 

^/{x + y) = f(x) + 2/(1), 
+ fix) 

Vx, 2/ e K. 

Vx, y,z el 

(4) 
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Tit (4) cho 2; = 2/ = 0 ta dUdc /(O) = 0. Tir (4) cho x = 0 va sii dmg /(O) = 0 

ta duoc/( j/ ) = 2/(I), Vy e M. Vay (4) tro thanh 

f{x + y) = f{x) + f{y), Wx,yeR. (5) 

Tu:(5), sir dungket qua bai toan 2.214 d trajig 278 t a ditdc f{x) — ax, V i g 
vdi a la hkng so thuc. Thay vao (1) ta dUdc 

a (x + ay) = 2y'+ ax, Vx, y£R. (6) 

, T i t (6) cho a; = y = 1 ta dildc a ( H - a) = 2 + a •<=> = 2 •<=!> a = ±y/2. Vay 

' fix) = V2x, Vx € K ; fix) = -V2x, Vx e R. ^ 

Thur lai thay hai ham s5 nay thoa man cac yeu cau bai todn. i 

B a i toan-2 .311 . Tim tat cd cac ham so / : Q Q thoa man dieu kien 

/ ( / ( x ) + 2 / ) = x + / ( y ) , V x , y e Q . (1) 

G i a i . Gia su / la ham s6 thoa man cac yeu cau de bai. Ta them b i l n m6i z 
nhit sau: Vdi moi x, y, z thuoc Q, sit dung (1) ta dUdc 

/ ( / ( x ) + y + z) = x + / (y + z ) , V x , y , 2 6 Q . (2) 

Mat khac cung vdi moi so hQu t i x, y, z th i / (/(z) + x) = z + fix), do do 

f{y+{z + fix)) = fiy + fifiz)+x))^fiz)+x-hfiy). (3) 

T i t (2) va (3) suy ra 

/ (y + )̂ = / (y) + / W . V y . z e Q . (4) 

Tudng t u uhit bai toan 2.214 d trang 278, suy ra /(x) = ax, Vx G Q. Thay 

vao (1) ta rut ra = 1 a = ± 1 . Thijf lai t h i y fix) = x va fix) = -x thoa 

man cac yeu cau de bai. 

B a i t o a n 2.312 (De nghi t h i Olympic 30/04/2004). Tim tat cd cac ham 

lien tuc / : R —> M thoa man 

, ,̂  ..̂^ , / ( x / ( y ) ) - 2 / / ( x ) , V x , y e R . (D 

G i a i . Gia siV / la ham so thoa man cac yeu cau dc bai. Trong (1) lay x = y = ̂  
t a dUdc /(O) = 0. Ta them bien mdi z nhu sau: Vdi moi x, y, z thuoc R, s*̂ ' 
dung (1) ta CO fixyfiz)) = zfixy), mat khac 

,. .,.„...„. ., n^yfiz)) = fixfizfiy))) = zfiy)fix). 
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po do zfixy) = zfiy)fix), Vx, y, 2 G R. T\t day cho z = 1 ta dUdc 

/(xy) = /(x)/(y) , V x , y G R . (2) 

T a ( 2 ) i a y y = i duoc 

/(x) [1 - / ( I ) ] = 0, Vx G R. (3) 

Neu / ( I ) 7̂  1 t h i ta (3) suy ra /(x) = 0 , Vx G R. Thiif lai thay ham fix) = 0 
thoa man yeu cau de bai. Tiep theo xet / ( I ) = 1. Tijt (1) cho x = 1 dUdc 

/(/(y) )=2/, V y G R . ^ 

Tit day de dang suy ra / la ddn anh, ket hdp gia thiet / lien tuc suy ra / 
(Icin dieu thitc sU. Tiit /(O) = 0 < 1 = / ( I ) suy ra / la ham tang thitc sU. Neu 
/(y) < y th i do / tang thuc sit nen /(/(y)) < /(y) y < /(y) , mau thuEn. 
Neu /(y) > y t h i y = / (/(y)) > /(y) , mau thuan. Vay /(y) = y, Vy G R. T h i i 
lai thay thoa man. Ta ket luan: c6 hai ham s6 thoa man de bai la 

fix) = 0, Vx G R va fix) = X , Vx G R. 

Bai toan 2.313 (De t h i chmh thiic Olympic 30/04/2011). Hay tim tdt cd 
cac ham so f : [1; + 0 0 ) [1; + 0 0 ) thoa man diiu kien 

f (xfiy)) = yfix), Vx, y G [1; + 0 0 ) . (1) 

Giai . Gia sii / la ham .so thoa man cac you can do bai. Ta them bion mdi z >1 
nhitsau: Vdi moi x, y, z thuoc [ l ;+oo) , sii dung (1) ta c6 / (xy/(2;)) = zfixy), 
mat khac fixyfiz)) = / (x/ (2/(y) ) ) = z/(y)/(x). Do do 

2/(xy) = 2/(y)/(x) , Vx, y, 2 G [ 1 ; + 0 0 ) . 

Tit day cho z = 1 ta ditdc 

/(a:y) = /(x)/(y) , V x , y G [ l ; + o o ) . (2) 

T>ong (2) cho X = y = 1 ta dUdc / ( I ) = /^( l )"^^^^"^/(I ) = 1. Trong (1) 
cho x = 1 dudc 

/(/(2/))=y, V y G [ l ; + o o ) . « ^ (3) 

^1 / : [1; + 0 0 ) [1; + 0 0 ) nen neu /(y) = 1 t h i '̂̂  ; 

y=/(/(2/)) = /( ! ) = ! ^ 2 / = 1 . 

^*iy ra /(y) > 1 vdi moi y > 1. Cho x > y > 1 t h i t i t (2) ta dUdc 

/ ( X ) = / ( J . . ) "=^^^ = / ( . ) . / ( ^ ) > / ( y ) , 



suy ra ham / dong bien tren [1; + C X D ) . Ta se chi'mg mii ih ; \  f,; 

f{x) = x,yx£[l;+oo). 

Gia sii C O xo € [1; +CXD ) sac cho /{XQ) 7^ XQ. Neu / ( X Q ) > xo th i 

/ ( / (xo)) > / ( X Q ) X O > / ( xo ) , mau thuan v6i / ( X Q ) > X Q . 

Ngu / (xo) < xo t h i . ""• ' ' 

/ ( / ( . T o ) ) < / (xo) => Xo < / (xo ) , mau thuan vdi / ( X Q ) < X Q . 

Vay / ( x ) = X , Vx G [1; + 0 0 ) . ThiJt lai thay thoa man. 

B a i toan 2.314. 71m tdt cd cdc ham so / : R -+ R thoa man dieu kien 

f{x + y)=- fix) cosy + f{y) cosx, Vx, y£R. (1) 

G i a i . Ta se them bien mdi z nhir sau: Vdi moi so thuc x, y, z, theo (1) ta c6 

f{x + y + z) = fix + y) cos 2 + /(z) cos(x + y) 
= [fix) cosy + fiy) cosx] cos z + / (z) cos(x + 1/) 
= [fix) cosy + fiy) cosx] cos z + fiz) (cosx cosy - sin x sin y). 

(2) 
If 

Mat khac 

+ y + 2) = fix) cos(y + 2) + fiv + z) cosx 
- fix) cos(y + 2) + [ / (y) cos z + / (z) cos y] cos x 

: / ( x ) (cos y cos z - sin y sin 2) + [ / (y) cos 2 + /(2) cos y\s .x 

Tir (2) va (3) t hu dUdc 

[fix) cosy + / ( y ) cosx] cos 2 + /(2) (cosxcosy - s inxs iny) 
*; = fi^) (cos y cos 2: - sin ysin 2) + [fiy) cos 2 + /(2) cos y] cos x 

De dang rut gon duric ^ 

/ ( 2 ) s i n x s i n y = / ( x ) s i n y s i n 2 , Vx ,y , 2 6 R . (^ooJf :' 

TiT (4) 1% y = ^ ta dUdc 

/(2) sin X = fix) sin 2, Vx, 2 € R 

={^4^ = 4^, Vx i^m-K,zi^ nrr ( m , n e Z ) 

(4) 

(5) 

sinx sm2 

sinx 
= c =^ fix) ' csinx. 

Vay / ( x ) = csinx, Vx G R (c la hang s6). T h u lai t h i y thoa man. ' 

L i f u y. Den (5) ta c6 the \i luan nhu sau: TCr (5) lay 2 = - ta dildc 
2 

7r\ fix) = csinx, Vx G R, c = / f 

va cfmg difrir ket qua tiMng tu. Tfr Icli giai bKng phurfng phap them bien nhu 
tren ta suy ra mot I6i giai khac, rat ngan gon nhu sau: Trong (1) lay y = - , 
ta diWc 

+ 0 = / ( 0 c o s x , V X G R . (6) 

Dat X + I = thay vao (6) ta dUdc " '•) ^ ' ' \ 

fit) ^ f ( ^ ) cos (< - 0 = / (l) sint, V« G R 

va cfing dUdc ket qua tUdng tvi. 

Bai t o a n 2.315 (Chon dpi tuy§n A n Dp nam 2004). Tim tdt cd cdc ham so 
f : M. —> R thoa man dieu kien 

fix + y) = fix) fiy) - csinx siny, Vx ,y G R , (1) 

trong do c la hdng so Idn hon 1. . j : ., 

Giai . Bang each them b i l n mdi 2 ta c6 

/ (x + y + z) = / (x) / (y + 2) - cs inxs in(y + 2) 

-f i^) [f iy) f (2) - c siny sin 2] - cs inx (siny cos 2 + cosy sin 2) 

- / (̂ O / iy) f iz) - cf (x) sin y sin 2 ~ csinx sin y cos 2 - csin x cos y sin z. 

Tudng tir, ta c6 . XI -.xui .».••,!» j i ; iub JJK •> ,«'iid 6e M.»I8J ' ! » 

/ ( y + x + 2) . 1 uv. .•4rT\9 nAol .'/a.: 

~/ i^) fiy) f (2) - c / ( y ) sinx sin 2 - c sin y sin x cos 2 - c siny cosx sin 2. 

/ (x + y + 2) = / (y + X + 2) nen 

c / ( x ) sin y sin 2 + c sin X sin y cos 2 + c sin X cos 2/sin 2 

= c / ( y ) s inx sin 2 + cs inysinxcosz + c siny cosx sin 2. 

•̂̂ y ra: sin 2 [ / ( x ) siny - / ( y ) s i n x ] = sin 2 (siny cosx - cosy s inx) . i 

/ (x) sin y - / (y) sin x = sin y cos x - cos y sin x. (2) 
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Trong (2) lay x = TT, ta ditdc: / (TT) sin y = - Sin y. (3) 

Trong (3), lay y = ^ , ta dUdc: / (TT) ^ = / (TT) = - 1 . 

Trong (1), lay X = J / = ^ , ta dirdc: 

/ W . / ' ( | ) - c « / = ( i ) = c - l « / ( | ) = . V ^ . 

Trong (1), lay y = TT, ta dUdc ' ;̂̂ ,<. 

TCt (4) va (1) t a c o ' ' '' 

- / ( x ) = / ( x + 7r) = / ( x + | + | ) 

= ^(^^^'^^{11)-'^^^^^= - c s i n x / ( 0 - c c o s i . 

Suy r a , 

ccosx [ / ^ ( 0 + l j = r / ( ^ ) s i n x + c( 

=>-c/ (x) = c/ sinx + ccosx ^ / (a:) = / sinx + cosx 

=J ' / ( x ) = ±\Jc - 1 sinx + cosx. 

Sau khi t l n i lai , ta kct luaii : Co hai hain so thoa man cac ycu cau do bai la 

/ ( x ) = \ / r ^ s i n x + c o s x , V x , i ; e R ; / ( x ) = - I s i n x + c o s x , Vx,?/ G K. 

L i A i y . Neu hai ve cua phUdng t r inh ham doi xiing giCa cac bien thi bang 
each tang so bien, chung ta co the siJt dung dUdc tinh doi xvifng. 

B a i t o a n 2.316 (Do nghi t h i Olympic 30/04/2009). Cho ham so f lien tuc 
tren R vd thoa man 

fix)f{y)-f{x + y)=sinxsmy,Wx,yeR. (l) 

Mgminhrhng^-^^+^-^^ + ^ - ^ ^ 

G i a i . Ta c6 (1) <^ f{x + y) = / ( x ) / ( y ) - s inxs iny , Vx,y € R. Tien hanh 
tUdng t u nhu bai toan 2.315 6 trang 357 ta thu dUdc 

sinz [ / ( x ) siny - / (y) sinx] = sin z (siny cosx - cosy sinx) , Vx, y, z e K 
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T l , T h e z = | , t a n h a n d U d c 1 . < 

/ ( x ) s i n y - / ( y ) s i n x = s i n y c o s x - c o s y s i n x , Vx ,y 6 R 
[f{x) - cos x] sin y = [ / (y) - cos y] sin x, Vx, y € R. (2) 

Trong (2) cho y = | ta dUdc / ( x ) - cosx = / s i n x , Vx e R. Vay / ( x ) 
CO dang 

/ ( x ) = c o s x + a s i n x , Vx G R ^vdi a = / ( | ) j . 

Thay vao (1) ta dUdc: ,. 

cos(x + y ) + « s i n ( x + y) ^ •• 
= (cos X + a sin x) (cos y + a sin y) - sin x sin y, Vx, y e R. (3) 

Tii (3) cho X = y = ^ , ta dudc 
4 

a = I 2 ^ 2 

V&y / ( x ) = cosx, Vx e R, t h i i 1^ t h i y thoa man (1). Ta c6 

1 + cos2x + 1 + cos4x + 1 - cos6x = 3 + cos4x + cos2x - cos6x 
=4 - 2sm''2x + 2 sin 4x sin 2x 

= 2 - 2^sin4x - 2s in2x )2 - lcos24x < - . 

Vi vay 

> + / ( 2x ) ' l + / ( 4 x ) - l - / ( 6 x ) - , + 5 > s 2 x - r T ^ - r r ^ 

3 + cos 2x + cos 4x - cos 6x ~ 9 
2 

Dau bang xay ra k h i va chi khi 

f 1 + cos2x = 1 + cos4x = 1 - cosGx f cos2x = cos 
< sin4x = 2sin2x <^ < sin4x = 2su 
t cos4x ==0 cos4x = 0. 

thay he nay vo nghiem, do do dau bang khong xay ra dUdc, tit do suy ra 

= cos 4x = - cos 6x 
l s m 2 x 

1 1 1 
l + /(2./;) • l + / ( 4x ) • l - 7 ( 6 x ) 

y. Gia t h i l t ham s6 / lien tyc trong bai toan nay la khong c i n t h i l t . 
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B a i t o a n 2 . 3 1 7 . Tim tat cd cdc ham / : IR —• K th.oa man /(O) ̂  0 vd 

fix + y)f{x - 2/) = fix) - sin^y, Va;, yeR. 

G i a i . T r o i i g (1) cho x = y t a dUdc = M 'm'-Ar^oj : . i : . 

V <: M ' . / ( 2 i ) / ( 0 ) = - s i n ^ i , € R. . „ , u L , 

Dat h = /(O) ̂  0. T i r (1) va (2) suy r a , 

fix + y)fix -y) = / ( 2 i ) / ( 0 ) + sin^x - sin^y 
= 6/(2x) + s in(a-+ 7/) s in(x - y ) , Vx, y e R. 

D a t ?/. = ;;; + y, v; = x - y. t h a y vao (3) t a dilrtc + H l^o'J 

'7\ / (u )/ (w) = 6/(w + i ; ) + s i n u s i n i ' , Vu,w e M ^ 

•^'fc/Ctf 4-w) = - s i n u s i n t ; , Vu , u e M. x o i L 

V6 i luoi )/, V. w e M. yi't d u n g (4) t a d i w c 

6 / ( « + v + w) = /(•« + v)fiw) - s in (M + v) sinw; 

= - - s i n u s i n f ] / ( u ' ) - ( s i n ucost ; + c o s u s i n v ) sinu; ( i 

= y / ( u ) / ( t » ) / ( w ) - s inwsint ' — s i n ? i C o s u s i n w — c o s u s i n u s i n w . 

(1) 

(2) 

( 3 ) 

(4) 

M a t k l iac 

hf{u + t' + w ) = fiu)fiv + w)- s i n u s i n ( i ; + w) 

= ^ [/ ( „ )/ ( „ , ) - sin t; s in u; ]/ ( t t ) - (sinw cos w + cos f sm u;) s in u 

=-/(w)/( t^ )/ (w' ) - - / ( " ) I ' sin It; - sin u sin vcosw- s in u cos v sin w. 
b b 

Suy r a 

- fiw) sinu, s in v + cos M sin i ; sin u; 

1 --fin) s i n i ; s i n ») + sin i;.sin i;cosw,', Vu, v, w e R. 
b 

( 5 ) 

TT 
T i t (5) cho v = - t a d i ldc 

- / ( " ^ ) s i n u + c o s u s i n u ; = | - / ( w ) s i n u ; + s i n u c o s t i ; , Vu . z w S 

7/(11;) - cosw 
0 

s i n u = 7/(u) - cosu 
b 

sin Vu , u; S R. ( 0 
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_ong (6) cho u = t a dudc 

^f(w) - cosw= ^f 0̂ sin w, \/w 

01 

BV^y / ' l o ' l g f{x) = &COSX + c s i n x , Vx € R. T h a y vao (1) t a duoc 

• [6cos(x + y ) + cs in ( x + y)] [6cos(x - y ) + cs in ( x - y)] 

= ( 6 c o s x + c s i n x ) ^ - sin^y, Vx, y G R. •• (7) 

• X r o n g (7) cl io x = 0, y = | t a dudc -r^ = b'^ - I ^ b^ + c:^ = I. T h i i l a i 

B & ^ y h a m so / ( x ) = 6cosx + c s i n x , Vx e M, vd i b, c l a cac h a n g so, 6 7^ 0 va 
K2 + = 1 t h o a m a n cac yen can df' ba i . 

• B a i t o a n 2 . 3 1 8 . Tim tat cd cdc ham so / : R ^ R thoa man 

Kr 2:/(x) - y/ ( y ) = (x - y ) / ( x + y ) , Vx, y e R . (1) 

• Q i a i . T a t h e m b ien m d i z n lu t sau: Theo (1) t a c6 

m xfix)~ zfiz) = ix--z)fir + z),W.z&R. (2) 

m x / ( x ) - zfiz) = [ x/ ( x ) - y/ (y ) ] + [y/(y ) - ^/(z)] 

B = ( x - y ) / ( x + y) + ( y - . - ) / ( y + 2 ) ,Vx , y , _~eR . (3) 

Bid (2) va (3) suy r a ; • 

• ( x - z ) / ( x + z ) = ( x - y ) / ( x + y ) + ( y - 2 ) / ( y + 2 ) , V x , y , 5 e R . (4) 

• i f l i mo i u e R, xe t he x + y = l ,^ (x; y ; 2) = — — ; - — ; — — . D o 
• k , l , y + 2 = 0 \ 2 2 y 

t r a t h a n h / ( u ) = / ( l ) u + / ( 0 ) ( l - u ) , VM € R h a y / ( x ) = ax+b, Vx € R. 
Hpay vao (1) thay thoa m a n . 

B&i t o a n 2 . 3 1 9 (De ngh i t h i O l y m p i c Toan Quoc te-2005). Tim tat cd cdc 

B ^ m so f : (0; +00) —> (0; +00) thoa man dieu kien 

mk, f{x)fiy) = 2fix + y/ ( x ) ) , V X . y > 0. ' ^'^^>'\ (1) 

^VU. G i a siif l i a m / t h o a m a n cac y c u cau do ba i . T a se t h e m b i c n m d i z >0 
B»« sau: V6 i m p i so duong x , y, z, svC d u n g (1) n h i e u l i n t a dUdc 

B • f{x)fiy)fiz) = 2/(2)/ ( x + yfix)) = 4 / (2 + (x + y/(x))/(2)) 
• k , , - 4 / ( 2 + x / ( 2 ) + y / ( 2 ) / ( x ) ) 

= 4 / ( 2 + . T / ( 2 ) +2y / ( 2 + .T/(2)) 

• = 2 / (2 + x/(2)) / (2y ) = / ( 2 )/ (x )/ (2y ) . (2) 
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Do fix) > 0, /(z) > 0 nen tit (2) thn dudc 

^ „^ f{y) = f{2y), yy > 0. (3) 

Neu ton t^i hai so difdng . T I , X2 sao cho xi > X2 ma f{xi) < f{x2) thi ta xet 

so ditdng y = — r - ^ ^ — — r . Khi do 

f{x2) - f{Xi) 

f tv yfi^2) - yf{^\) = - X2 2 / / ( x 2 ) + X2 = yf{xi) + xi 

=>/ {^2 + yf{x2)) = f{xi + yfixi)) "^"^'^ f{x2)f{y) = f{xi)f{y). 
Do /(y) > 0 nen suy ra f{x2) = f{xi), den day ta gap man thuan. Do do 
vdi mpi s6 diiong xi, X2 sao cho xi > X2 ta luon c6 f{xi) > f{x2), ket 
hop v6i (3) ta se chting minh / la ham hang. Gia sii xi, X2 la hai phan tit 
bat ki ciia khoang (0;+oo) va x i < X2. Do lim 2"xi = +oo nen ton tai 
SO t u nhien n dii 16n sao cho 2"'xi > X2- Vi the, do (3) va do / la ham 
tang tren khoang (0;+oo) nen / la ham hang tren doan [ x i ; 2 " i i ] , lai do 
X2 e [ i i ; 2 " i i ] nen / ( i i ) = / ( X 2 ) , suy ra suy ra / la ham hang tren khoang 
(0; + 0 0 ) : / (y) = C, Vy > 0. Thay vao (1) dUdc C = 2. Vay c6 duy nhat mot 
ham so thoa man cac yen cS,u dfi bai la 

/(a;) = 2 , V x > 0 . 

Bai toan 2.320. Tim cac ham / , g : M —» M thoa man dieu Hen: g la ham 
lien tuc tren R , ham f ddn dieu thuc sU tren R va 

fix + y) = f{x)g{y) + / (y ) , V . T , y € R . (1) 

Giai. Gia suf hai ham f vk g thoa man cac yeu cau de bai. Ta se them bien 
mdi z nhiX sau: Vdi moi x, y, z, s\'t dung (1) ta dudc 

fix + y + z) = fix + y)giz) + fiz) = l/(x)5(y) + f{y)\ + /(z) 
= fix)yiy)giz) + fiy)giz) + fiz). (2) 

Mat khac cung theo (1) ta c6 

fix + y + z)= fix)giy + z) + / (y + z) ^ fix)giy + 2 ) + fiy)giz) + fiz). (3) 

Tif (2) va (3) suy ra vdi moi so thuc x, y, z ta c6 

fix)9iy)riiz) + fiy)giz) + fiz) = fix)giy + z) + fiy)giz) + fiz). 

Hay 
'^\'\: fix)giy)giz) = fix)giy + z),Vx,y,z&R. R (4) 

Dg thay /(_x) ^ 0, tiic la ton tai XQ^R sao cho / ( X Q ) ^ 0. Tit (4) l i y x = xo 
ta dufdc ' . I - i ' 

giy + z)=giy)giz),yy,zeR. (5) 

TiT (5), sii dung ket qua bai toan 2.216 6 trang 280 ta dUdc 

. gix) = 0, gix) = a^ {a la hang so dUdng). 

• Neu gix) = 0, Vx e E thi t\t (1) ta dUdc / (x + y) = / ( y ) , Vx, y e R. Tir 
day lay y = 1 suy ra / la ham hang, gap man thuan. 
• Neu gix) = 1, Vx e R thi tfr (1) ta dUdc 

fix + y)=^ fix) + fiy), V x , y e R . (6) 

Do / ddn dieu thuc sU nen t\i (6), sxs dung bai toan 2.167 cl trang 217 ta 
dUdc 

fix) = kx, Vx e R {k la hang so khac O), 

• Neu §(x) ^ a^, Vx e R (vdi a la hang so, 0 < a 7.̂  1). The vao (1) dUdc 

fix + y) = fix)a^ + / (y) , Vx, y 6 R (7) 
/ (y + x) = /(y)a- + / (x ) , V x , y e R . ' (8) 

TUT (7) va (8) dan den 

/{x)a'' + / (y) = /(y)a^ + / (x ) , V x , y € R 
^ / ( x ) [a" - 1] = /(y) [a- - 1], Vx, y e R. (9) 

Til (7) lay y = 0 dUdc /(O) = 0. TiT (9) suy ra 

Vay -̂^̂  la ham hlng, ket hdp v6i /(O) = 0 ta dUdc 

/ (x ) = 6 (a^ - 1), Vx e R (v6i 6 la hang so khac khong). , M • 

Sau khi thi i lai ta ket luan: Cac cap ham f vk g thoa man yeu cau de bai la: 

gix) = 1 va fix) = kx {k la hang so) ''' "** 

gix) = a"" vk fix) = 6 (a^ - 1) (a, b la hang so 0 < a 7^ 1, 6 7^ O). 

toan 2.321. Tim tdt cd cac ham so / : R R thoa man 

fix + y) = / (x) / (y) / (xy) , Vx, y € R. ( i ) 
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G i a i . G i i i sir h a m s6 / thoa man cac yeu c^u de ba i . S i i d i i n g (1), t a t h e m 

b io i i m d i z n h i t sau: 

f(x + !j + z) = fix)f{rj+z)f{xy + xz) 

= f{x)f{y)fiz)fiyz)fixy)f{xz)f{x^yz), Vx, y, z G K . (2) 

fix + !, + z) = f{y)f{x + z)f{xy + yz) 
= f{:r)f{y)f{z)f{xz)f{xy)f[yz)f{xyh), V x , y , z G E . (3) 

T i l (2) va (3) suy r a jX!''.. 
'••^•''^ / ( x \ 2 ) = / ( x 2 / ^ ^ ) , V x , y , z G K . (4) 

Vrti .r 7^ 0. ly 0. tfr (1) lav z = — t a dUdc / ( x ) = /•(?/), V x , y G R \, hav 
xy 

J l i i h a m hfliiK t ron IR\. G i a su / ( x ) = c, Vx G R \} (r; la h k i i g s6). Tfr 

(1) lay X = y = 1 t a dUdr c = <^ c G { 0 , 1 , - 1 } . T i r (1) l ay y = - x 7̂  0 

ta (Iwdc / ( ( ) ) = r' ' = c. Vay / ( x ) = c. Vx G K . D o do t a t ca car h a m ,s6 thoa 

ina i i yvn cati df' i)ai l a / ( x ) = 0, / ( x ) = 1. / ( x ) = - 1 . 

B a i toan 2.322. Tnn cac ham no / , y : Z —> Z thoa man: g la dan dnh va 

' :v i ' I V - / ( y ( x ) + ? / ) = y ( / ( ( / ) + x ) , V x , y G Z . (1) 

G i a i . T a t h e m hie i i m d i z n lu t sau: 

/ ( y ( x ) + ly) = y ( / ( y ) + . ; ; ) , Vx , j / € Z . ;| ; 

<=>/(r/{x) + y) + r = <?(/(?/)+ x ) + ; , V x , y , r G Z 

^ . 7 ( / (,'/(•'•) + !/) + ~) = y {<] ifiy) + -r) + z), Vx . y , G Z 

(g{z) + 9{x) + y) = y[g{f{y) + x ) + z)., V x , y , z G Z 

, (.'/(••'•) + !l{z) + v) = H ifl (./•(;'/) + x) + 2), V x , 7y, 2 G Z 

(/ iaiz) + y) + x)=g{g ifiy) + x) + z), V x , y , 2 G Z 

= > / + y ) + X = ry ( / ( y ) + x ) + V x , y , 2 G Z 

' (./-(y) + + = <l Wilj) + •>•) + z, V x , y , zeZ. • : (2) 

T i t (2) d i o 2 = - / ( y ) t a ditrtc H * ) ^ 

y(0 ) + x = y ( / ( y ) + x ) - / ( y ) , V x , y G Z 

... V <^5(0) + x + / ( y ) = . v ( / ( y ) + x ) . V x , y G Z . (3) 

T i t (3) i h o X = - / ( y ) + f t a dUdc ff(0) + < = git), Vt G Z . Vay 

r v v g ( x ) = X + c, Vx e Z . • . 

T h a y vao (1) t a dUdc « ^ "SJ .r.Se.S n « . . 

( i ) / ( X + 2/ + C ) - / ( y ) + x + c, V x , y G Z . ( i ) 

3 6 4 

J ,r (4) lay X = - y - r t a d i fd r / ( y ) = y + d, Vy G Z ( v d i rf = / ( ( ) ) ) . Vay 

5 ( x ) = X + c, Vx G Z va / ( x ) = x + rf, Vx G Z , 

c va la n h f m g hang so nguyen t i i y y. T h u lai t hay d i i n g . 

gai toan 2.323. Tim tdt cd cdc ham so / : R ^ K thoa man 

fixy) = / ( x ) / ( y ) - / ( x + y) + 1, Vx , y G K . ̂  - f *, ' (1) 

il rt-S-^L. 
Giai . T i t (1) cho x = y = 0 t a di tdc 

/2 (0 ) - 2 / ( 0 ) + 1 = 0 ^ [/(O) - 1]2 = 0 ^ / ( O ) = 1. 

Ta t hem bien m d i z i i h i t sau: V d i m p i so thi.tc x , y, 2 t a c6 

/ ( x y r ) = fix)fiyz) - fix + yz) + 1 

= fix) \fiy)fiz) - fiy + z) + 1) - fix + yz) + l 

= f{x)fiy)fiz) - fix)fiy + z) + fix) - fix + yz) + 1. 

Mat khac- 1 

/ ( x y 2 ) = / ( 2 ) / { x y ) - / ( 2 + x y ) + l 

= /(-) [fix)fiy) ^ / ( x + y) + 1] - / ( 2 + x y ) + 1 

= fix)fiy)fiz) - fiz)fix + y) + fiz) - fiz + xy) + 1. 

T i t (2) va (3) suy ra vd i u io i so th i t c x , y , z t a c6 

fix)fiy + z) - fix) + fix + yz) = fiz)fix + y) - fiz) + fiz + .xy) . ' 

T i t (1) d i d X = 1 va y = - 1 dUdc 

/ ( - l ) = / ( l ) / ( - l ) « 

• Tn tdag hdp / ( - I ) = 0. T i t (4) d i o 2 = - 1 va x = 1 ditdc 

/ ( i ) / ( y - 1) - / ( I ) + / ( I - y ) = fiy - i ) , Vy G R . 

(5) d i o y = 2 dUdc M-K-.-c ' 

/ ' ( I ) - / ( I ) = / ( I ) « 

(2) 

/ ( - i ) = o 
/ ( I ) = 1. 

(3) 

(4) 

lav* { ( 1 ) = 0- K h i do (5) trci t h a n h / ( I - y ) = / ( y _ i ) , Vy G R. T i i day 
yhaiy+i t a difdc " 

fi-y) = fiy), Vy G ( 6 ) 
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/ « = 2 - / { - » ) , v » e R ^ _ _ (9) 

T ir (1) thay y bdi -y va siTf dung (6) ditrtc i ' , v r . i i , , 

Tir (7) va (1) suy ra /(x + y) = /(x - y) , Vx, ?/ € M. Tvit day cho x = j/ va luu 
y /(O) = 1 dudc /(2x) = 1 , Vx e K, tir day lay x = 0,5 dudc / ( I ) = 1 , mau 

thuan vdi / ( I ) = 0. 
0 Xet / ( I ) = 2. K h i do (5) trcj thanh 

2f{y - 1) - 2 + / ( I - y) = f{y - 1), Vy € R _ 
^ / ( y - l ) = 2 - / ( l - y ) , V y e R . • ' ' ' ^ " ^ (8) 

T i f (8) thay y bdi y + 1 dadc * '̂̂  ' 

1 i 1.,. , .... ... ^ i - / ( y ) = - ( i - / ( - y ) l , V y e R . 

Dat 1 -/(x ) = g{x). T i r (9) suy ra ham so p thoa man g{-x) = -g{x), Vx e K 

va (1) trd thanh 

1 - g{xy) = [l- g{x)][l - p(y)] - 1 + p(x + y) + 1, Vx, y e R 
. <:^g(xy) = g{x) + g{y) - g{x)g{y) - g{x + y) , Vx, y G R. (10) 

T i f (10) thay y bdi - y dUdc 
-9{xy) = p(a:) - g{y) + g{x)g{y) - g{x - y), Vx, y € R. (11) 

Cong (10) va (11) ta dUdc I 

• - ' p(x + y ) + 5 ( x - y ) = 25(x), V x . y e R . (12) 

Tir (12) cho y = X dudc g{2r) = 2g{x), Vx € R (do g{Q) = 0), (12) t r d thanh 

gix + y)+ g(x - y) = g{2x), Vx, y e R. (13) 

Vdi mpi so thuc u va v, dat = x, ^^--^ = y. K h i d6 theo (13) t a diTcJc 

, g{7i.) + g{v) = g{n + v),yu,vem ^ 
• • ' . ^ 9 ( x + y) = y ( x ) + 5 ( y ) , Vx ,y e R . (I'J) 

TiJt (10) va (14) suy ra 

y(xy) = - y ( x ) y ( y ) , V x , y € R . (15) 

Tir (14), tien hanh tirdng t u nhir d Idi giai bai toan 2.214 d trang 278 ta 

chi'mg minh diTdc: 
g{rx) = rg(x), Vx G 1̂C) 

(IC) 
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Tir (15) cho y = X ta dUdc ^(x^) = -[g{x)]^.. Vx G E . Suy ra /(x) < 0, Vx > 0. 
Tir (15) va (16) ta dUdc 

rp(x) = y ( r x ) = - 5 ( r ) y ( x ) , V X G E , r G Q . (17) 

D§ thay ^(x) = 0 thoa man (10). Xet y(x) ^ 0. K h i do ton tai xo G R sao 
cho y{xo) 7^ 0 Tfr (17) cho x = xo, ta dUdc 

gir) = - r , Vr G Q. (18) 

Tiep theo ta chi'mg minh g la ham nghich bien. Gia sii x < y. K h i d6 y - x > 0, 
suy ra g{y - x) < 0. Sii dung (14) ta dUdc 

9{y)=9i{y-x) + x)=g{y-x) + g{x)<g{x)^ g{x)>g{y). 

Vay ham g nghich bien tren R. Vdi x G E t i iy y, ta chon hai day so hihi t i 

K j r p K i : ^ «ao cho 
• 'i 

Un < ^ < Vn,yn = 1,2,... ; l im u„ = l im Vn = x. 
n—•+00 n—•+00 

Vi g la ham giam nen ket hdp vdi (18) ta cd .. "•• 

9{un) > g{x) > g{vn) =^ -Un > g{x) > -Vni^n = 1,2, . . . ) . 

Cho n —» +00 trong bat dang thu:c tren ta diTdc: ;•: 

- X > g{x) > - X g{x) = - x . 

Do do: fix) = l+x. , , . 

. TVudng h o p / ( I ) = 1. Tir (4) cho 2 = 1 dirdc -'^'^'^^ 

/(x)/(y + 1) - fix) + fix + y) = /(x + y) - 1 + / ( I + l y ) , Vx, y 6 R 
^ / ( x ) / ( y + 1) - fix) = - 1 + / ( I + xy) , Vx, y G R. , „ (19) 

Tir (19) lay y = - 1 dUdc / ( I - x) = 1, Vx G R hay /(x) = 1, Vx G R. Sau 
khi thfr lai ta ket luan: Cac ham so thoa man cac yen cftu de bai la 

/(x) = l , / ( x ) s x + l . 

L m i y. Neu dat /(x) - 1 = gix) th i ta thu dirdc .,71 , 

1 + 9ixy) = [1 + »(x)][l + 9iy)\ 1 - 5(x + y) + 1, Vx, y G R 
^gixy) - y(x) + y(y) + y(x)y(y) - y(x + y) , Vx, y G R. (10) 

"̂̂ »g tudng t u nhu tren ta chi'mg minh dUdc 

/ y(x + y) = y ( x ) + y(y) , V x , y G R , • 
I 9ixy) = 9ix)9iy), Vx,y G E . 

^ ^ay, sii dung b ^ toan 2.169 d trang 218 ta dUdc gix) = 0 va ^(x) = x. 
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B a i toan 2.324. Tim tat cd cdc ham so lien tuc /, 5 , / i : R —• R thoa man 

f{x + y)-gixy) = h{x) + h{y),Wx,yeR. (1) 

G i a i . Gia sil (/, g, h) la mot bo ba ham thoa mau cac yeu cau de bai. Tiir ( l ) 
cho y = 0 ta d U d c f{x) = h{x) + h{0) + g{0), \/x e R. V i the 

(1) <^ h{x + y) + h{0) + giO) - g{xy) = h{x) + h{y), Vx, y e M 
^ h{x + y) = hix) + h{y) + hixij), yx,y e R, (2) 

vdi A; la ham so: k{x) = g{x) - g{0) - h{0), Vx £ R. Sii dung (2), ta them b i l n 

mdi z n h u sau: 

h{x + y + z) = h{x + y)+ h{z) + k{xz + yz) 
' = h{x) + h{y) + h{z) + k{xy) + k{yz + zx), Mx, y, 2 e R. 

TUdixg t u ta dildc: 

. • + y + z) = h{x) + h{y) + h{z) + k{yz) + k{zx + xy) 
= h{x) + h{y) + h{z) + k{zx) + k{xy + yz). 

Nhir vay, vdi moi so thuc x, y, z ta c6 

k{xy) + k{yz +zx) - k{yz) + k{zx + xy) = k{zx) + k{xy + yz). (3) 

Gia sii o, b la hai so thuc bat k i . 

• Trudng h d p a > 0 va 6 > 0. Xet c > 0. Chon x = y = \ — 

thay vao (3) d U d c / 

A;(a) + A : ( 6 + c ) = A;(6) + /c(c + a) = fc(c) + fc(a + 6), V a , 6 , c > 0 . (4) 

V i 5 lien tuc tren R nen A: lien tuc tren M, do do tiif (4) cho c - * 0 + ta diTdc 

fc(a) + fc(6) = A.-(a + t-) + A:(0), V a > 0 , 6 > 0 . (5) 

/

he I ca / 

—, y = i / - r . - 2 = \ 
a \ \

thay vao (3) d U d c ' 

k{a) + k(b + c) = k{b) + k{c + a) = k{c) + k{a + b), Va < 0,6 < 0, c > 0. (C) 

V i g lien tuc tren R nen A; lien tyc tren M, do do t\X (6) cho c -» 0+ ta d\i0c 

k{a) + k{b) = k{a + b) + k{0),Va<0,b<0. ~ (7) 
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• Tracing hdp a < 0 va 5 > 0. Xet c < 0. Chon x = y = z = ^J^, 

thay vao (3) dUdc 

k{a) + k{b + c) = k(b) + k{c + a) = k{c) + k{a + b), Va < 0,6 > 0, c < 0. (8) 

Vi g lien tuc tren R nen k lien tuc tren R, do do ttr (8) cho c ^ 0~ ta dudc 

A;(a) + A:(&) = A(a + 6) + fc(0), V a < 0 , 6 > 0 . (9) 

• Trirdng hdp a > 0 va 6 < 0, tUdng tU ta cung thu dUdc ' ' ^ S'^': : 

k{a) + k{b) = k{a + b) + k{0),Va>0,b<0. ' " ' (10) 
(« -f -s. 

• Neu i t nhat mot trong hai so a, b bang 0 t h i k{a) + k{b) = k{a + b) + fc(0) 
cung dung, do do tCr (5), (7), (9), (10) ta co 

fc(a)+fc(6) = /c(a + 6) + A;(0), V a , 6 e R . (11) 

Xet ham so t : R ^ R nhu sau: t{x) = k{x) - k{Q), Vx e R. TiT (11) ta c6 

t{x + y) = t{x)+t{y), Vx,yeR. (12) 

Do ham so t lien tuc nen t i i (12), siir dung ket qua bai toan 2.214 ci trang 278 
ta thu ditdc l{x) = ax,\/x 6 R, vdi a la hang so thuc. V i the ham so A: c6 
dang k{x) = ax + 6, Vx G R, suy ra ham g c6 dang g{x) = ax + a, Vx G R. 
Thay vao (2) t a dUdc ' 

/i(x + y) = h{x) + h{y) + axy + Q , Vx, y G R '̂ 

^M^r + y ) - (a: + y ) 2 = [ / j ( x ) - ^ x ^ 

=^h{x) - |x2 = mx + n, Vx G R. 

+ h{y) - y + a = Q, Vx ,y G ! 

% ham s6 h CO dang /.(x) = ^x^ + „.x + n, Vx G R. I b m lai: ^ " ' ^ 

/(x) = ^x2 + mx + ^(x) = ax + b, h{x) = ^x^ + mx + m. ' " ' 'V-

Thay vao (1) ta d U d c 

2(3: + y)2 + rn{x + y)+p~ axy - 6 = - x ^ + mx + n + ^y^ + my + n, Vx, y G 

P~b = 2n. Vay cac ham so thoa man yeu cau de bai la 

f{x) = + mx + 6 + 2n, g{x) = ax + b, h{x) = ^x^ + m x + n . 
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B a i toan 2.325. Tim tat cd cdc ham so lien tuc / : K —> R thoa man 

f{x + y) + f{xy) = f{x)+fiy) + f{xy + l),S^x,yeR. (1) 

G i a i . Gia sii ham so / thoa maii cac yeu cau de bai. Xet ham so g nhu sau: 
, • g{x) = f{x + l)- fix), V x e R . 

K h i do g lien tuc tren R va (1) trd thanh: ' / 

/ ( x + y) = / ( i ) + / ( t / ) . + 5(xy), Vx, 2 / e R . r (2) 

Suf dung (2), ta them bien mdi z tirong t u nhu bai toan 2.324, thu dUdc ket 
qua: Ham g c6 dang g{x) = 2ax + b, Vx € R. Thay vao (2) ta dUdc 

fix + y) = fix) + fiy) + 2axy + 6, Vx, y € R 

+ hiy) - ] + 6 = 0, Vx, y G <^/(x + y) - a(x + y)2 = [/i(x) - ax^ 

=!>/(x) - ax^ = mx + n, Vx e R. 

Thay / ( x ) = lu'^ + inx + vi, Vx e R van (1) ta ditdc 

a(x + y)^ + Tn ( x + y) + n + ax'̂ y'̂  + 77txy + n 
=ax^ + mx + n + ay^ + my + n + a(xy + 1)" + 7n(xy + 1) + n , Vx, y e R. 

Rut goii ta difdc a + m + n = Q n = -a - m. Vay ham so thoa man yeu 
cau dc bai c6 dang / { : / ) = (u-^ +inx - a - in, Vx € R, vdi a, ni la nhOng hftng 
so tuy y. 

B a i t o a n 2.326. Tim tat cd cdc ham so lien <uc / : R -+ R thoa man 

fix + y) + fixy) + 1 = fir) + fiy) + fixy +1), Vx, y € R. (1) 

Hirdng d i n . Xet ham so g(x) = / ( x + 1) - / ( x ) - 1 lien tuc tren R. Ta c6 

. ( l ) ^ / ( x + y) = / ( x ) + / ( y ) + 5(xy), V x , y e R . (2) 

Vay ta them bien mdi z tUdng UX uinr bai toan 2.324, thu ditdc kct qua: Hani 
g CO dang ^(x) = 2ax + b, Vx e R. Thay vao (2) ta dUdc 

fix + y) = fix) + fiy) + 2axy + 6, Vx, y € R 
M y ) - a y 2 + 6 = 0 , V x , y e <» / (x + y) - a(x + y)'^ = [/t(x) - ax^ 

=>/(x) - ax^ = mx + 7i, Vx e R. 

Thay fix) = ax^ + 7 n x + n, Vx € R vao (1) ta ditdc 

a(x + y)^ + 77t(x + y) + 7t + ax^y^ + inxy + 7t + 1 

=ax^ + 7nx + n + ay^ + my + n + a(xy + 1)^ + 7n(xy + I) + n, Vx, y € R-

Riii gun ta dUdc a + m+ n= l'^n=l-a-m. Vay ham so thoa man ye« 
cau de l)ai c6 dang / ( x ) = ax^ + mx + 1 - a - m, Vx € R, v6i o, m la nhifuS 
hang so t i iy y. 
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2,12 Phu'dng trinh ham sinh bdi hang dSng thiJc 

p 6 i vcii nhOng phudng t r inh ham dang nay t h i c6 the thay ngay dUdc ham 
gg f(^x) = X thoa man yeu cau de bai. Tuy nhien viec t i m tat ca cac ham so 
thoa man yeu cau de bai khong phai la de dang, tham chi la rkt kho. 

• Tit hang dang t h i k x ^ - y ^ = ( x - y ) ( x + y) ta nhan thay ham so / ( x ) = x 
la nghiem ciia cac phUdng t r i n h ham sau: ^̂ ^̂  

(i) x / ( x ) - y / ( y ) = ( x - y ) / ( x + y) . ' T ' ' 
in)fix')-fiy') = [fix)-fiy)]ix + y). 

• T i t hang dang thiic (x^ - y2 ) (x + y) = (x + j/)2(x - y) suy ra / i ( z ) = x 
va fiix) = x^ thoa man phUdng t r inh ham 
(iii) (x - y ) / ( x + y) - (x + y ) [ / ( x ) - / ( y ) ] . 

• Hdii niJa ta thay rSng neu cac ham f\a / 2 la nghiem ciia phifdng t r inh 
ham (i i i ) t h i f\ / 2 va A / i (hay Q / I +/3/2) cung la nghiem ciia plutdng 
t r i n h ham ( i i i ) (Hay noi theo ngon ngu: ciia toan hoc cao cap la tap hdp 
cac nghiem ciia plutdng t r inh ham (ii i) la mot khong gian vec td con), 
suy ra hix) = ax^ + hx la nghiem ciia phUdng tr inh ham ( i i i ) . 

1 Tiit hang dang thifc x^ - y^ = (x^ + xy + y2 ) (x - y) suy ra fix) = x la 
nghiem ciia phitdng t r i n h ham 

/ ( ^ ' ) - / ( y ' ) = ( i ' + :ny + y 2 ) [ / ( x ) - / ( y ) ] . 

I l l day ta xay di.mg phifdng phap giai cho mot s6 phildng t r i n h ham sinh li hang dang thrtc. 

1 t o a n 2.327 (Irish-1995). Tim tat cd cdc ham so f : I 

xfix) - yfiy) = (x - y ) / ( x + y) , Vx, y G I 
ia i . 

R thoa man 

iv^ac 1 : X a y dtftig h a m . Goi p(x) = / ( x ) - /(O). K h i do g la ham so xac 
f^inh tren R va y(0) = 0, fix) = p(x) + /(O), Vx € R. Thay g(x) vao (1) dildc 

2;l9(^-) + /(O)] - y[5(2/) + /(O)] = (x - y ) [ 5 ( i + y) + /(O)], Vx, y € R 
^^9ix) - ygiy) = (x - y)gix + y), Vx, y G R. 

% ta thu dUdc 

I ^(0) = 0 
- 2/p(2/) = (x - y)gi:c + y) , Vx, y e R. 
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Bi /dc 2: Suf dung dSng thu-c g{0) = 0. T i f (2) cho y = -x ta. thu dudc 

xg{x) + xg{-x) = 0 => g{x) = -g{-x),Vx ^ 0. 

Do g{0) = 0 nen g{-x) = -g{x)yx € M. Tut (2) thay y hdi -y ta thu dudc 

;., • X,(7(.T) + y.<?(-y) = (.T + ?y).9(.T - Va:, ?/ € R ' ' "'̂  

K i t h(?p vdi (2) suy ra 

ix-y)g(x + y) = {x + y)gix-y),yx,y€R. (3) 

Vdi moi so thuc u vk v, luon ton tai hai so thuc x va y sao cho u = x + y, 
u = X — J/. Do do tijf (3) suy ra 

vg{u) = ug{v), W,v eR • • •"\(\); - x) (it 

' ' " " V u # 0 , . ^ 0 

= C (hang so) ^ 5(x) = Cx, Vx ^ 0. 

Ket hop vdi .9(0) = 0 ta dUdc g{x) = Cx, Vx e M. Vay / ( x ) = ax + h, thiit lai 
diing. Do do ham so can t i m c6 dang 

/ ( x ) = ax + 6, Vx € K (a va 6 la cac hang so).' 

Ltfu y. Viec dat ^ (x ) = / ( x ) - /(O) nhSm thu dUdc mot phUdng trinh tUdng 
tir nhir (1): 

xg{x)-yg{y) = {x-y)g{x + y), V x , y e M . 

Ngoai ra con co them ditdc ket qua quan trong: 17(0) = 0. 
C a c h 2. Dat , 

(1) 5 W = / W - [ / ( 2 ) - / ( l ) ] x - 2 / ( l ) + / ( 2 ) , V x G R . (*) 

K h i do 5(1) = y(2) = 0. Trong (1) lay y = 1 ta dUdc ' ' '̂̂  ' 

x / ( x ) - l / ( l ) = ( x - l ) / ( x + l ) , V x e R . "f 

Do do vdi mpi x 7̂  1 va x 7^ 2 ta c6 

Thay (*) vao (**) ta dudc v.; h t , ' 

g{x + 1) + [/(2) - / ( l ) l ( x + 1) + 2/(1) - / (2) 

. * 372 

(**) 

[gix) + [/(2) - / ( l ) ] x + 2/(1) - /(2)] - • I 
X — 1 X — 1 , 

n)o do 

K ^ (x + i ) = ^ + [ / ( 2 ) - / ( i ) i [ ^ - ( x + i ) l .; 
WL X I l_x — 1 J 

• =f^ + im - + [2/(1) - / ( 2 ) ] - ^ - ^ 

K x - i x - 1 x - l x - 1 1 = ^ + ^ t ^ ( ' ) - + 2/(1) - / (2) - / ( I ) ] = M^. 
fcong (1) lay J/ = 2 ta dUdc » • 

ar/(x) - 2/(2) = (x - 2 ) / (x + 2), Vx e R. . r. -
2/(2) Do do vdi moi x 7̂  1 va x ^ 2, Ta c6 / ( x + 2) = 

ff(x + 2) + [ / ( 2 ) - / ( l ) ] ( x + 2 ) + 2 / ( l ) - / ( 2 ) ' i 

= [9{x) + [/(2) - / ( l ) ] x + 2/(1) - /(2)] -

Dodo .:,._J=^ni^•^•'•' ' 

^ ( ^ + 2) = ^ + [ / ( 2 ) - / ( l ) ] 
x - 2 

+ [ 2 / ( 1 ) - / ( 2 ) ] f _ f _ _ i ) _ M 

- (x + 2) 

2/(2) 

. Do do 

\ 

-7^ + [/(2) - / ( l ) ] . ^ + [2/(1) - / ( 2 ) ] - ? _ _ 

.T 2 
* y v d i m o i x ^ l v ^ : , ^ 2 , ta c6 

x - 2 

(2) thay X bdi X + 1 ta dUdc 

5(x + l ) = f ^ 
x - r 

» (^ + 2) = ^ 
x - 2 ' 

(2) 

(3) 

9{x + 2) = lf+iMl±i) = + l )p (x ) 
^ x - 1 • 
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K i t hdp v6i (3), suy ra vdi moi x ^ 1 va x ^ 2 ta c6 

xg{x)^{x + l)9(x) ( ^ 
X - 2 x-\ 

• _ 23(xj_ 

g{x) = 0 
x - 2 x - i y 

= 0=>(/(x) = 0 , V x ^ l , x f ^ 2 . 
" ' ( ^ - 2 ) F - 1) 

K i t hcJp vdi 5(1) = 5(2) = 0 suy ra g{x) = 0,Vx € M. B6i vay 

/( .x) = [/(2) - / ( l ) ] x + 2/(1) - / ( 2 ) , Vx G K. 

Do do / ( x ) CO dang / ( x ) = ax + 6, V i € R, T l n i thay thoa man. Tom lai 

ham so can t i m la 
/ ( x ) = ax + 6, Vx e M v6i a va 6 la hang so bat k i . 

C a c h 3. K i hieu P(u, v) chi vi^c thay x bcii u va thay y bcii vao (1). V6i 

moi X £ R t h i 

/ x - 1 1 - x V 
p 

p 

p 

2 ' 2 y 
fl-x x + 1 ^ 
V T " ' 2 J 

1 - x / 1 - x 

i - ^ j f i : i £ ^ = ( x - i ) / ( o ) . 
2 

x + 1 
V 2 
/ x + 1 

V 2 
= - x / ( l ) 

o ^ \
(2) 

Cpng hai phildng trinh tren ta dUdc 

Thay vao (2) suy ra 

x / ( l ) - (x - l ) / ( 0 ) = / ( x ) ^ / ( x ) = ax + 6, Vx e R. 

Thir lai thay thoa man. 
L i m y. Bai toan nay chinh la bai toan 2.318 a trang 361 (d bai "Giai phirdng 
t r i n h ham bang phudng phap them bien"). Ldi giai bang phudng phap them 
bien z do chinh la gdi y di ta dvfa ra c^ch giai 3 6 day. 
B a i toan 2.328 (De t h i HSG T P H C M nSm hoc 2004-2005; Pan AfrifiU' 
Olympiad 2003). Tim tat cd cdc ham so / : R -> R thoa man 

/ ( x = ' ) - / ( 2 / ' ) = (x + y ) [ / (x ) - / (2 / ) ] , V x . y e R . (1^ 
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Qxidc 1 : X a y dvtog h a m . Goi ^(x) = / ( x ) - /(O). K h i do g la ham so xac 
^inh tron R va 

^- • 3(0) = 0 , / ( x ) = f f ( x ) + / ( 0 ) , V x e E 

Thay g{x) vao (1) ta dUdc 
[g{x^) + /(O)] - b ( y ' ) + /(O)] = (x + y)[g{x) + /(O) - g{y) - /(O)]. Vx, y e R. 

Vay ta thn dirdc ,,. ^, jjy^ .,|,. ,,,, _ , . 

( 9{0) = 0 , 
1 g{x')-9{y') = {x + yMx)-g{y)]yx,y€R. 

Biidc 2: T i m each suf d u n g dSng thufc gi(0) = 0. Tir (2) cho y = 0 ta 
thn dUdc 

gix"^) = X3(x),Vx € R. 

Vay ket h0p vdi (2) ta c6 (' WI - (' '.. Vl 
xg{x)-yg{y) = {x + y)[g{x)-g{y)]yx,yeR s;;:;-

<!=>x5(x) - 2/£?(y) = xg{x) - yg(y) + yg{x) - xg{y), Vx, y € R 
<f=>x.9(2/) = yg{x),\tx.,y€ R 

^ ^ . ^ , V x ^ O , y ^ O . 
X y 

Tilt day lay y = 1 dUdc ^(x) = ax, Vx € R\. Do (7(0) = 0 nen 

g{x) = ax, Vx e R. 

Do (16 / ( x ) = ax + ^,V.7; € R. ThiV lai thay thoa man. Ham so can t i m c6 
dang 

/ ( x ) = ax + 6, Vx e R (a va 6 la cac hkng so bat k i ) . 

Cach khac . Tiong (1) cho y = 0 ta dUdc 

f {•'•:') = /(O) + x [ / ( x ) - /(O)], Vx € R. '̂ ^̂  " 

Trong (1) Cho x = 0 ta dUdc 

/(2/') = /(0) + 2/[/(y)-/(0)] , V y e R . 

Suy ra 
I 

f{x^) - / ( y ' ) = xf{x) - yfiy) - /(0)(x - y ) , Vx, y € R. (3) 

^^t khac theo (1) ta CO ,1 < \ 

fix"") - f{y^) = xfix) - yfiy) - x / ( y ) + y / ( x ) , Vx, y € R. (4) 



T i t (3) va (4) ta c6 

xf{y) - yf{x) = /(0)(x- - y),Vx, y 6 R. 

Tfr day cho 1/= 1 ta dUfJc ' ^ ^̂̂̂^ ' ' ' ; V 

x / ( l ) - / ( x ) = / ( 0 ) ( x - l ) , V x € R 

. > i ^ V A V , ( U V ^•/(x) = [/(I) - /(0)]x + / ( 0 ) , V x € R. 

Vay /(x) = ax + 6, vdi a = / ( I ) - /(O) va = /(O). Thuf lai thay ham s6 
/(x) = ax + 6 thoa man cac yeu can de bai. Vay ham so can t i m c6 dang 

/(x) = ax + 6, Vx e R (a va 6 la cac hang so bat k i ) . 

B a i toan 2.329 (MONDOVA-2004 ; Algeria MO-2011). Tim tat ca cac ham 
so / : R —• R thoa man 

fix') - /(?/) = (.x̂  + xy + y')[f{x) - /(?/)], Vx, y e R. (1) 

G i a i . 
Bxidc 1: X a y diAig h a m . Goi ^(x) = /(x) - /(O). K h i do g la ham so xac 
dinh tren R va 5(0) = 0, /(x) = g{x) + /(O), Vx e R. Thay ^(x) vao (1) ditdc 

[gix') + fm - [giy') + m] 
= (x2 + xy + y'Mx) + /(O) - g{y) - /(O)], Vx, y G R. 

Vay ta thu dUdc ' ' 

\ = {x-'+xy + y-')[g{x)-g{y)\yx,yeR. 

Bvtdc 2: T i m each suf dung g{0) = 0. TiT (2) cho y = 0 ta thu dugfc 

gix') = x^g{x)yxem. ' ,^ 

Vay ket hdp vdi (2) ta co 

x'^g{x)-y'^g{y) = {x^ + xy + y^){g{x)-g{y)],^x,y€R ^ 
J ^Q=-x'^g{y) + xyg(x)-xyg{y) + y^g{x),yx,yeR 

^ <^g{x){xy + y^)=g{y){x'^ + xy),\/x,yeR 
' ^ y ( x + y)5(x) = x(x + y)3(2/),Vx,yeR (3) 

- ' ^ ^ = ^ , V x ^ G , y ^ 0 , x ^ - y . (4) 
X y 

Tir (4) lay y = 1 dUdc 

v; p(a:) = ax, Vx € R\, - 1 } . •..)\ 
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DO , (0 ) = 0 nen g(x) = ax, Vx G R\. Tf , (3) l i y . = 2 va y = - i ^udc 

-5 (2 ) = 2 5 ( - l ) O g{-l) = -lg{2) ^ y ( - l ) = -a. 

Vi the 5(3;) = ax, Vx € R. Do do /(x) = ax + 6,Vx e R. T h i i lai thay thoa 
nian. Vay ham so can t i m c6 dang 

fix) = ax + b, Vx e R (a va 6 la cdc hang s6 b i t k i ) . „ , 
Bai toan 2.330 (Silk Road Mathematical Competition March 2004, Sin
gapore National Mathematical Olympiad 2012). Tim tat ca cdc ham so 
/ : R —> R thoa man 

(x + y ) [ / ( x ) - / ( y ) ] = ( x - y ) / ( x + y) , V x , y € R . (1) 

Giai . Gia sii / la ham so thoa man do bai, khi do ta c6 (1). Trong (1) cho 
X = 1, y = - 1 ta diTdc /(O) = 0. Xet ham so 

9{x) = fix) - mitj(2l, _ mt^Mil 2 "T 
2 2 ' (*) 

De thay /i (x ) = x va /2 (x) = x^ thoa man phitdng t r i n h ham (1). Hdn nfla 
ta thay rang neu cac ham fi va / 2 la nghiem (1) t h i / i -I - / 2 va A/i (hay 
otfi+0f2) cung la nghiem ciia (1). Vay g(x) cQng la nghiem ham (thoa man) 
(1) va ..7(0) = nil) = gi2) = 0. Vdi mpi x ^ { 0 , 1 , 2} ta c6 

(x + l ) [ / ( x ) - / ( I ) ] = (x - l ) / ( x + 1) (do I4y y - 1 trong (1)) 

^ / ( ^ + l ) - ^ [ / ( x ) - / ( l ) ] . 

Thay (*) vao (**) ta dUdc 
(**) 

. x - H 
"x - 1 

Do do 

- f - m~2fii) r ( x + i ) x 2 

• ( x + l ) i 

x + l 
= ^ 5 w + 

I x-1 
4/(1) - /(2) 

I x - 1 

- ( x + l ) 2 

x + ll 

- ( x + l ) 

x - t - 1 
X - 1 / ( I ) 

x - 1 
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+ 
/ (2 ) - 2/(1) 

x + 1 
x - l 
i + J L 

^ x - l 

(x + 1) 
x - l 

x + 1 

x+_ l 
x - l 

/ ( I ) 

4 } ( 1 W ( 2 ) + / ( 2 k : M l l - / ( I ) 
2 2 X - 1 . 

T 4- 1 x + 1 

X-l 3; - 1 

T i t d n g tvt, v 6 i m p i x ^ { 0 ,1,2 } t a c6 • 

/ ( x + 2) = ^ [ / W - / ( 2 ) l -

Suy r a 

D o do 
^ x + 2 , . ^ 4£ ( l ) _ : _ i ( 2 ) i ^ L ± ^ - ( x + 2) 

X - 2 

+ 
/(2) - 2/(1) •(x + 2)x2 

+ 

x + 2 , 
^9(2:) + 

X - 2 
/ ( 2 ) - 2 / ( l ) 

x - 2 

4 n i W ( 2 ) 
2 

•4(x + 2) ' _ 

x + 2 
x - 2 

/ (2) 

•2(x + 2) 

- 2 

L x - 2 
x + 2 
x - 2 

/ (2) 

x + 2 , , ^ 3 : + 2 
x - 2 
x + 2 

' x - 2 

x - 2 

S f m - 2 f ( 2 ) ^ 4/(2) - 8/(1) _ 

T 4- 2 X + 2 , , 

2 

1 . 

/ (2) 

T o m la i t a c6 

T i t (2) suy r a 

g ( , + l ) . ^ 3 ( x ) , V x e R \ { 0 , l , 2 } . 

^^^ + 2) = | i | 9 W > V x e R \ { 0 , l , 2 } . 

, ( x + 2) = ^ . ( x + l ) = ^ - ^ ^ ( ^ ) -X X - 1' 
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I t li<?P (3) suy r a v d i mQi x ^ { 0 , 1 , 2} t a c6 

x + 2 ( x + 2 ) ( x + l ) 
x - 2 x ( x - l ) 

V§.y 9(^) = 0, Vx 7̂  - 2 . T h a y x = - 2 vao (2) ta d U d c 

y ( - i ) = ^ ^ ( - 2 ) = ^ y ( - 2 ) = 3 ^ ( - l ) . 

Thay x = - 1 vao (3) t a d U d c , , ,\ (a /J..v ; \ 

g{i) = -\g{-l)=>a{-i) = -Ml) = 0^9{-2) = 0. ' 

V^y 5(3;) = 0, ti'rc la g{x) = 0, Vx e R. Do do , . , 

fix) = ax + bx^, Vx e R (vdi a va la hftng so bat k i ) . 

T h i i la i t h a y t h o a m a n , vay t a t ca cac h a m so can t i m c6 dang • ̂ '̂  

/ ( x ) = ax + tx'^, Vx € R (vdi a va 6 la hang so bat k i ) . 

N h a n x e t 7. i/iajy / i ( x ) = x va / 2 ( x ) x^ </td« m a n phiMng trinh ham 
(1). //crn n!?a <a thay r&ng neu cac ham fi vd /2 la nghiem (1) thi / i + / 2 wd 
A/i (/la?/ a / i + /3/2) cung Id nghiem cua (1) . Do do ta du dodn rang tat cd 
cac ham so can tim deu c6 dang ,. , ; • 

) '/rr 
/ (x ) = (IX + />x^,V.r G R [vdi a, h Id cac hdng so). ' ' 

De chiing minh dieu du dodn tren ta se chiCng minh f{x) - [ax + bx^] = 0, tile • 
M chiing minh g{x) = f{x) - \ax + bx^] cd nhieu hdn hai nghiem. Di chi'Cng 
ninh g{x) cd ba nghiem la 0, 1,2 ta di chiing minh 

U ( 2 i = / ( 2 i - 2a - 46 = 0 l 2 a + 46 = / (2 ) | ^ ^ 4/(1) - / ( 2 ) ^ 

vay ta mdi xet ham so g{x) nhu dd xet d trong Idi gidi cda bat todn 2.330. 
^ V dodn dugc f{x) = ax + 6x^, la mot da thiic bac hai. do do trong suy nghi, 
kii^^^ c/iji'ng minh g{x) se cd ba nghiem. Tuy nhieu khi trlnh bay Idi gidi, 

ducfc phep sit dung dieu nay vl la chua chiing minh duoc / ( x ) Id da 
^ '"^c, ydy ta phdi chiing minh g{x) = 0,Vx € R. Qua day mot Ian nUa chung 
^^hdy ducic tain quan trong cua vice dodn nhan kit qua, no giup ta cd diCcJc 
''̂ ^ 'o'i gidi "rat thieu tie nhieu". 
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/(O) = 0 
/(O) - - 1 . 

B a i t o a n 2 .331 . 71m tat ca cac ham so / : M —• K thoa man:') (*vv . i 

/ (.T + ?/2 + z^) = fix) + [f(yf + [fiz)f, Vx, y, z G R. 

G i a i . K i hieu P{x, y, z) la phep the ( i ; y; z) va phUdng tr inh ham (1). 

p { o , 0,0) m = / ( o ) + imf + [ / ( o ) p ^ 

Tr i f&ng h d p 1: /(O) = 0. ,, ... 

P ( 0 , 0 , z ) ^ / ( 2 ^ ) = (/ (^ f , V z e R . 1. 

0, z) ^ / (x + z') = fix) + Ifiz)]^ = fix) + f {z^) , Vx, 2 e R. 

' PiO,y,0)^f{y^) = [fiy)]\yyeR. 

Do tiTdng umg 2 H-» 2^ la song anh nen tijf (3) suy ra: 

/ ( X + 2 ) = / ( X ) + / ( 2 ) , V X , 2 G R . 

Tir (4), (5) va tirong t a nhir bai toan 2.171 (6 trang 221), t a suy ra: 

fix) = 0, Vx 6 R; fix) = x, Vx e R. 

Tr i^dng h d p 2: /(O) = - 1 . , 

, , P ( 0 , 0 , 2 ) ^ / ( 2 3 ) = [ / ( 2 ) ] ^ V 2 6 R . 

' ^> i P (0 ,y ,0 )=* ./ (y2) = [/(y)]2 - 2, Vj/€ R . 

Tir day suy ra: > 

/ (x^) = [/(x)]2 - 2 = [/(-x)]^ - 2 ^ [/ ( - x ) ] 2 = [/ (x ) ] l Vx 6 R. 

Tiep theo ta c6: 

P(x, 0,z)=>f{x + z') - fix) + [fiz)f + 1, Vx, z 6 R. 

^ / (x + 2^) = / ( X ) + / (2^) + 1, VX ,2 6 R . 

Thay 2 = - .̂ /x vao (7) ta dUdc: 

- 1 - fix) + fi-x) + l=> fi-x) = - 2 - fix), Vx e R. 

Thay (8) vao (6) t a dUdc: 

[-2 - fix)]' = [/(x)]^ Vx e R 
*:i>4/(x) + 4 = 0, Vx e R 

i'V> 1:1 (:u\ = - 1 , Vx G R. >t^M -A. 

Sau khi thiif lai ta ket luan: cac ham so thoa man yeu cau de bai la: 

fix) = 0, Vx e R ; fix) = X, Vx G R; /(x) = - 1 , Vx G R. 
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p a i t o a n 2.332. Tim tat cd cac ham so / : M —• R thoa man: 

[fix + 2/)] ' = / (x^) + 2/(xy) + / ( y 2 ) , Vx, y G R. (1) 

G ia i . K i hi^u /^(x) = [/(x)]^ va F {x ,y ) la phep thay (x;y ) vao (1). 

P(0; 0 ) ^ / 2 ( 0 ) = 4/(0) -fgj I 5 ' 

Tr i/dng h d p 1: /(O) = 4. 

P(x, 0) /2{x) = / (x^) + 8 + 4 =!> f\x) = / (x2) + 12, Vx G R 

Pi-x, 0) =4> /2 ( - x ) = / (x^) + 12, Vx G R 

^ f\-x) = f\x),^x€R. 

Tiep theo, ta c6: / 

P(x, - x ) ^ 16 = / (x2) + 2/ ( - x2 ) + / (x2) 

^ / (x^) + f i-x') = 8 => fix) + fi-x) = 8, Vx G IR 

Thay (3) vao (2), ta dildc: 

(2) 

(3) 

[ 8 - / ( x ) ] ' = / ' ( x ) , V x G 
<^16/(x) - 64 = 0, Vx G R 
^ / ( x ) = 4, Vx G R . 

Thilf lai thay ham so /(x) = 4, Vx G R thoa man cac yeu cau de bai. 
Trtfcing h d p 2: /(O) = 0. P(x,0) /^(x) = / (x^) , Vx G R . 

ir (4) suy ra: /(x) > 0, Vx > 0. 

P(x, - x ) /2 (0) = / (x^) + 2 / ( - x2 ) + / (x2) 
= > / ( ^ - ^ ) + / ( - X 2 ) = 0 , V X G R 

^ /(a:) + fi-x) = 0, Vx G R 

^/ ( - a : ) = - / ( : t ) , V x G R . 

hu vay / la ham so le tren R. 

• De thay ham so /(x) = 0, V i G R thoa man cac yeu cau de bai. 

• Tigp theo t a gia si i /(x) ^ 0, kh i do ta chiing minh: 

fix) = 0 ^ X = 0. 

(4) 

(5) 
Do /(O) = 0 nen neu x = 0 th i /(x) = 0. Gia sii /(xi) = 0, ta can chutng 
minh x i = 0. Neu xi 7̂  0 th i : 

P (x i ,xO ^ /2(2x,) = 4/ (x?) = 4/2(xi) = 0. 
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Vay neu f{xi) = 0 th i /(2xi) = 0. Siit dung ket qua nay lien tiep ta 

( / ( 2 " a ; i ) = 0 , V n = l , 2 , . . . 

Do ham / khong dong nhat 0 nen ton tai 1 2 7^ 0 sao cho / ( 1 2 ) ¥= 0. Ta 
' C O X2 7^ x i v i neu = xi t h i f{x2) = / ( x i ) = 0, mau thuan. Til (1) va 

(4) suy ra: 
/^(x + y) >/'(?;) , V . T , , v > 0 

• =^/(x) > / ( y ) , Vx > y > 0. ^ ' (6) 

Do / la ham so le tren R nen khong mat t inh t5ng quat, c6 the gia su: 
x i > 0 va X 2 > 0. K h i do / ( X 2 ) > 0. Do l im 2 " x i = + 0 0 nen ton tai 

n — • + 0 0 
, <• .. !,•! do ( 6 ) 

n du 16n sao cho: 2 "x i > X 2 , khi do: 0 = / ( 2 " i i ) > / ( X 2 ) > 0, v6 If. 
; Vay xi - 0 va (5) dUrtr rhtifng minh. 

— Ti6p theo ta c:lu'mg minh: ' "V 

(th:.nM /(nx) = n / ( x ) , V x > 0 , V n e N . (7) 

Ta C O n = 0 thoa man (7). Tiep theo ta chiJng minh neu /c £ N tlioa 

rp^„^,- man (7) t h i A- + 1 cfuig thoa man (7). That vay: 

P(fcx ,x)=^ f{{k + l)x) = f{kx)+2f{kx^) + / 2 ( x ) , V x > 0 

^ f{{k + l)x) = k'f{x)+2kf{x^) +f{x),\fx>0 

^ f ((/>• + l ) x ) = + 2k + 1) f ( x ) , Vx > 0 

4; ^ = > / ( { f c + l ) x ) = (fc + l)V '(x). V x > 0 

' = > / ( ( A - + l ) x ) = ( A ; + l ) / ( x ) , V x > 0 . 

Nhir vay (7) dung. Do / la ham le nen tCr (7) suy ra: 

/ ( r 2 x ) = n / ( x ) , V x 6 M , V n e N . (8) 

- Chitng minh: f{q) = q^q e Q. Tir (4), ta c6: - •• 

/^(1) = /(1)' '^V(1) = 1 . 

Kgt hop v6i (8), ta ditdc: /(n) = n , Vn € N . 
Vdi n € N * , ta c6: 

Gia s . U € Q, > 0, kh , do , = ^ , vdi m G N ^ n e Siif du»g 

/ 1 \1 \ m _ 
(8) ta dUdc: /(<?) = / [rn.-j = m / j = m . - = - - q. 
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N h u vay: /(?) = 9, € Q,q > 0. (9) 
H i Vdi p la so hu:u t i am, ta c6: 

/(p) = / ( - { - p ) ) = - / ( - p ) ' ' = ' ^ - ( - p ) = p. (10) 

H T TCr(9), (10) v a / ( 0 ) = O s u y r a : = V g G Q . (11) 

- Chilfng minh / la ham tang tren R. Tir (6) suy ra ham / tang tren 
(0; + 0 0 ) . Vdi X, y € {-oo\ x > y, khi do: 

H < -j^''-^") /(_ , ; ) < / ( _ y ) ^ _/(, ; ) < ^ /(a:) > /(y) . 

N h u vay / tSng tren ( - 0 0 ; 0). Ket hop vdi /(O) = 0 va ( 6 ) suy ra / 
tang tren R. 

- Cuoi cuiig, tit (11) suy ra cong thuTc ciia ham / tren R. Vdi moi 
^B, X e R, khi do ton tai hai day so hi i i i t i (p,,), (g,,) sao cho: 

Pu < X < g „ . Vri = 1,2 ; lim p„ = lim </„ = x. 1 

Do / tang tren R va do (11) nen: «„> 

K / ( P n ) < fix) </(</„). V-U = 1, 2, . . . 

K ' ^ P n < /(x) < g „ , Vn = 1, 2 , . . . (12) 

^Km' Tir (12) cho n —» + 0 0 va sii dung nguyen l i kep, ta dUdc: f{x) - x. 
H|! Vay: /(x) = x. Vx G R. Thi'r lai thay thoa man. 

Ket luan: cac ham so thoa man yeu cau dg bai la: (I' 

/(x) = X , Vx G R; / ( i ) = 0, Vx G R; /(x) = 4, Vx 6 R. 

Li fu y. Viec dir doaii ham thoa man yeu cau dg bai la kha dg dang. Tuy nhien 
TrucJng hop 2, c6 mot diSu t h i i v i la ta khong suy ra / cong th ih , nhung lai 
t inh chat cua ham cong t inh , do la fijix) = nf{x), Vx G R, V»t G N va t i i 
suy ra ket qua bai toan. Qua day, cho ta mot kinh nghiem, neu khong suy 

' ' ' i ' t inh chat" nao do cua ham / t h i hay thu di thn nhii i ig t iuh chat khac c6 
' "oi quau he mat thiet vdi " t i n h chat" ma minh can. 
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i VI • 

Chi^dng 3 

Phifdng trinh ham da thiJc 
Phitdng trinh ham da thiic la mot dang toan kho. Di giai dirdc cac phirong 
trinh ham loai nay, chiing ta can nam ro khong nhiJng cac ky thu$,t giai 
phuong trinh ham ma con ca cac tfnh chat va cac dac trimg cd ban ciia da 
thilc nhir nghiem, h? so, bac, tinh lien tuc, tinh hQu han nghiem, tinh kha 
vi . . . PhUdng trinh ham da thiic con dildc de cap d bai 5.4: Sii dung day so 
trong phirong trinh ham da thiic va mot so bai toan khac. Ban doc hay xem 
them cac bai toan 5.50, 5.52, 5.53, 5.54... d chudng 5. 
Quy tfdc. Trong toan bo chiTdng nay va cac bai toan lien quan den da thiic ci 
cac chuong khac, khi cho da thiic neu khong c6 gia thiet gi them thi ta hieu do 
la da thiic he so thuc. Bac ciia da thiic P{x) dxxac ki hieu la deg(P) hoSc deg P 
Ki hieu. Di noi rSng f{x) la da thiic c6 he so thuoc K, ta ki hi?u: f{x) eK[x]. 
Vay ta c6 quan he N [x] C Z [x] cQ[x]cR [x]. 

3.1 D a thiJc xac dinh bofi phep bien doi doi so 

Trong bai nay, cac ky thnat giai phUdng trinh ham da drtdc trinh bay 6 cac 
chUdng trudc se dUdc sii dung 6 day. Sau day la mot so kien thiic ve da thiic 
thu5ng dung. 

• Neu da thiic P(x) thoa man P(x) = P(x + a), Vx e R (vdi a la mpt hKng 
so khac khong nao do) thi P{x) = c (vdi c la hang so tiiy y). 

• Neu da thiic P{x) c6 v6 so nghi?m thi P{x) = 0, t.ic la P(x) = 0, Vx € K-
noi rieng, neu so nghiem ciia da thiic P(x) Idn hc'n deg(P) thi 

P(x) = 0 ,Vx€K. 

• KT thuat tim da thiic dua tren phep bien d6i doi so va bien dSi da th'J'' 
da dUdc de cap trong cac bai toan 1.39 d trang 24, bai toan 1.75 d tra»o 
46, bai toan 1.76 d trang 46, bai toan 1.69 d trang 42. ,, , 
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gai toan 3 .1 . Hay tim tat cd cac da thiic P(x) he s6 thrjCc thoa man: 

P(x + 2011) = P(x + 2009) + 70, Vx G R. - (1) 

Giai. Trong (1) thay x bdi x - 2009 diTdc P(x + 2) = P(x) + 70, Vx e R. (2) 
Dat P(x) = 35x + G(x), Vx € R. Khi d6 G(x) € R[x]. Thay vao (2) ta dUdc 

35(x + 2) + ^ ( x + 2) = 35x + G(x) + 70, V i € K 
<f^G(x + 2) = G(x) ,Vx€R 
^G{x) = c, Vx e R (c la hling so bat ki). 

y^y / (x ) = 35x + c, Vx 6 R. Thi i l^ti thay thoa man. Tat ca cac da thiic thoa man de bai la 

P(.x) = 35x + c, Vx e R (c la hang so bat ki) . , 

Cach khac. Dat P(0) = 2c. TVong (2) lay x = 0,2,4,6,..., 2n ta dUdc 

. P ( 2 n ) = > ( 2 n - 2 ) + 7o 
P(2n) = P(o) + 7o„^Vne. 

Suy ra P(n) = 35n + r Vn G M * R A - -

nghi,m. Suy ra P ( . ) _ 35x 4 = 0 tjZ',' ^ ^ - 35x - . e6 vd s6 

...-.:P(- + l ) = Ŵ + 2x + l , ^ e R . 
(1) 

Giai. Dat P(x) = G(x) + T?. Khi do G(x) ciing la da thiic he so thuc. Thay 
vao (1) ta ditdc G(x + 1) = G(x), Vx e R. Vay G(x) = c (hang so). Suy ra 

* P(x) = x^ + c, Vx € R (vdi c la hang so tuy y). ' '̂''-̂  
Thix lai thay thoa man. 

Cach khac. Dat P ( l ) = c. Trong (1) Ian ludt lay x = 1,2,3,..., m ta difdc 

] r(3) = P(2) + 5 =^P(m + l ) = P ( l ) + (3 + 5 + --- + 2m + l ) . ^ ^ ( m + l ) = P(m) + 2m + l 

ra P(m + 1) = c + (m + 1)^, Vm = 1,2,..., t i i do P(x) = c + x^, Vx e R. thay thoa 

man. Vay tat ca cac da thiic can tim la 

P(x) = x2 + c,VxGR(vdi c lahang sotuy y ) . • . 
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Bai toan 3.3. Tim tat cd cdc da thiic P{x) thda man dieu kien 

{x - l )P(x - 1) - (x + 2)P{x) = 0, V.r e R. (1) 

Giai . Trong (1) Ian lU0t lay a; = 1, x = 2,..., x = n (n € Z, n > 3), ta dudc 
x = l , x = 2 , . . . , x = n l a nghiem cua P{x). Vay P{x) c6 v6 so nghiem nen 
P{x) 0. Thu lai thay tlioa man. 

Bai toan 3.4. Tim tdt cd cdc da thdo P{x) € IR[x] thda man dicu kicn 

x P ( x - 4 ) = (x-2016)P(x), V x e R . (1) 

Giai . Trong (1) laii krot thay x bdi 0, 4, 8,..., 2016 ta siiy ra 0, 4, 8,..., 2012 
la nghiem ciia P{x). Dat P{x) = x(x - 4)(x - 8 ) . . .(x - 2012)g(x), Vx e IR. 
Khi do Q(x) cfmg la da thiic va thay vac (1) dildc 

Q{x - 4) = Q(x)., Vx G R\. 

Suy ra Q{x) la da thi'tc likng, do do: ' 

P{x) = Cx(x - 4)(x - 8 ) . . . (x - 2012), Vx € R (C la liKng so). 

Tluir lai thay thoa man. 

Bai toan 3.5. Tim tdt cd cdc da thiic P(x) e R[x] thda man dieu kien 

x P ( x - 4 ) = (x-2015)P(x), V X G R . (1) 

Giai . Trong (1) Ian lircit thay x bdi 2015, 2011,..., 2015 - An ta suy ra 

2011.2007,...,2015- 4(n+ 1) 

la nghigm ciia P{x). Vay P(x) c6 vo so nghiem, suy ra P{x) = O.Vi e R. 
L i ^ y. Sit khac nhau co ban ciia bai toan 3.4 va bai toan 3.5 la: 

4 4 

Bai toan 3.6. Cho so nguyen duang k. Tim tdt ca cdc da thi'tc P{x) e W\ 
thda man dicu kicn: (x - 2015)^'P(x) = (x - 2016)^'F(x + 1), Vx e R. (1) 

Giai . Tfl (1) lay x = 2016 ta ditdc P(2016) = (2016 - 2016)'=P(2017), suy la 
2016 la nghiem boi Icin hdn hoac bang k ciia P(x). Dat 

P(x) = (x - 2016)^Q(x), Vx e R. 

Khi do Q{x) la da thi'tc thoa man 

(x - 2015)*{x - 2016)^'g(x) = (x - 2016)*-(x - 2015)''Q(x + 1), Vx € R-

Hay Q(x) = Q(x + 1), Vx e R, ngliia la Q{x) la da thiic hang s6. Thii lai ta 
thay da tlnic P(x) = C(x - 2016)^ (C la hang so) thoa man yeu cau de bii ' 
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ga i todn 3 .7 (Olympic Moldova-2004). Tim da thiic P{x) G R[x] , thoa man: 

(x^ + -ix^ + 3x + 2)P(x - 1) = (x-'' - 3x2 ^ 3^ _ 2)P(.7;). Vx G R. 

Giai- TrUdc het ta tim cac nghiem ciia da thiic P(x). T i i gia thiet ta c6 

(x + 2)(x'^ + X + l)P(x - 1) = (x - 2)(x2 - X + l)P(x), Vx G R. 

Tft day chon x = -2 suy ra P(-2) = 0, chon x = - 1 suy ra P ( - l ) = 0 (do 
theo tron ta co P(-2) = -9P(-1)) , chon x = 0 suy ra P(0) = 0, chon x = 1 
suy ra P( l ) = 0. Vay P(x) = x(x - l )(x + l ) (x + 2)Q(x), vdi Q{x) la da thiic 
he so thiic. Tiep theo thay P(x) vao dang thiic ci dc bai ta dUdc ,., ,. 

Su.\ ra 

[(^ + 2)(x^' + X + - _ 2)x(x + 1)Q(^ _ 1) 
= [ ( - - 2)(x2 - , + _ ^ ^^^^ ^ 2)g( , ) , Vx 6 

(x^ + X + l ) g ( x - 1) = (x^ - X + l )g(x) , Vx G R\, - 1 , 1 , -2,2} 

- ( x - i ^ ^ ( ; " i ) . i = ^ - - - - ^ \ ^ » - - - ; - - - - - - > - ; 

R{x) = R{x - l),Vx7^ 0 , x ^ 1.x ^ - l , x / 2 , x ^ -2 . :* 

Suy ra P(x) = C (hang so), vay Q(x) = C{x^ +x + 1). Do do '̂ ^ 

P(x) =C(x2 + x + l ) x ( x - 1)(X+1)(X + 2 ) , V X G R . 

f ix + 2)(X2 + X + 1)C(X2 - X + l ) (x - 1)(X - 2 ) X ( I + I ) 

=(x - 2)(x'^ - X + l)C{x^ + X + l )x(x - l)(x + l ) (x + 2) (thoa man). 

Lifu y. T i i each giai trcn ta do dang .sang tac diroc cac bai toan c6 Idi giai 
tiioug ti.r (xem bai 3.6 d trang 426). 

^ ^ i toan 3.8 (De nghi thi Olympic 30/4/2010). Tim. tdt cd cdc da thiic 
^(^•) e R[x] thoa man: (x + 4) P(x) + 2x = xP(x + 2), Vx G R. (1) 
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H v t d n g d i n . Dat P{x) = Q{x) + ax, thay vao (1) d U d c 

( i + 4) [Q(x) +ax]+2x = x [Q{x + 2) + a(x + 2)], Vx 6 R. (2) 

T i t (2) suy r a can c h p n hang so a sao cho ! •«{ r, 

(x + 4)ax + 2x = ax (x + 2), Vx e R 

^ax^ + (4a + 2)x = ax^ + 2ax, Vx € R , 

•«>4a + 2 = 2a<(=>2a = - 2 < f 4 > a = - 1 . i l u i i ! 

Vay neu dat P{x) = Q{x) - x, Vx G R, thay vao (1) d i M c 

(x + 4 ) g ( x ) = x Q ( x + 2), V X G R . (3) 

Den day ta lam t i i d n g t u nhu bad toan 3.3 hoSLc 3.4 h o S c 3.5. 

B a i toan 3.9. Tim cdc da tMc P{x) he so thuc thoa man diiu kien: 

P ( x ) P ( x + 3) = P ( x + l ) P ( x + 2), V X G R . (1) 

H t f d n g d i n . De thay da thiic hang so thoa man yeu cau bai toan. Gia sii 
da thuTc P(x) (v6i degP > 1) thoa man cac yeu cau de bai. Dat S la t?Lp tat 
c a cdc nghiem (ke ca nghiem phuTc) cua P{x), kh i do S la tap h i iu h^n va 
5 7^ 0. Gia s i i 2 G S. Do P(z) = 0 n e n trong (1) lay x = z ta dudc 

P ( 2 + l ) P ( z + 2) = 0 . 

Suy ra (z + 1) G 5 hoac (z + 2) G 5 . Lap luan t U d n g . t u dan den 5 la tap vo 

h^n, vo If. 

B a i toan 3 .10. Tim tat ca cdc da thiic P{x) G R[x] thoa man diiu hen 

P(xy) - P(x)P( i / ) , Vx G R. (1) 

G i a i . De thay da thi'rc P (x ) = 0 thoa man yeu cau de bai. Tiep theo xet 
P ( i ) ^ 0. Gia sijf deg(P) = n > 0. Trong (1) cho x = y = 0 ta dttdc 

P(0) = [P(0)]2 ^ P(0) G {0 ,1} . 

• Neu P(0) = 1 t h i t i t (1) lay y = 0 ta nhan dmc P (x ) 1, Vx G R . 

• Neu P(0) = 0 t h i P (x ) = xQ(x) , vdi Q(x) la da thiic c6 bac nho h d n deg(-P) 

mot d d n v j . Thay vao (1) ta d U d c 

xijQ{x7j) = xyQ{x)Q{y), Vx, y G R 

, , , <^Q{xy) = Q{x)Q{y), Vx ,y G R 
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(do tCt Q{xy) = Q{x)Q{y), Vx ^ 0, y ^ 0, suy ra Q(xy) - Q{x)Q(y) = 0). Si5 
diing k e t qua 6 t r e n ta d U d c Q(x) = 1 h o a c Q(x) = x Q i ( x ) , w6\ l a da 
thutc t h o a man deg(Qi) = deg(Q) - 1 va 

Q i ( a ; y ) - g i ( a : ) g i ( y ) , V x , y G R . f 

V i bac c i i a da t h i i c khac khong, c h o tritcic la hiJu han nen tiep tuc qua t r i n h 
tren s a u hitu h a n budc ta thu d U d c P ( x ) = 1 hoSx; P ( x ) = x " . Sau khi thuf 
lai ta ket luan: Cac da thiic thoa man yeu cau de bai la 

P ( x ) = 0, P ( x ) = 1, P ( x ) = x " (n G W). " 

B a i toan 3 . 1 1 . Tim tat ca cdc da thiCc P ( x ) G R[x] thoa man diiu kien 

P{u^ - v'^) = P{u + v)P{u - u), Vu, t; G R. (1) 

Hvtdng dSn. Dat x = u + v,y = u-v. Thay vao p h i T d n g t r i n h (1) ta ditdc 
P(xy) = P ( x ) P ( y ) , Vx G R. Sau do sii dung bai toan 3.10. 

Bai toan 3.12 (De nghi t h i Olympic 30/04/2012). Tim tat cd cdc da thiic 
F{x) he so thvCc va thoa man diiu kien 

[P{x)f - 2 = 2P(2x2 - 1), Vx G R. (1) 

Giai . Gia suT P ( x ) khong phai la da thiic hang. Dat P ( l ) = a. Trong (1) lay 
I = 1 ta d U d c - 2a - 2 = 0. Gia s i i P ( x ) = (x - l ) P i ( x ) + a, Vx G R. Thay 
vao (1) ta dildc 

(x - lf\Pi{x)f + 2a(x - l ) P i ( x ) + a^ - 2 - 2 [(2x2 - 2) Pj (2x2 _ i ) + a 

^ ( x - l)2 [Pi (x)]2 + 2a(x - l ) P i ( x ) = 2 [(2x2 _ 2 ) (2x2 _ j ^ ' 

=S>(x - l ) [Pi (x)]2 + 2aPi(x) = 4 ( x + l ) P i (2x2 _ ^ 1_ ( 2 ) 

Do h a m da thiic P i ( x ) lien t y c nen tilt (2) c h o x -» 1 ta d i l d c 

2aP, ( l ) = 8 P i ( l ) 4 * P i ( l ) = 0 ( d o 2 a ^ 8 ) . 

Ti-rdo P i (x ) = ( x - l ) P 2 ( x ) . Dan t6i P ( x ) = (x - l)2p2 (x) + a, Vx G R. Thay 
vao (1) ta d U d c 

(x - 1)^[P2(.T)]2 + 2a(x - l)2p2 (x) = 2 [(2x2 _ 2 ) ^ 2 (2x2 _ 

= ^ ( X - 1)2[P2(X)]2 + 2aP2 (x) = 8 ( X + 1)2P2 (2x2 _ ^ j (3) 

ham da thiic P2(x) lien tyc nen t i l (3) cho x -+ 1 ta d U d c . 

2aP2(l) = 32P2(1) <^ P 2 ( l ) = 0 (do 2a / 32). 
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T\t do P2ix) = {x- l )P3( i ) . Dan t6i P ( x ) = (x - 1)-*P3(.T) + a, Vz € M. T i l p 
tuc n lm tren ta dUOc: F ( x ) = (x - l ) " Q ( x ) + a, Vx e K ( Q ( l ) 0). 
Thay vao (1) t a dUdc: 

, ( x - l ) 2 " [ g ( x ) p + 2 a ( x - l ) " Q ( x ) = 2 [ ( 2 x 2 - 2 ) " Q ( 2 x 2 - l ) ; 

=^(x - l )" [Q(x)]2 + 2aQ(x) = 2 " + ' ( x + 1)"Q (2x2 _ ^ ^ 

Do ham da thiic Q(x) hen tuc nen tit (.4) cho x -» 1 ta dildc 

2aQ ( l ) = 22"+iQ(l ) ^ Q ( l ) = 0 (do 2a ^ 22"+') . 

Den day t a gap man thuan. Vay P{x) la da thi'rc hang: P{x) = a. Thay vao 

(1) suy ra ket hian: Co hai da thiic thoa man yen can de bai la 

P ( x ) = 1 + \/3, Vx e E ; P ( x ) = 1 - \/3, Vx e R. 

3.2 Suf dung tinh chat nghiem va so sanh bac 

Sail day la tnpt so luu y khi giai toan: 

• Da thvtc. P ( x ) nhan so a lam nghiem khi va chi khi P ( a ) = 0. 

• Da thrrc P ( x ) CO deg (P) > 1 chi c6 lum han nghi§m. 

• Neu phan so toi gian - (tiic la p,q e-Z,{p,q) = 1) la nghiem ciia da 

thite vdi he so nguyen P ( x ) = a „ x " + a„_ix"~^ H h a ix + an t h i q la 
udc ciia a„ va p la irdc ciia OQ. D S C biet neu a„ = ± 1 th i nghipm hiru t i 
do la nguyen. 

• Neu da thv'rc P ( x ) c6 v6 so ngliiem th i P ( x ) = 0, ti ic la P ( x ) = 0, Vx e K, 
noi rieng, neu so nghiem ciia da thuTc P ( x ) Idn hdn deg (P) th i 

^ P ( x ) = 0 , V x € R . 

: • Mo i da t lnic bac le deu c6 nghiem thuc. 

, • Xc t da thiic ho so nguyen P ( x ) = a „ x " + a„_ ix"~^ + h n i x + «o 
Neu a, b la cac so nguyen (hoac him t i ) va y/c la so v6 t i t h i P{a ± b\fc) 
CO dang P ( a + b^) = k + m^fc va P ( a - b^) - k - ruy/c, trong do 
k,m la cac so nguyen (hoSc hi iu t i ) . D i e biet neu P ( x ) c6 nghieni la 
X = a + 6\/c th i no cung c6 ca nghiem x = a - bi/c ^cach chiing m i " ' ' 
nhu sau: chiing minh bang quy nap rang neu (a + 6 v ^ ) " = d + esfc tl" 
(a - b-y/c)" = d - e-v/c, trong do a, 6, d, e la cac so-nguyen (hoac hiiu ti)-
n e NV Sau do thay vao P ( x ) j . ^ -
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j3ai t o a n 3.13 (Dg nghi t h i Olympic 30/04/2002). Tim da thUc khong dSng 
nhdt khong, bac nhS nhdt cd he sS nguyen nhan I - \/2 + lam nghi$m. 

Giai. T i t 

x = l - \ ^ + \ ^ ^ x ( l + \/2^ = l+(^^'j = 3 = > x v ^ = 3 - x 

=^2x'' = (3 - x)^ = 27 27x + 9x~ - x^ ^ x^ - Sx^ + 9x - 9 = 0. 

Vay 1 - + la nghipm ciia da thiic bac ba hp so nguyen 

fix) = x^ - 3x2 + 9^ _ 9 , , , ^ 

No'i /(•^) nghiem hfni t i thi / ( x ) c6 nghiem nguyen la udc ciia 9. Cac so 
± 1 , ± 3 , ±9 khong la nghieni ciia / ( x ) , do do f{x) khong c6 nghiem hiJu t i 
va 1 - + 1'̂  v6 t i . Dan tdi 1 - v '^ + khong la nghiem ciia da 
thi'rc bac nhat c6 he so nguyen. Gia su 1 - + s / i la nghipm ciia da tlnic 
bac hai g(x) vdi he so nguyen. Chia / ( x ) cho g{x), gia .sir dUdc la , 

fix) = gix).qix) + rix), vdi deg(r) < 2. I 
Vi / ( I - + v^) = 0 nen ril - ^ + ^) = 0, do do r(x) = 0. Bdi vay 
fi^) = si^)l{-^): vdi <7(x) la da tlnic c6 bac 1 va c6 hp so hiiu t i . Suy ra / ( x ) 
(o nghiem hiiu t i , dieu nay man thuan vdi / ( x ) khong c6 nghiem hiiu t i . Vay 
fix) la da thiic bac nhd nhat c6 hp s5 nguyon nhan 1 - \/2+ \/4 lam nghiem. 
Lifu y. Qua IcJi gitii trcn ta con thu dUdc pliUdng phap cluing niinh nipt so 
nao do la so v6 t i . 

Bai t o a n 3.14. Tim da thiic he. so nguyen c6 bac nhd nhat nhan l + \/2 + y/3 
lam mot trong cac nghiem ciia no. . ; , 

Giai. Tfr - i 

x = l + \ / 2 + \ / 3 = > ( x - l ) - y 2 = \ / 3 = J > ( x - l ) 2 - 2 v ^ ( x - 1) + 2 = 3 
= x̂2 - 2x = 2 v ^ ( x - 1) x'* - 4x^ + 4x2 ^ ĝ â _ 2x + 1) 
=>x^ - 4x'* - 4x2 + 16x - 8 = 0. 

% da thiic Q(x) = x'* - 4x^ - 4x2 ̂ . ĝ̂ . _ g .̂̂  ^jj^^. ĵ g ^ nguyen nhan 
1 + lam nghiem va de thay ring deg((5) = 4. Gia sii P(x) la mot da 

•̂ hiic he so nguyen nhan 1 + \/2 4- •/S lam nghieni. Bang quy nap ta de dang 
'•hiiiig minh dirpc bieu dien sau 

(1 + v/2 + v^)^ ' = uk + bk\f2 + cx\/3 + dkVQ, Vfc = 1,2,. . . 

'^''"'ig do ak,bk,Ck,dk la cac s(") nguyen. K h i do van dua Vfui nguyen li quy 
"^P ta CO 

( (1 - v/2 + v^)^- = ak - 6fcv/2 + Ck^/2. - d^s/G 
< il + V2 ~ ^/3)^ = Ok + bkV2 - ckV3 ~ dk^/e 
I (1 - - 73)^- = ak- bkV2 - Cfc\/3 + dks/6-
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Bdi vfly ton tai cac so nguyen A , B , C, D sac cho 

P{1 + V2 + V3) = A + B\/2 + CV3 + DVG 

va khi do 
P{1-V2 + V3) = A-BV2 + CV3-DV6 

,^ p{i + V2-Vs) = A + BV2-cVs-DVe c, ^ 

Pil-V2-V^) = A -•BV2 - cVs + DV6. _̂ , p'. ^ 

T a c 6 P ( l + \/2 + V3) = 0 = 0 + 0.\/2 + 0.\/3 + 0v/6, dodo 

P ( l - y 2 + \/3) = 0-0 . \ /2 + 0.\ /3-0\/6 = 0 • ( ' 
P ( l + - \/3) = 0 + 0.^2 - 0.\/3 - 0\/6 = 0 
P ( l - \/2 - \/3) = 0 - O.v/2 - 0.\/3 + OVe = 0. 

Vay P{x) CO it nhat bon nghiem, do do deg(P) > 4. V^y Q{x) chinh la da 
thiic he so nguyen c6 bac nho nhat va nhan 1 + + \/3 lam nghiem. 
Bai toan 3.15 (HSG Quoc gia nam 1997-bang B). Tim tat cd cac da thiic 
fix) vdi H so hHu ti c6 bac nho nhat md /(v^S + v^) = 3 + v^ . 

Giai. Trudc het ta chiing minh bO de sau: 
B6 dL Neu u,v eQvh s = u\/3 + e Q thi u = v = 0. 
Chufng minh b6 d l . Gia silf phan chiing u va u khong dong thcJi bSng 0. 
Khi ay gia sit u ^ 0 (neu khong thi h luan hoan toan tUdng tir). Tit . 

X = v3 = => ux — s =—vv9 = —vx => vx + ux — s = 0. 
u 

Do do da thiic R{x) = vx^ + ux - s nh?Ln lam nghiem. Xet da thiic 
G(.T) = - 3. Ta thay rkng G{x) khong c6 nghi?m hQu t i va G ( v ^ ) = 0. 
Thuc hien phep chia G(x) cho R{x) ta c6 
y G{x) = h{x)R{x) + r(x) (6 day deg(r) < deg(P)). 
Trtfdng hdp 1. r(x) = 0, khi do G(x) = h{x)R{x). Vi deg(G) = 3, deg(/?) = 2 
nen suy ra deg(/i) = 1. V i u, u, s la cac so hiJu t i nen G(x), R{x) la cac da thiJc 
he s6 hOu t i , do do h{x) cung la da thitc he so hitu t i . Hdn nita tit deg(/i) = ̂  
suy ra /i(x) c6 nghiem hihi t i . Bcii vay G(x) ciing c6 nghiem hiiu t i , dieu nay 
mau thuan vdi G(x) khong c6 nghiem hiJu ti. Do do trudng hdp nay khong 
xay ra. 
TrtrcJng hgrp 2. r(x) ^ 0. Neu r(x) = c 0 (c la hang so) thi 

G ( ^ ) = h{^)R{^) + c ^ c = 0(do G ( ^ ) = RiV3) = 0). 
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po do r{x) = 0, v6 l i . Bdi v^y deg(r) = 1, suy ra 7-(x) = ax + b. Do G(x), R(x) 
thupc Q[x] nen h{x), r(x) cung la cac da thiic he so hiJu t i . Ta c6 

r{V3) = G(v/3) - h{v^)/?(v^) = 0 '^-f' • • '' • 

nghia la la nghiem v6 t i ciia da thiic bac nhat r(x) v6i he so hiiu t i . 
pjgu v6 l i nay chiing to tntdng hdp nay ciing khong xay ra. Tom lai gia 
thiet phan chiing la sai. Vay bo de ditdc chiing minh. Tr6 lai bai toan dang 
xet. De thay da thiic dong nhat 0 khong thoa man cac yen cau ciia de bai. 
Xet khi fix) = r (r la hling so hiiu t i) . Tit / ( ^ + ^ ) = 3 + suy ra 
c = 3+ v ^ = ^ c - 3 = \/9, dieu nay mau thuin vdi c - 3 la so hiiu t i . Xet khi 
fix] la da thiic bac nhat: / (x ) = ax + b, vdi a,beQ. Tit 

f i ^ + ^ ) = 3 + ^ ^ 3 + ^ = ai^+V9)+b " 

ta CO (a - 1) v/9 + a v/3 = 3 - 6. Do 3 - 6 e Q nen theo bo dg suy ra a - 1 = 0 
va o = 0. Dieii vo l i nay chiing to khong ton tai da thiic bac nhat vdi he so 
hiiu t i thoa man d§ bai. Xet khi / (x ) la da thiic bac hai vdi he s6 hiiu t i : 
fix) = ax? + bx + c. Tit gia thiet suy ra 

/ ( ^ + ^ ) = 3 + ^ ^ a ( ^ + ^ ) 2 + 6 ( ^ + ^ ) + c = 3 + ^ 
-»a(\/9 + 6 + 3v/3) + 6 ( ^ + v^ ) + c = 3 + ^ ii^' •ikiD 
^(3a + 6) ^ + (a + 6 - 1) v/9 = 3 - c - 6a. 

Vi 3 - c - 6a, 3a + 6, a + 6 - 1 la cac so hitu t i nen theo bo de suy ra 

/ 3a 4-6 = 0 4^ln-h-\- ( ^•^\ 
, a + 6 - l = 0 \~2'2) 

va khi do 3 - c - 6a = 0 c = 3 - 6a c = 6. Vay ton tai duy nhat da thiic 
1 3 

bac hai / ( x ) = - - x ^ + - x + 6, Vx e R thoa man cac yeu cau cua de bai. ,,, 

Bai toan 3.16 (HSG Quoc gia 1997-bang A) . Th'ifc hi$n cac yeu c&u sau: 
°) Tirn tat cd cac da thiic fix) vdi he so hiiu ti c6 bg,c nho nhat ma 

fi^+^) = 3+^ , 

Ton tai hay khong da thiic fix) vdi he so nguyen ma I 

/ ( v ^ + ^ ) = 3 + ^ ? 

^Udng d i n giai . 
^' Twng tit nhu bai toan 3.15 ta ditdc ket qua: c6 duy nhat mot da thiic 
^̂ 'oa rnaa, de bai l a / ( x ) = Jx2 - L . 
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b) Dht a = ^ + v ^ = > = 3 + 9 + 3 ^ ^ ( ^ + ^ ) = 12 + 9 a . Nh i r vay 

(la th i t c g{x) = x'^^ - 9 i - 12 i ihan a l am i igh iem. N&u f{x) la da thi'rc he so 

nguyen thoa m a n de ba i t i i i /(.r) = g{x)h{x) + r{x), v6 i h{x),r{x) l a cac da 

thi'rc h$ so nguyen vd i deg (r ) < 3. V i g{a) = 0 nen ' 

r ( « ) = / ( a ) = 3 + xK3, 

dieu nay k h o n g thg xay ra (n6u t i en hanh giai cau a) se t h i y ditdc di§n nay) . 

Vay k h o n g t o n t a i da thi'rc f{x) vd i he so nguyen m a /(v^S + v ^ ) = 3 + 

B a i t o a n 3 .17 . Cho p la so Mu ti vd khong la lap phiCdng cua so hHu ti. 

Dat a = \pp- • Hay tim da thicc khdc da thiic khong, c6 bac be nhdt, c.6 

he so hfCu ti, nhan a lam nghi$m. 

HvCdng d a n . T iSn hanh t i M n g t u n h u chi'mg m i n h b f l de t r o n g bai t oan 3.15, 
t a ch i tng m i n h dUdc; bo de sau: Ndu n eQ. fl GQvkn^ + ft\/p^ e Q t l i i 
a = ./3 = 0. 

B a i t o a n 3 .18 . Tim da thiCc khong dong nhdt khong vdi he so nguyen c6 
bac nho nhdt nhan v/2 + v ' ^ /d nghiem. 

G i a i . T fr 

^ ( x ^ + 6a; - 3)2 = 2(3.T'^ 4 -2 )2 

=>.T'^ + 36a;2 + 9 + 12x^ - 6 i ^ - 36x = 18x^ + 24^2 + 8 

^x*^ - 6x'* - 6x'* + 12x2 _ 36x + 1 0. 

Vay g(.;;) = x^ - Qx^ - 6.;:^ + 12.7:2 _ 35̂ . + 1 1^ f^a thi'rc he so nguyen khong 

dong nha t 0 va n h a n \/2 + s/3 l a m ngh iem. De thay deg(Q) = 6. G i a siif c6 

m o t da thi'rc c6 bac k h o n g Idn hrtn 5 vd i lie .so nguyen 

G{x) = a^x^ + a4x'* + aax^ + a2x2 + aix + ao 

cung n h a n V2 + \/3 l a m ngh iem. T a c6 

G{V2 + ^ ) = a5{V2+ + a4(v/2 + 

+ a-i{V2+ + 02iV2+ v ^ ) 2 + ai{V2 + + ao = 0. 

Thi f t ; h i en phep k h a i t r i e n va n'lt gon t a ditdc 

bo + biV2 + b2\^ + b3V9 + b4V2\/3 + b5V2\/9 = 0, ( l ) 

t r o n g do 
60 = ao + 2a2 + 3a3 + 4a4 + 50a5, 61 = o j + 203 + 12a4 + 4a5 , 
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K 62 = 01 + 603 + 804 + 2005, 63 = 3«2 + 120,4 + 805 • 
1 64 = 2a2 + 8a4 + 15a5, 65 = 803 + 20a5. 

W i ai e Z . V i _ = 075 nen bi cung la .so nguyen, Vz = O^S. T\t (1) t a suy r a 
A = 0, V?; = 0. 5, do do t h a y vao he t r en diroc ao = a i = 02 = 03 = 04 = 05 = 0. 

P&y Qix) l a da thi'rc dong n h a t khong , do do m p i da thi'rc k h o n g d6ng n h a t 
khong. CO bac be hrtn hoac bang 5 k h o n g the nhan l a m ngh i em. Vay 
Q{x) chfnh la da thi'rc can t u n . 

L i A i y. R6 r a n g each g i a i t r e n l a da i dong nh i rng c6 y t u d n g t u nh i en nha t . 

B a i t o a n - 3 . 1 9 ( A l b a n i a n T S T 2009). Tim tat ax cdc da thiic P{x) khdc da 

thiic khong, c6 he so khong am vd thoa man 

1 ^ 2 w . f P{x)P [ - ] < [PW\\x > 0. (*) 

G i a i . G i a su P{x) = a^x' ' + • • • + a j x + ao l a d a thi'rc t h o a m a n cac y en 
can de l ia i . K h i do o; > 0, Vz = 0, d. Vd i m p i x > 0, theo ba t d i n g thi'rc 
Bunhiaco ] )xk i t a c6 

B). P ( x ) P ( x - ' ) = ( a j j : ' ' + - - - + a i x + ao ) (arfX- ' ' + --- + a i x - ^ + a o ) 

•Skkt hop vd i g ia t h i e t (*) t a dirpc 

K P{x)P (-\ [ P ( l ) ] 2 . Vx > 0 

^P* (adJ' ' ' + • • • + aix + ao)(((rfx""'' + • • • + « i x " ' + « o ) = [ P ( l ) ] ^ , Vx > 0 

^/^{adx'' + ••• + aix + ao)(«,i + • • • + a , x ' ' - ' + aox' ' ) = [P( l)]2x'^, Vx > 0. 

tT<t day, so st'uih l i e so c iu i x''"*"', x''"'"2^ ^ x'^'^ d l i a i ve t a diruc 

F " 0 = a i = • • = a j - i = 0. 

my P(x) = aax'', Vx € K. T h u la i , t a thay d a thiJc P ( x ) = aax'', Vx e R 
K^6i (1,1 > 0) t h o a m a n cac yeu cau de bai . 

fiai toan 3 . 2 0 ( C e n t r o A m e r i c a n O l y m p i a d 2008). Tim tat cd cdc da thiic 
he so thtfc thoa man: p{l) = 210 vd 

J ( x + 10 ) j ; (2x ) = ( 8 x - 3 2 ) p ( x + 6 ) , V x e K . ( 1 ) 

^ * a i . T i r g ia t h i e t suy r a pix) k h o n g t h ^ la da th i i c hkng . G i a .sir: 

p ( i ) = tt„x" + o „ - i x " - ' + • • + ao, a„ / 0. 
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So sanh h§ so c i i a l i i y th f ra cao n h a t d ha i ve cua (1) , t a dxxac: ''> 

" ' ' a „ 2 " = 8a„ 2 " = 2^ o n = 3. 

Vay p{x) l a da thiltc bac ba. T\t (1) lay x = - 1 0 , t a dUdc: p ( - 4 ) = 0. T i t (1) 

lay X = - 2 , t a diWc: - 4 8 p ( 4 ) = 8 p ( - 4 ) = 0 p(4) = 0. T t r (1) lay x = 4, ta 

dUdc: 14p(8) = O.p(lO) = 0. NhiT vay: p{x) = a{x - 4)(a: + 4)(a; - 8 ) , Vx e R. 
D o = 210 nen: 105a = 210 <^ a = 2- N h u the : 

p ( x ) = 2 ( x - 4 ) ( T + 4 ) ( a ; - 8 ) , V x € R . (2) 

Thu : l a i : vd i p ( x ) l a d a t h i i c xac d i n h b d i (2), t a c6: ' ' ' ' 

(x + 10 )p (2x ) = (x + 1 0 ) 2 ( 2 x - 4 ) ( 2 x + 4 ) ( 2 x - 8 ) 

= 1 6 ( x + 1 0 ) ( x - 2 ) ( x + 2 ) ( x - 4 ) . (3) 

i (Sx - 32 ) p { x + 6) = 8 (x - 4 )2 (x + 2 ) ( x + 10) (x - 2) 
= 16(x + 1 0 ) ( x - 2 ) ( x + 2 ) ( x - 4 ) . (4) 

Tit (3) va (4) suy r a d a t h i i c xac d i n h b d i (2) t hoa m a n (1) . Vay c6 d u y nhat 

m o t d a t h i i c t h o a m a n y e u cau de b a i la : p ( x ) = 2 ( x - 4 ) ( x + 4 ) ( x - 8 ) , Vx e 1. 

B a i t o a n 3 . 2 1 . Tim tat cd cdc da thiic P{x) e E [ x ] thoa man P{2) = 12 vh 

rCx^) = x 2 ( x 2 + l ) P ( x ) , V x e M . (1) 

G i a i . T i r (1) cho x = 0 t a (htdc P (0 ) = 0, cho = 1 dUdc P{\) = 2P{1) 

hay P ( l ) = 0, cho x = - 1 dUdc P ( l ) = 2 P ( - 1 ) =(. P ( - l ) = 0. Vay P ( i ) 
CO ba ngh i em la 0, 1, - 1 . G i a s i i P ( x ) c6 ngh iem th i l c t ^ { 0 , 1 , - 1 } , kh i 

do tu: (1) suy r a t^ cung la ngh i em c i ia P ( x ) , tiTdng t u suy r a cung la 

ngh i em c i i a P ( x ) , n h u n g v6 i t ^ { 0 , 1 , - 1 } t h i t a t ca cac p h a n t i i c i ia day 

t , t^, . . . , . . . l a khac n h a u do i m o t nen suy r a P ( x ) c6 v6 so nghiem, 

suy r a P ( x ) = 0, m a u t h u a n vd i P (2 ) = 12. Vay P ( x ) c h i c6 ba n g h i e m th'Jc 

l a 0, 1, - 1 . G i a s i i deg (P ) = n . T i l (1) suy r a 2 n = n + 4 <t=> n = 4. Vay P (x ) 

CO m p t t r o n g b a dang sau: 

P ( x ) = a x 2 ( x - l ) ( x + l ) , P ( x ) = a x ( x - lf{x + \), P ( x ) = a x ( x - l ) ( x + 1)^-

D o P (2 ) = 12 nen a = 1 ho$c a = 2 hoSc a = - . T h i i Ig i c h i c6 

. • P ( x ) = x 2 ( x - l ) ( x + l ) , V x e R '* • 

t h o a m a n cac yeu cau de ba i . 

B a i t o a n 3 . 2 2 . Tim cdc da thiic vdi he so thicc P ( x ) thoa man diiu kien: 

" : ' ; , , p ( p ( x ) + x ) = p { x ) p ( x + 1 ) , Vx € R. I , . ; , , , i , , , , (D 
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G i a i . G i a suf deg (P ) = n . So sanh bac c i ia ha i ve ci ia (1) t a t h u du^c 

, K h i n = 0, t a dUdc da t h i i c h t o g P ( x ) = c. T h a y vho (1) t h u dUdc 

c = 0 
c = 1. 

Vay P{x) = Ova P ( x ) = 1 la cac da th i i c hang thoa man bai ra . 
, Xe t n = 2. G i a s i i P ( x ) = ax^+ bx+ c, a 0. So sanh h f so cao n h a t t r o n g 
(1) t h u dUdc = <=• a = 1. Vay ' ' 

c = 

P ( x ) = x'^ + bx + c, vd i 6, c 6 R. (2) 

K h i do 

P ( x ) P ( x + 1) = P ( x ) (x^ + 6x + c + 2x + 6 + l ) 

= P ( x ) [ P ( x ) + 2x + + 1] 

= {P{x)f + 2xP{x) + bP{x) + P ( x ) 

''I = [ P ( x ) + x ]^ + 6 [ P ( x ) + .x] + c - x^ - 6 x - c + P ( x ) •' ., 

= P ( P ( x ) + x ) , V x e R . 

Vay da th i i c xac d i n h bd i (2) t h o a m a n (1). Ta t ca cac da t h i i c can t i m l a 

P ( x ) = 0, P ( x ) = 1, P ( x ) = x 2 ^bx^-c {b, c € R ) . 

B a i t o a n 3 . 2 3 . Tim cdc da thiic P ( x ) € R [x ] thoa man phuang trinh ham 

[ P ( x ) ] 2 - l - 4 P ( x 2 - 4 x + l ) , V x e R . (1) 

G i a i . G i a s i i P ( x ) k h o n g p h a i la da th i i c hang. G i a s i i ^ , , 

P ( x ) = « „ : c " + « „ _ i x " - > + • • • + aix + UQ, a„ ^ 0. 

T i t (1) t a cd 

( a „ x " + a „ _ i x " ~ ^ + - - - + a i x + ao)^ - 1 " 

* 4 a„(x2 - 4 x + 1 ) " + a„ _ i ( x 2 - 4 x + 1 ) " " ' + • • • + ai(a;2 - 4 x + 1) + ao . 

^0 sanh he so c i i a x ^ " d ha i ve t a dUdc 4 = 4a„ ^ a„ = 4. H? so cua x ^ " - ! 

^̂ "•ong P ( x 2 ) - 1 la 2a„t i„_i , he so c i ia x ^ " - ! t r o n g 4 P ( x 2 - 4 x + l ) ch i x u a t h ien 

f «n(x2 _ 4 x + 1 ) " , m a o „ = 4 nen a„_i 6 Q . H f so c i i a x 2 » - 2 t r o n g P ( x 2 ) - 1 
la 2a na„_2 + a „ _ i , t r o n g k h i do he so c i ia x 2 " - 2 t r o n g 4P(x'^ - 4 x + 1) ch i 
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xuat hieii d a„(x^ - 4x + 1)" + n „ - i ( . T 2 - 4x + ma a„ = 4, a„_i e Q 

iieii an-2 G Q- Lap luaii tUUiig t u dan den P{x) G Q[x]. Xet a = ^ " ^ J ' ^ ^ -

Kh i do a = a''̂  - 4a + 1. Trong (1) lay x = a ta dUdc 

, u [P(a)]2 _ 1 = 4 P { a ) ^ [P ( « )P - 4 P ( a ) - 1 = 0 ^ 
P(a) = 2 + /̂5 
P(a) = 2 - x/5. 

Do P(x) e Q\x] nen P ( « ) = P ( ^ ^ ) = P + '̂̂ ^ "^^^^^ 

hfm t i . Vay khong t h l xay ra P(a) = 2 + ^ 5 , vi n^u P(a) = 2 + ^ 5 th i 

,5 = _ 2)2 + 21f/ + 2(p - 2)QX/21 =^ N/2T € Q ( V O l i ) . 

Tiroiig ti.r. cfmg khong tli<^ co P{a) = 2~\fl. Vay P(x) la da tln'rr liKng. Thay 
vao (1) ditoc hii i da thiic thoa man yen cau d6 bai la 

P(x) = ^ + Vx € M va P(x) = Vx € R. , 

Ba i toan- 3.24 (Olympic Romania-2001). Tim cdc da ihiCc P (x ) € K[x] thoa 

P{x)P{2x^ - 1) = P( x 2 )P (2x - 1), Vx e E. (1) 

Gia i . Do thay da tln'tc hKng thoa man cac yen can do bai. Tiop thoo gifi sit 
deg(P) = n>l va P(x ) = a„x" + a „ _ ix " - ' + • • • + o i x + QQ (a„ 7̂  0). Khi do 

P(2x - 1) = a„(2x - 1)" + an- i (2x - 1 ) " - ' + • • • + ai (2x - 1) + a,, 

•v = 2"P(x ) + i?(x), (2) 

vdi R{x) la da tln'tc khong hoac R(x) la da thi'rc co deg(fi) = rn < n. Gia sif 

P(x) ^ 0, thay (2) vao (1) ta diMc 

P(x) [ 2 " P ( x 2 ) + R{x'^)] = P ( x 2 ) [2"P(x) + R{x)\, Vx € R 

<:»P(x)7?(.x2) = P(x2)/?(x). Vx e R. (3) 

T i t (3) .so sanh bac 0 hai ve ta ditOc n + 2m = 2n + m m = n , mau thuaii 
Vay R{x) = 0 va P(2x - 1) = 2"P(x) . T i t day, dat x = i + 1 ta dUdc 

I P{2t + l) = 2"P(t+l), yt€R 

• IT^%, M '^<3(2<) = 2"Q(i ) , Vi G M (vai Q{t) = P{t + 1), Vt € R) . (4) 

V i g ( x ) = P (x + 1), Vx e R non da thi'tc g ( x ) co dang 

itltf (1 4- g ( i ) = a„x" + 6 „_ ix"- i + • • • + 6 i x + 60, Vx e R .-
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'j'hay van (4) thu ditdc ' o ' =" ' ;•'! 

a„ (2x)" + 6„_i(2x)"~i + • • • + 6,(2x) + 60 

= 2 " (a„x" + ? > „ - I . T " - I + • • • + ^ix + /;o), Vx e R. (5) 

Tit (5), dong nhat he so ta ditdc 

2"-*=6„_fc = 2"6„_fc,Vfc = l , 2 , . . . n , . , 

hay bn-k = 0, VA; = 1. 2 , . . . n . V i the Q(x) = a„x", Vx e R, suy ra 

P(x) = « „ (x - 1)", Vx e R. 

Thi i lai thay thoa man. Vay tat ca cac da thi ic thoa man yen cau de bai la 

P(x) = a{x - 1)", Vx € R (a la hang so tuy y, n 6 N) . 

Bai toan 3.25 (Olympic Bulgaria-2001). Tm. cdc da thiic P(x) e R[x] thoa 

P(x )P ( 2 x 2 + 1) = P (x2) [P(2x + 1) - 4x], Vx G K. (1) 

Gia i . Neu P(x) = c (hang so) th i thay vao (1) ta dUdc c = 0. Tiep theo gia 
sit deg(P) = n > 1 va P(x) = a„x" + a„_ ix"~ ' + h a i x + ao (a„ 0). Kh i 
do 

P(2x + 1) = a„(2x + 1 ) " + a„_i(2x + l ) " - i + • • • + aj (2x + 1) + ao 
= 2"P(x) + 7?(x), (2) 

vdi R{x) la da thitc khong hoac R{x) la da thiic c6 deg{R) ~ m < n. Thay 
(2) vao (1) ta ditdc 

P(x) [ 2 " P ( x 2 ) + R(x^)] = P ( x 2 ) [2"P(x) 4- 7?(x) - 4 x ] , Vx G R 

^ P ( x ) P ( x 2 ) = P(j:2) [/?(x) - 4xJ, Vx G R. (3) 

• Ngu R{x) = 0 th i t i t (3) suy ra P(x) = 0, mau thuan. : 
• Ngu m>2 t h i tft (3) suy ra n + 2m = 2n + m m = n, mau thuan. 
• Gia siif m = 1. Kh i do deg {R{x) - 4x) = A; < 1. T i t (3) ta co 

n + 2 = 2n + A; <^ n = 2 - A;. (4) 

Do n > m = 1 va A; < 1 nen ket hdp vdi (4) suy ra A: = 0 v a n = 2. Vay 

P(2x + 1) = 4 P ( x ) + 4 x + a, Vx G R. .. ,.. (5) 

JJ 'ong (1) cho X = 1 ta ditdc P ( l ) = 0. Gia sii P(x) = a x 2 + bx + c, Vx G R. 
^ (5) Ian lUdt lay X = 1, X = 0 ta dUdc 

|||||, a = P(3) - 4 = 9a + 36 + c - 4 , Q = -4P(0) = -4c. 
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T i t (5) t a c6 

a(2x + 1)^ + 6(2x + 1) + c = A{ax^ + 6x + c) + 4x - Ac, V i € R. 

Dong nhat he so t a dudc { '̂̂ ++5̂ ^ = i Ket hdp vdi tren t a dudc he 

' ~ - a + 6 + c = 0 <4>^ 6 = 0 , 
- „ I 9 a + 36 + 5c = 4 L c = - 1 . 

V§iy P ( x ) = x^ - 1 . T h i i Igi thay thoa man. 
K i t lu9n: P{x) = 0, P ( x ) = x^ - 1 . 

B a i l o a n 3.26. Tim da thttc vdi he so thijlc P (x ) thoa man j 

P{x2 + x + l ) = P ( x ) P ( x + l ) , V x e R (1) 

C h i i y 1 . Cho hai da thxic P(x) = £ ajx', Q(x) = 6ix' {quy i/dc x° = 1). 
i = 0 i = 0 

A-Zii do 
In 

P{x).Q{x) = ^ Cjx' Cfc = ao6fc + ai6fc - i H h 0^60, /c = 0 , 1 , . . . , 2n 
i=o 

B a i t o a n 3 .27 (De t h i HSG TP. H C M , nSm hpc 2004-2005). r i m tat cd cdc 

da thiic he so thxtc P ( x ) thoa man: | 

P(a + 6 + f ) = 7P(a) + 4P(6) - 5P(c) (1) 

vdi a, 6, c la cdc so thuc vd (a + 6)(6 + c)(c + a) = 2a^ + 6̂  - 2c?. (2) 

G i a i . Bo (a; 6; c) = (3x; 2x; x) thoa man (2). Do do thay vao (1) ta dUdc 
P ( 6 x ) = 7P(3x) + 4 P ( 2 x ) - 5 P ( x ) , V x G K . (3) 

n 
Gia sii P ( x ) = ^ ttjx' (quy itdc x° = 1). Thay vao (3) t a dU(?c 

n n n n 

^ a i ( 6 x ) ' = 7 ^ a i ( 3 x ) ' + 4 ai(2x)* - 5 ^ a ^ x ' , Vx G R 
••-n i = 0 t=0 

^ - ^ ^ < X i ( 6 * - 7 . 3 ' - 4 . 2 ' + 5 ) x ' = 0 , Vx G R 

< ! ^ ( 6 ' - 7 . 3 ' - 4 . 2 ' + 5 ) a i = 0 , Vi = 0 , l , 2 , . . . , n . ^ ' 
• 
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Vdi t e { 0 , 1 , 2 , . . . , n } , gia sijf . „ „ ^ * A . . . • • , ' ' < . , 

6' - 7.3' - 4.2* + 5 = 0 <=> 3*(2' - 7) - 4(2' - 7) = 23 

^ ( 3 ' - 4)(2' - 7) = 23 ^ { 3; - 4 = 23 ^ j = 3. 

V$,y ket h(?p vdi (4) ta suy ra: khi i G { 0 , 1 , 2 , . . . , n } \} t h i Oj = 0. Bdi vay 

P(x) = m x ^ V x G R . 

ThiJf lai: Ta c6 hSng d i n g thiic : , 

(a + 6 + c ) 3 - ( a 3 + 63 + c3) = 3(a + 6)(6+c)(c-|-o) ' 

Do do vdi a, 6, c thoa man (2) va P(x) = mx ,̂ Vx G R, ta c6 

P(a + 6 + c) = 7P(a) + 4P(6) - 5P(c) 
<^m{a + b+cf = m{7a^ + 46^ - 5c^) 
<^m[a^ + b^ + c^ + 3(a + 6)(6 + c)(c + a)] = m{7a^ + 46^ - 5c^) 
<4>m[a3 + 6̂  + + 3(2a3 + 6̂  - 2c^)] = m{7a^ + 46^ - bc^) (dung). 

Vay tat ca cac da thufc can t i m la . . l i r 

P(x) = mx^ Vx G R (vdi m la cac hang so bat k i ) . 

Ba i t o a n 3.28 (Costa Rican Math Olympiad 2008). Tim tat cd cdc da thitc 
P{x) he so thiCc vd thoa man : vdi a, 6, c Id ha sd thifc hat ki thi 

PiVSia -b)) + P(V3(6 -c)) + P(V3(c - a)) 
=P(2a - 6 - c) + P ( - a + 26 - c) + P ( - a - 6 + 2c). 

Gia i . De thay da t h i k hang so thoa man cac yeu cau de bai. Tiep theo gia 
sii degP = /i > 1. Dat X = a - c,y = b - a,z = c - b. K h i do x + y + z = 0. 
TCt gia t h i l t suy ra ' 1 

P(V3x) + P{y/3y) + PiVSz) = P(x - y) + P{y - z) + P{z - x ) , 

v^i X , 2 la ba so thuc sao cho x + y + z = 0. N h u v§,y thay bp (x; y; z) bdi 
bo (x; x ; - 2 x ) ta dU0c i ' 

2P(y3x) + P(-2V3x) = P(0) + P(3x) + P(-3x), Vx G R. (1) 

^la su P(x) = O t a ; ' {ah 7^ 0, quy Udc x" = 1). Thay vao (1) ta dUdc 
»=o 

h h , h h 
2 J^a,(V^x)' + ^ a i ( - 2 V 3 x ) ' = ao + ^ a i ( 3 x ) ' + 5^ai(-3x)'. (2) 

« = 0 i = 0 t=0 i = 0 

^ 401 



So sanh h§ so cua x'' d hai ve ciia (2) ta ditoc '?? 

2 ( ^ 3 ) ' ' + ( - 2 ^ 3 ) ' ' = 3 ' ' + ( -3) ' ' . - • (3) 

De thay h = l,h = 2 thoa (3). Tiep theo xet h > 3. Tii (3) t a thay r i n g h 

phai la so c h i n : h = 2k, vdi k > 2. K h i do (3) tr6 thanh 

2.3*= + 12* = 2.9*̂  <^ 2 + 4*̂  = 2.3'' 
fc = l 
k = 2. 

Tom tt t (3) suy ra h chi c6 the la, h = 1, h = 2,h = 4. ' ' 
• Trirdng h0ph = l. K h i do P(x ) = mx + n, Vx e K. Thay vao phildng tr inh 
ham da cho d dau bai thay thoa man. 
• Trudiig hop h-2. K h i do P(x) = mx^ + nx+p, Vx e R. Thay vao phiiong 
t r inh ham da cho d dau bai ta diXdc 

3m [(a - bf + (6 - cf + {c- af 
=m[{2a-b-cf+ {2b-c-a)^ + {2c-a-bf] (dung). 

• Trirdng hdp /i = 4. K h i do P(x) = mx'^ + nx^ + px^ + qx + e, Vx € R. Trong 
phudug t rh ih ham da cho d dau bai, thay bo (a; b; c) hdi (x; 0; 0) t a ditdc 

P(\/3x) + P(0) + P(-v/3x) = F(2x) + 2 P ( - x ) , V x € R . (4) 

Thay P(x ) = m x " + nx^ + px^ + ^x + e, Vx € R vao (4) ta dildc 

gmx'* + 3V3nx^ + 3px^ + VSqx + 9mx'' - 3V3nx^ + 3px^ - VSqx 

=16inx* + 8nx^ + 4px^ + 2^x + 2mx'' - 2nx^ + 2px^ - 2qx, Vx e R. 

Hay ISmx"* = I8mx'* + 6nx^, Vx € R. Do do n = 0. Vay 

P(x) = m x " + px^ + qx + e, Vx € R. 

Thay vao phudng t r i n h ham da cho d d i u bai ta ditdc 

9rn [{a - 6)" + (b - c)" + (c - a)"] + 3p [(a - bf + {b - cf + {c - a 

= m [(2a - 6 - c)" + (26 - c - a)" + (2c - a - 6)" 

+ p [(2a - 6 - c)2 + (26 - c - a)^ + (2c - a - 6)^] . - : 

Tiep theo ta chiing minh dftng thi'lc 

9 [ ( a - 6 ) " + ( 6 - c ) " + ( c - a ) " ] 

= (2a - 6 - c)" + (26 - c - a)" + (2c - a - 6)". " ^ 

Dat X = a - c, 2/ = 6 - a, z = c - 6. K h i do x + i/ + z = 0. Ta c6 

9 [(a - 6)" + (6 - c)" + (c - a)*] = 9 ( x ' ' + 2/" + z") . 

(5) 

(G) 

(7) 
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P Mat khac • •̂ 

(2a - 6 - c)" + (26 - c - a)" + (2c - a - 6)" 

={x - y)'+ {y - z)'+ {z - x)' 

= 2 ( x ' ' + 2/" + z") - 4x^2/+ 6 x V - 4xy3 -V̂  

-4y32 + 6j/2z2 _ 4y^3 _ 4^3^ ^ e^2^2 _ 4^^3 

=2(x" + J/" + z") - 4x3(y + z)- Ay\x + z) - 4z^{x + y) 
+ 6 ( x y + y V + z V ) . (8) 

Do X + ?y + z = 0 nen x^ + -I - ẑ  = - 2 ( x v + yz + zx). Suy ra 

x'' + y" + 2'' + 2 ( x V + y'^' + 2 V ) 
=4[.T2,y2 ̂  , y ^ 2 ^ ^2^2 ^ 2.x,/x(x + 7/ + z)] = 4(.TV + 2/'̂ ' + z'x^). „̂ 

Nhir vay x" + + = 2(x2j/2 + ^2^2 ^ ^2^2) Tj^j^y (g) ^^^^ 

{2a-b- c)" + (26 - c - a)" + (2c - a - 6)" = 9(x" + y* + z*). (10) 
Tff (7) va (10) suy ra (6) dUdc chi'mg minh. Do do (5) diing, nghia la da thiJc 
P{x) = m x " + px^ + 9X + e, Vx € R thoa man cac yeu cau de bai. 
Ket luan : Cac da thiic thoa man yeu cau de bai la : 

P(x ) = m x + n, Vx € R; 

P(x) = mx^ + Tlx + p (m ^ 0), Vx € R; 

P(x) = m x " + px^ + gx + e ( m 0), Vx G R. 

L i f u y. Tir (4) ta so sanh h§ so cua x'' d hai ve cung suy ra ditdc h chi c6 
the \hh=l,h = 2,h = A. 

Bai t o a n 3.29 (De t h i HSG Tinh Gia Lai, n&m hoc 2006-2007). Ttm tat cd 
ale da tlitic P (x ) thoa man dieu kien 

P{x + y).P{x -y)= P2(x) - P2(y), Vx, y € R. (1) 

Gia i . 

Cach 1 . De thay trong cac da thitc hang so, chi c6 da thi'Tc P ( x ) = 0 thoa 
"lan de bai. Bay gi6 ta xet P (x ) la da thiic bac n, vdi n > 1. khi do P(x ) 
•̂ Jiong dong nhat 0, nghia la: 3xo e R : P(xo) 0. Trong (1) cho x = y = y 
*a dudc P(xo).P(0) = 0 P(0) = 0. Trong (1) lay y = 2x t a dudc 

• P ( 3 x ) . P ( - x ) = p 2 ( x ) - p 2 ( 2 x ) , V x € R . (2) 
Gia su p(^.) ^ „^.,.n + „„_i:; :»-i + . . . ^ „^ ^ 0 (do P(0) = 0). Thay 

(2) ta dUdc: 

«n(3x)" + a „ _ i ( 3 x ) " - i - I - • • • + ai(3x)] [ a „ ( - x ) " + • • • + a i ( - x ) ] 



= (a„x" + a „ - i x " - i + • • • + a i x ) ' - [a„(2x)" + a „ - i ( 2 x ) " - i + • • • + ai(2x) 

So sanh h§ so cua x^" d hai ve ta dudc 

«̂ a 2 3 " ( - l ) " = 4 (1 - 4") 4 * 1 = ( -3 ) " + 4">-,)£,^ 

De thay n = 0 ,2 ,4 , . . . khong thoa (3). K h i n le, ta c6 ^ 

(3) 

4" - 3" = 1 4" = 1 + 3" <f4> 1 = ( -

(do ham so mu y = nghich bien k h i 0 < a < 1). Vay bac cua da thiJc P{x) 
bang 1, ket hop vdi P{0) = 0 suy ra P(.T) = m.T,Vx e M. T h i i lai thay thoa 
man. Vay tat ca cac da thufc c l n t i m la: 

P (x ) = mx, Vx e R (vdi m la hllng so t i i y y ) . 

C a c h 2. Trong (1), lay x = y = 0, ta dildc P(0) = 0. Do ham so da thi'tc 
luon CO dao ham nen txi (1), dao ham hai ve theo bien x ta dUdc 

P'{x + y)P{x - J/) + P'{x - y)P{x + y) = 2P(x) .P ' (x) , Vx, y € M. (4) 

Trong (4), l l ,y y = x, ta dudc 

P ' ( 0 ) P ( 2 X ) = 2 P ( X ) . P ' ( X ) , V X G K . (5) 

• Neu P'(0) = 0 t h i txi (5) suy ra P(x) .P ' (x) = 0, Vx € R, do do P(x) la da 
thiic hang so, ket hdp vdi P(0) = 0, suy ra P(x) = 0. 
• Neu P'(0) ^ 0 t h i goi degP(x) = n, khi do ve trai cua (5) la da thiJc bac 
n, con ve phai ciia (5) la da thiic bac 2n - 1, do do n = 2n - 1 <^ n = 1. Ket 
h(3p vdi P(0) = 0, suy ra P(x) = ax (a la hKng so). T h i i lai thay thoa man. 
Vay tat ca cac da thiic thoa man yeu cau de bai la 

P(x) = ax, Vx e R (a la hang so tuy y ) . 

B a i toAn 3.30 (D^ t h i HSG T i n h Gia Lai-2009). nm tat cd cac da thiif-

P{x) thoa man diSu kicn 

P ( x 2 + y 2 ) = [P(x)]2 + [ P ( y ) ] 2 , V x , y e R , ( 1 ) 

G i a i . Trong (1) lay x = 0 va y = 0 ta dUdc •̂ 

P(0) = 2[P(0)]2 <^ P(0)[1 - 2P(0)] = 0 ^ 
P ( 0 ) - 2 . 
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Mlu P{x) ^ C, vdi C la hang so t h i t i t (1) c6 C = 2C2 ^ C = Q, 5. ^iep 

theo ta gia sut b?lc cua P ( x ) la n (vdi n = 1 ,2 , . . . ) . Trong (1) lay y = x ta 

"̂̂ "̂ ^ P(2x2) = 2[P(x)]2, Vx € R. (2) 

Giasi l P(x) = a „ x " + a „ _ i x " - i + - • H - a i x + ao, vdi o„ 7̂  0. Theyao (2) dudc 

a„(2x2)" + a„_i(2x2)""^ + • • • + ai(2a;^) + ao] 

= 2 (a„x" + a„_ix" -^ + • • • + a jx + ao)^ , Vx € R. 

So sanh he so ciia x^" d hai ve ta dUdc • ..>iiii>» jt ; ; . 

a„2" = 2(a„)2 <^ 2" = 2a„ <^ a„ = 2 " - ^ 

Ta viet lai (1) n h u sau: 

P{a''+h^) = [P{a)\^ + [P{h)]\ya,heR. ' (3) 

Ta CO (a + 6 + c)2 = + 6̂  + (c^ + 2a6 + 26c + 2ca). Do do 

a"^ + = {a + b +of <^ + 2ab + 26c + 2ca = 0. 

Vay (3) Viet lai 

P((a + 6 + c)2) = [P(a)]2 + [P(6)]2, ,^ (4) 

vdi moi a, 6, c e R sao cho 

c2 + 2a6 + 26c + 2ca = 0 ' '^d « • (5) 

Trong c? + 2ab + 26c + 2ca = 0 lay c = 2 ta dUdc | . • 

a6 + 26 + 2a = - 2 <^ 6(a + 2) = - 2 a - 2 ^ 6 = <^ 6 = - 2 + ^ ' a + 2 a + 2 

Vdi a 6 Z , a ^ - 2 t h i 6 € Z khi va chi khi a + 2 la Udc cua 2. Vay chgn a = - 3 
ta dudc 6 = - 4 . Vay (a; 6; c) = ( -3 ; -4 ; 2) thoa man + 2a6 + 26c + 2ca = 0. 
Do do vdi moi X € R t h i ( -3x ; - 4 x ; 2x) thoa man (5). Thay vao (4) ta diTdc 

P(25x2) = p2 ( -3x ) + p2(-4x ) ,Vx e R. (6) 

^(x) = a „ x " + a „ _ i x " - ' + • • • + a i x + ao, vdi a„ = 2""^ nen thay vao (6) 
ta dudc 

[a„(25x2)" + a„_i (25x2)" - i + • • • + ai(25x2) + ao 

= a n ( - 3 x ) " + a „ _ i ( - 3 x ) " - i + • • • + a i ( - 3 x ) + aof 

+ [ a „ ( - 4 x ) " + a „ _ i ( - 4 x ) " - i + •. • + a i ( - 4 x ) + a o ] ^ 
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So sanh h§ so cua x^" cl hai ve ta dildc ^ , 

25" = a„(9" + 1 6 " ) , V n = l , 2 , . . . 
-!=>25" = 2 " - ' ( 9 " + 1 6 " ) , V n = 1 ,2 , . . . 
<!^2.25" = 18" + 3 2 " , V n = 1 ,2 , . . . 

Vay n = 1, do do P{x) c6 d^ing P{x) = x + 6,Vx € R. Do P(0) = 0 hoSc 

P(0) = i nen 6 = 0 hoac ^ = ^- Sau fchi thilf lai ta kct luan: Tat ca cac da 

thiJc thoa man de bai la: P{x) = 0, P{x) = -, P{x) - x. 

C a c h khSc. Trong (1) lay z = 0 va y = 0 ta dudc 

P(0) = 2[P{0)f o P(0)[1 - 2P(0)] = 0 <^ P(0) = 0 
P(0) = 0,5. : 

Neu P ( i ) = a vdi C la hang so t i n t i t (1) ta c6 C = 2C'^ <^ 

Tiep theo ta gia sil b$c ciia P(x) Ih n (vdi n = 1 ,2 , . . . ) . Gia sut 

P(x) = a „ x " + a „ _ i x " " ' + • • • + a i i + ao, vdi a„ ^ 0. 

Trong (1) lan luot thay x = t, y = t va x = t, y = 0, ta nhan dvtdc 

r P(2(2) = 2[P(0]2 
\(<2) = [ P ( 0 r + [P(0) ]^ 

So sanh he so bac cac nhat trong (2), ta c6 

C = 0 
C = 0,5. 

(2) 

2"a„ = 2al 
an '-- al 

I = 1 
\ = 1. 

Vay P(x) CO dang P(x) = x + 6, Vx 6 R. Do P(0) = 0 hoac P(0) = ^ neii 

6 = 0 ho$c ^ = 2' ^̂ ^̂ ^ ^^^^ 

de bai la P ( x ) = 0, P(x) = ^, P(x) = x. Da thiic P(x) = x + ^ khong thoa 

man dieu kien de bai. De cluing minh dieu nay, chi can thay x = 1 vS, y = 0 
vao (1), ta thay ngay (1) khong thoa man. 
L i f u y. Co the giai dirdc hai bai toan tftng quat sau. 

B a i toan 3.31. Tim tat cd cac da thtic P(x) thoa man dieu kien 

p (v^^^n )̂ = vi-pwi"+[p(^)r. vx, y e R,̂  

trong do in, n la cac so nguyen duong phan bift va m le. 
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g a i toan 3.32. Cho n la. so tii nhien ch&n Idn han 1 . Tim tat cd cac da thtic 
lie so thUc f{x) thoa man 

/ ( x " + J/") = [/(x)]" + [/(y)r, V x , y € R . (1) 

B a i toan 3.33. Tim tat cd cac da thiic P (x ) , Q(x) he so thuc, monic {h$ s6 

cua sS hang chiia so mu cao nhat cua bien x la I) va thoa man diiu kien 

P ( l ) + P(2) + . . . + P ( „ ) = Q ( l + 2 + - . . + n), Vn = 1 .2 , . . . (1) 

G i a i . V i 1 + 2 + • • • + n = 'Al!.±ll^ Vn = 1, 2 , . . . nen de giai bai toan ta se 

tien hanh qua cac budc nhu sau: 

Bvtdc 1. Chumg minh P(x) = Q 

Xot da thiic 

R{x) = Q 

fix + l)x\

fi^L+lh\_^fx(x^\ 

(2) 

V - P ( x ) . 

Vdi moi r z - 2 , 3 , . . . , sii dung (1) ta c6 

fn{n-l) 
-Pin) 

^ - ^ 
= Q{l+2+-- + n)-Q{l+2+-- + n - l ) - P(n) 
= P(1) + P(2) + --- + P(n) 
- [ P ( l ) + P(2) + . . . + P ( n - 1)] - P(n) = 0. 

Vay R{x) c6 v6 so nghiem, hay R{x) = 0, nghia la (2) diTdc chiing minh. 
Btfdtc 2. Chiing minh Q(0) = 0. TiT (2) ta c6 P ( l ) = Q ( l ) - Q(0). Theo (1) 
flurtc P ( l ) := g ( l ) . Vay g(0) = 0. 

Btfolc 3. Chiing minh deg Q = 1 hoac deg Q = 2. Gia sii 

Qix) = x " + a „ _ i i " - ' + • • • + aix + ao-
Tif (2) ta CO 

Y(x + l ) x \  / x ( x - l ) \ " -
.V 2 ; [ 2 ) 

'nx + i)xy-' fx{x-i)Y-' 

P{T.) =i 

+ a„-i 
+ - - - f a o . (3) 

^ L ^ " \ / J 

" (3) ta thSy he s6 ciia s6 hang chi?a s6 mu cao nh4t cua b i l n x la 

fc. 2" 2 " - i 2 " - ! ( " = 1 .2 , . . . ) . 2" 
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< " _ , ^ 9 " - ' = n « I ; ; 2 (vl vdi n > 3 thl 2 " " ' > n ) . 
T h e o gia .h iet ^ = « " - ^ ^ ^ ^ ^ j ^ ^ 
Dn 0(01 = 0 va deg Q = 1 noac aeg v ' ,̂ , 
. K h i 0 ( x ) ^ X , theo (2) ditdc P(x) = x. 

P(x) = 
(x + l ) i 

l 2 (x + l ) x (x - l ) x T 2 _ b i ^ z i l i H + 6x. 

ri%.ii'V "v?^t); "̂'̂  
Vay 

P ( l ) + P(2) + • • • + P ( n ) = l=' + 2 3 + - - + n ^ + 6(1 + 2 +••- + 77) 

= (1 + 2 + • • • + n)^ + b (1 + 2 + • • • + n) 
= Q ( l + 2 +••• + n), V n = 1 ,2 , . . . 

Do do Q{x) = .T2 + hx va P ( .T ) = .r^ + hx thoa (1). 
Ket hian: Co hai cap da thiic thoa man yen can de bai la 

P ( x ) = X va Q(x) = X ; Q(x) = x^ + 6x va P ( x ) = x^ + 6x. 

B a i t o a n 3.34. 71m tat cd cdc (fa f/iji:c /le so thuc. thoa man 

(•, x P ( ^ ) + y P ( - ) = x + y, V x € R \ { 0 } . 
(1) 

G i a i . Trong (1) lay y = A:x, vdi fc ^ 0 va x 7̂  0 ta dUdc 

xP(fc) + A:xP(^) = X + fcx, Vx ^ 0, fc ^ 0 

=>P(fc) + ifcP(^) = 1 + fc, VA: 5̂  0. 

D a t P(it ) = C?(fc) + 1. K h i do do (2) nen da thiic Q thoa man 

Q{k) + l + k = 1 + t , Vfc i« 0 

. Q ( . ) o g ( i ) = o . ^ = -Q(^)>vMo. 

(2) 

(3) 
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Q{k) 
± 0 0 , trong khi do , Neu deg{Q) > 2 t h i t i f (3) cho k - > + 0 0 ta dUdc 

-Q{0) (do da thilc Q la ham lien tuc), den day ta gap mau thuan. 
, Vay deg(Q) < 1, suy ra P(x) = ax + b, Vx e R. Thay vao (1) ta dudc 

^{^+b)+y(j + b^=x + y,\fxeR\{0} 

•^ay + bx + ax + by = X + y, Vx € K\{0} ,1 , < ,•, 
<^(a + 6)(x + y) = X + y, Vx € ]R\{0} 
-^a + [ ) = l < 4 - b = l - a . 

Tat ca car da thi'rc thoa man yen can de bai deu c6 dang 'iv yn ' 

f{x) = ax +1 - a, Vx € R (trong do a la hkng so t i i y y ) . 

Bai t o a n 3.35. Tim cdc da thiic P(x) € R[x] thoa man phUdng trinh ham: 

P ( x + P(x) ) = P(x) + P ( P ( x ) ) , V x e R . (1) 

Giai . Gia sir o„ > 0. Xet trudng hdp deg(P) = n > 3. Gia siif 

P(x) = a„x" + a „_ ix " - i + • • • + a ix + ao, an^ 0. 

Ta CO P ' (x) = na„x" - i + ( n - l ) a „ _ i x " - 2 + . . . + Do " 

l im [P' (x) - x l = + 0 0 (vi n > 3, na„ > O) 
:'*(••, X — • + 0 0 L . J \

nen ton tai no sao cho vdi moi x > no t h i P'(x) > x. Lgi c6 

l im P"(x) = l im [n(n - l)a„x"~^ + • • • + 202] = + 0 0 
X—»+oo i->+oo 

n§n ton tai n i sao cho vdi moi x > n i t h i P"(x) > 0, suy ra P'(x) dong bien 
•̂ ren (74,; + 0 0 ) . Chon m = max {0, no, n j va xet x e (m; + 0 0 ) . T i f 

P (x ) = P ( x + _ P ( x ) ) - P ( P ( x ) ) , 

''̂ eo dinh l i Lagrange, vdi moi x e (m; + 0 0 ) , t6n tgi G (P(x ) ; P(x) + x) 
'̂ ao cho 

Ui 

_ P ( x + P ( x ) ) - P ( P ( x ) ) . . _ P (x ) 
P ( x ) + x - P ( x ) ^ ^ ^ ^ - - l - • 

CO P(o) = 0 nen ao = 0. Do l im [P(x) - x] = + 0 0 vS, 
X — • + 0 0 * 

l im 
X - t + O O 

P ' ( X ) -
P(x) = l im 

x—*+oo 
J2<^k{k-i)x''-' 

lk=l 

• I >. 
— + 0 0 
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nen t6n ta i mo G N sao cho vdi moi x > mo th i P(x) > x, F'{x) > 

Vay, v6i niQi x > max {mo, m} , ta c6 

P{x) 

P'{c,)>P'{P{x))>P'{x)> 

P{x) 

P{x) 
X 

dieu nay mau thuan vdi P'(cx) = V i > max {mo, m} . Nhu khong 

the xay ra trirdng h(?p deg(P) = n > 3. Xet deg(P) = 2. Gia siit 

P{x) = ax^ + bx, Vx 6 R (do P(0) = 0). 

Thay van (1) ta durtc 

a[ax2 + ?>(x + 1)1 V 6 [ax^ + 6(x + 1)' 

=ax^ + bx + a(ax^ + 6x) + 6 (ax^ + 6x), Vx e R. (2) 

TCr (2) lay X = 0 dUdc a/;̂  + fr^ = Q. DO dang xet a > 0 nen suy ra 6 = 0. 

Thay vao (2) dudc: 

a^x" + ahx^ = ax^ + a^x"* + abx^, Vx e R (v6 h'). 

Tudng t i t , vdi a„ < 0 th i cung suy ra vo h' neu deg(P) > 2. Vay xet deg(F) = 1. 
Gia sU P{x) = ax, Vx g R, a la hang so, thay vao (1) thay thoa man. Neu 
P(x) la da thiic hang th i thay vao (1) diTdc P(x) = 0. Tom lai cac da thiic 
thoa man yeu cau do bai la P{x) = ax, Vx € R, a la hang so t i iy y. 

B a i t o a n 3.36 (International Zhautykov Olympiad 2012). Cho P, Q, R la 

ba da thiic vdi he so thuc sao cho 

P(Q(x) ) + P ( P ( x ) ) = c , V x 6 R . 

Chx'cng minh rhng ho&c P (x ) la da thiic hhng hoac R{x) + Q{x) la da thiic 

hhng. 

G i a i . Neu deg P = 0 th i P(x) la da thiic hSLng, ta c6 dieu phai chiJng minh-

Gia si'r degP > 1. Ta c6 cac nhan xet sau: 
1. Neu deg Q = 0 th i degP = 0 va ngU^c l ^ i , nen khong giam t inh t6ng qu^t 
ta gia sir deg Q > 0 va deg P > 0. Suy ra l im Q{x) = oo va l im P(x) = 

Q{x) 

2. deg Q = deg P > 1 va deg P = n, la so lo, d6ng thrri ^ hrn^ 

3 j , a t T - l + ^ + ^ + - + ^ ^ t h l l i m T = l . 

= - 1 . 
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P{x) — a„x" 
4- Jj.'^oo X " - ' " ^^"g ('̂  "̂ ^y a„ la he s6 bac cao nhdt 
^jia da thrrc P(x) ) . Tir gia thiet ta c6: 

^ PiQix)) - anQ^'ix) + P{R{x)) - a „ P " ( x ) = c - a „ ( g " ( x ) + P"(x)) 
W^fiQJx)) - anQ"{x) P{R{x)) - a„R-{x) R-~Ux) 

P " - i ( x ) Q - H x ) . ,auu:. . . • 

^ ^ - a „ ( Q ( x ) + P ( x ) ) r . 
c 

=^g(x) + P(x) 

_ P ( g ( x ) ) - a n Q " ( x ) P (P (x ) ) - a „ P " ( x ) P " - n x ) 

a „ T Q " - i ( x ) a „ T P " - ' ( x ) • g " - i ( x ) ^ a „ T Q " - H x ) -

26 
l l v gidi han hai ve khi cho x -* +oo, ta dUdc l im (Q ( x ) + P ( x ) ) = . 
Hav (?(•'•) + -^(3^) la da tluic hang. Vay ta c6 dieu phai chiing minh. 

3 . 3 Phu-dng t r inh dang P{f)P{g) = P{h) 

Bai t o a n t 6 n g q u a t 1. Gid sic / ( x ) , ^(x) va h{x) la cac da thiic he so thiic 
cho frudc thoa m.dn dieu kie.n: deg(/) + deg(g) = deg(/i). Tim tat c.a cac da 
thiic he so thiic P{x) sao cho 

P ( / ( x ) ) .P (3 ( x ) ) = P ( / i ( x ) ) , V x €R . (1) 

I^ghiem rua (1) c6 nhieu t inh chat dftc biet giup chung ta c6 the xay di^ng 
(luoc t a l c a cac nghiem ciia no t ^ cac nghiem bac nho. 

Djuh l y 1. Neu P,Q la, nghiem cua phiiOng trinh ham (1) thi P.Q cung la 
nghiem ciia vhuanq trinh ham (1). 

Chih ig m i n h . Ta c6 

{P.Q) (/i(x)) = P {h{x)).Q {h{x)) = P {f{x)).P {9ix)).Q {f{x)).Q {g{x)) 
= {PQ)U{x)).{PQ){9[x)). 

qua 1. Neu P (x) la nghiem cua (1) thi [P ( x ) ] " cUng la nghi$m cua (1). 

^°ng kha nhieu trudng hdp h§ qua tren cho phep ta mo ta het cac nghiem 
'̂̂ ^ (1). Dg lam dieu nay ta CO dinh If quan trong sau day. . i . t 

'[^inh l y 2. Neu f, g, h la cac da thiCc he so thiCc thoa man dieu kien deg(/) + 
^{9) --- deg(/i) va thoa man mot trong hai dieu kien sau day: 
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(1) . d e g ( / ) deg(9) 
(2) . d e g ( / ) = deg(p) va f + g* 0, trong do r,g* Id he so cua luy 

thica cao nhat cua cdc da thiCc f va g tUdng ling. 
Khi do vdi moi so nguyen duong n ton tax nhiiu nhat mot da thiic he so thycc 
P{x) CO bdc n vd thoa man (1). " 
ChuTng m i n h . Gia sur P la da thi ic bac n thoa man (1). Goi P*,f*,g*,h* 
Ian lirot la he so cua luy thCra cao nhat cua P,f,g,h. So sanh h§ so cua luy 
thfta cao nhat hai ve ciia cac da thi'rc'trong (1) ta CO 

. _ ' •> P*.(/*)".P*.(.7*)" - P* = 

N h u vay neu gia sii ngUdc la i , ton tai mot da thiic Q he so thuc bac n, khac 
P, thoa man (1) t h i Q* = P* va ta c6 

Q{x) = P{x) + R{x), vdi 0 < r = deg(i?) < n ' 

(ta quy Udc bac ciia da thiic dong nhat khong bang - o o , do do r > 0 d5ng 
nghia R khong dong nhat khong). Thay vao (1) ta dUdc 

[P{f) + R{f)].{Pig) + R{g)]=P{h) + R{h) 
" ^P{f)P{g) + P{f)R{g) + Rif)P{g) + R{f)R{g) = Pih) + R{h) 

^P{f)R{g) + R{f)Pig) + R{f)Ri!j) = ^(M- (2) 

TrtfcJng h d p 1. deg(/) 7̂  deg(5). Gia sii deg(/) > deg(5). K h i do bac ciia 

cac da thiic 6 ve tra i c i ia (2) la 

ndeg( / ) + r d e g ( 5 ) , r d e g ( / ) + ndeg(5), rdeg ( / ) + r d e g ( 5 ) . 

D e y rang ^ , v, 

(n - r ) deg(/) > (n - r ) deg(p) ndeg( / ) + r deg(5) > r deg(/) + ndeg(5)-

Do do 

ndeg( / ) + rdeg(5) > r deg(/) + ndeg(9) > r d e g ( / ) + rdeg(g) . 

Vay ve t ra i cua (2) c6 h^c la ndeg( / ) + rdeg(5). Trong khi do ve phai c6 bac 

la • ' . J 

rdeg{h) = r (deg( / ) + deg{g)) < ndeg( / ) + r deg(5) (mau thuan). 
TrvCdng hdp 2. deg{/) = deg(5). K h i do hai da thiic dau tien 6 ve trai cua 
(2) CO cimg bac la ndeg ( / ) + r deg(ff) va c6 the xay ra sU tr iet t ieu khi tb^'^ 
hien phep cong. Tuy nhien, xet he sS cao nhat cua hai da thiic nay, ta c6 

cua x"''^«(^)+'"''*=8('^ trong d a thiic thi i nhat va da thiic th,'r hai l^n lUdt la 
i?*.(/*) '• .P*.(5*)"- Nhu the bac ci ia x"^^^f)+rdee(9) trong 

^Bgtig hai d a thvic bang 

K p^irr-R^xgr + n'-ifr-p^-iaT 
• =p*R'{rn9T{{fT-' + {9T-1 0 (do r + 5 V o) "' 

^ H h U v^ly bac cua ve trai cua (2) van la n d e g ( / ) + rdeg((/), trong khi do bac 
^ M a ve phai l a 

7-deg(/t) = r ( d e g ( / ) + deg(5)) < n d e g ( / ) + rdeg(j?) (mau thuan) . 

^ • | n h l i dUdc chiing minh hoaii toan. 

Hbhu y 2. Sii dung dinh li (2) vd h$ qua (1), ta thdy rdng neu Pi{x) la mot 
^ma thAc bac nhat thoa man (1) vdi f,g, h la cdc da thiic thoa man dieu kien 
^•tta dinh li (2) thl tat cd cdc nghiem cua (1) la 

P{x)=0,P{x) = l,P{x) = [P,{x)r {vdi n = 1,2,...). 

H i a i toan 3.37. Tim tat cd cdc da thdc he so thiCc P(x) thoa man 

H; P{x)P{x + l) = P{x'^+x + l),\fxeR (1) 

H&ch 1 (Tvfdng t\i nhvf hai toan t6ng quat) . De thay P{x) = 0 va 
^ K x ) = 1 thoa m a n phuong trinh ham (1). Xet trUdng hop P (x ) c6 bac nhat, 
^•(x) = ax + b {a,b la hang so a ^ 0) Thay vac (1) t a dUOc 

B [ax + b] [ax + a + b] = a{x'^ + x + 1) + 6, Vx € R 
B <^a^x^ - f (a + b)ax + abx + b{a + b) = ax'^ + ax + a + b,Wx eR 
K <4>(a2 - a)x'^ + (a + 26 - l ) ox + 6(a + 6) - a - 6 = 0, Vx e R 

!

a2 - a = 0 
a ( a + 2 6 - 1) = 0 
6(a + 6 ) - a - 6 = 0. •• ' ' V 

n? nay v6 nghiem do a 7̂  0. Vay khong ton tai d a thiic bac nhat thoa m a n 
(!)• Tiep theo t a xet trUdng hop P(x) c6 bac 2, 

P (x ) = ax^ + 6x + c, vdi a 7^0 

^hay vao (1) va d5ng nhat he so n h u tren ta duOc a = 1,6 = 0, c = 1. V?ly 
thiic bac hai thoa man (1) la P(x) s x^ + 1. Xet cac d a thiic 

/ ( x ) = x , g ( x ) = x + l , / i ( x ) = x2 + x + l : 
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Khi do deg(/) = deg(5) = 1, deg(/) + deg(g) = 2 = deg{h). Tiep theo ta 
chiing minh vdi moi so nguyen duong n ton tai nhieu nhat mot da thiic he 
so thuc P{x) C O bac r i va thoa man (1). Gia sii P la da thi'rc bac n thoa man 
(1). Goi P* la he so cao nhat ciia P. So sanh h§ so cao nhat hai ve cua cac 
da thiic trong (1) ta ro , , 

. ... ^P*f = P'^ P'= 1 {do P'^0). 

N h u vay neu gia sii ton ta i mot da thjic Q h^ so thi^c b§c n, kh&c P, thoa 
man (1) t h i Q* = P* = 1 va ta c6 

Q{x) = P{x) + R{x), vdi 0 < r = deg(fl) <n 

(ta quy \t6c bac ciia da thi'rc dong nhat khong bS,ng -co , do do r > 0 dong 
nghia R khong dong nhat khong). Thay vao (1) ta dUdc >. 

[ P ( / ) + /?,(/)]. [P{g) + R{g)] = P{h) + R{h) 
^P{f)P{g) + PU)R{9) + R{f)P{9) + RU)R{9) = P{h) + R{h) 
^P(f)R{g)+ R{f)P{y)+ R{f)R{y) = R{h). (2) 

Hai da tlnlc dan tien t'f ve t ra i cua (2) c6 cimg bac la n + r va c6 the xay ra 
sir tr ict tieu khi thac hien plicp cong. Tuy nhien, xet he so cao nhat ciia hai 
da thiic nay, ta c6 he so ciia x"+' ' trong da thiic t h i i nhat va da thiic t h i i hai 
Ian ludt la P'.R'. R\P*. Nhir the b§c ciia trong tOng hai da thiic bang 

:v,, ,̂ r , P*.R' + R\P' = 2P*.R" 

Nhu vay bac ciia ve tra i ciia (2) la n + r, trong khi do bac ciia da thiic d ve 
ph.ii la 2r, nhung 2r < n + r , den day ta gSp mau thuan. Vay vdi mpi so 
nguyen diidng n ton ta i nhieu nhat mot da thilc he so thuc P{x) c6 bac n va 
thoa man (1). Ket hdp vdi he qua (1) siiy ra tat ca cac da thiic thoa man de 
bai la 

P(x ) = 0, P{x) = 1, P{x) = ( . T ^ + 1)" (vdi n = 1, 2 , . . . ) . 
C a c h 2: S i i dung t inh chat n g h i e m va so sanh bac. Neu P{x) = a {a 
la bang s6) t h i thay vao (1) ta dirdc 

= a <(=> a(a - 1) = 0 <4- a e {0,1} . 

Bay gia ta xet P{x) la da thiic c6 bac Idn hdn hoSlc bang 1. K h i do Pix) chi 
CO hCru han nghiem. Neu P{x) = 0 t h i theo (1) suy ra P{x'^ + x + 1) = 0. VaV 
neu xo la nghiem thiic ciia P{x) t h i cac so sau ciing la nghiem ciia P{x) 

Xo, X i = I Q + X 0 + 1, X 2 = X i + x i + 1 , . . . , x„+i = x^ + x„ + 1 , . . . 

Do Xo < x i < X 2 < • • • < x„ < x„+i < • • • nen suy ra P (x ) c6 v6 so nghie»i' 
dieu nay mau thuan vdi P(x) chi c6 hiiu han nghiem. Vay P(x ) khong 
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nghiem thuc, suy ra P(x) la da thiic bac chSn, gia sir deg(P) = 2m. K h i do 
p{x) dUdc bie'u dign dudi dang - • o 

(3) 
P (x ) = (x2 + l ) " * + G{x), vdi deg(G) < 2m. 

Thay (3) vao (1) ta dUdc 

•

•(^2 + i ) m ^ [ ( ^ 2 _^2x + 2 r + G{x + 1) 

= • ( x 2 + X + 1)2 + 1 ] ' " + G ( x 2 + X + 1). 
VI (x2 + 1) (x2 + 2x + 2) = x^ + 2x3 + 3a;2 + 2x + 2 = (x2 + I + 1)2 + 1 nen 
theo tren ta c6 

(,r2 + l ) ' " G ( x + 1) + (x2 + 2x + 2)™G(x) + G(x)G(x + 1) = G{x^ + x + l). (4) 
Neu G(x) khong dong nhat 0 t h i gia sii deg(G) = p < 2m,. K h i do vc phai 
ciia (4) la da thiJc c6 bac 2p, con ve trai cua (4) c6 bac la 2m + p. Suy ra 
2m + p — 2p, suy ra 2m = p, mau thuan vdi 2m > p. Vay G(x) = 0. Vay 
p(x) = (x^ + 1)"". T h i l lai thay thoa man. Do do t i t ca cac da thiic thoa 
man de bai la 

P ( x ) = 0 , P ( x ) = l , P ( x ) = (x2 + l ) ' " ( v d i m = l , 2 , . . . ) . 

LiAi y. Do ta di.r doan dudc P(x) = x^ + 1 thoa man cac yen can db. bai nen 
mdi CO y tUdng bigu di§n P(x) c6 dang nhu d (3). Bai toan nay con diidc d l 
cap trong bai 3.5: Sii dung so phiic de giai phudng t r inh ham da thiic. 

Bai t o a n 3.38 (Dc t h i vao Khoa Toan hoc t inh toan va Dieu khien- Dai 
lioc Tdng hdp Quoc gia Matxcdva nam 2002). Tim tat cd cac da thiic P(x) 
vdi he so thuc thoa man dieu kien 

P(x2) = p2 (x) , Vx e E. (1) 

tttfdng d i n . Ta c6 cac ham / ( x ) = x, ^(x) = x, h{x) — x^ thoa man cac dieu 
'̂ 'cn ciia dinh l i 2 ci trang 411, va ham P(x) = i la ham bac nhat thoa man 

do do cac ham P(x ) = 0, P (x ) = 1, P(x) = x " (vdi n = 1,2,...) la tat ca 
âc nghiem ciia (1). 

t o a n 3.39 (De nghi t h i Olympic 30/04/2011). Tim tat cd cac da thiic 
) € R [x] thoa man phuang,trinh ham 

H 
f P(2x + l )P (2x + 2) = P(4x2 + 6x + 3), Vx 6 

^«ng d i n . Dat < = 2x + 1. K h i do (1) t rd thajih 

mP{t + l ) = P{t^ + t + i),vteR. 

(1) 



B a i toan 3.40 (HSG Quoc gia-2006). Hay xdc dinh tat cd cdc da thiic P{x) 

vdi he so thiXc, thoa man h$ thiic sau: 

P{x^) + x[3P{x) + P{-x)] = (P(x))2 + 2x2, g ^ 

G i a i . Thay x bdi -x vao (1), ta ditdc 

P(x2) - x [ 3 P ( - x ) + P{x)\ (P ( -x ) ) 2 + 2x\x e R. (2) 

Trir (1) cho (2), t a dU0c 

4x[P(x) + P ( - x ) ] = P2(x) - p 2 ( - x ) ^ • ' 
^ [ P ( x ) + P ( - x ) ] [ P ( x ) - P ( - x ) - 4 x ] = 0. (3) 

Do (3) di ing vdi moi x thuoc R, nen ta phai c6: Hoftc P (x ) + P{-x) = 0 dung 
vdi v6 so cac gia t r i x hoac P(x ) - P ( - x ) - 4x = 0 dung vdi v6 so cac gia tri 
X. Do P la da thiic nen tiic day ta suy ra: Hoac P(x) + P ( - x ) = 0 dung vdi 
moi X hoac P(x ) - P ( - x ) - 4x = 0 dung vdi moi x. Ta xet cac trudng hop 

, P ( x ) + P ( - x ) = 0. K h i do ta cd phudng tr inh 

P ( x 2 ) + 2xP(x) = [P(x)]2 + 2x2 ^ P(x2) - x^ = [P(x) - x]2. 

Dat Q(x) = P(x ) - X t h i g(x2) = Q'^{x). Theo bai toan 3.38 t h i 

Q{X) = 0 , Q ( . T ) ^ 1 , Q ( X ) = X". 

, Tilt do P(x) = X, P(x) = X + 1 , P (x ) = x " + X. So sanh vdi dieu kien 

P ( x ) + P ( - x ) = 0, 

ta chi nhan cac nghi^m: P ( x ) = x, P(x) = x2'=+' + x, (fc = 0,1,2 . . . ) . 

Tiep theo xet trudng hdp P{x) - P ( - x ) - 4x = 0. K h i do ta cd phiMng trinh 
P(x2) + x[4P(x) - 4x] = P2(x) + 2x2 

^ P ( x 2 ) - 2x2 ^ [p(^) _ 

Dat Q(x) = P(x ) - 2x t h i Q(x2) = Q^{x) va nh\x the 

Q(x) = 0, Q(x) = l , Q ( x ) = x " . 

TiJf do P(x) = 2 x , P ( x ) = 2x + l , P ( x ) = x " + 2x. .)0 sanh vdi dieu k'?" 

P ( x ) - P ( - x ) - 4x = 0, ta chi nhan cac nghiem: 

P ( x ) = 2x, P ( x ) = 2 i + 1 , P(x) = x2* + 2x ( f c= 1 , 2 , . . . ) . 

Tong hdp hai trUdng hdp, ta c6 tat ca nghiem cua (1) la cac da thiic la: 

, P (x ) = X, P(x) = 2x, P(x) = 2x + 1, P(x) - x2*+i + X, P(x) = X2* + 2^ 

vdi A; = 1 ,2 ,3 , . . . 

3.4 Phiitfng trinh dang Pif)P{g) = P(/i) + Q M« > 4 ; 

• B a i toan t 6 n g quat 2. Gid st? /(x) , g(x) , /i(x) vd Q{x) Id cdc da thiic hi 
B so thuc cho trudc thoa man dieu kien: deg(/) +deg(5) = deg(/i). Tim tat cd 
• cdc da thiic he so thiXc P (x ) sao cho 

K , p ( / ( x ) ) . p ( 5 ( x ) ) = p(Mx)) + g ( x ) , V x e R . (1) 

Vdi phifdng t r i n h (1), neu Q khong dong nhat 0 t h i t a se khong con t i n h chat • 
Ml "nhan t i n h " nhu d bai toan tong quat 1 d trang 411. V i the, viec xay dung 

nghiem t r d nen khd khan. Day chinh la khac biet cd ban ciia toan tong quat 
B 2 vdi toan tong quat 1. Tuy nhien, t a v§n cd the chiing m i n h dudc djnh l y 
B : duy nhat, dvTdc phat bieu n h u sau: 

E D i n h l y 3. Cho f, g, h la cdc da thxCc khong hang thoa man dieu kien 

W deg(/) + deg(ff) = deg(/i) 

mlQ Id mot da thiic cho tncdc, ngodi ra deg(/) ^ deg(5) hoac deg(/) = deg(g) 

Wva f* + g* 0. Khi do, vdi moi so nguyen dUdng n vd so thicc a, ton tai 

•PhAteu nhat mot da thiic P thoa man dong thdi cdc dieu kien sau: 

W i) d e g ( P ) = n ; n ) P* = a; Hi) P{f)P{g) = P{h) + Q. 

•iPh^p chiing minh dinh ly nay titdng t\i vdi phep chiing m i n h dinh ly 2. 

• H e qua 2. TYong cdc dieu kien cua dinh ly, vdi moi so nguyen duang n, ton 

Ki(it nhiiu nhat 2 da thicc P(x) cd hdc n thoa man phuong trinh 

• P{f)P{g) = P{h) + Q. . 

•ChuTng m i n h . H? so cao nhat cua P phai thoa man phifdng t r i n h 

1̂1 P * 2 ( / V ) " = P* (/i* ) "+ H? so cua x " ' ' t r o n g Q. >.,;r A-'^-. 

Suy ra P* chi cd the nhan nhieu nhat 2 gia t r j . , , • . . 

Bai toan 3 . 4 1 . Tim tat cd cdc da thiic P (x ) thoa man phiCdng trinh 

P2(x) - P(x2) = 2x^ Vx € K. (1) 

^ « d n g dan. Neu dat P(x ) = ax* + i?(x), vdi a 7̂  0, deg(P) = r <k t h i ta 

P2(x) - P(x2) = (a2 - a)x2* + 2ax'=/?(x) + R^{x) - R{x^). 

"̂ f̂ do suy ra deg(p2(x) - P(x2)) hoac bSng 2k neu a 1, hoac bang k + r 

a = I -v^ r > 0, ho&c hkag -00 k h i a = 1 va r = - 0 0 (tiic la dong nhat 

>• Tfir do, suy ra A; < 4. Den day, ta de dang t i m dUdc cac nghiem cua (1) la 

P ( i ) = + 1 , P ( x ) = x^ + X, P (x ) = 2x2, p(^) = _a.2. , . , ,̂  
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B a i toan 3.42. Tim tat cd cdc da thiic P{x) thoa man phuong trlnh 

P(x2 - 2) = P'^ix) - 2, V i 6 R. . (1) 

G i a i . Co 2 da thiic hSiig thoa mail phUdng t r inh la da thitc dong nhat - i 
va da thitc dong nhat 2. Vdi cac da thiic bac 16n hdn hay bllng 1, ap dung hg 
qua 2 d trang 417 ta suy ra vdi m5i so nguyen diXdng n , ton tai khong qua 1 
da thiic P{x) thoa man (1). Digm kho d day la ta khong c6 cd che ddn gian 
dg xay dung cac nghiem. Dung phudng phap dong nhat he so, ta t i m dudc 
cac nghiem b^c 1, 2, 3, 4 Ian ludt la: 

x^x"^ -2,x^ -3x,x* -4x'^ + 2. 

Tijt day, c6 the d i l doan duoc quy luat cua day nghiem nhir sau: 

Po = 2,Pi =x,Pn+i=xPn- Pn-i,n = 1,2,3,... (2) 

Cuoi Cling, d6 hoan t§,t Idi giai bai toan, ta chi can cluing minh cac da thiic 
thuoc day da thuTc xac dinh bcii (2) thoa man phUdng t r i n h (1). Ta c6 the 
thilc hien dieu nay bang each sii dung quy nap toan hoe hoac bang each nhir 
sau: Xet x bat ky thupc [ -2 ,2] , dat x = 2cost t h i t i l cong thiic (2), ta suy 
ra 

P2{x) = 4cos^i - 2 = 2cos2t, ^3(0:) = 2cost.2cos2f - 2cos< = 2cos3f, 

va noi chung P„(x) = 2cos(ni). Tit do 

P„(x2 - 2) = P„(4cos2t - 2) = f„ (2cos2t ) = 2eos(2nt) 

= 4 c o s 2 ( n t ) - 2 = ^ 2 ( 2 : ) - 2 . 

Dang thiic nay diing vdi moi x thuoc ( -2,2] do do diing vdi mpi x. Bai toan 
dUdc giai quyet hoan toaii. 

3.5 Su" dung so phufc de giai phu'cfng trinh ham da 
thut 

Nghiem cua da thiic dong vai t rp quan trpng trpng viec xac dinh mot t''̂  
thiic. Cu tlig neu da thiic P{x) bac n (n € N*) c6 n nghiem xi,X2, ..•,Xn 

P ( i ) CP dang 
P{x) = c{x-Xi){x-X2)...{x~ Xn). 

Tuy nhien neu chi xet cac nghiem thuc thi trpng nhieu tritdng hop se khoi'S 
du sp nghiem. Hdn niia trong bai toan phiioiig t i i n h ham da thiic, neu cl'' 
xet cac nghiem thitc t h i IcJi giai sc khong hoan chinh. Dinh l i cd ban cua <''̂ ' 
so vi v|iy d6r>g mpt vai t ro het siic quan trpng trong dang tpan nay. 
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• D i n h If c d ban cua dai so. Mpi da thiic bgx; n h? so phiic (thuc) 

P(x) = a„a:" + a „ _ i i " ~ ^ + • •• + 0 1 1 + 00 (vdi a„ 7̂  0) 

deu CO dii n nghiem phiic (phan bi§t hay triing nhau). ' • ' 

• D i n h l i V i e t thuan: Neu x i , X 2 , . . . , x „ la n nghiem (phan bi§t hay 

triing nhau) cua da thiic P ( i ) = a„a :"+a„_ix" - i +• • + 0 1 1 + 0 0 (a„ 0) 

thi: 

Si = -i:! + X2 + • • • + x„ = -
0„ 

a n - 2 •52=xiX2 + xiX3 + .̂ ^ + x„_ia:„ = 

^3 = X1X2X3 + X1X2X4 + • • • + X „ _ 2 X „ _ i X „ = -an-3 

Sn = X i X 2 . . . x „ = 
On' • 

D i n h If V i e t d a o : N l u n s 6 x i , x 2 , . . . , x „ thoa man 

x i + X2 + • •. + a:„ = 

X i X 2 + x i X 3 + . .^ + : r „ _ , x „ = 5 2 

^1X2X3 + X , X 2 X 4 + . . . + x „ _ 2 X „ _ i X „ = 5 3 

X1X2 . . .x„ = "Sn 6;! 

t h i x i , X 2 , . . . , x„ la nghiem ciia phudng t r i n h 

x " - 5 , x " - i + 52x"-2 + •. • + ( - l ) " - i 5 „ _ i x + i-lTSn = 0. 

t« Cho hai s6 phiic z\a Z2- K h i do: 
|2l~ 2 | = \Zl\

'? 2 1 + 2 2 ! < 1^11 + I22I, dau bang xay ra khi va chi khi zi = kz2, vdi A; > 0. 
' ^ l - Z 2 l > l | 2 l | - 1̂ 211. 

Bai toan 3.43 (Olympic Hong K6ng-1999). Cho k la so nguyen duang. Tim 

cac da thitc he so thuc thoa man dieu kien P{P{x)) = [P(x)] ' ' , Vx € K. (1) 

Qiai. Xet trirdng hdp P(x) = C (C la hang .so). T i i (1) dUdc C = C''. K h i 

J = 1 t h i C la hang so bat k i . K h i A; > 1 t h i C = 0 ho$c C = 1. Xet trirdng 

•̂ p̂ degP > 1. V i da thiic P(x) - x luon c6 nghiem (xet ca nghi§m phiic) 

mpi n e N ' , tpn ta i Q„ e C sap cho P ( a „ ) = a „ . T i i dp ,. , 

P ( a O = P ( P ( a „ ) ) = ^ ' ^ [P(a„)]* = a*, Vn = 1 , 2 , . . . (2) 
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Tilt (2) suy ra da thiic P{x) - c6 v5 so nghi?m, hay P(x) - x* = 0, nghia 
la P (x ) = X * . Thut l ^ i thay thoa man. 
Ket lu?Ui: Neu k = 0 th i P(x) = C ( C l a hang so bat k i ) . Neu A; > 1 t h i cac 
da thiic thoa man de bai la 

P ( x ) = 0 , P (x ) = l , P (x ) = x'=. 

B a i toan 3.44. Tun tat cd cdc da thiic h$ so thitc P(x) thoa man 

P ( i ) P ( x + l ) = P{x2 + x + l ) , V x e R . (1) 

Gi&i. N i u P(x ) = a (a la hSng so) th i thay vac (1) ta dildc 

. = a a(a - 1) = 0 <=i> a G {0,1} . 

Bay gic) ta xet P(x) la da thiic c6 bac Idn hdn hoS,c bang 1. Gia sii a \h, mOt 
nghiem ciia P (x ) . K h i do + a + 1 cung la nghiem. Trong (1) thay x b6i 
I - 1 t a dUflc 

P (x - l ) P ( i ) = P(x2 - x + 1), Vx G R. 

V i P(a) = 0 nen suy ra P(a^ - a + 1) = 0, v^y - a + 1 cung la nghiem cua 
P(x ) . Chpn a la nghiem c6 modun Idn nhat (neu c6 nhieu nghiem nhu the 
th i ta chQn mpt trong chung). T i each chgn suy ra 

< a . / : + a + 1 < |a|, - a + 1 

Theo bat dang thiic ve modun ta c6 

|2a| = |(a2 + a + l ) + ( - a ^ + a - 1)1 < | a 2 + a + l | + l - a ^ + a - 1 
= |â  + a + l | + |â  - a + l | < \a\ \a\ 2|a| = \2a\. 

Nhit vay dau bang phai xay ra d cac bat dang thiic tren, suy ra 

(a^ + a + 1) + ( -a^ + a - l ) | = |â  + a + l | + |-a^ + a - l | , 

suy ra ton i^i so thvtc s > 0 sac cho + a + 1 = s ( -a^ + a - l ) . Neu 

|â  + a + l | < |a^-a + l 

t h i 

2 - a + l | > - a + l | 4- |â  + a + l | > |2a| => [a^ - a + 1 > l a . 

Tudng t i l neu [a^ + a + l | > ja^ - a + l | t h i [a^ + a + l | > |a|, mau thuSn 
vdi each chpn a. V$,y - a + l | = + a + l | . T i i do s = 1 va ta c6 

+ a + 1 = - a ^ + a - 1 O = - 1 <^ a = ± i . 
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W F(a:) = (x^ + l ) ' " Q ( x ) , trong do Q(x) la da thiic khong chia het cho 
j.'i + 1. Thay vao (1), t a c6 

(x^ + l ) ' " g ( x ) ( x 2 ^ 2x + 2 ) ' " Q ( x + 1) = [(x^ + I + 1)2 + l ] ">Q ( x 2 + X + 1). 

Hay + = <3(3;^ + 3: + l ) - Vay Q{x) cung thoa (1). Neu nhu g ( x ) c6 
ijghieni t h i t a lam titdng t u nhu tren, ngliiem c6 modun Idn nhat phai la z, - i . 
jvjhimg (liou nay khong thd v i Q{x) khong chia het cho x^ + 1. Bdi v§,y Q{x) 
la hang so. Gia sii do la c, thay vao (1) ta dudc c = 1. Vay P(x ) = (x^ + l ) " * . 
Xhi i lai ta ket luan: tat ca cac da thiic thoa man de bai la 

P (x ) = 0, P (x ) = 1, P(x) = (x2 + I ) ' " (vdi m = 1,2, . . . ) 

Bai toan 3.45. Tim tat cd cdc da thiic P(x) vdi h$ so thyic thoa man: 

P(x)P(2x2) = P(2x3 + x ) , Vx G R. (1) 

Giai . Vdi da thiic hang P(x) = a,ia.c6 = a ̂  ° = § Ta thay P(x ) = 0 
P(x) = 1 thoa man bai ra. Tiep theo xet trudng hdp P(x ) khdc hang s6. 

Gia sii 
P (x ) = a„x" + a „_ ix " ' + • • • + a ix + ao vdi a„ 7^ 0 

la da thiic thoa man cac yeu cau bai toan. T i i (1) ta cd -1 ~ ' 

»' (a„x" + - - + a i x + ao) [a„(2x2)" + --- + ai(2x2) + ao' 

li = [a„(2x3 + x ) " + --- + ai(2x3 + x ) + a o ] . ^^^-^j 

So sanh h§ so cua x^" va hg so t i t do d hai ve ta dU0c 

\al = ao ^ ^ i a o G R l } =^ { G { 0 , 1 } . 

TrucJng h d p 1 . U n = 1 va ao = 0. K h i do 

P(x) = x " + a „ _ i x " - i + • • • + o ix = x 'P i (x ) , vdi I e N*, Pi(0) 7̂  0. 

Thay vao (1) ta dUdc j • 

x'Pi(x)(2x2) 'Pi(2x2) = (2x3 + x) 'Pi(2x3 + x ) , Vx G R 
^Pi(x) (2x2) 'Pi (2x2) = (2x2 ^ i) /pj(2:r3 + x ) , Vx ̂  0. (2) 

ham da thiic lien tuc tren R, nen tiit (2), cho x 0 ta dugc Pi(0) = 0, 
2̂*1 day ta gap niau thuan. Vay tri ldng hdp 1 khong xay ra. 
•*̂ U6ng h d p 2. a„ = 1 va ao = 1. Gia sii Q la mpt nghigm ciia P (x ) . K h i do 
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do ao = 1 nen a ^ 0. T& c6 P{2a^ + a) = P(Q)P(2Q2) = 0. Suy ra 2a^ + Q 
cung la mot nghiem cua P{x). Xet day so (Q„) nhi l sau: > 

QO = Q : ^ 0 ; a„+i = 2 Q ^ + a„,Vn = 0,1, 2 , . . . 

Neu « > 0 th i ( « „ ) la day tang nghiem ng j t , neu a < 0 t h i ( « „ ) la day giam 
nghiem ngat. Tii day suy ra neu P{x) c6 mot nghiem thuc khac khong th i no 
se C O v6 so nghiem thirc. Dieu nay khong the xay ra. Ket hdp P(0) = I Q 
suy ra P ( i ) ^ 0 vdi moi x e K. Suy ra P (x ) chi c6 nghiem phiic zi, Z2, 
z „ . Theo dinh l i Viet t a c6 • 

(3) Z l . Z 2 . . . Z n = i-ir^\zi\\Z2\...\Zr,\ l 

Neu ton ta i Zk sao cho > 1. Dieu nay dan den 

\2zl + l\ \2zl - (-1)1 > \2zl\ | - 1 | = 2 \zl\ 1 > 1. 

Do do \2zl + zk\ \zk\ + l | > l ^ j t l , vay P{x) c6 v6 so nghiem, dieu nay 
khong the xay ra. Vay vdi mpi A; = 1,2, . . .n th i \zk\ 1, t\i day va t i t (3) suy 
ra I z f c l = 1, VA; = l , n . Gia sii a = cos0 + isin(^ la nghiem phiic ciia P(x) , k h i 

do 2af̂  + Q cung la nghiem cua P(x) va 

1 = \2o? + a = a . 2a^ + l = 2a2 + l | = |2cos2(/) + 2isin2<^ + l l 

= 1(2 cos 2 0 + 1) + (2sin2<^)i| = y ( 2 cos2<^ + 1)^ + {2sm2<j)f. 

Tii do 

(2cos20+ 1)^ + (2sin2(/))^ = 1 <(=!>cos2(̂ = - 1 (j!> = ^ + fcTr. 

Suy ra a = ± i . Do do P(x) = (x^ + 1)*̂ , keN. Thut lai thay thoa man. Vay 
tat ca cac da thiic thoa man yeu c i u de bai la 

P ( x ) = 0 ; P(x) s (x^ + 1)*=, A; e N. 

Lifu y. Trong trudng hdp 1, d l suy ra Pi(0) = 0 {di tao ra mau thuan) ma 
khong can di ing gi6i han ta c6 t h i lam nhu sau: T i i (2) suy ra da thiic 

Pl(x)(2x2)'Pi(2x2) - (2x2 ^ i)/pj(2a.3 + 3 . ) 

CO v6 so nghiem nen no la da thitc khong, nghia la 

Pi(x)(2x2)'Pi(2x2) = (2x2 ^ i)(pj(2x3 ^ ^ 

Tir day rho x = 0 ta dudc Pi(0) = 0, mau thuan. 
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B a i t o a n 3.46. rim cdc da thvlc P(x) cd he s6 thuc thoa man dHu kien: 

P(x).P(2x2) = P{x^ + a:)^ Vx € R. 
(1) 

T a t h d y P ( x ) = 0 Gia i . Vdi da thi'rc hang P(x) = a, ta, c6 a"^ - a <^ 

va P(2;) = 1 thoa man bai ra. Tiep theo xet tru6ng hdp P(x) khac hkng so: 

P(x) = a„x" + a „ _ i x " " ' + • • • + a ix + ao, a„ 7̂  0, n G N*. (2) 

Tir (1) ta C O P(0) = 0 hoac P(0) = 1. Do do ao = 0 ho$£ ao = 1. 
TriicJng hdp 1. ao = 0. Kh i do gia sil 

P(x) = x ' " g ( x ) , g ( 0 ) ^ o , m e N * . 

Thay vao (1) ta dUdc ' 

x'"Q(x).(2x2)'".Q(2x2) = (x^ + x) '"Q(x3 + x), Vx 6 K 

^ =!>g(x).(2x2)-Q(2x2) = (x2 + i r Q ( x 3 + x), V x e M . (3) 

Tif (3), cho X = 0 ta dUdc Q{0) = 0, den day ta gap mau thuan. 
Tr t fdng hdp 2. ao = 1- Dong nhat he so bac cao nhat d (1) ta dU0c ' '5' 

a„.a„.2" = a„ a„ = —. 

Tit (1) suy ra neu P(xo) = 0 th i P(xo + X Q ) — 0, vay neu X Q la nghiem cua 
P(x) th i x^ + xo cung la nghiem cua P(x). Xet day so (x„ ) nhu sau: 

xo 0; x„+i - x^ + x„, Vn = 0,1,2, . . . 

Neu Xo > 0 th i (x„ ) la day tang nghiem ngat, neu X Q < 0 t h i (x„ ) la day giam 
nghiem ngat. T i i day suy ra neu P(x) c6 mot nghiem thUc khac khong th i no 
se C O v6 so nghiem thi.rc. Dieu nay khong the xay ra. Ket hdp P(0) = 1 0 
suy ra P(x) 0 vdi mpi x e R. Suy ra P(x) chi c6 nghiem phiic zi, Z2, •• - , 
^u- Thep dinh l i Viet ta cp 1 

2 i . Z 2 . . . 2 „ - ( - l ) " . 2 " ^ | z i | | z 2 | . . . | 2 „ | = 2". j5 , 

v§,y tpn tai 2fc sao chp l̂ fcl > 2. Dieu nay dan den ^ ^ ,,. 

1-.̂  + 1 - ( - 1 ) > zl - 1 - 1 - 1 > 3 . 

dp \zl + zk\ \zk\\zk + l\ \zk\, vay P(x) cp vp sp nghiem, dieu nay 
Va the xay ra. Vay chi c6 hai da thiic thoa man yeu cau de b a i la P(x) = 0 

i'^) = 1. 
^ y. Bai toan 3.45 va bai toan 3.46 ditdc tSng quat hoa thanh bai toan 

sau day. 



B a i toan 3.47. Cho s6 mc a e [0;2]. Trm tdt cd cac da tMc khdc khong 
r{x) vdi he s6 thtcc thoa man dong nhat thiic 

Hifdng d a n . 
• K h i a = 0 t h i P(x)/'(2x2) = P{x), Vx e R, dan t6i P{x) = 0, P{x) = 1. 
• K h i n = 2, t ien hanh tUdng t a nhu bai toan 3.45. 
• K h i 0 < a < 2, tien hanh tUOng t̂ t nhu bai toan 3.46. 

B a i toan 3.48 (De nghi t h i Olympic 30/04/2011). Tim tat cd cac da thiic 

P{x) 6 R[x] thoa man phuang tfinh ham 

- • P(x)P(3x2) = P(3x3 + x ) , Vx e R. 

B a i toan 3.49. Tim tat cd cac da thiic / (x ) e R[x] thoa man 

/ ( s i n x + cosx) = / (sinx) + / (cosx) , Vx 6 R. (1) 

G i a i . Do thay da thi'rc / ( x ) = c [c la hkng s6) thoa man cac yeu c§,u de bai. 

Tiep theo gia sii deg(/) = n > 1. Dat t = tan - , k h i do 

It 
smx = l + t2 

Vay (1) t rd thanh 

l + 2 i - x 2 \ 

V 1 + x'̂  
= / 

, cosx = 

/ 2 x 

l + f2-

l + x 2 
+ / 1 + X2 

(2) 

Gia / ( . ) = t + «o. Nhan ca hai cua (2) v6i (1 + x^T, r6i thay x 
fc=i 

bdi i [i la ddn v i ao, = - 1 ) ta dit0c " ' " ' ' u i 

a „ ( 2 + 2 f ) " = a„ [ ( 2 i ) " + 2 " ] (1 + i ) " = 1 + i " . 

So phiic (1 + i ) " C O modun la \ / 2 " . Ta c6 

1 + i " = 1 + (cos I 
=>|l + i " | = 

(3) 

+ i s i n | ) = l + c o s - 2 - + »sm — 

1 + cos 
m r y + sii 

riTT 

= W2 + 2 C O S — = 4cos2 ! i _ , 
4 

Do do til (3) suy ra 

2" = 4 c o s 2 ^ ^ 2 " - 2 = c o s 2 ^ . (4) 
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j^j^i n = 1 t h i (4) diing. K h i n = ' 2 t h i (4) khong diing. K h i n > 2 t h i 
> 2 > c o s ^ ^ , vay (4) khong dung khi n > 2. Tom lai (4) n = 1. Do 

* 4 
(J6 deg(/) = 1, suy ra / ( x ) = ax + b. Thay vao (1) dUdc 6 = 0. Vay / ( x ) s ax. 
Cac da thiic thoa man yeu cau de bai la / ( x ) = c, / ( x ) = ax (a, c la cac hkng 

pai toan 3.50. Tim tat cd cac da thiic he so thiic P ( x ) , Q{x) thoa man 

p ( x ) g ( x + 1 ) - p ( x + i ) Q ( x ) = 1, Vx G R. 4 : . (1) 

Gia i . Gia sii ton tai P(x) e R [x], Q{x) e R [x] thoa man cac yeu cau de bai. 
Tfr (1) ta C O P (x - l ) Q ( x ) - P(x)Q(x - 1) = 1, Vx € R. Ket h(?p v6i (1) ta 

P{x)Q{x + 1) - P (x + l ) g ( x ) = P(x - l ) Q ( x ) - P(x)Q(x - 1) 
=»P(x) [Q{x + 1) + g ( x - 1)] = Q(x) [P(x + 1) + P(x - 1)], Vx G R. (2) 

Gia sii xo ( X Q C 6 the la so phiic) la nghi§m cua P ( x ) , khi do P(xo) = 0, thay 
vao (2) duoc Q(xo) [P(xo + 1 ) + P(xo - 1)] = 0, neu Q(xo) = 0 t h i t i t (1) ta 

1 = P(:ro)g(xo + 1) - P(xo + l )Q(xo) = 0, 

v6 If, vay Q(xo) ^ 0, suy ra P(xo + 1) + P(xo - 1) = 0, hay X Q la nghiem cua 
da thiic P(x + 1) + P(x - 1), nhu vay mpi nghiem cua P(x) cung la nghi$m 
cua P(x + 1) + P(x - 1), suy ra P(x) \h, Vide cua P(x + 1) + P(x - 1). M a hai 
da thiic P(x) va P{x + 1) + P(x - 1) c6 ciing bac nen 

P(x + 1) + P(x - 1) = aP(x) , Vx G R (a la hang so) ^ 

P ( x + 1 ) , P ( x - l ) / P ( x + 1) , P ( x - l ) 
=»- ~, + . = a = » l im 0= + . = a = > a = 2. 

P(x) P (x ) x-+oo\ P(x) P(x) 

Dodo i i i i.<,( 

P(x + 1) + P ( x - 1) = 2P(x) , Vx G R S „K , : 

^ P ( x + 1) - P(x) = P(x) - P(x - 1), Vx G R , , , , 

^ P ( x + 1) - P(x) = 6 (6 la hang so), Vx G R 

=^P(x + 1) = P(x) + 6, Vx G R . (3) 

D^t P(a;) = 6x + / / ( x ) , Vx G R . T\l (3) suy ra da thiic H{x) thoa man 

6(x + 1) + i / ( x + 1) = 6x + H{x) + 6, Vx G R 

< ^ / / ( x + . l ) = / f ( x ) , V X G R . 

^hu v§,y //(a;) 1^ da thiic hang, do do P(x) = 6x + a, Vx G R (a va 6 1^ hSng 
^°)- Thay vao (2) ta dUdc 

(6x + a) \Q{x + 1) + Q(x - 1)] = 2(6x + a)Q(x) , Vx 6 R 
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^ Q ( x + 1) + Q(x - 1) = 2g(i) , Vx 6 R. 

Tudng tu iihit tren ta dUdc Q{x) = b'x + a', Vx 6 M (a' va 5' la h^ng s6). 

Thay vao (1) ta dUdc 

+ a) (^x + + a') - (6x 4-6 + a) (6'x + a') = 1, Vx e M 

<!=>(66' + ba + ab')x + ab' + aa = {ba + bb' + ab')x + ba + aa + 1 , Vx e R. 

Hay ab' = ba' + 1. Vay cSlp da thiic P{r), Q{x) thoa man yeu cau de bad la 

P(x) = 6x + a va Q(x) = 6'x + a', " ^ f . ; 

vcii a, a', b, b' la cac hlng so thoa man ab' - ba' = 1. • " ' 

3.6 Phu'dng phap sang tac bai toan mdi 

V i d u 1 . Tt( phMng trlnh ham da thx'Cc, trong bai loan 3.5 d trang 386: 

xP{x - 4) = (x - 2015)P(x), Vx e R. (1) 

Ta dat P{x) = Q{x) + 3x, V i e R. Thay vao (1) dicac 

X [Q{x - 4) + 3(x - 4)] = (x - 2015) [Q(x) + 3x], Vx £ R 
i'.u . i h : <:>xQix - 4) + 6033x = (x - 2015)Q(x), Vx & R. 

Ta dUcJc bai toan sau. 

B a i toan 3.51. Tim tat cd cac da thvCc he so thiCc Q{x) thoa man: 

.h. A. ^ 1 .j.Q(^.j. _ 4) + 6033x = (x - 2015)Q(x), Vx € R. 

Hi^dng d i n . Cach tini 151 giai tUdng tir nhit bai toan 3.8 ci trang 387. 

V i d u 2. Tit hang d&ng thiic - 1 = 1 - 2 = ( l - ^ ) ( l + ^ + , ta c6 

bai toan sau. 

B a i toan 3.52. Ttm da thiic khong dong nKdt khong, bac nhd nhat c6 he so 

nguyen nhan 1 + + lam nghiem. 

G i a i . • •••••>'' ' =i 

x = l + ' ^ + ^ = ! > x ( l - v ^ ) = l - ( v ^ ) ^ = - 1 = > x v ^ = l + a ; 

=̂ 2x̂  = (1 + x)^ = 1 + 3x + Sx̂  + x̂  => x̂  - 3x2 - 3x - 1 = 0. 

Vay 1 + + v/4 la nghiem cua da thi'Ic bac ba he so ngnyen 

/(x) = x ^ - 3 x 2 - 3 x - 1 . . ..y 
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Neu fix) CO nghiem hiiu t i thi /(x) c6 nghiem nguyen la irdc ciia - 1 . Cac 
s6 1, - 1 khong la nghiem cua /(x), do do f{x) khong c6 nghiem hviu t i va 
1 4- + la so vo t i . Do do 1 + + khong la nghiem cua da thiic 
bac nhat c6 he so nguyen. Gia sii 1 + + v'^ la nghiem cua da thiic bac 
liai gix) vdi he so nguyen. Chia /(x) cho g(x), gia s\X dUdc la 

fix) = gix).qix) + r(x), vdi deg(r) < 2 

Vi / ( I + V ^ ) = 0 nen r ( l + ^ + v^) = 0, do do r(x) = 0. Bdi vay 
j^^x) = .'/(•'')•'/(•'-•)I vdi f/(x) la da thiic c6 bac 1 va c6 he so hiiu t i . Suy ra /(x) 
CO nghiem hiiu t i , dieu nay man thuan vdi /(x) khong c6 nghiem hiiu t i . Vay 
fix) Ifi da thiic bac nho nhat co he so nguyen nhan 1 + \/2+ \^ lam nghiem. 
V i d u 3. Xet da thiCc: 

P(x) = (x^ + l ) (x - 1) = (x + l)(x - l)(x2 - X + 1) = (x^ - l)(x2 - X + 1) 

Suy ra P{x + 1) = [(.x + 1)̂  4- l)]x = (x^ + Sx̂  + 3x + 2)x va la thu duoc bai 
toan sau. , ., 

B a i toan 3.53. Tim da thitc P(x) vdi h( so thuc thoa man: 

(.T^ + 3x2 ^ 3^ _̂  2).TP(X) = (x^ - 1)(,T2 - X + l)P(.x + 1), Vx e R. 

Hudng dan. Tudng t u bai toan 3.7 d trang 387. 

V i d u 4 . Xct da thiic P(x) = + l ) ( .x2 - 3x + 2) = (x^ + l ) (x - l ) (x - 2). 

P(2x + 1) = [(2x + 1)2 + lj{2x){2x - 1) = (4x2 ^ ^ 2)(4x2 - 2x) 

va ta thu duac bai toan sau. .. , 

Bai toan 3^54. Tim da thiic P{x) vdi he so thUc thoa man 

(4x2 + 4x + 2)(4x2 - 2x)P(x) = (x2 + l)(x2 - 3x + 2)P(2x + 1), Vx € R. 

d u 5. Vdi a,b,c&R thoa ab + bc + ca = Q thi ia + b + c)2 = o2 + 2̂ + c^. 
^tt CO bai toan sau. 

^ a i toan 3.55. Tm tat cd cac da thUc P(x) he so thuc thoa man 

p2(a) + p2(6) + p2(c) = p2(a + 6 + c), (1) 

«, /), c G R thoa man ah + bc + c.a = 0. 
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G i a i . Trong (1) cho a = 6 = c = 0 ta dadc P(0) = 0. V6i mpi a: € R, 
(6a;; 3x; - 2 x ) thoa man diou kion ab + bc + ca = 0. Do do thay vao (1) ta diror 

P^{6x) + P^{3x)+P^{-2x)=P'^{7x),^xeR '" ( 2 ) 

Neu P{x) la da thi'rc hang t h i P{x) = 0. Gia sut deg(P) = n > 1. K h i do P(x) 

CO dang P{x) — ^ aix} vdi a„ 7^ 0 (quy \idc x^ = 1). Thay vao ( 2 ) t a duoc 
i = 0 

\ i = 0 / \ i = 0 / \ i = 0 / V i = 0 

So sanh he so ciia 2;̂ " ci hai ve ta diroc 
(36" + 9" + 4") = 0^49" ^ ag " + g" -|. 41 = 

V49y' V49 

i6a 

(do ham so mu y = nghich bien khi 0 < a < 1). Vay bac ciia da thiic P{i 
bang 1, ket h(?p vdi P(0) = 0 suy ra P{x) = mx,Vx € E . T h i i lai thay tho 
man. Vay t i t ca cac da thi'tc can t i m la 

P(x-) = mx, Vx 6 R (vdi ni la hang so t i iy y ) . 

V i d u 6. Tic (a + bf ==0^ + 6̂  + 3a6(a + b), suy ra, neu Zab{a + 6) = 66̂  thi 
{a + 6)'̂  = + 7b^. Til do ta thu diCc/c. hai toan sau. 

B a i t o a n 3.56. Tim tat ca car. da thiic P{x) he so thiCc thoa man 

P{a + b) = Pia) + 7P{b), (1) 

vdi a. 6 G K thoa man ab{a + b) = 2b^. 

G i a i . Neu Pix) la da thvic hang t h i F (x ) = 0. Gia suf deg(P) = n > 1. IVong 
(1) cho a = = 0 ta ditdc P(0) = 0. Vdi mgi x e M, bp (x; x) thoa man (li<̂ "" 
kien ab{a + b) = 2b^. Do do thay vao (1) ta dUdc _ N 

P(2x) = 8 P ( x ) , V x e E . (2) 

Gia sur P(x ) = a „x " + a „ _ i x " - ' + • • • + a ix , vdi a„ 0 (do P(0) = 0). Thay 
vao (2) ta dtfdc ,̂ , 

a„ (2x)" + o „_ i (2x ) " - i + • • • + ai(2x) = 8a„x" + 8a„_ ix " - i + • • • + Sai^ 

< « > ^ a i ( 2 ' - 8 ) x ' = 0 < » a i ( 2 ' - 8 ) = 0 , V i = l , 2 , . . . , n , 
i=l 

m 

Ta CO 2' - 8 = 0 2' = 2̂  i = 3. K i t hpp vdi (3) suy ra vdi mpi 
i e { 1 , 2 , . . n } \} ta CO ai = 0. Vay P(x) = mx^.Vx e R. T h i i l?ii thay 
thoa man. Vay ta t ca cac da thiic can t i m la 

P(x) = m x ^ V x e R (vdi m la hkng so t i i y y ) . ' ' ' 

V i d u 7. Vdi a, &, c e R i/ida man ab+bc + ca = 0 ta c6 *3' i 1) a / i / ..• < 

{a + b+cf = a^ + b^ + c^ 

(« - 6)2 + (/; - r)2 + {c - af = 2(« + /; + cf 

{ab +bc+ caf = 0 2a6c(a + 6 + c) = -(a^ft^ + 2̂̂ 2 ^ ^2^2) 

Suy ra 

(a - b)" + (6 - c ) ' '+ (c - a)" = 4(a + 6 + c)" 
- 2 [(a - 6)2(6 - c)2 + (6 - c)^{c - a)^ + {c- a)\a - bf 
=4{a + 6 + c)" - 2 [(62 + 2ca)2 + (c^ + 2a6)2 + (a^ + 26c)2 

= 4 ( 0 + 6 + 0 ) " 

- 2 [a" + 6'* + c" + 4 (a262 + b'^c'^ + c^a )̂ + 4a6c(a + 6 + c) 
=4(a + 6 + c)" - 2 [a" + 6" + c" + 2 (0^62 + 62c2 + c2a2) 

= 4 ( a + 6 + c ) " - 2 ( « 2 + 62 + c2)' 

=4(0 + 6 + 0 ) " - 2 ( 0 + 6 + 0)"* = 2(0 + 6 + 0)". ''' 

jdm /oj ta CO 

(o - 6)2 + (6 - c)2 +. (c - a)2 = 2(a + 6 + o)2 

(a - 6)" + (6 - 0)" + (0 - o)" = 2(0 + 6 + 0)". 

Hfir do <a de dang thay rang phMng trinh ham da thiic 

^ P ( a - 6 ) + P ( 6 - c ) + P ( o - o ) = 2P(a + 6 + c) 

nhan da thi'tc P(x) = ox" + 6x2 nghicm. Vay ta thu dilcfc bai toan sau 
day. 

Bai toan 3.57 (Olympic toan qu6c te 2004). Tim tat ca cac da thiic Pix) 
so thifc thoa man 

Pia-b) + P(b-c) + P{c-a) = 2Pia + b + c), 

a, 6, o 6 R thoa man 06 + 6c + ca = 0. 

^ l a i . Trifdc h i t t a t i m mot nghiem nguyen c u a phtfdng t r i n h 

a6 + 6c + CO = 0. 
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Chpn a = 6 t a dmc 6b + 6c + bc = 0. Chpn 6 = 3 t a ditdc • . 
18 + 6c + 3c = 0 = > c = - 2 . y 

Vay bp (a; b; c) = (6; 3; - 2 ) la mot nghi^m nguyen cua ab + bc+ ca = 0. Suy 

ra vdi mpi a; e R, bp (61; 3x; -2x) thoa man dieu kien ab + bc+ ca = 0. Do 

do thay vao (1) ta d\Mc. 
P{3x) + P{5x) + P(-8'x)=2P{7x),yxeR. (2) 

Gia sil P{x) = aix' (quy Udc = 1). Thay vao (2) ta dUdc 

n n n n 
^ a i ( 3 x ) ' ' + ^ a i ( 5 x ) ' + ^ a i ( - 8 x ) ' = 2 ^ a i ( 7 i ) ' , V x e R 
i=0 i=0 1=0 1=0 

n n 
' <^ (3' + 5' + ( -8 ) ' ) ,7:' = "•>(2-7'):';', V:;; € E 

n 
« :> ]^a i (3' + 5' + ( - 8 ) ' - 2.7') x ' = 0. Vx € K. 

i=0 • 

Ta thu ditdc ^ 

(3' + 5' + ( - 8 ) ' - 2.7') Hi = 0, Vz = 0 ,1 ,2 , . . . , n . (3) 

Dat Ai = 3' + 5' + ( - 8 ) ' - 2.7", Vi - 0 , 1 , 2 , . . . , n . Ta t h u t i n h mpt vai gia t r i 

ban dau cua day so {Aj}"_o 

Ao = l > 0 , Ai = 3 + 5 - 8 - 2 . 7 < 0 , A2 = 9 + 25 + 64 - 2.49 = 0 
A3 = 27 + 125 - 512 - 2.343 < 0. A4 = 81 + 625 + 4096 - 4802 = 0. 

Vay ta nhan thay rkng v6i i = 0 ,1 ,2 , . . . , n t h i : Aj < 0 vdi i le ; A, > 0 khi 
i = 0 hoae i > 6 va. chan ; Ai = 0 <^ ^ = | Vay ket hdp vdi (3) ta suy ra: 

khi i e { 0 , 1 , 2 , . . . , n} \} t h i ai = 0. Bcli vay P(x ) = mx^ + ^ x ^ Vx e K-
T h i l lai thay thoa man. Vay tat ca cac da thiic can tun la 

P{x) = mx^ + nx' ' , Vx e M (vdi m va n la cac hang s6 bat k i ) . 

- t i l l -ifftlYi 
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ChuWng 4 , , 

VhMdrv^ tr inh ham tren N, Z, Q 
Giai phitdng t r i n h ham tren tap so nguyen hoac so hi iu t i la t i m cac ham so 
thoa man ye\ cau bai toan ma tap xac dinh cua chung la tap so nguyen hoSc 
hiJu t i . O day t inh "rdi rac" cua tap xac dinh va tap gia t r i c6 vai tro quan 
trong. 

4.1 Ap dung mot so nguyen ly va tmh chat dac tru^g 
cua tap so nguyen 

4.1.1 N g u y e n l y q u y n a p t o a n h o c 

Nguyen ly quy nap la mpt nguyen ly quen thupc va rat quan trpng trong 
chUdng t r inh toan phQ thong. Nguyen ly nay doi khi la mpt cong cu rat liQu 
liieu de giai quyet mpt so bai toan kho lien quan den tap so nguyen, chang 
hau viec giai cac phudng trh ih ham tren tap rdi rac. Phildng phap quy nap 
de chiing minh menh dg chufa bien A{n) la menh de diing vdi mpi gia t n 
nguyen dildng n (tiic la n = 1,2,...) nhu sau: 
Bifdc 1 (budc cd sd, hay budc khdi dau). ChiJng minh A{n) dung khi n = 1. 
Btfdc 2 (bade quy nap, hay budc "d i truyen") . Gia sii A{n) dung khi n = k 

= 1,2,.. .) , ta chiing minh A{n) cung dung khi n = /c + 1. 
^^dc 3. Ket luan A{n) dung vdi mpi n = 1,2, . . . 
LvfU y. 

• Trong bitdc 2, khi chiing minh A{n) cung diing khi n = A; + 1, ta phai 
v&n dyng gia thiet quy n^p A{n) diing khi n = A;. , 

• Trong nhieu trudng hdp khi ta phai chiing minh menh de A{n) dung vdi 
mpi so t u nhien n > p ( p 6 N ,p > 1) khi do d budc 1 ta kiSm nghiem 
^(n) diing khi n = p (thay cho vi$c kiem nghiem A{n) diing khi n = 1). 



Bad to4n 4 . 1 . Tim tdt cd cdc ham so / : N ^ N thoa man /(O) = 1 va 

/ ( / ( n ) ) + 3 / ( n ) = 4 n + 5 , V n e N . ( l ) 

G i a i . Ta se chiJng m i n h hkng quy n^p vhig vdi mpi n e N t h i 

.̂ • • / ( n ) = n + l . • - (3) 

• Do /(O) = 1 = 0 + 1 nen (1) dung kbi n = 0. 
• Gia sur (2) dung khi n = A; (A; e N ) , tuTc la f{k) = fc + 1. Ta can chiJng minh 
(2) cung dung k h i n = fc + 1, tiJc la chiing minh f{k + l ) = k + 2. Ta c6: 

- /(fc + 1) = fifik)) '^°=Uk + 5 - 3f{k) =4k + 5-3{k + l ) = k + 2. 

Theo nguyen l i quy n^p suy ra: f(n) = n + 1, Vn 6 N . T h i i thay ham so 

nay thoa man cac yeu cau de bai. 

B a i t o a n 4.2. Tim tdt cd cdc ham so f -.N -*N sao cho 

^ i i i i J .b + = 2n + 3, Vn € N. 

G i a i . Gia sii ton tai ham so thoa man yeu cau bai toan. Ta c6 

sum + m = 2 . 0 + 3 ^ / ( / ( o ) ) + / ( o ) = 3 ^ 0 < / (o) < 3. 

N l u /(O) = 0 t h i /(/(O)) + /(O) = 0, mau thuan. Neu /(O) = 2 t h i 

/(2) /(/(O)) = 1 ^ / ( I ) = / { / ( 2 ) ) = 2.2 + 3 - /(2) = 6. 

T i l do /(6) = / ( / ( I ) ) = - 1 ^ N . Suy ra /(O) ^ 2. Tuong t i ; ta cung c6 

/(O) ^ 3. Do do /(O) = 1. Ta c6 

/(/(O)) + /(O) = 3 / ( I ) = fUm = 2; / ( / ( I ) ) + / ( I ) = 5 =^ /(2) = 3. 

K h i do ta chiing minh rkng ham so / can t i m la / ( n ) = n + 1. Th^t vay, ta 
chiing minh bang quy n^p nhiT sau: Vdi n = 0 t h i /(O) = 1 = 1 + 0. Gia si'f 
khang dinh dung tdi n = k,{k& N ) , tiic la f{k) = A; + 1. Vdi n = A; + 1, ta c6 

}{k + 1) = /(/(A;)) = 2.A; + 3 - f{k) = 2.A; + 3 - (A; + 1) = (A; + 1) + 1-

Do do khang dinh dung vdi n = A; + 1. Vay f{n) = n + 1, Vn e N . Thuf lai, 
thay ham so / ( n ) = n + l , V n e N thoa man yeu cau de bai. 

B a i t o a n 4.3 (Romania District Olympiad 2010). Tim tdt ci cdc hdm 

/ : N * -» N * thoa man 

/ ( n ) + / ( n + l ) + / ( / ( n ) ) = 3 n + l , V n e N ' . 
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G i a i . TCf (1) cho n = 1, ta duflc / ( I ) + /(2) + / ( / ( I ) ) = 4. Do / : N* N* 
nen chi c6 hai trUdng hpp sau c6 the xay ra. 
, Tradng h(?p 1 : / ( I ) = 1. K h i do /(2) = 2. Gia suf f{k) = k {k e N*). K h i 
(Jo, theo (1) ta CO 

/ ( A : ) + / ( / c 4 - l ) + / ( / W ) = 3A:4-l 
=>k + f{k + l)+k^3k + l=^ fik + l ) = k + l. 

Theo nguyen ly quy nap suy ra f{n) = n, Vn e N * . ThiJt l?ii thay ham so nay 
thoa man cac yeu cau de bai. 

• Trudng hdp 2 : / ( I ) = 2. K h i do /(2) = 1. Ta se chiing minh bJlng quy nap 
rang vdi moi n e N* t h i / ( n ) = n + ( - l ) " + i . (2) 
Ta CO (2) dung khi n = 1, n = 2. Gia sil (2) dung td i n = A;, A; € N * , A; > 2. 
Khi do fik) = k + (-1)"+', / ( A - 1) = A: - 1 + (-1)* . Theo (1) t a c6 

f{k) + f{k + l)+f{f{k)) = 3k + l '^i 

^k+ f {k + 1) + f (k + i-l)''+^)= 3k+ 1. (3) 

o Neu k Chan ( A ; = 2 ,̂ ^ e N*) t h i 

/ ( A : + (-1)'=+>) = / ( A : - l ) = fc-l + ( - l ) * = A : . 

Thay vao (3), ta diMc 

A; + (-1)'=+' + / ( A + 1) + A; = 3A; + 1 = ^ / ( A + 1) = A; + 1 + ( - l ) * = + 2 . ; 

0 Neu k \e {k = 2e+l,e e N*) t h i / (A; + ( - 1 ) * + ' ) = /(A; + l ) . Thay vao 
(3), ta dUdc 

• ' i . • - • • 

A: + l + / ( A : + l ) + / ( f c + l ) = 3A: + l 
^ / ( A ; + 1) = A - ^ / ( A : + 1) = fc + 1 + ( - l ) * + 2 . 

Vay f{k+l) = k + l + Theo nguyen ly quy nap suy ra (2) dung. 
Thir lai thay ham so / ( n ) = n + ( - l ) " + \n € N* thoa man yeu cS,u de bai. 
K i t luan : cac ham so can t i m la 

/ ( n ) = n, Vn 6 N* ; / ( n ) = n + ( - l ) " + \n e N * . 

LvAi y, Doi vdi nhfmg phitmig trinh ham tren N , Z, Q, ta phai dSc biet quan 
tam den tap xac d inh va tap gia t r i cua ham so. Chang han 6 bai toan 4.3, 
j^/(l) + /(2) + / ( / ( ! ) ) = 4 va / : N* - N* ta suy ra / ( l ) = 1 hoac / ( I ) = 2. 

Van dung dUdc phudng phap quy nap t h i ky nang diT doan ket qua la rat 
^Uantrpng. . . ,,1 

/ ! , • ' ) , 
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B a i t o a n 4.4 (De nghi t h i Olympic 30/04/2012). Tim tat cd cdc ham so 
/ : Z Z thoa man /(O) = 2 vd 

/(a: + /(x + 2y)) = / ( 2 x ) + / ( 2 y ) , V i , y e Z . (1) 

G i a i . K i hieu P{u, v) nghia la thay x bdi u va thay y hdi v vao (1). 

P(0,0) ^ / (/(O)) = 2/(0) ^ /(2) = 4 + ''•̂ ^ 
P(0,1) ^ / (/(2)) = 2.+ /(2) /(4) ^ 6. M . , 

Ta se chvhig minh bRng quy nap r i n g v6i mpi x €Z t h i /(2x) = 2x + 2. (2) 
Theo tren (2) dung k h i x = 0. Gia sil (2) dung t6i x = fc (A: e Z , > 0). 

PiO, k)^f if {2k)) = m + f{2k) =^ /(2(fc + 1)) = 2{k + l) + 2. 

Vay (2) cung dung khi x - k + 1, suy ra (2) diing vdi mpi x e Z , x > 0. Vdi 

mpi X € Z , X > 0, thuc hi?n P(2x, - x ) ta dUdc 

/ (2x + /(O)) = /(4x) + / ( - 2 x ) , Vx 6 Z , X > 0 
=>/ (2(x + 1)) = / (2(2x)) + / ( - 2 x ) , Vx e Z , X > 0 
=4.2(x + 1) + 2 = 2(2x) + 2 + / ( - 2 x ) , Vx € Z , X > 0 

^ =>/(-2x) = - 2 x + 2, Vx e Z , X > 0 
^f{2x) = 2x + 2, V:;; 6 Z , x < 0 
=>/(2x) = 2x + 2, V x e Z . 

Do do (1) dirdc vict lai / (x + /(x + 2?;)) = 2x + 2j/ + 4, Vx, y G Z . (3) 
Tiep theo ta chiing minh neu x la so nguyen le t h i /(x) cung la s6 nguyen 
le. Th?Lt vay neu /(x) = 2k, vdi k € Z t h i trong (3) thay x bdi x - 2k (vdi x 
le) va y bdi k ta duoc 

•' ' ' / (x - 2A: + fix)) = 2(x - 2k) + 2fc + 4, Vx € Z , x le ' 

=>fix) = 2x - 2fc + 4, Vx 6 Z , X- le 

=>2k = 2x - 2A; + 4, Vx e Z , X le. 

Suy ra 4fc = 2x + 4, vdi mpi so nguyen le x, dieu nay vo l i v i 2x + 4 khong 
phai luc nao cung chia het cho 4, ch ing han x = 3 t h i ta gap mau thuan. 
N h i l vay neu x le t h i /(x) le. Tir do neu x le t h i x + 2y le, suy ra /(x + 2y) le, 
do do X + fix + 2ij) chan, suy ra / (x + /(x + 2y)) = x + /(x + 2y) + 2. Ket 
hop vdi (3) ta dUdc ' 

X + fix + 2y) + 2 = 2x + 2y + 4 
=J>/(x + 2y)=x + 2y + 2, Vx, y € Z , x le 
= i > / ( x ) = x + 2, V x € Z . 

T h i i lai thay thoa man. > . 
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B a i t o a n 4.5 (Puerto Rico Team Selection Test 2012). Ttm tat cd cdc ham 
sS / : N* — N * sao cho 

/(2) = 2; . ;^ ^ 

/(mn) = fim).fin) vdi moi m, n thuQC N * ; 
jfc fi-m) < fin), Vm < n. ^ , 

^Biai. Gia suf ton tai ham so / thoa man cac yeu cau cua bai toan. Khi" do, 
H p n n = 1, ta cd / ( I ) = / ( l . l ) = /(1)./(1) / ( I ) = 1. Ta thdy rang 

Wki. 2 = / ( 2 ) < / ( 3 ) < / ( 4 ) =/(2)./(2) = 4 ^ / ( 3 ) = 3 i,, . 

H 4 = /(4) < /(5) < /(6) = /(2)./(3) - 6 => /(5) = 5. Ta chuaig m i n h .,, 

IP' fin) = n, V n e N * . 

That vay, ta chiing minh bang phudng phap quy nap. Ta cd / ( I ) = 1, 
/(2) = 2. Gia si'r khang dinh /(n) = n da dung tdi n = k, vdi k > 2. Luc nay 
fik) = k, ta can chumg minh /(A; + 1) = A; + 1. Neu it la so le t h i A: + 1 la so 
chin va fik + l) = f ( 2 - ^ ) = / ( 2 ) / ( ^ ) = 2 . ^ = A; + 1. N l u ^ 

A; + 2 
la so chan t h i A; + 2 la so c h i n va do — ^ < A: nen theo gia thiet quy nap ta 

. /A: + 2\: + 2 

/ ( . + 2) = / ( 2 . ^ ) = / ( 2 ) . / ( ^ ) = 2 . ^ = . . 2 . 

Ta cd A; = fik) < fik + 1) < fik + 2) = k + 2^ fik + l) = k-\-l. Vay khang 
diuh van con diing vdi n = A; + 1. Theo nguyen ly quy n^p, ta cd 

fin) = n, Vn € N * . ' ' 

Th i i lai, ta thay /(n) = n thoa man yeu cau bai tokn. : >, ,,jOii ^ . i ^ : : 

N h a n x e t 1 . Cdc dieu kien dd neu trong bdi toan la rat chat vd dd ditac sit 
^Vng mot each tot da vdo phuong phdp quy nap toan hoc. Tuy nhien, chi cdn 
tarn "y^^" di mot trong nhi'Cng diiu kien do thi vice giai bdi toan mdi dd bat 

khd khan, doi hoi mot so ky thudt khdc. Chdng han bdi todn sau day. 

^ a i t o a n 4.6. Tim tat cd cdc hdm so / : N * N * sao cho 

fimn) = /(m)./(n) vdi moi rn,n thuQC N * , USCLN(m, n) = 1 ; 
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Giai . Gia sut ton t^i ham so / thoa man cac yeu cau ciia bai toan. Khi do 
chpn n = 1, ta dudc / ( l ) = / ( l . l ) = =^ / ( l ) = 1. Ta thay iKng 

/(3)./(5) = /(15) < /(2)./(9) < /{2)./(10) = /{2). /(2) . /(5) . 

Suy ra /{3) < /(2)./(2) = 4. Ma 2 = /(2) < /(3) < 4 nen /(3) = 3. Tft do ta 

tinh dUQJc 
/(4) = 4, /(5) = 5, / (6) = 6, /(7) = 7, /{8) = 8, /(9) = 9, /(lO) = 10. 

Do do / (n ) = n, v6i n € N*, n < 10. Ta chiing minh / (n) = n, Vn e N*. 
• Gia sut f{k) = it (A; G N ' , 10 < fc < n). Ta can chi'mg minh dieu kh&ng djnh 
van con dung vdi = n + 1. Neu k la so chSn, ta xet hai trildng h(?p sau: 
o Tru5ng h0p k = 2"{2l + 1), a, I e N*. 

f{k) = /(2"(2Z + 1)) = /(2") f{2l + 1) - 2"(2/ + l) = k. 

o Tru6ng h(?p = 2", Q 6 N*. 

6a i i H f{k + 2) = / (2" + 2) = f{2{2"-' + 1)) = / (2 ) . / (2" - i + 1) 

:U,4M.f + ; = 2 ( 2 « - i + l ) = 2" + 2 = A; + 2. 

M^t khac k - l = f{k-l)< f{k) < f{k + 1) <f{k + 2) = k + 2. Do do 

'. •• • ' /(A:) = A:,/(A; + l ) = fc+l. 

Vdi k la so le thi A; + 1 la so chSn, ta xet hai trudng hop sau: 
o Trudng hdp A; + 1 = 2"(2Z + 1), a, / € N*. Khi do 

0 < 2" < n, 0 < 2Z + 1 < n. 

Theo gia thiet quy nap ta c6 ' 

f{k + 1) = /(2"(2Z + 1)) = /(2'*)/(2Z + 1) = 2"(2/ + 1) = A: + 1. 

Ma A; - 1 = /(A: - 1) < f{k) < f{k + l) = k + \n f{k) = k. 
o Trudng hdp A; + 1 = 2", a e N ' . 

/((A; + 1) + 2) = / ( 2 " + 2) = / (2(2"- i + 1)) = /(2) . /(2°-> + 1) 
= 2 ( 2 " - ' + 1) = 2" + 2 = (A; + 1) + 2 = A: + 3. 

Mkk-l = f{k-l) < f{k) < f{k + 1) < fik + 2)< f{k + 3) = k + 3 ngn 

f{k) = k, f{k + l) = k + l, f{k + 2) = k + 2. 

Theo nguyen ly quy nap, ta c6 f{n) = n,Vn e N*. Thi i l ^ i thay ham 
f{n) = n, Vn G N* thoa man yeu cau de bai. •••« . ^ , 
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]>4han xet 2. Khi dieu kien (b) duac lam yeu di so vdi diiu kien bai todn 4.5 
llil diim man chot d day Id chiing minh duac f{3) = 3. Niu thay doi dieu ki$n 
(fl) cua bai todn 4.5 thi c6 the xdy ra trudng h(fp bai todn khong c6 nghi^m. 
Tn hav xet bai todn 4.7. Ta hay 

Bai toan 4.7. Chiing minh rang khong ton tai ham so f : 
a. /(2) = 3 ; 
h f{m.n) = f{m).f{n), Vm, n G N* ; 
c. fim) < Vm < n. 

N* sao cho: 

so 

Giai. Gia sii ton tai ham / thoa man dieu kien cua de bai. D&t / ( 3 ) = a, ta 
difdc 

27 = 3^ = / 3 ( 2 ) =/(2=') < / ( 3 2 ) = / 2 ( 3 ) = a2 a > 5. ' 

Ta ¥ CO a^ = f{3) = f{3^) < f{2^) = 3^ < 343 = 7̂  ^ a < 7. Vi a G N* 
nen a = 6. Mat khac 256 > 243 va 11; 

/(256) = /(2«) = ( / ( 2 ) ) ' = 6561; /(243) = 7(3^) = ( / ( 3 ) ) ' = 7776. -

Suy ra /(256) < /{243) (mau thuan). V?Ly khong ton tai hkm so / thoa dieu 
ki?n bai toan. 

Nhan xet 3. Vice tim ra sU mau thuan, phuc vu cho viec giai bai todn, doi 
khi khong phdi de dang. Viec "may mo " tvCng gid tri de phdt hien diiu mau 
thuan cung Id mot phucfng phdp thudng gap. Doi vdi bai todn nay, di c6 siC 
so sdnh suy ra mau thuan, tntdc het ta tinh dUdc bang gid tri sau 

ir(2)[A(3)l/(4: f-(18)l/(24)l/(27)lTO 
81 I 3â  I 27a I I 243 

Difa vdo bang tren ta thay r&ng 27 < a^ =^ a > 5 vd a^ < 243 =^ a < 7, do 
do a = 6. Tit f{2) = 3, /(3) = 6, ta tim kiem stf mau thudn sao cho 2* > 3' 
nhu^ng /(2*) < /(3')- Sau mot qud trinh thit cdc gid tn, ta tim thay si; mau 
thudn khi k = 8 vd I = 5. Tiep theo Id mqt so bai todn minh hqa ve vipc dp 
dvng mot so ky thuat cua phUdng phdp quy nap di giai nhUng dang todn loQ,i 
nay. 

Bai toan 4.8 (Olympic Tofin Nhat Ban - 2013). Tim tat cd cdc ham so 
/ : Z —> R thoa man 

f{m) + f{n) = f{mn) + f{m + n + mn), Vm, n G Z. (1) 

^ i a i . Ki hieu P{u,v) chi vi?c thay m bdi u va thay n bdi v vao (1). Thvtc 
' ^ ? n p ( ^ , _ l ) taduoc v ; • ; V ; 

/ (m) + / ( - ] ) = / ( - m ) + / ( - I ) / (m) = / ( - m ) , Vm G Z. (2) 



Thuc hi?n P{m, 1) ta dUdc r >>y. r 

/ ( m ) + / { l ) = / ( m ) + / ( 2 m + l ) = ! « / ( 2 m + l ) = / ( l ) , V m G Z . (3) 

Thi^c hi?n F ( m , 2A; + 1) t a dirdc . A - ,w)av 5' 

/ ( m ) + /(2A; + 1) = f{{2k + l ) m ) + /(m(2/c + 2) + (2A; + 1)), Vm, keZ. 

Tit day, sii dung (3) ta dvtOc / ( m ) = •/((2fc + l ) m ) , Vfc, m G Z . (4) 
T\i (4) cho m = 2 ta dildc / (2 ) = /(4fc + 2), Vfc G Z . ' (5) 

P{m, -m) ^ fim?) = / ( m ) , V m G Z . • ' • (C) 
P ( m , - 2 ) =J> / ( m ) + / (2 ) = / (2m) + / ( m + 2), Vm G Z . (7) 

Ta se chiing minh / (2*) = / (2 ) , vdi mpi G N * . Ta c6 / ( 2 i ) = / ( 2 ) . Theo 
(6) ta CO /(22) = / ( 2 ) . Gia sii / (2* ) = / (2 ) , v6i A; > 2. K h i do . j , 

' P ( 2 * , 2 ) ^ / ( 2 * ) + / (2 ) = /(2'=+i) + / ( 2 * + 2 + 2*+'). (8) 

M a fc > 2 nen 2* + 2 + 2*+i c6 d^ng 2*= + 2 + 2*+^ = 4 ^ + 2, vdi £ G N . Do do 

/(2*= + 2 + 2*+i) = / (4^ + 2) = / ( 2 ) . 

Vay (8) t r6 thanh 

,̂  / (2* ) + / (2) = 7(2'=+') + / (2 ) ̂  /(2'=+i) = 7(2*=) / ( 2 * + i ) - / (2 ) . 

Theo nguyen l i quy nap suy ra / (2*) = / (2 ) , vdi mpi A; G N * . Vdi mpi n la so 
chan, ta phan tich n = 2*=(2£ + 1), vdi A: G N * , ^ G Z . K h i do 

/ ( n ) ^ / ( 2 ' = ( 2 / + l)) '°=i ' V(2*) = / ( 2 ) . 7 (9) 

Tir (3) va (9) suy ra / ( n ) = { î Jj 11 vdi c, va . 2 la 

nhiing so thvtc, t i i y y. 
Thijt l ^ i : 
• K h i n va m cung c h i n : ta cd 

/ ( m ) + / ( n ) = 2ci, / ( m n ) + / ( m + n + mn) = 2ci. 

• K h i n v^ m ciing le : ta cd 

/ ( m ) + / ( n ) = 2c2, / ( m n ) + / ( m + n + mn) = 2c2. 

• K h i n va m khac t inh chSn, le : ta cd 

/ ( m ) + / ( n ) = ci + C 2 , / ( m n ) + / ( m + n + mn) = ci + C2-

N h u V9,y ham so ta t i m dU(?c ci tren thoa man cac yeu cau dg bai. 
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B a i t o S n 4.9 (IMO-1982). Cho ham so f{n) xdc dinh vdi moi gid tri nguyen 
dUOng li vd nhdn cdc gid tri nguyen khong dm. Ngodi ra, biet rdng / (2 ) = 0, 
/ (3) > 0, /(9999) = 3333 vd 

f{m + n) - f{m)-f{n)=0 hotel. " ' 

Hay tim /(1982). 

G i a i . Gia suf / ( n ) la ham so thoa man cdc yeu cau bai todn. Ta cd 

/ ( m + n) = / ( m ) + / ( n ) + a, vdi a G {0; 1}. 
Chon VI = n = 1, t a dUdc / (2 ) = 2/(1) -\-a ^ 2/(1) < / (2 ) = 0 =• / ( I ) - 0. 
Ta ¥ cd / ( 3 ) = / ( 2 + 1 ) = / (2 ) + / ( I ) + a = a / ( 3 ) = 1. Ta se chiing minh 
bkng quy naj) rang vdi moi n G N * t h i / (3n) > n . (i) 
* Vdi n = 1 ta cd /(3.1) = 1 > 1. Vay (i) diing vdi n = 1. 
• Gia sijf (i) dung vdi A; (1 < A; < n) . Ta chiing minh (i) cung dung vdi 
n = A: - I - 1 . Ta cd 

/(3(A: + 1)) = /(3A; + 3) = /(3A;) + / (3 ) + a > /(3A:) + / ( 3 ) > + 1. 

Vay (i) dung vdi u = A; + 1. Do do / (3n) > n , Vn G N ' . V i /(9999) = 3333 
nen suy ra /(3.3332) = 3332. Th?Lt vay, neu /(3.3332) > 3332 t h i 

/(3.3332) > 3333 = /(3.333) ^ /(9999) < /(9996), 

trong khi do 1 ^ . , - , . , 

/(9999) = /(9996) + / (3 ) + a > /(9996) + a > /(9996), 

den day ta gap mau thuan, vay /(3.3332) = 3332. Tifdng t a ta suy ra rSng 

/ (3n) = n , Vn < 3333. . . 

Ta l ^ i CO / ( 3 n ) = / ( 2 n ) + / ( n ) + a = 3/ (n) + 2a. Suy ra 

3 / (n) < / (3n) < 3 / (n) + 2 ^ / ( n ) < < f{n) + | 

Vn < 3333. D?Lc bi?t /(1982) = ^^^^"^^ 
r / ( 3 n ) - n 

L 3 J 3 
Do do / ( n ) = 

^ a i t o a n 4.10. Tim tat ca cdc ham so / : Z -» Z thoa man 

/ ( m + n) + / ( m n ) = J{m)f{n) + 1, Vm, n G Z. 

L 3 = 660. 

(1) 
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G i a i . Trong (1) cho m = n = 0 ta dmc 2/(0) = f{0) + 1^ /(O) = 1 . Trong 

(1) cho m = 1, n = - 1 ta dUdc 1 + / ( - I ) = / ( l ) / ( - l ) + 1 ^ [ f[T)tl ° 
• Trudng h(?p / ( I ) = 1. Trong (1) cho n = 1 ta dUdc 

/ ( m + 1) + / ( m ) = / ( m ) + 1, Vm e Z . 

Hay / ( m + 1) 1 , Vm G Z , nghia la /(m) = 1, Vm 6 Z . T h i i lai dung. 
• Trudng h0p / ( - I ) = 0. Trong (1) cho n = - 1 ta duoc 

/ ( m - l ) + / ( - m ) = 1 , V m € Z . (2) 

Trong (1) cho n = 1 va dat a = / ( I ) ta diTdc : ^ 

/ ( m + l ) + / ( m ) = a / ( m ) + l , V m e Z . (3) 

o Trirdng h(?p a ^ 2. Co the gia sii a 7̂  1 v i neu a = 1, dan td i / ( I ) = 1, 

tnrcJng hrtp nay da xet ci tren. K h i do • vv 

(3) ^ / ( m + 1) - 2 ^ = (a - 1) l/(m) -

^ f i n ) - - ^ = ia-l)\f{n-l)-
2. — a • L 

2 - a 

1 
2 - a 

1 
2 - a 

, Vm 6 Z . 

, Vn G Z . . 

, Vn,€ Z 

(4) 

2 - a 

• + 

6 = a - 1 ^ 6 G Z\, /(n) = i f ^ , Vn G Z . Thay (2) d . . c 

^ 1 + 1 - 6-"'+^ = 1 - 6, Vm G 
. ^ ^ m ^ ^ - m + i = 1 + 6, Vm 6 Z . (5) 

T i l (5) cho m = 2 t a dvtdc \? ^r\ \^h^{h- 1)2(6+1) = 0 6 =-- - 1 (do 

6 ^ 1). T . do /(n) ^ Vn G Z hay /(n) = { J k h i n le^^ 

Thiif l9,i thay thoa man. 
o Tru5ng hdp a = 2 hay / ( I ) = 2. Trong (1) cho n = 1 ta ditdc 

v':V. SO / ( m + 1) = /(m) + 1, Vm G Z . (̂ ^ 
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y ( l ) = 2 va (6), si'f dung quy nap ta dUdc /(n) = n + 1, Vn G Z . T h i i Igi 
thay thoa man. ., /s-i 
Cac ham so thoa man yen can de bai la: i ; 

1 _ ( - ! ) " + ! 
/(n) = 1, /(n) = ^ - ^ - A — , /(n) = n + 1. 

Bai t o a n 4 .11 (IMO-1998). Xe i cac ham so f :N* ^N* thoa dieu kien 

f{m'f{n)) = n{f{m))^ ^m,neN*. , (1) 

fim gid tri nhd nhat cua /(1998). '> 

Gia i . Gpi S la tap tat ca cac ham thoa man dieu kien cua bai toan. Gia sii 
/(n) G S. Dat / ( I ) = a. Chon m = 1 ta c6 • V 

/(/(n)) = n . /2 ( l ) = n.a\) 

/ (n2/( l ) ) = l . / ' ( n ) ^ /(a.n^) = /^(n). (3) 

Vdi mpi m , n G N * ta c6: 

[/(m)./(n)]2 = [/(^)]2.[/(„)]2(l)y : («„2) [^(^)]2(1)_^(^2^(^(„„2))) 

^ / ( m V n ^ ) = mamnf)'^ f{amn). " ^'^'^ ' 

Suy ra 

/(amn) = /(m)./(n) (vi f{amn), f{m), f{n) G N * ) . (4) 

(4), chon n = 1, ta dUdc f{am) = af{m). K h i do 

(4) 

af{mn) = f{amn) = f{m)f{n). (5) 

Tir (5) ta dUdc p{n) = aKf{n'^). Ta nhan thay rang vdi A; G N * t h i 
/* (n)=a '=-V(n '=) . (6) 

That vay, ta chiing minh bang quy nap nhu sau: ~ 
* Vdi A: = 1 ta CO f\n) = f{n) = a^.f{n^). Do do (6) dung vdi A; = 1. 
* Gia sii (6) diing vdi k^l,{l> 1). Ta chiing minh (6) dung vdi A; = / + 1. 
^Ht vay, ta c6 

/ + ! ( " ) = /'(n)./(n) = a ' -^/(n') ./(n) ^=^a'./(n'+>). 

cio (6) dung vdi A; = / + 1. Vay /'=(n) = a'=-V(n*), VA; G N * . 

•̂ '̂  chiing minh rang /(n):a, Vn G N * . That vay, vdi p la so nguyen to bat k i , 



gpi a la so mu Idn nhat ma a'-.p'" va 0 la so mu Idn nhat ma f(n):p^. Tit (G) 
ta thay: Ve trai chia het cho p*'', ve phai chia h i t cho (ngoai ra / ( ^ t j 
con CO the c6 xldc Ihp'). Suy ra vdi mpi fc e N* ta c6 

kP> {k-l)a^ k{P-a) + a>0^ P > a. 

Do do / (n) ;a . Xet ham so 5 : N* — N* xac dinh bcli g{n) = -f{n) (a > i ^> 

/ ( I ) e N'). K h i do g{a) = ^ = = a. Do do 

I 

' 'i?(mn) = - / ( m n ) = ^ / ( m ) / ( n ) = 5(771)5(71); 

(1) 1" 
^ / r , ! ' •9(a)g(.9(m)) 5 («.9(m)) g ( / ( m ) ) / ( / ( m ) ) 
5 (5(m)) = = = = = m. 

Va g{m?g{n)) = 9{fin?)9{gin)) = n.g{m?) = n.g'^{m) 5 € 5. Ta lai c6 
/ (" ) > 5('^) (vi a > 1). Do do dg t im gia t r i nho nhat, ta chi cSn xet ham 
so g{n) thoa (7). Gia sii p la so nguyen to va g{p) = u.v vdi u,v & N*. Ta co 
P = 9{9{p)) = 9(u-v) = g{u)g{v). Suy ra hoac g{u) = 1 hoSx; 5(1') = 1. 
* Gia sut g{u) = 1. Ta dUdc u = g{giu)) = g{l) = 1. K h i do g(p) = v. 
• Gia sii g{v) = 1. Ta dUdc v = g{g{v)) = g{l) = 1. K h i do g{p) = u. 
Vay g{n) la ham so chuyen so nguyen to thanh so nguyen to. Ta lai c6 

g{m) = gin) gigim)) = g{g(n)) ^ m = n. 

Do do g la don anh. Vay g{n) chuyen cac so nguyen to kh4c nhau thanh cac 
so nguyen to khac nhau. Ta c6 1998 = 2.3^.37 va 

5(1998) = 5(2.3^.37) = 5(2).5'(3).5(37) 

nen d§ nhan dUdc gia t r i nho nhat ciia 5(1998) ta phai chon ham g{n) sao 
cho 5(2),5(3),5(37) la cac so nguyen to nho nhat, khac nhau. Hien nhien. 
neu ta chon ducJc ham so g{n) sao cho 5(3) = 2,5(2) = 3, 5(5) = 37,5(37) 
t in g{n) > 5(2).5^(3).5(37) = 120. Ta xay dung ham 5(71) : N* N* sao cho 

5(1) = 1,5(2) = 3,5(3) - 2,5(6) = 37,5(37) = 5, y{p) = p^p € P \ {2; 3; 5; 37} 

va vdi u = pJV^^.. .p*;" th i 5(^0 = a * ' ( P i ) - / H P 2 ) • ••g''"'{Pm)- K h i do g{n) 
thoa (7) vdi a = 1. Vay g{n) 6 5. Do do min/(1998) = 120 vdi f{n) € S. 

D i ket thiic phan nay, ta xet mot bai toan kinh d i l n sau, trong do phep Q̂ -̂  
nap lien quan den khai niem "phan nguyen". ,̂  , 

B a i t o a n 4.12. Tim tat cd cac ham so / : N* -» N* thoa man diiu kien 

3 

/ ( / ( n ) ) + / ( n + 1) = n + 2, VTI 6 N*. 
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(1) 

Q\ai- Cho n = 1 vao (1) ta c6 / ( / ( I ) ) + / ( 2 ) = 3. Tijf do / ( 2 ) < 2 va 
f{f{\))< 2. Ta xet hai trudng hop. 

^ TrMUng hop 1: / ( 2 ) = 1 va / ( / ( I ) ) = 2. Dat / ( I ) = fc, t a c6 f{k) = 2. Cho 
* = 2 vao (1), ta duoc / ( / ( 2 ) ) + / ( 3 ) = 4. Suy ra / ( 3 ) = 4 - / ( I ) = 4 - fc. 
-ra / ( 3 ) > 1 nen A: < 3. 

it = 1 th i 2 = / ( / ( I ) ) = f{k) = / ( I ) = fc = 1 (mau thuin). 
jjlu fc = 2 th i 2 = / ( / ( I ) ) = / ( f c ) = / ( 2 ) = 1 (mau thuan). 
^lu it = 3 th i 2 = / ( / ( I ) ) = f{k) = / ( 3 ) = 4 - = 1 (mau thuaa). 
Po do ta loai trUdng hop 1. 

, Tritdng hop 2: / ( 2 ) = 2 va / ( / ( I ) ) = 1. Cho n = 2 vao (1), ta nhan duoc 
f{f{2)) + / ( 3 ) = 4. T i i do ta thay rang / ( 3 ) = 2. Ta t inh toan duOc rang 

/ ( 4 ) = 5 - / ( / ( 3 ) ) = 5 - / ( 2 ) = 3; / ( 5 ) = 6 - / ( / ( 4 ) ) = 4; 
/ ( 6 ) = 7 - / ( / ( 5 ) ) = 4. 

Dxt doan rKng f{n) = [na] - n + 1, vdi a f^hi'mg minh nhan 

^Ijnh tren ta can den 2 b5 de sau. 1 , 

B6 de 4 . 1 . Vdi mSi so n £ N' thi: [n{[nn] - n + 1)] = n hoS,c n + 1. ,.. 

Chiing minh. Ta c6 [a([ritt] - n + 1)] < a{na - n + 1) = n + a < n + 2, 
vk [a{[na] -n+l)]> a{na - 1 - n + 1) - 1 = n - 1. TiJf d6 b6 de dUOc chiing minh xong. 

B6 d& 4.2. Vdi moi so 71 6 N * 

i [(„ + i ) a ] = / M + 2, n e u [ o ( M - " + l ) l = "; 
\ + 1, trong cac tnidng h(fp con lq,i. 

Chiing minh. Hien nhien [(n + 1)Q] = [na] + 1 ho$c [na] +2. 
Nlu [(n + l)fv] = [na] + 1, ta cd 

[a{[na]-n+l)] = [a{[{n+l)a]-n)] , ; 

, r > a{{n + 1)Q - 1 - n) - 1 = 71. ' ' ' 

"^eo bo de (4.1) ta suy ra [a{[na] - n + 1)] = n + 1. Mat khac, neu ' ''' 

[{n+l)n] = [na] +2 

[a{[na]-n+l)] = [a{[{n+l)a]-n-l)] 

< Q ( ( n + l ) a - n - 1) = n + 1 . 

^ ^ I J 6 de 4.1 ta suy ra [Q([na] - n + 1 ) ] = n. * 

^ gJc) ta chumg minh theo quy nap ket qua du doan tren. T 

443 



* Vai n = 1, ta CO / ( I ) = 1 = [a] = [a] - 1 + 1. - o d -
* Vdi n = 2, t a c6 / ( 2 ) = 2 = 3 - 2 + 1 = [2a] - 2 + 1. 
* Gia sil k i t qua dung v6i 1 < j < n . Sii dyng (1) ta c6 d 

/ ( n + 1) = n + 2 - / ( / ( n ) ) = n + 2 - / ( [ n a ] - n + 1) 
= n + 2 - [a([na] - n + 1)] + [na] - n + l - 1 . 

Tir [nrt] - n + 1 < 2n - n + 1 = n + 1, dan den 

f{n + 1) = [na] + 2 - - [Q([na] - n + 1)]. 

Gia sijf n thoa man [a([nQ] - n + 1)] = n, ta c6 [(n + 1)Q] = [na] + 2. Do do 

/ ( n + 1) = [(n + l ) Q ] - n . 

Neu n khong thoa man [Q([nQ] - n + 1)] = n th i ^ ' ' 

[a{[nn] - n + 1)] = n + 1 va [(n + l ) a ] = [na] + 1. 

Tfr do ta CO f{n + 1) = [(n + l)a] + 1 - (n + l ) [ ( n + l ) a ] - n. 

Ta ket thuc chiing minh. Vay / ( n ) = [na] - n + 1 , vdi a = — - — . Thiif lai 

ta thay ham so tren thoa dieu kien bai toan. 

4 .1 .2 N g u y e n l y sap thU t\l t o t 

Nguyen ly sap thut t u tot la mot nguyen ly dac t r img cua tap Z va tap N . Cu 
the nhi l sau: Mot tap con khdc rong bat ky cua tap N deu c6 phan tic nho nhat 
va neu tap do khong phdi la tap vd han ihi no c6 phdn txt Idn nhat. Nguyen 
ly rat ddn gian nay doi kh i la mot cong cu manh me de giai mot so phudng 
t r inh ham tren tap so nguyen. Sau day la mot so bai toan minh hoa. 
B a i t o a n 4.13. Tim tat cd cdc ham s6 f :W ^ N* thoa man dieu kien 

• - ' / ( n + / ( n ) ) - / ( n ) , Vn € N* ; 

vd ton tai xo G N * sao cho / ( X Q ) = 1. 

G i a i . Gia suf ton tai ham so / thoa man cac yeu cau ciia de bai. Gpi , 

X I = min{x |x 6 N ' , / ( x ) = 1}. 

Suy ra / ( x i + 1) = / { x i + / ( x j ) ) = / ( x i ) = 1. Do do ^ 

/ ( n ) = l , V n e N * , n > x i . 

Gia sijf x i > 1. K h i do / ( x i - 1 + / ( x i - 1)) = f{xi - 1). 
• Neu X I - 1 + / ( x i - 1) > X I th i tir (*) suy ra / ( x i - 1) = 1, vo ly. 
• Neu x i - 1 + / ( x i - 1) < x i t h i / { x i - 1) < 1, cung v6 ly. 
TiT do / ( n ) = l , V n G N * . Thiif lai thay dung. 
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B a i t c a n 4.14. Tim tat cd cdc ham so / : N* N* thoa man . • .; * (ill 

/ ( n + / ( n ) ) = / ( n ) , V n e N , , 

•vd ton tai XQ € N sao cho / ( X Q ) = a. 

B a i tokn 4.15 (Canada National Olympiad 2002). Tim tat cd cdc ham so 
/ : N ' N* thoa man: xf{y) + yf{x) = (x + y)f{x'^ + y^), Vx, y € N . (1) 

G i a i . Gia svt f khong phai la ham hkng. K h i do ' ' * " ' 

M ^ = { / ( y ) - nx)]x G N*, 2/ 6 N* , fiy) - / ( x ) > 0} C N* . 

Do tap A CO phan t i i nho nhat nen c6 the chpn x G N * , y G N * sao cho 
fiy) > fi^) va f{y) - / ( x ) la nho nhat. Ta c6 

^ x / ( x ) + yfjx) xfjy) + yfjx) xfjy) + yf{y) ^ 
' x + y x + y x + y ^ ' 

TiJr (1) va (2) suy ra / ( x ) < / (x^ + y"^) < f{y), dieu nay man thuan v6i each 
chpn X va y. Vay / ( x ) = C, Vx G N* , vdi C la hang so nguyen dudng. Thijf 

thay thoa man 

B a i t o a n 4.16 (IMO-1977). Cho / : N* N* la ham so thoa dieu ki$n 

/ ( n + l ) > / ( / ( n ) ) , V n G N * . 

Chiing minh rhng: f{n) — n, Wn £ N*. • -r-:' 

G i a i . Gia sut ton tai ham so thoa man yeu cau bai toan. Gpi d la phan tut 
nho nhat trong mien gia t r i cua ham so / , tiic Ik d = m i n { / ( n ) : n G N * } . 
Theo nguyen ly sap t h i i tir tot , d ton tai va la duy nhat. Gpi m G N* sao cho 
/(m) = d. Neu m > 1 th i d = / (m) > / ( / ( m - 1)), mau thuan. Vay m = 1. 
Do do / ( n ) dat gia t r i nho nhat duy nhat mot diem m = 1. Bay gid ta xet 

{ / ( n ) : n G N * , n > 2 } . 
Bang l§,p lu^n tuong t i ; ta cung c6 / ( 2 ) = m i n { / ( n ) : n G N * , n > 2} . Hon 
nfia / ( 2 ) > / ( I ) . V i n i u / ( 2 ) = / ( I ) th i / ( I ) = / ( 2 ) > / ( / ( I ) ) , mau t h u l n . 
Lap lai qua t r i nh lap luan nh\t tren ta thu du^c 

/ ( I ) < / ( 2 ) < / ( 3 ) < • • • < / ( « ) < • • • (1) 

^1 fin) G N* nen / ( I ) > 1. Vdi / ( I ) > 1, tiT (1) ta suy ra r^ng fik) > k. Gia 

fik) > k, kh i do fik) > fc + 1. Mat khac, theo dieu kien bai toan ta c6 

/ ( A : + l ) > / ( / ( A : ) ) . ( 2 ) 
"^ijf fik) > /c + 1 va t t t (1) suy ra fik + 1) < / ( / (A; ) ) , dieu nay mau thuan 

( 2 ) , V9,y khong the c6 / ( i t ) > k. Do do / ( i t ) = A;, Vit G N* . Hay fin) = n. 
lai, t a thay / ( n ) = n, Vn G N * thoa man yeu cau bai toan. 



B a i t o d n 4 . 1 7 . Tim tat cd cdc ham so / : N * — N* thoa man / ( I ) = 1 vd 

f if in)) fin + 2) + 1 = / ( n + l ) / ( / ( n + 1)), Vn e N*. 

G i a i . G i a suT t o n t a i h a m so / thoa m a n yen cau ba i t oan . T a chufng m i n h 
bang q u y nap r k n g vd i n e N* t h i : f{n + 1) > / (/ ( " ) ) • (1) 
o V<3i n = 1. H i en nh i en (1) dung . 
o G i a si'r (1) d u n g vrii n = A; (A; > 1). Ta chi'mg m i n h (1) d u n g v6\ = k + I, 
T h ^ t v^y, t a c6: f{f{k))f{k + 2) = + l )/(/(A; + 1)) - 1. D o do: 

; rf, , _ f{k + l )/(/(fc + 1)) - 1 ^ [/(/(^)) + Mlfifjk + ! ) ] - ! 

T\l do t a suy r a / ( n + 1) > f{f{n))yn e N* . Vay theo ba i t oan 4.16 t a c6 
/ (n ) = n , V n € N* . 

Thi'r la i t a thay / (n ) = n , V n e N* t l i oa d i cu k i en ba i t oan . 

B a i t o a n 4 .18 . Tim tat cd cdc ham so f : N* —> N' thoa man 

2{f(m' + n^))' = f{m).f{n) + f{m).f{n),Vm,nGTr. 

G i a i . G i a silt t o n t a i h a m so / thoa m a n car yen cau cua dg ba i . Neu / (n ) = c, 
vdi c l a hang so t h i h ien nh ien thoa m a n d ieu k i en ba i t oan . Neu t o n tai 
m , n. 6 N* sao cho / ( m ) /(/») t h i t a gpi a, h la 2 so thoa m a n 

| / ( a ) - / ( 6 ) | - m i n | / ( m ) - / ( n ) | , m , n e N * . (1) 

G i a su: /(a) > f{b). T a c6 2/^(6) < P{a).f{b) + f{a).f{b) < 2f{a). Suy ra 

m<fia^ + b^)<f{a)=^f{a^ + b'')-f{b)<f{a)-f{b). 

T f r d o 

- m\ fia) - m > f{a^ + 6^) - f{b) = \fia^ + b^) - . (2) 

R6 rang (2) n i a u t h u a n v6 i (1). D o do / (n ) = c ( vd i c la hang so) l a h a m so 
can t i m . 

4 . 1 . 3 P h i f d n g p h a p sijf d u n g b i g u d i e n s o n g u y e n 

X u a t pha t tiif nhiJng p h u d n g t r i n h h a m da cho, t a can xay d u n g n h i i n g dSnS 
th i i c tUdng l ing , p h i i hop . D o i v6i n h i i n g phudng t r i n h h a m dang nay t ^ i 
CO the t h a y ngay duuc m o t h a m so t h o a m a n l a / (n ) = n. T u y nh i en vi?' ' 
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gia giai quyet trpn v ^ n bai t o an con rat nh i eu kho k h a n n h i t a g eung rat thu v i . 
Chang han tit pht fPng trinh iiam 

I / K + 3 n 2 ) = (/{m)]V3[/(n) ]2,Vn,meN, 

I k c l n xay dung ding thiifc: 

mk. x2 + 3j/2 = 22 + 3^2, (*) 

• b i g do X, y, z, t la nhQng bieu thiic nguyen, phu thuOc vao n vk (*) luon 
diing vdi mpi n e N. Chang hgn muon cd (*), ta se xuat phdt tit: 

( n + af - ( n + 6)2 = 3 [ ( n + cf - ( n + df] , 

=>2na + - 2nb - 6^ = ^2nc + - 2nd - (f) 

=J> (2a -26 )n + a 2 - 6 2 ^ 6 n ( c - d ) + 3 ( c 2 - d 2 ) ... (•*) ^y^u - zo)n + a'-b^ = 6n(c - d) + 3{c'^ - d^) (**) 

(vdi a, b, c, d la nhfmg so nguyen). Do (**) diing vdi mpi n nen: 

f a - 6 = 3(c - d) 
1 a2 - 62 = 3(c2 - d2) 

Chpn d = 0, t a dUdc: 

/ a - 6 = 3c '' f a - 6 = 3c 
1 a2 - 62 = 3c2 ^\{a- b){a + b) = 3c^ 

^ j a — b = 3c ^ 

Chon c = 1 ta ditdc: 6 = - 1 , a = 2. Ta thu dupe dang thiic: 

( n + 2)2 + 3n2 = ( n - 1)^ + 3 (n + if. 

Thu: lai thay dung. ' Hv 

hvtu V. Cac dang thiic can xay dUng khong phai la duy nhat. Nhieu khi viec 

x&y dung dang thiic dan tdi viec giai phupug trinh Pen. 

t o a n 4 . 1 9 (Dc thi hoc sinh gidi Trai he Hung Vudng nam 2011) . 71m 
cd cdc ham so / : N - » N thoa man cdc dieu ki^n: / ( I ) > 0 vd 

a = 2c 

ceZ. 

fi-^' + 3n^) = [f{rnr + 3[fin)f,Vn,rneK (1) 

th 
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Pii,o)=^fii) = [fii)]'A%mfii) = i. ,r'̂ r-
P ( 0 , 1 ) / { 3 ) = 3 [ / ( l ) ] 2 = ^ / ( 3 ) = 3. 

' ' ' i I . 
H o n nQa, vd i n > 1 t h i : 

( n + 2)2 + 3n2 = ( n - l ) 2 + 3 ( n + l ) 2 S 'Vli ' (3) 

/*» 
nen : 

[fin + 2)f + 3 [/ (n ) ] 2 = / ( ( n + 2)^ + Sn^) = / ( ( n - 1)^ + 3 ( n + l ) ^ ) 

= [fin - + 3 [ / (n + l ) ] ^ V n = 1, 2 , . . . (3) 

T i i (2) cho n = 1' t a dUdc: [ / { 3 ) ) ' + 3 = Z\}{2f ^ [f{2f = A^ f{2) = 2 

(do (/(2) e N ) . N h u vay / (n ) = n , vd i n € { 0 , 1 , 2 , 3 } . T a se chufng m i n h , v6i 
m o i n e N t h i / (n ) = n . (4) 

G i a si'r (4) d u n g t d i n = /c, fc e N , A: > 3. K h i do do (3) nen: 

[f{k+lf+ 3[f{k-!)]•'= [f{k-2)f+ 3[f{k)]^ 

p =^[/(fc + 1)]'^ + 3(fc - 1)2 = (A,- - 2)2 + 3A;2 

=>[/(A; + 1)1^ + 3(A;2 - 2A: + 1) = A;2 - 4A; + 4 + 3A;2 

=>[/(/,•+1)]2 = fc2 + 2A,-+1 = (A; + 1)2 J - : -

=>/(A,-+ 1) = A; + 1 (do/(A; + 1) > 0 ) . 

Vay (4) c u n g d u n g k h i n = A; + 1. T h c o nguyen h' quy nap suy ra (4) dung 

vd i n i p i n € N . T h i i l a i t h a y h a m so / (n ) = n, e N thoa m a n cac yeu cau 

de ba i . ' ; • 1 . 

B a i t o a n 4 . 2 0 . Ttm tat cd cdc ham s6 / : N —• N thoa man cdc diiu kien 

/ ( I ) > 0 vd: 

i\in^ + 7*2) = / 2 ( ,n ) + / 2 ( n ) , m , n € N . 1 

G i a i . G i i i su h a m so / t h o a m a n yeu cau ba i t oan . Vd i m = n = 0 t a c6: 

/(O) = 2/2 (0 ) ^ /(O) = 0. 

Vd i n = 0 t a c6 f{m^) = f{m). K h i do / ( m 2 + n2) = f{m'^) + f{n^). T a nhan 

xet rang: 

/(1) = / 2 ( 1 ) ^ / ( 1 ) ( 1 - / ( 1 ) ) = 0 = > / ( 1 ) = 1 (v. / ( 1 ) > 0 ) . 

/(2) = / ( l 2 + l 2 ) = / 2 ( i ) + / 2 ( i ) ^ 2 , /(4) = /(22) = /2 (2 ) = 4. 

/(5) = /(22 + l 2 ) = 5, 25 = / ( 5 2 ) = /(32 + 42) ^ / ( 3 ) = 3. 

T a cung t i n h dudc /(6) = 6,/(7) = 7 ,/ (8 ) = 8,/(9) = 9 ,/ (10 ) = 10. Vaj' 

/(n) =: n vd i n < 10. B a n g q u y n^p t a c h i l n g m i n h : 
/ (n ) = n , V n e N . 
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Gia s iJf fik) = k vdi k > 10. T a chutng m i n h f{k + l) = k + 1. T a t h a y rang 
(A; + 1) C O dang sau 5m + r , 0 < r < 4, m , r e N . T a 1 ^ c6 cac d i n g t h i i c sau" 

(5m)2 = (4m)2 + (3m)2; 

( 5 m + 1 ) 2 + 22 = ( 4 m + 2)2 + ( 3 m - 1 ) 2 . • ,. 

(5m + 2)2 + i 2 = ( 4 ^ + 1)2 + (3^„ + 2)2. h + ,/ 

(5m + 3 ) 2 + l 2 = ( 4 m + 3)2 + ( 3 m + 1 ) 2 . - v ' - ' ) \ 

(5m + 4)2 + 22 = (4m + 2)2 + (3m + 4)2. ^̂ ..̂ -̂  .̂ .̂  '^^ , 

. V d i A; + 1 = 5m t h i : r \c)^'\ i f . ) * ! . 

/ 2 (5m) = /((5m)2) = /2(4m) + /2(3m) = (5m)2 ^ / (5m) = 5m. i . 

• Vd i A: + l =5m, + l t h i : /((5m, + 1)2 + 22) = / ( (4m + 2)2) + / ( ( 3m - 1)2). 
Suy ra : / 2 (5m + 1) = (5m + 1)2 =4- / (5m + 1) = 5m + 1. ••ft My •gamMf-' 

• Vd i A: + 1 = 5m + 2 t h i : ^ 

/((5ni + 2)2 + l 2 ) = /((4rri + 1)2 + (3m + 2)2) ^ /(5m, + 2) = 5m + 2. 

• Vd i A- + 1 = 5m + 3 t h i : 

/( (5m + 3)2 + l 2 ) = / ( (4m + 3)2 + (3m + 1)2) => / (5m + 3) = 5m + 3. 

• Vd i A; + 1 = 5m + 4 t l i i : 

/((5nt + 4)2 + 22) / ( (4m + 2)2 + (3m + 4)2) / (5m + 4) = 5m + 4. 

Vay /(A; + 1) = A; + 1. D o do / (n ) = n , Vn e N . T h i i l a i , t a t h a y h a m so ' • 

/ (n ) = n , Vn 6 N 

thoa m a n yeu cau b a i t oan . -^^j 

B a i t o a n 4 . 2 1 . Tim tat cd cdc ham so f : N* -* N* thoa man diiu kien: 
/( I ) = 1 vd 

^ / (a2 + 62 + c2 + d2) = /2 (a) + /2(6) + /2(c) + /2 (d ) , Va, b,c,de N* (1) 

^<ii ki hieu: f{x) = [/(x)]2. - • M • 

^ i a i . Tli f (1) cho a = = c = d = 1 t a dUdc: /(4) = 4/2 (1) = 4. 
Do 52 + 22 + 22 + 12 = 42 + 42 + 12 + 12 nen: ^ > ' •' 

/2 (5) + /2 (2) + /2 (2) + /2(1) = /2(4) + /2(4) + /2 (1) + /2 (1) 

=^/'(5) + 2/2(2) = 33. „ , (2) 



Do 52 + 12 + 12 + 12 = 42 + 22 + 22 + 22 nen: 

/ ' { 5 ) + f\l) + / ' ( I ) + fil) = /'(4) + fi2) + /2(2) + /2(2) 

=^/2{5) - 3/2(2) = 13. (3) 

Tii (2) va (3) t a dUdc: /(2) = 2, /(5) = 5. 
Do 32 + 32 + 32 + l2 = 52 + 12 + l2 + i2 nen: 

/2(3) + f\3) + f\Z) + fHl) = f\b) + + /2(1) + /2(1). 

Suy ra / (3) = 3. Do 52 + 52 + 32 + 22 = 52 + 62 + l2 + l2 nen: 

/ ' ( 5 ) + / ' { 5 ) - + + /2(2) = /2(5) + /2(6) + + f \ \ ) . 

Suy ra / ( 6 ) = 6. Thanh t h i i : 
/(7) = / (22 + l2 + l2 + l 2 ) ^ /2(2) + 3/2(1) ^ 7 

Ta eung de dang ti'nh dUdc: /(8) = 8, /{9) = 9, /(lO) = 10. Tom \ t a c6: 

/(n) = n , V n € { l , 2 , . . . , 9 , 1 0 } . (4) 

Ta de dang chiing minh dUdc cac d l i i g thiic: 

{2k + \f + (fc - 2)2 + l2 + i2 = {2k - 1)2 + (fc + 2)2 + l2 + i 2 , € R. (5) 

(2fc)2 + (Jfc - 5)2 + l2 + l2 = (2fe - 4)2 + (fc + 3)2 + l2 + l 2 , VA; G R. (6) 

Bo de. Neu 8 so nguyen a, b, c, d, m, n, p , q thoa man 

a2 + 62 + c2 + ^2 = m2 + + p2 + 2̂ 

va f{h) = 6,/(c) = c,/(d) = d,/(n) = n,/(m) = m , / ( p ) ^ p . / C ? ) = 9 thi 

C/iji'np mm/i. That vay, do a2 + 2̂ -|- c2 + 2̂ = rn2 + n2 + p2 ^ 2̂ ngn 

/2(«) + /2(?,) + /2(c) + f \ d ) = /2(m) + /2(n) + /2(p) + /2(5) 

=>/2(a) + 2̂ + c2 + d2 = m2 + n2 + p2 ^ 2̂ 

/2(a) = a2 /(a) = a (do /(a) e N*) . 

Quay t rd lai bai toan. Ta se dn ing minh: v6i n € N* th i /(n) = n. (") 

Do (4) nen (7) dung vdi moi n € { 1 , 2 , . . . , 9,10}. Gia sii (7) di ing tdi n > lO 

Ta chiing minh f{n + 1 ) = n + 1. Do n + 1 la so nguyen dUdng Idn hdu 1̂1 
nen theo (5) va (6) suy ra ton ta i 7 so nguyen dudng a, b, c, d, Tn,p, q 

n + 1 va thoa man 
a2+62 + c2 + (i2 ^ r n 2 + ( „ + 1 ) 2 + p 2 ^ 2̂ 

V i vay theo b5 de suy ra / ( n + 1) = n + 1 . Do do theo nguyen l i quy nap ^ 

ra (7) diing. 

Thu; lai thay ham so /(n) = n,Vn e N* thoa man cac yeu cau de bai 116" 

la ham so duy nhat can t im. 
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B a i t o a n 4.22. rim tat cd cac hamsS f-.Z^Z thoa man 

I /(x^ + ?/ + z^) = f{x) + f%j) + / 3 ( ^ ) , vx, y, z e 
(1) 

Gia i . Gia s i i ton t?ii ham so / thoa man dieu kien bai toan. K i hieu P{x, y, z) 
la each cho bo (x, y, 2) (vdi x, y, z la so nguyen) vao phudng tr inh hhm (1). 
. F(0,0,0) m = 3/3(0) ^ /(0)[1 - 3/2(0)] = 0 /(O) = 0. 
. F(^, 0) ^ fix) = -f{-x) => f{-x) = -fix), Vx € Z. (2) 
. Pih 0,0) / ( I ) = f{l) =^ /( I ) € { 0 ,1 , -1 } . 
. Pih 1,0) ^ /(2) = 2/3(1) ^ /(2) = 2/(1). 
. F ( l , 1,1) ^ / ( 3 ) = 3/3(1) =>/(3) = 3/(1). 
Ta dif doan rang, vdi moi n € Z thi: /(n) = n/ ( l ) . ; , , (3) 
TriTdc h i t , t a se chufng m i n h h a i b 6 de sau: _ 

• Bo dc 1. V6i moi so nguyen dUdng Idn hdn 10, lap phUdng ci ia no deu c6 
th§ bieu dien dirdc dudi dang t6ng ciia 5 lap phUdng cua cac so nguyen 
khac CO gia tri tuyet doi nho hdn no. 

• Chiing minh. Ta can t im moi lien he do vdi so n > 10 trong tiJtng trudng 
hdp n chan va n le. Trudc het l a vdi n le. Dat n = 2< + 1, f e Z. Ta 
can tim mot d i n g thiic diing vdi moi t m a trong do 2< + 1 la bieu thiic 
CO gia tri tuyet doi Idn nhat, cac biSu thiic con lai phai la nhi thiic bgc 
nhat CO he so ci ia t la 1 hoftc 2. Kh i do do kh i i 8^̂  xuat hien d trong 
(2< + 1)3, t a chon - ( 2 t - 1)3. Ta thay van con so hang chiia t'^ trong do, 
t a chon tiep hai bieu thiic khac c 6 chiia t ciing hai hSng so bang each 
dua them tham so vao roi lua chon nhiT sau: Gia si i hai bieu thiic can 
tim CO dang {at + b), {at - b) (vdi o, 6 € Z) va hai so can t im la c, d G Z. 

do: , ^ t u . , v i K . . , 

'i2t + 1)3 - (2t - 1)3] = [{at + 6)3 - {at - 6)3] + 

^24t2 + 2 = 6a26t2 + 263 + c3 + ^3 

^ ( 2 4 - 6a26)(2 ^ (2 - 263 - c3 - ^ 3 ) = 0. 

Ta can chpn a, 6, c, d sao cho a26 = 4 va 263 _ c3 - _ 2_ trong do 
a = 1 hoac a = 2. De thay a 7^ 2 v i neu a = 2 thi tit a26 = 4 6 = 1, 
thay vao (i) kliong thu dudc ket qua nao ca. Vdi a = 1 thi 6 = 4, suy ra 

+d^ = 126, chon ditdc c = - 5 , d = - 1 . Nhu v?iy: 

{2t + 1)3 + 53 + l3 = {2t - 1)3 + {t + 4)3 + (4 - t)\) 

Th i i lai thay {ii) dung vdi moi t G Z. L?Lp lu$n hoan toan tudng t u , ta 
thu dUdc d i n g thiic sau: 

{2k + 2)3 = {2k - 2)3 + {k + 8)3 + (8 - A:)3 + ( -10 ) 3 ^ ( _2 ) 3 . (Si) 

Nhu vay B6 de 1 diTdc chiing minh. . t 

c3 + d3n 
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• BS di 2. N e u a, 6, c, m , 9, p l a 6 so nguyen t h o a m a n | i rxi>,, • 

+ + = rn^ + 7̂  + 

vk f{b) = 6 / (1 ) , / ( c ) = c / ( l ) , / ( m ) = m / ( l ) , / ( g ) = g / ( l ) , / ( p ) = p / ( l ) 

thi / ( a ) = a / ( l ) . 

• ChUng minh. T a c6: 

\ , , =>/3(a) + f\h) + /3 (c ) = / 3 (m) + f\q) + / ^ ( p ) ;' 

(£) ^ / 3 ( a ) = /3(1) (m3 + 93 + p3 _ ^3 _ ^3) 

^ ^ 3 ( „ ) ^ ^3 (1 )^3 ^ ^ 

B 8 de 2 d iWc c h i i n g m i n h . 

Q u a y t r d l a i b a i t o a n : ' 

P ( 2 , 0 , 0 ) => m - /3(2) = 8/3(1) m = 8 / (1) . 

P ( 2 , 1 , 0 ) ^ m = /3(2) + /3(1) = 8/(1) + / ( I ) =^ m = 9 / ( 1 ) . 

P ( 2 , 1 ; 1) / ( l O ) = /3(2) + /3(1) + /3(1) =^ / ( l O ) = 10 / (1 ) . 

D o (2) n e n suy r a : f{-k) = - A : / ( l ) , A; - 0 ,1 ,2 ,3 ,8 ,9 ,10 . T i e p theo t a c6: 

P ( 2 , - 1 , 0 ) / ( 7 ) = /3(2) + / 3 ( - l ) / ( 7 ) = 7 / ( 1 ) . 

P ( 2 , - 1 , - 1 ) => m = /3 (2) + / 3 ( - l ) + / 3 ( - l ) = 6 / ( 1 ) . 

T r o n g ( i i ) l ay fc - 2 t a d U d c : 53 + 53 + l3 = 33 + 63 + 23. D o do : 

/ (53 + 53 + l3 ) = / (33 + 63 + 23) ( 

• =>/'(5) + / ' (5 ) + / 3 ( l ) = /3(3) + /3(6) + /3 (2 ) * 

/3(1) (33 + 63 + 23 - l3) = 2/3(5) => 2.53/3(1) = 2/3(5) 

=^/3(5) = 53/3(1) ^ /(5) - 5/ (1) => / ( - 5 ) = -5 / (1 ) . 

T r o n g (3i) lay A; - 1 t a d i i o c : 43 = 03 + 93 + 73 + ( -103) + ( -2 )3 . D o do : 

/ { 4 3 + 103 + 23) = / ( 0 3 + 93 + 73) 

' ^ / 3 ( 4 ) + /3(10) + /3(2) = /3 (9) + /3 (7) ' 

/St . =>/^(4) = /3 (1) (93 + 73 - 103 - 23) = 43/3(1) 

=>/(4) = 4 / ( 1 ) / ( - 4 ) = - 4 / ( 1 ) . 

N h u vay, t a d a c h i i n g m i n h d U d c : f{k) = kf{l), VJfc 6 { - 1 0 , - 9 , . . . , 9 , lO}' 

D o d o (3) d i i n g v6i m o i so n g u y e n n t h o a m a n \n\ 10. , 
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Illl^ s(Tf (3) d u n g tcii .so nguyen d u d n g ( n - 1) > 10. K h i d o n la so nguyen 
Hj^ng Icin l i d n 10 nen theo bo d e 1 suy ra d U d c b i e u d i e n t h a n h t o n g c i i a 

5 l a p p h u d n g c u a car so n g u y e n khac co g ia t r i t u y e t d o i n h o h d n n o . V i v§,y 
theo b 6 de 2 suy r a / ( n ) = n / ( l ) . 
G i a s i i r n G Z , n < - 1 0 , k h i d o - n > 10. Suy r a : 

fin) = / ( - ( - n ) ) = - / ( - n ) = - ( - n ) / ( l ) = n / ( l ) . 

Theo nguyen l i q u y n a p t a d U d c : / ( n ) = n / ( l ) , V n € Z . M a / ( I ) € { 0 ,1 , - 1 } 
i i p u t a n h a n d U d c : 

f{x)^0,f{x)^xj{x)^-x. 

Thiif l a i t h a y b a h a m so f{x) = 0, f{x) = x, f{x) = —x t h o a m a n cac y e n cau 
d l ba i . 

4 . 1 . 4 H e d e m c d s o < > .1 

He d e m c d so l a m o t t r o n g n h i i n g k h a i n i e m q u a n t r o n g t r e n t a p so n g u y e n , 
no CO n h i e u i rng d u n g l ien q u a n den cac t h u a t t o a n t r o n g s6 hoc va t i n IIQC. 
Ta nhac l a i r k n g , v d i b l a m o t so nguyen d u d n g Idn h d n h a y b a n g 2 t h i m o i 
so nguyen d u d n g A'̂  deu c6 t h i b i e u d ien d u y n h a t d u d i d a n g ^ 

TV = ( a i . ..ak)b = 016*=-' + a26*=-2 + • . . + akb°, s 

v6i 1 < a i < b-1. 0 < a 2 , . . . ,afc < 6 - 1 . D o l a d i n h n g h i a he d e m c d s o d a n g 
CO ban n h a t . T u y n h i e n , c6 the lay m o t day so n g u y e n b a t k y (c6 t r i t u y e t 
doi t a n g n g h i e m n g a t ) l a m he d e m c d s o , v i d u he d e m c d s o ( - 2 ) , he d e m 
CO so F ibonacc i (3 = 4 - 2 + 1 ,17 = 13 + 3 + 1 , . . . ) . D o i v d i m o t s o b a i t o a n 
giai p h u d n g t r i n h h a m t r e n t a p .so n g u y e n , d o i k h i so d o d a n g n h a n r a q u y 
luat neu n o d i M c c h u y i n t h a n h m o t ba i t o a n theo m o t he d e m c d .so khac . 
Sau day la m o t so b a i t o a n k i n h di§n q u a n t r o n g th§ h i e n sau sic p h U d n g 
Phap nay. 

B a i t o a n 4 . 2 3 . Gid sii f : N-> R la ham so thoa dieu kien / ( I ) = I vd 

/ ( n ) = 
1 + / 

1 + 

khi n = 2k+l 

khi n = 2k. 

^ i a i . T i t g ia t h i e t suy r a f{2k + 1) = 1 + / ( fc ) = /(2A:), it = 1, 2 , . . . T a c6 

/ ( 2 ) = / ( 3 ) = 2; / ( 4 ) - / ( 5 ) = 3; / ( 6 ) = / ( 7 ) = 1 + / ( 3 ) = 3; 

/(8) = / ( 9 ) - / ( l O ) = / ( I I ) = / ( 12 ) = / ( 13 ) = / ( 1 4 ) = / ( 1 5 ) = 4. 
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Sau khi tinh xong gia tr i tren trong h§ cd s6 10, ta van chita the hinh 
dung ra quy \u^t gia t r j ciia / (n) . Tuy nhien, neu viet trong he cd so 2 thi 
ta dUdc: 
/(2) = 2 = / ( 3 ) ^ / ( I O 2 ) = / ( I I 2 ) = 2; 
/ ( 4 ) = / ( 5 ) = / ( 6 ) = / ( 7 ) = 3 ̂  /(IOO2) = / ( I O I 2 ) = / ( I I O 2 ) = / ( I I I 2 ) = 3; 

Vay ta d\t doan /(n) chinh la so chii so ciia n viet trong h§ nhi phan. 
Ta se chiing minh digu du doan nay Khang dinh f{n) = n da dung cho 
n = 1 ,2,3, . . . , 15. Gia si3f khang dinh da diing vcli n, ta chiing minh khang 
dinh diing v6i n + 1. Neu n ch§,n thi n = (ai . . . 0 ^ 0 ) 3 / (n) = A; + 1. Khi do 
n + l = (ai.. .a/fcl)2. Taco: ^ = ( a j . . . 0 ^ ) 3 =̂  / Q ) = fc, suy ra: 
/ ( n + 1) = 1 + / (J^^ = k + I— so chii so trong bieu dien nhi phan cua n. 
TrUdng hdp n le dUdc chiJng minh hoan toan titdng tu. Nhu vay, trong moi 
trudng hdp ta deu c6 f{n) bang chinh so chii so ciia n viet trong he nhi phan. 

Bai toan 4.24. Day sS {/„} duac xdc dinh fi = 1, /2„ = 3/„, /2„+i = /2„+l. 
Hay tinh /loo-

G i a i . Ki hieu/„ = / ( n ) . Ta C O / ( I ) = / ( I 2 ) = 1 = 1.3°; 

/(2) = / ( I O 2 ) = 3/(1) = 3 = I . 3 I + 0.3°; 
" / ( 3 ) = / ( I I 2 ) = /(2) + 1 = 4 = I . 3 I + 1.3". 

Nhit vay dif doan rang vdi moi n la so nguyen ditdng va neu n c6 bieu dien 

trong he nhi phan la n = ^a^afc-i . . .aiaoj thi 

/(n)=afc.3'= + afc_i.3'=-' + --- + ai.3i + ao.3°. ^ (*) 

• Vdi moi n < 3 thi (*) diing. 
* Gia siif (*) dung v6i moi t < n. Ta chiing minh v6i i = n thi (*) rung diing-

- Neu n = 2m vdi m c6 bieu dien trong he nhi phan la m = (^akak-i • • -aiooj^ 

thi n = (afcafc_i.. .aiooO J . Do do t i i / (n) = /(2m) ta c6 

/((afcafc_i ••-01000)2) = 3 / ( m ) = 3(0^.3*= +••• + ai.3i+ao.3°) j 

= afc.3*+^ + • • • 4-ai.32 + ao.3^ + 0.3°. 

- Trudng hdp n = 2m + 1, trong do m c6 bieu dien trong he nhj phan 
m = ^ajta/t_i.. . n i i o ) thi n = ^afcOfc_ i . . .oiaol) , ta dildc 

/ (n) = / ( 2 m + 1) <f4>/((a^afc.i . . .01001)2) = 3 / (m) + 1 
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<^/((ofcafc_i .. . 0 1 0 0 1 ) 2 ) = OA:.3*^+' +••• + 01.32 + 0 0 . 3 ' + 1.3". 

Vay (*) diing vdi moi n e N*. Do do vdi 100 = ^llOOlOo) , ta c6 

/(100) = 1.3''-f 1.3^ + 1.3^ = 981. 

Bai toan 4.25. Day so {an} dUdc xdc dinh hdi 0 < OQ < l ,a„ = 2o„_i niu 
2rt„_i < 1 fo o„ = 2fl„_i - 1 neu 2a„_i > 1. Hoi cd hao nhieu gia tri oo di 
05 = «o-

Giai. Ta se trinh bay each giai bai toan nky tren trong he nhi phan. Ta nhan 

thay rang: Neu oo = ^0, ^1(^2^3 • - - ) ^ thi oi = ^0, d2didi • - • )^- That vay, neu 

2ao < 1 thi = 0 va oi = 2oo = ^0, d2didi - • - )^ , neu 2oo > 1 thi di = 1 va 

01 = 2oo - 1 = ^0, did-id^ . . . ) . Hoan toan titdng tu: 

" 2 = ( 0 , (Z3cZ4(/5 . . . ) . . . , 0 5 = ^0, dê TcZg • - -) -̂

Khi do 0 5 = 0 0 khi va chi khi OQ la phan so nhi phan tuan hoan chu ky 5-
C6 2^ = 32 chu ky tuan hoan nhu vay, trong do chu ky H i l l cho chiing ta 
ao = 1 (loai). Vay tat ca c6 31 gia tr i oo thoa man yen cau de bai. Do la 

(^0,00000)^, ( 0 , 0 0 0 0 1 ) ^ , . . . , (0,11110) 

Tinh sang he thap phan cac so do ta dUdc cac gia t r i tUdng ling la: 

2 

+ •' -! J_ _2̂  30 
• ' 3 1 ' 3 1 ' ' ' ' 3 1 ' 

Bai toan 4.26. Tim tat ca cac ham so / : N ' N* thoa man diiu kien: 
1) / ( I ) = 1; 
2 /(2n) = 2 / ( n ) - l , V n e N ' ; 
3 ) / ( 2 n + l ) = 2/(n) + l , Vn € N* . ' I <i 

Giai. Gia sii ton tai ham so / thoa yeu cau bai toan. T i t gia thiet ta c6 
Al) = 1, suy ra / ( I 2 ) = I2 1-2° va 

l = /(2) = / ( (10)2) = (01)2 = 0.2*+ 1.2°; V . 
3 = / ( 3 ) - / ( ( l l ) 2 ) = (11)2 = 1.2̂  + 1-2°; 

^ l = / ( 4 ) = /((100)2) = (001)2 = 0.2^ + 0.2'+ 1.2°; 
3 = /(5) = / ( ( i o i ) 2 ) = (011)2 = 0.22 +1.21 +1.2° . 
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T a t h a y rang : Neu n c6 b i eu d i en t r o n g h? nh j p h a n l a n = {akUk-i . ..ai).^ 

vdi ajt = 1 t h i 

f{{akak-i . . . a i ) 2 ) = {ak^i • • .«iafc)2 = afc-l-2 ' '~ ' + • • • + + «fc.2". (*) 

T a ch i ing m i n h n h a n xe t t r e n bang q u y nap. , 

• (*) d i i n g vd i n < 5. 
• G i a SIX (*) d u n g v6 i n = m.{m> 6 ) . T a ch i ing m i n h (*) d u n g v6 i n = m + l . 
T rUdng hop 1: m + 1 la so chan, da t m + 1 = 2q vdi q = (a/tajt-i . . . 01)2 va 

m + 1 = 2(7 = (ofcafc-i . . . n i 0 ) 2 

t a diidc 

/ ( m + 1) = fi2q) = 2/(9) - 1 = 2(afc_i.2 '=-i + • • • + 01.2^ + afc.2°) - 1 
= (afc_i .. . a i01 ) 2 = (flfc-i . • •aiOak)2-

Tr i r dng h d p 2: m + 1 l a so le, dat m 4-1 = 2g + 1 vd i q = ( 0 ^ 0 ^ - 1 .. .01)2 va 

rn +1 = 2<] + 1 = («fcafc-l • • • a i l ) 2 

t a dUdc 

/ ( m + l ) = / ( 2 g + l ) = 2/(9) + l 

Id OG u/id '^l = 2 (afe_i .2' '- ' + --- + ai.2^ + afc.2°) + 1 

/ = {ak-i •. -0111)2 = (flfc-i • • • a i l a * ) 2 -

Vay (*) d u n g vdi n = in + l. D o do neu n c6 b i eu d i en t r o n g h? n h j phan la 

n = {akak-i • • . 0 1 ) 2 v6 i Ojt = 1 t i n 

/ ( ( a f c O f c - i .. . 0 1 ) 2 ) = ( o f c - i . . .aiafc)2 = afc-i.2*~^ + • • • + a i . 2 ' + 0/^.2". 

T h i i l a i , t a t h a y h a m so / thoa d ieu k i en ba i t oan . 

B a i t o a n 4 . 2 7 . Gid sv! f :W -*N* la ham so thoa man 

/ ( l ) = 1, / (2n ) = f{n) va f{2n + 1) = f{2n) + 1, V n e N * . 

Tim gid tri Idn nhat cua / (n ) trong tap {1,2,...,2006}. 

G i a i . V i / (2n ) diTdc t i n h theo / (n ) va / ( 2 n + 1) dUdc t i n h theo / (2n ) , tiJc 

l a theo f { 7 i ) , nen ta n g h l t d i chuyen v i e t cac so t r o n g cd so 2. T a c6 

/ ( I O 2 ) = /(2) = / ( I ) = 1; / ( I I 2 ) = /(3) = /(2) + 1 = 2; 

^ ' / ( I O O 2 ) = / ( 4 ) = / ( 2 ) = 1 ; / ( I O I 2 ) = / ( 5 ) = / ( 2 ) + 1 = 2; 

/ ( I I O 2 ) = /(6) = /(3) = 2; / ( I I I 2 ) = /(7) = /{3) + 1 = 3. 
» * 
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ham 

frt day ta n'lt r a q u y lua t . , 
Q u y l u a t : /(n) bang so chi f so 1 t r o n g b ieu d ien co s6 2 c i i a n. 
C h i J n g m i n h : G i a su; k h i n g d i n h d u n g vd i mpi A; < n . T a se chiJng m i n h no 
d u n g v d i n . v,.-v , 
, Neu n chan t h i n = 2 m = IO2 x rn. V i t r o n g hg cd so 2, k h i nhan mot so 
yijj 2 = IO2, t a ch i viec t h e m so 0 vao cuoi ,s6 do nen TO va n = IO2 x m c6 
Cling so c h i i so 1 t r o n g b i eu d ien cd so 2. Theo gia th i e t q u y n^p, / (m ) bang 
diing so chft .so 1 cua m , m a /(n) = /(2TO) = / (m ) nen /(n) c i l ng bang diing 
s6 ch i i so 1 c i i a m , t i i c la cung bang d i i n g so ch i i so 1 c i ia n . 
, Neu n le, t i i c l a n = 2 m + 1 = IO2 x TO + 1 t h i n c6 so c h i i so 1 nh i eu h d n 
^ la 1 ch i i so ( t h em c h i i so 1 d hang cuoi c i ing , t i i c l a d hang ddn v i ) . Theo 
dan bai ta c6 f{n) = f{2m + 1) = /(TO) + 1 , ma theo g ia t h i e t q u y nap, / ( m ) 
bang diing so c h i i s5 1 c i i a m nen /(n) c i ing bang so ch i i so 1 cua TO cong 
them 1, t i i c la / (n ) ciing bang d u n g so chii so 1 c i ia n . 
Bai toan dan den p h a i t i m so c6 so chii so 1 16n nha t t r o n g b i eu d ien cd so 2 
ciia cac so nho hon hoSc bang 2006. V i I I I I I I I I I I I 2 = 2^^ - 1 = 2047 gom 
11 chQ so 1, m a 2006 < 2047 nen / (n ) c6 nh i eu nha t la 10 c h i i s6 1. T a lai c6 

/(1023) = / ( I I I I I I I I I I 2 ) = 10. 

Do do g ia t r i Idn n h a t c i ia f{n) t r o n g khoang 1 < n < 2006 la 10 da t dUdc 
khi n = 1023. 

Ba i t o a n 4 . 2 8 (Chon doi t u y c n Singapore-1995). Gid su: / : N * — N ' la 
so thoa man 

/ ( I ) = 1, f{2n) = fin) vd f{2n + 1) = / (2n ) + 1, Vn £ N * . 

1) Tim gid tri Idn nhat M cua f{n) trong tap { 1 , 2 , . . . , 1994}. 
2) Tim tat cd cdc sSn&N* vdi I < n < 1994 sao cho f{n) = M. 

B a i t o a n 4 . 2 9 ( I M O 1988). Gid sv:f:N-*Nld ham so thoa man / ( I ) = 1, 
/(3) = 3 vd vdi moi s6 nguyen dicong n thi 

/ (2n ) = fin); / ( 4 n + 1) = 2/ (2u + 1) - / ( n ) ; 

/ ( 4 n + 3) = 3/ (2n + l ) - 2 / ( n ) . 

7 }m s6n< 1988 ma fin) = n . , ; 

^ i a i . G i a s i i t o n t a i h a m so / thoa yeu cau ba i t oan . M p t so A; € N bat k i 
^hi CO the c6 m o t t r o n g bon dang: 

J 
k = 4n = 2.2n; k = 4n + I; k = An + 2 = 2 (2n + 1); fc = 4 n + 3. 

^ 0 cto t\x gia thiet c6 the thay rang ham s5 da cho dUdc xac dinh mpt each 
nhat. T a se sii dung cd so 2 de tim b i6u dien ciia ham so /. Ta c6 

/ ( I 2 ) = / ( I ) = 1 = I 2 ; / ( I O 2 ) = /(2) = / ( I ) = 1 = O I 2 ; 
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/ ( I l 2 ) = / (3 ) = 3 = II2; /(IOO2) = / (4 ) = 1 = OOI2; 
/(IOI2) = / ( 5 ) = 5 = IOI2; /(IIO2) = / ( 6 ) = 3 = OII2. 

Q u y l u a t : Bieu dien ciia / ( n ) trong co s6 2 chinh la bieu dien cua n bang 
each viet ngU<?c lai , ti ic la f{{akak-i • • -0100)2) = (aoai • • •afe-iafc)2-
Chufng m i n h . Gia sii t inh chat dung cho moi A: < n. Ta se chiing minh no 
dung cho 71. 
• Neu n c h i n {n = 2m) t h i theo gia t h i l t / ( n ) = / ( 2 m ) = / ( m ) (de cho tien, 
tase viet afeo^-i...aiao thay cho (afcOfc-i...0100)2)- V i n = 2m nen neu m dudc 

bieu dien trong he cO so 2 dudi dang m = akak-i---aiao t h i n — akak-i--.aiaoO. 
Theo gia thiet quy nap ta c6 

/ ( m ) =/(a/tafc_i . . .aiao) = oooi-.-Ofc-iOfc = Oaooi-.-Ofc-iOfc-

Vay 
/(afcafc_i---aiaoO) = / ( n ) = / ( m ) = / ( a f c O f c - i - . - a i O o ) 

— aoOi-.-Ofc-iOfc = Oaoai...ak-iak-

• Neu n = 4m + 1 vdi m = Ofc0fe_i.--0iao t h i n = 4m + 1 = afcafc_i--.aiao01 va 

2m - f 1 = afcOfc-i - . -OiOol-

Theo dau bai va gia thiet quy nap t a c6: 

f{akak-i-aiaoOl) = / ( 4 m + 1) = 2 / (2m + 1) - / ( m ) 
=2.1aoai..-Ofc_iafc - / ( m ) = looai--.afe_iaiO - / ( m ) 
= 10^^+aoai.--afc_iafcO - ooai-.-Ofc-iafc 

/t+3 
= 1 0 ^ ^ + a o a i . . . a f c _ i O f c = 10aoai...afc_iOfc. 

fc+3 

• Neu n = 4r/t + 3 vdi m = afcOfc_i-..oiao th i n = 4m + 3 = Ofcajt_ i . . . a iao l l va 

2m + 1 = aitaA:_i - - -aiaol-

T i f gia thiet ciia dau bai va gia thiet quy nap suy ra: 

/ (o fcafc - i -a iooU) = / ( 4 m + 3) = 3 / (2m + 1) - 2 / (m) 
,̂ . = / ( 2 m + 1) + 2 / (2m + 1) - 2 / (m) 

=laoai...ak~iak+ laoai...ak-iakQ - aoai...ak-iakO 
= laoai...afc_iafc+ 1 0 ^ = lloorti . - -afc_infc. 

Vay quy luat dUdc chi'mg minh. 
Mot so trong cd so 2 dUdc goi la palindromic neu no khong doi k h i t a d6i cho 
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cac chO s6 theo thu: t u ngudc lai . Vdi moi k, c6 t i t ca 2[ V } s6 palindmmir . A 
dp da: k (s6 palindrom^c b ^ . ) J h , t v ^ , nipt s6 p a / m . r o m e ^ h o t ^ o T n T u p : 

chvc s6 dau tien (ben phai), cac chiJ s6 con xac dinh neu biet tat caj 

lai dupe xac dinh b^ng each l i y d6i xvCng qua s6 di'mg gifra. V i ctvS s6 d v i t r i 

dau tien ben phai bat bupc phai la 1, nen chi con lai ' Ar+1 
- 1 = k-1 

vi t r i tuy chpn la chii s6 0 hoac chO s6 1. Co 2 x 2 x ... x 2 = 21^1 khLnang 

2 
chpn, nghia la c6 tat ca 2 ( ^ 1 so palindromic bac k. ^ 
Tit quy luat tren suy ra nghiem cua phudng t r inh / ( n ) = n vdi . • ' 

n < 1988 = I I I I I O O I I I O 2 ' 
chinh la cac so palindromic vdi to i da 10 chii so va i ih i i i ig so ca 11 chii s6 
nbung nho hdn n < 1988. V i c6 mot so vdi 1 chii so (so 1 = I2) va mot so 
vdi 2 chii s6 trong cd so 2 (so 3 = II2) thoa man phUdng t r i n h / ( n ) = n nen 
CO tat ca 

1 + 1 4. 2 [ V ] + 2 [ V ] + . - - + 2 [ ^ 1 + 2 [ ^ 1 = 2(1 + 2 + - - - + 16) = 62 
so CO t6i da 10 chii so trong cd so 2, tiic la c6 tat ca 62 so trong khoang 
0 < n < 1023 thoa man phUdng t r inh f{n) = n. Cd tat ca 2 ^ ^ 1 = 32 so 
trong khoang 1024 < n < 2047 (cd 11 chii so) la palindromic. Trong cac so do 
CO hai so I I I I I I I I I I I 2 = 2047 va I I I I I O I I I I I 2 = 2015 vudt qua 1988. Vay 
CO tat ca 32-2=30 so trong khoang 1024 < n < 1988 thoa man phttdng t r inh 
f{n) = n. Cuoi ciing, phUdng t r i n h / ( n ) = n cd tat ca 62+30=92 nghiem. 

B a i t o a n 4.30 ( I M O shortlist 2000). Ham sS F : 
kiin sau: thoa man cac dieu 

(i) F{4n) = F{2n) + F{n); 
WL., (ii) F (4n + 2) = F(4n) + 1; J ] \ 
HBL. ( m ) F(2n + l ) = F(2n) + l . 

Chiing minh r&ng vdi moi so nguyen dUdng m, so cac so nguyen n vdi 
0 < n < 2"̂  t;d F(4n) = F(377,) btng F(2"^+i). 

G^iai. Gia sii ton ta i ham so F thoa yeu cau bai toan. Do (i) ta cd 1 

F(4.0) = F(2.0) + F(0) . 
Suy ra F(0) = 0. Tudng t u , tix (ii) suy ra F(2) = F(4.0 + 2) = F(4.0) + 1 = 1-
"̂ ^̂  (iii) ta cd: F ( 3 ) = F(2 + 1) = F(2) + 1 = 2. Ta thay F (n ) xac dinh mot 
^ach duy nhat tvr ba dieu kien ciia dau bai. Ta t inh va quan sat bang gia t r j 
<^UaF(n) dudi day: - •• i i - : 
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n 0 1 2 3 4 5 « 7 8 y 11 12 14 15 i f r 
0 1 1 2 2 3 3 4 3 4 4 5 5 6 6 7 5-

B 6 d § 1 . F(2'") = U r + i , t r o n g do U r la so hang t h i i r cua day Fibonacci 
( w o = 0, U i = 1, Un+\ + U n - l , H > 1). 
C h u f n g m i n h . 
Vd i 7- = 0 t a CO F (20 ) = F ( l ) = 1 = u i ; 

V 6 i r = 1 t a c6 F ( 2 ' ) = F ( 2 ) = I = U2 = u i + i ; 
Vd i r = 2 t a c6 F(22) = F ( 4 ) = 2 = U 3 = 1 1 2 + 1 ; 

Vdi r = 3 t a c6 F (23 ) = F ( 8 ) = 3 = U 4 = U 3 + 1 ; 

Vdi 7- = 4 t a CO F (2 ' ' ) = F ( 1 6 ) = 5 = 7̂ 5 = " 4 + 1 -

G i a s i i khf tng d i n h t r e n d u n g vd i m p i 1 < A; < r . T a se ch i ing m i n h no dung 
cho r + 1. D i ? u nay dg dang suy r a txi ( i ) , tv[ gia t h i e t q u y nap va t i i d inh 
iighTa cua day F ibonacc i : 

F ( 2 ' + ' ) = F ( 4 . 2 ' - M = F ( 2 . 2 ^ - ' ) + F ( 2 ' - ' ) = U r + i + W ( r - i ) + i = " r + 2 . 

Q u a i l sat b a n g g ia t r i c i i a F ( 7 i ) t u i h theo n va u „ dud i day. 

71 ( n ) 2 F ( n ) F ( n ) = akUk+i +--- + aoUi 
0 0 O2 0 F(0 ) = 0 . u i = 0 
1 1 I 2 1 F 1 = l . u i = 1 
2 1 io.> 1 F ( 2 ) = I . U 2 + O.U1 = 1 
3 2 l l o 2 F 3 = 1 . U 2 + l . u i = 2 
4 3 IOO2 2 F 4 = l , U 3 + 0 .U2 + 0 . u i = 2 
5 5 I O I 2 3 F 5 =^ I H 3 + 0 . 7 i 2 + l . u i = 3 
G 8 110 . , 3 F G = 1 .7i3 + l - " 2 + O .U] = 3 
7 1 3 I I I 2 4 F ( 7 ) = I . U 3 + I . U 2 + l - U ] = 4 
B 2 1 IOOO2 3 F ( 8 = I . W 4 + O.U3 + O.U2 + O.ui = 3 
•J 3 4 IOOI2 4 F ( 9 ) = I . U 4 + O.U3 + 0.712 + l - " i = 4 

1 0 5 5 IOIO2 4 F 1 0 ) = I . U 4 + 0.7/3 + 1-W2 + O.Tii = 4 
1 1 8 9 I O I I 2 5 F 1 1 = 1 .7i4 + 0 . 7 i 3 + 1 .U2 + 1.7X1 = 5 
1 2 1 4 4 IIOO2 5 F 1 2 = I . U 4 + 1.7X3 + 0.7X2 + O .U l = 5 

'li m I I O I 2 G F 1 3 = I . U 4 + I . U 3 + 0.7X2 + 1 - w i = 6 
1 4 377 I I I O 2 G F 1 4 = I . U 4 + 1.7*3 + 1.1X2 + O.Tti = 6 
1 5 GIO I I I I 2 7 F ( 1 5 = 1.7X4 + I . U 3 + 1.7X2 + l . T i i = 7 
1 6 9 8 7 IOOOO2 5 F ( 1 6 ) = 1.7x5 + 0.7X4 + O . U 3 + 0.7X2 + 0.7X1 = 5 

T a t h a y F ( 7 t ) dUdc b i f iu d ion d i td i dang t 6 n g cua cac so h a n g cua day F i ' 
bonacci . H d n niJa, t a c6 B o de sau. 
B 6 d e 2 . N l u 71 C O b ieu d ien cd so 2 la n = (ait. . .ao)2 t h i 

F{n) = aA:7x*:+i H h aoixi . 

C h u f n g m i n h . T a c h i i n g m i n h rang F { n ) dUdc xac d i n h theo cong t h i i c (* 
se t h o a m a n ca b a d ieu k i c n ( i ) , ( i i ) , ( i i i ) v6 i i n o i TI > 0. T h a t vay, n^' 
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= (afc...ao)2 4 n = (afc...aoOO)2; 4n + 2 = (a... anlO) •2n~(n n^ . 

F ( 2 n ) = at7x*:+2 + . . . + ao7X2. ' ' " ^ 

F ( 4 n ) = aki^ik+2 + Wfc+i) + • - • + ao(u2 + w i ) ' 

= (afc7Xfc+2 + . . . + aotX2) + {akUk+i + ... + aoui) = F (2n) + F{n). 

Vay ( i ) <hwc c h i i i i g m i n h . V i 7/2 = 1 nen t a c u n g c6 

F ( 4 7 i + 2) = UkUk+i + ... + ao7X3 + 7x2 = F ( 4 n ) + 1, 

hav ( i i ) dvtdc c h i i n g m i n h . V a cuoi c i ing , v i ?xi = 1 nen 

F(2n + 1) = UA:(X;t+2 + . . . + «()»2 + 7X1 = F(2ri) + 1, ' ^ 

tiJc l a ( i i i ) d u n g . D o ( i ) - ( i i i ) xac d i n h d u y n h a t F ( 7 i ) nen (*) c h i i i h la cong 
tlu'tr t d i i g qu . i t caa F{ii). 

B 6 d e 3. N e u t r o n g b idu d i e n i i h i p h a n c i ia n k h o n g c6 h a i c h i i so 1 d i i i i g 
lien n h a u ( t a go i l a c l u i so 1 c6 l^p) t h i F ( 3 n ) = F ( 4 n ) . 

C h u f n g m i n h . G i a silf t r o n g b i l u d ien n l i i p h a n c i i a 77 = { o k . . .710)2 k h o n g 
CO ha i chfr so 1 l i e n t i e p . V i 37?. = 27j, + n, m a 2n = (a^ . . . « oO ) 2 . nen 

371 = 271 + 77 = (o^ . . . 0 0 0 ) 2 + {Uk • •. 0 0 ) 2 -

V i t r o n g b i g u d i e n i i h i p h a n c i ia n = {ak •. -ao).^ k h o n g c6 h a i c h i i so 1 l i e n 
tiep nen phep cong t r e n la k h o n g c6 n l i d t i i hang nay sang h a n g sau, t i i c l a 
neu 77 = (a^ ; . . . 0 0 ) 2 t h i 

377 = 2n + 77 = (rxfc . . . aoO)2 4- {ok ... 0 0 ) 2 ^̂ ^̂ , , , 

w =ak{ak-\+ak)...{ai-i+a,)...{ao + ai)ao. 

Do do F ( n ) = afc7Xfc+i + . . . + a o 7 t i va 

H i ^ ( 3 7 7 ) = "fc«fc+2 + { u k - i + U k ) u k + i + . . . + ( f l j - i + « i ) 7 X i + i + . . . + aotxi 
B = a k ( i i k + 2 + U f c + i ) + H j t - i ( t i f c + i + 7/fc) + . . . + ai-i{ui+i + Ui) + 

m + ••• + ao("2 + " 1 ) = cikUk+3 + ... + ao7X3 = F ( 4 n ) . 

• 6 d l 4 . V d i m o i 77 t h i F ( 3 r i ) < F ( 4 n ) . D a u bang x a y r a k h i va c h i k h i t r o n g 
" 'eu d ien so n h i p h a n c i i a n l a m p i chQ so 1 la c6 lap . 
C h i h i g m i n h . T a se c h i i n g m i n h B o de 4 d i i n g v d i m p i 0 < n < 2"* bang 

nap theo TH > 1. V d i m = 1, 2, 3; 4 (0 < n < 16) d i l u nay d § dang t h a y 
^"'̂ c q u a b a n g t r e n . T h a t vay: 

Vai n = 1 = F ( 3 ) = F ( 4 ) = 2; i-„„>. > v 1 
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Vai n = 2 = I O 2 : F(6) = F(8) = 3; 
Vdi n = 3 = I I 2 : F(9) = 4 < 5 = F{12); 
Vdi n = 4 = IOO2: F(12) = F(16) = 5. 

Gia siJ Bo do 4 dung vdi inpi fc < m. Ta sc dnJiig minh no dung vdi = rrt + l . 

Gia sii 2"" < n < 2 ' "+ i . Kh i ay n = 2"- + p vdi 0 < p < 2'". Gia sii 

n = 2 " " + p = ( l Q O ^ _ ^ ) + ( a „ _ in , „ _ 2 . . . a ino ) 2 

= ( l a m - i a m - 2 •• •0100)2-

V i p = {am-iam-2 • • 0 1 0 0 ) 2 (he so a^-i khong nhat thiet bang 0) nen 

va 4n = ( l a m _ i a m - 2 • • .aiaoOO)2. Do (*) ta c6 

F(4n) = Um+3 + O m - l W m + 2 + am-2'Um+l + • • • + 0 1 ^ 4 + 0 0 ^ 3 

= u „ + 3 + F{4p). 

Xet ba trirdng hdp. 
2"* 

1) 0 < p < —-. K h i ay 3p < 2"*, do do 3p = (6,„-i6m-2 • • • &i&o)2 va 

3n = 3(2"* + p) = 2 ' " + ' + 2"* + 3p 
= I 1 0 0 ^ ^ + m I 2 

V i 0 < p < 2"* nen theo gia thiet quy nap ta c6 F(3p) < F(4p). Do do, t ir 

(*) suy ra 
F(3n) = U m + 2 + Um^f 1 + fcm-l"m + 6 m _ 2 U m - l + • • • + 6 1 U 2 + b f lUl 

= 7.„.+3 + /^(3p) < « m + 3 + F(4p) = F(4n). 

Dang thi'tc xay ra ^ F(3p) = F(4p), nghia la neu eac chtJT so 1 ciia p la co 

lap. Nhuiig v i n = 2"' + p vdi 0 < p < 2"" nen cac chii so 1 ciia n ciing la c6 

lap. Vay F{3n) = F(4n) kh i va chi kh i cac chii so 1 ciia n la co lap. 

2) _ < p < I . K h i ay 3p = 2 " + /i vdi 0 < / i< 2™ nen t a c6 bieu die" 

3 3 
n h i p h a n : 3 p = ( l O ^ j ^ {hm-\h.m-2 • • •hxhQ\ {\hm-\hm-2 • • M^^^r 

•m 2 i 

Do do: 
F(3p) = + / l m - l " m + / l m - 2 " m - l + . . . + / I 1 U 2 + hiV-x = U m + 1 + ^('^^^ 
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3n = 3(2"* + p) = 2 ' " + ' + 2"* + 3p , ^.^ ^ :̂  

= ( 1 0 0 ^ ^ ) + ( 1 0 0 ^ ^ ) + ( l / l , „ - l / l„_2 . . . / l i / l o ) ^ 
m + 1 

= (lOO/l„,_i/l^_2.../ll/lo)_^, 

nen theo (*) va quy nap ta c6 

F(3n) = Um+3 + hm-lUm + / l m - 2 W m - l + . • • + / l l U 2 + / iQUi 

= U,n+3 + F{h) = Um+3 + F(3p) - Um+l = Um+2 + F(3p) 

< u „ + 2 + F(4p) < + F(4p) = F(4n). 

Trong trudng hop nay dau bang khong bao gid xay ra. 
o m + l 

3) < p < 2'". Kh i ay 2"*+' < 3p < 3.2'" va 3p = 2""+' + 9 vdi 0 < 9 < 2"* 
3 ^ 

nen ta c6 bieu dien nhj phan 

3p = ( 1 0 ^ ) + (qm-iqm-2 • • •gi9o)^ = (lOqm-iqm-2 • -qm) • 
m + l 2 

Do d6 F(3p) = Um+2+qm-lUm + qm-2Um-l+- • •+qiU2+qoUl = U „ + 2 + F ( g ) . 

V i 

3n = 3(2'" + p) = 2"*+' •f 2"" + 3p 

= ( l O O _ ^ ) + ( l O 0 L ^ ) + (lOqm-iqm-2.-.qiqo)^ 

m + l 2 2 

= ( l 0 l 9 m - l 9 m - 2 • • •gi'Zo) , 

len theo (*) va quy n9,p ta cd 

F(3n) — Um+3 + " m - f 1 + 9 m - l W m + 9 m - 2 U m - l + • • • + g i U 2 - f qoUl 

= Um+3 + Um+l + F{q) = Um+3 + Um+l + F(3p) - Um+2 - O l » ; 

< u , „+3 +-f^(4p) = F(4n). , , ,,^i>x 

pau bang khong xay ra. 
'^hir vay, trong inoi tritdng hdp ta deu c6 F{3n) < F(4n). Dau bang xay 

2*" 
khi va chi kh i 0 < p < -3- va p chi c6 cac cha so 1 c6 lap. Liic do cdc 

ĥO so 1 trong n cung la c6 lap. Bay gid ta c6n phai chumg minh rSiig c6 
^ + 2 = F (2 ' "+ i ) so nguyen dUdng n trong khoang [0;2'"), vdi cac chfl: so 1 
' ^6 lap trong bieu dien nhi phan ciia chung. Th9,t v$,y, vdi m = 1 ta c6 
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hai so 1 vli tX3 = 2; vdi m = 2 ta c6 ba so 0; 1 va 3 = (10)2 la nhQng 
so vdi cfic cha so 1 bi CO lap trong bieu dien nhj phan va U4 = 3. Gia su 
dieu nay diing vdi inoi k = m. Ta chilng minh no dung vdi = m. Gia sir 
n < 2"* va n = ( a „ _ i . . . 0 0 ) 2 - Khi ay n < 2'"'^ khi va chi khi a^-i = 0. 
Trong trirdng hcjp nay theo quy n§ip ta cd Um+i so vdi cac chu: so 1 co lap. 
Neu 2"*"' < n < 2 " thi Um-i = 1, do do am-2 = 0 va lai theo quy nap 
ta cd Urn so vdi cac chii so 1 c6 l^p. V$,y trong tat ca cac so trong khoang 
0 < n < 2"* cd tong cgng Um+i + Um = " m + 2 = ^(2*"+^) so vdi cac chQ so ] 
CO l$,p. 

4.2 Ap dung mot so tinh chat cua day s6 va ham s6 
d6 giai phifdng trinh ham 

4.2.1 S6 hang tong quat cua day so 

Xet phiXdng trinh ham tren Z dang ^ Ci/W = g{n), trong do ve phai l a 

mpt da thiic bien n nguyen va ve trai la cac ham hop cua / xac dinh bdi 

/W(n) = fin), / I2 l (n ) = / (/(n)),/I'+^l (n) = / ( / « ( n ) ) . 

Mot phirdng phap de giai phudng trinh ham dang nay la, tritdc het, phai xac 
dinh dvtdc cong thiic tdng quat cua day 

. ^ ai=a, ai = (n), 

vdi a la mot so bat ki thupc tap xac dinh ciia ham so. Ta can Imi y den tap 
xac dinh va tap gia tr i cua ham so de khong che day so de tao ra cac digu 
kien c6 Ipi. 
Lvfu y. KI thuat xet day so nhu the nay se dUdc sii dung tiep trong bai 5.1: 

n 
Phudng trinh ham dang ^ atfi {x) + g{x) — 0 {d trang 515). 

i=l 
Bai toan 4.31 (Pan African Olympiad 2002). Tim cac ham so / : N N 
thoa man: 

/(/(")) = /(n) + l , V n G N (1) 

m m i n { / ( 0 ) , / ( l ) , / ( 2 ) , . . . } = l . 
Giai. Gia sut ton t^i ham so / thoa man yeu cau bki toan. Vdi n la so tu nhien 
bat ki , xet day so (a„) nhu sau: ao = n va a„+i = /(««)• Khi do a„ > 0,^" 
va ttf (1) thay n bdi a„ ta diidc 

a„+2 = a„+x + l . V n = 0 , l , 2 ^ (2) 
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^ dung (2) lien tiep, ta dudc: 
' <r-:< a" 

«2 = ai + 1 
«3 = a2 + 1 ' 

(1) 

= fln-l + 1-

Cong lai, ta ditpc: a„ = ai + (n - 1), Vn 6 N. 

Bai toan 4.32. Tim tat cd cac ham so / : N —• N thoa man 

f (/(/(n))) + / (fin)) = 3/(n) - n, Vn e N. 

Giai. Gia sii ton tai ham so / thoa man yeu cau bai to4n. Vdi n la so t i ; nhien 
bit ki , xet day so (a„) nhu sau: ao = n va a„+i = /(a„). Khi do a„ > 0,Vn 
va t i l (1) thay n bdi a„ ta dildc 

an+3 + an+2 - 3a„+i + a „ , Vn € N. 

Phudng trinh dSx̂  trimg + - 3A + 1 = 0 4:i> A e { l , - 1 ± \ / 2 } . Do do 

a „ - C + > l ( - l - V 2 ) " + B ( - H - v ^ ) " , V n e N . (2) 

Vi - 1 + ^ 2 < 1 < - 1 - ^ 2 nen lim f - 1 + v ^ ) " = 0 va 
n-.+oo ^ ' 

lim f - 1 - v/2)^"'^^ = - 0 0 , 11m f - 1 - v ^ ) ^ " = + 0 0 . 
n-»+oo \ n-»+c» \

Do do t i i (2), neu .4 > 0 ta cho n le va dii Idn se c6 a„ < 0, v6 l i , neu A <0 
ta cho nchan va du Idn se cd a„ < 0, v6 If. Do do ^ = 0. V$.y 

a„ = C + B ( - l + V 2 ) " , V n e N . (3) 

Tif (3) ta cd n = ao = C + B va ' ' 

/(n) = /(ao) = ai=C + B(^~l + V2J=n+(^V2-2^B. (4) 

"̂ •lay (4) vao (1) ta ditdc ( ^ 2 - 2) B = 0 B = 0. Do dd (4) trd thanh 
An) = 71, Vn G N. Thuf Igi thay thoa man. 

toan 4.33. Ttm tat cd cac ham so / : N — N thoa man dieu kien 

/(/(")) + f{n) = 2n + 3k, Vn e N, (1) 

^^°^9 do k Id so t\c nhiin cho trudc. m . - • 
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Giai . Gia sur ton t^i ham so / thoa man yeu cau hhi toin. D$.t ai = n va vcii 
n > 1 ta dat a„+i = /(a„). Khi do tit (1) ta dUdc 

K i t t ' h 2a„ + 3A; = a„+i+a„+2. ( 2 ) 
2a„+i + 3fc = a„+2+a„+3. " ' (3) 

Lay (3) trit (2) ve theo ve ta c6 a„+3 - 3a„+i + 2a„ = 0. Suy ra 
" '•' '' " a n = A i + nX2 + A3(-2)", V n € N * . ' ( 4 ) 
Nhung tit (4), neu A3 > 0 ta cho n le va du idn se c 6 a „ < 0, v6 h', neu A3 < 0 
ta cho n chin va dii Idn se c 6 a„ < 0, v6 h'. Do do A3 = 0. Hay a„ = Ai + nX2. 
Thay vao (2), ta.diicic 

2Ai + 2 n A 2 + 3fc = Ai + (n + 1) A2 + Ai + (n + 2)A2. -

Ti~r do A2 = fc. Bay gid chu y tcii 
02 - ai = Ai + 2/1: - (Ai + /c) = fc => / (n ) -n = k. 

Vay fin) = n + k, Vn e N. Thii lai ta thay / (n ) = n + fc, Vn G N thoa man 
dieu kien bai toan. 
Bai toan 4.34. Tim tat cd cdc ham so f -.N —>N thoa man dieu kien 
1 ; : % f if if in))) + 6/(n) = 3 / ( / (n) ) + 4n + 2007, Vn 6 N. (1) 
Giai. Gia si3f ham / thoa man yeu cau bai toan. Vdi k la so tit nhien bat ki, 
xet day (x„) nhu sau: xo = k, va x„+i = /(x„). TiJt (2) thay n boi x„, ta dUdc 

Xn+3 = iXn+2 ~ 6.7:„+i + + 2007, Vn e N. (2) 

Phitong trinh dac trUng Â  - 3A2 + 6A - 4 = 0 <^ A e { l , 1 ± \ / 3 i} . So hang 
tQng quat ciia day (xn) la 

x„ = >l + 2 " ( B c o S y + C s i n y ) + Dn, Vn G N. 

Ta, CO k = XQ = A + B, suy ra 
f{k) = f{xo) = xi = A + B + CV3 + D=i' f{k) = k + CV3 + D. (3) 

Thay (3) vao (1) ditdc D + CV3 = 669 va (3) trd thanh 
f{n) = n + 669, Vn G N. 

Thii l?ii thay thoa man. Vt .6V i 
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Bai toan 4.35 (Romania District Olympiad 2010, Grade 10). Tim tat cd 
cdc ham so / : N -» N thoa man dieu kien ,,. , ^ i : , ^ ,. 

3 / ( / ( / ( n ) ) ) + 2 / ( / (n ) ) + / (n ) = 6n, Vn G N. 
jli /dng dSn. Xem lai Idi giai cac bai toan 4.32, 4.34. 
Bai toan 4.36 (Balkan MO 2002). Tim cdc ham so / : N — N thoa man 

fifH) + fin) = 2n + 2001 hodc 2n + 2002, Vn 6 N. (1) 
Giai. Gia sii ton tai ham so / thoa maai cac yeu cau do bai. Vdi A; la so tvf 
nhien bat ki, xet day so (a„) nhu sau: ao = A:, va a„+i = /(«„)• Tit (2) thay 
n hdi an, ta dUdc 

a„+2 + fln+i = 2a„ + 2001 ho$c 2a„ + 2002, Vn G N. 
Phitdiig trinh dac tritiig cua day so (a„) la 

A2 + A - 2 = 0<»AG {1 , -2} . ' . ' - -
Suy Ta.an = A + S ( - 2 ) " + Cn, Vn G N. Ta c6 A; = ao = ̂  + B, suy ra 

f{k) = a i = A - 2 B + C = A + B - 3 B + C = k - 3 B + C. (2) 

2002 
Thay g{n) = n - 3B + C vao (1) dUdc - 3 B + C = 667 hoic Vay tit (2) 
t a c 6 / ( n ) = n + 667 hoac / ( n ) = n + ^ ^lo^i, do / ( n ) = ( n + ^ ) ^ N j . 
Thiif lai thay / ( n ) = n + 667 thoa man. Do do c6 duy nhat mot ham so thoa 
maji cac ye\ can do bai la / (n ) =n + 667, Vn G N. 
Bai toan 4.37. Ton tai hay khong ham so / : N* -» N* thoa man 

& •^ , f[fin)) + 3n = 2/(n) , Vn G N*. ^ ^ 
Giai. Gia sii ton tai ham so / thoa dieu kien bai toan. Vdi moi i G N* ta xay 

f day (a„)+ri •ax=i, a„+i = /(a„). Khi do 
an+i = /(a„) = /(/(a„_0) = 2/(a„_i) - 3a„_i = 2a„ - 3o„_i. 

^ t h l , t ; ;" i ' ! )it.:^ 
o-n+i — 2«„+3 - 3a„+2 = 2 (2a„+2 - 3 a„+i) - 3a„+2 = an+2 - 6a„+i 

J l j i i = 2a„+i - 3a„ - &an+i = -4a„+j - 3n„. 
an+4 + 4a„+i + 3a„ = 0, Vn > 1. Day la dieu v6 li, vi a„ > 0, Vn > 1. 

*y khong ton tai ham so / thoa man dieu kien bai toan. 



B a i toan 4.38 (Olympic Toan Bulgaria-1996). Ttm cdc ham so f xdc dinh 
tren Z, nhdn gid tr% nguyen vd thoa man •'' • * 

3/(n) -2/(/(n) ) = n, Vn € Z. ''U: (l) 

Gia i . Gia sil ton tai ham so / thoa man cac ycu cau de bai. Vdi n e Z bat 
ki, ta CO dinh n va xet day s6 (afc);J"^ nhu sau: 

ao = n , a i = / ( n ) , afc+i = /(afc) (fc = 0 , 1 , 2 , . . . ) . 

Trong (1) thay n hdi ak ta dUdc ^̂^̂  . , 

2afc+2 - 3afc+i + afc = 0, Vfc = 0 , 1 , 2 , . . . ' U ' • 

PhiTdng trinh dac trUng 2A2 - 3A + 1 = 0 A e 11, ^ |. Suy ra 

afc = al'= + /3(^-j = a 4 - ^ , Vfc = 0 , l , 2 , . . . . (2) 

(2 ) ta CO he { 2 " / + ^ = 2 a i ^ { ? = IZ = 2^1. 

afe = 2 a i - a o + ^ ^ ^ ^ ^ , Vfc = 0 ' , ' l , 2 , . . . (3) 

Do / : Z Z nen tit (3) suy ra v6i mpi fc e N thi "̂ ^̂  e Z, do do 

2(ao - ai) = 0 hay ao = ai . Tiif day, sii dung dinh nghia day so (0^) suy ra 

/(n) = n. Do n lay tiiy y trong Z nen /(n) = n, Vn € Z. Thit lai dung. 

B a i toan 4.39. Xdc dinh so hang tong qudt cua day {xn}, biet xi = a va 

Xm+n= ^'m + ^n + rnn, \/m,neN*. (1) 

Gia i . Gia suT ton tai day so {x„} thoa man dieu kien bai toan. Tii phudng 
trinh (1) ta diMc x„+i = x„ + x i + n, suy ra 

( x i = a ^" = ^ + " (2) 

Phuong trinh x„+i - x„ = a + n la mot phudng trinh sai phan tuyln tinh 
khong thuan nhat, cap mot. Vi phUdng trinh dac triftig la A = 1 neii 
CO nghi$m tQng quat ciia phUdng trinh thuan nhat x„+i - x„ = 0 nhil 
x„ = c. Nghi^m rieng cua (2 ) c6 dang x* = n{dn + e). Thay x* vao (2)> *̂  
dUdc 

{n+l)[d{n+l)+e]-n{dn + e)^a + n 
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/ 1 ....... 

4=>2dn -|-d-|-e = a-t-n=*< 2 ^ j , : , , , „• 

HLy ra X * = ^n^ + (a - ^ j n . Vi x„ = x„ + x^ nen nghi?m phUdng trinh (2) 

x i = « nen ta c6 r = 0. Thay c = 0 vao ta dUdc nghiem cua (2) la 

= ^n^ -I- - - ^ n . Thii lai, ta thay nghiem x„ = - n ^ + - i j n thoa 

^ n l u kien bai toan. ' 

^ K a i toan 4.40. Ton tai hay khong mot day s6 {x„ } thoa man dieu kien 

HF" Xm+n =Xm + Xn + m + n, Vm, H 6 N*. s (n)^ (1) 

^ E i a i . Gia sii ton tai day {x„} thoa (1). Khi do x„+i = Xn + xi +n + l, suy 

x„+i - x„ = a + n v6i a = x i + 1. (2) 

PhUdng trinh x„+i - x„ = a + n la mot phUdng trinh sai phan tuyen tinh 

khong thuan nhat, cap mot. V i phUdng trinh dac trUng la A - 1 = 0 nen ta 

CO nghiem tQng quat cua phUdng trinh thuan nhat x„+i - x„ = 0 la x„ = c. 

Nghiem rieng cua (2) CO dang xĵ  = n{dn + c) {d 0). Thay x^ vao (2) dUdc 
(n + l)[d{n + 1) + e] - n{dn + e) = a + n 

^2dn +d +c = a + n=i- < 2 ^ - •; 
[e = a - - . 

Suy ra x ; = + - i ^ n . Vi x„ = Xn + x^ nen ta c6 nghiem cua ( 2 ) \h 

Xn = c+^n'^ + ( a - ^ y . •' ' ' (3) 

Vi xi = a - 1 nen tiT (3) ta c6 c = - 1 . Vi the nen x„ = ^n^ + ( a - - 1. 

Thii lai, ta thay nghiem x„ = ^ 7 1 ^ + (a - - 1 khong thoa (1). Do do 

'^'loiig ton tai day so thoa man (1). 

^ a l toan 4.41. Xdc dinh day cdc so duang {x„} thoa man dieu kien 
.1 • ' 

Xmn = XmXn, ^nT.,n eN*. (1) i 



Gia i . Giasijf ton t?ii day so dUdng {a;„} thoa (1). Tac6 a;i.„ = i i x „ x i = l . 
Nhan xet rkng: Neu n = p'' vdi p la so nguyen to th i a;„ = = ( i p ) * . Ta 
chumg minh nhan xet tren bang quy n^p. V6i fc = 1 ta c6 a;„ = Xpi = (xp)i. 
Gia sii nhan xet diing tdi k = q (q> 1). Kh i do, v6i n = p*+S ta c6 

X „ = Xp*+1 = XpkXp = {Xp)''Xp = ( X p ) * + ^ • r' - . • 

Do do vdi n = th i x„ = x^ = (xp)*. Tiif day suy ra, n l u n = p^" .. .p™» thi 
x„ = ( xp i ) " " . . . ( x p j " * ' . Vay X p c6 the nhan gia t r i duang tdy y kh i p la mot 
so nguyen to. Do vay, ta ket luan nhu sau: X p c6 the nhan gia t r i dUdng t i iy 
y khi p la mpt so nguyen to va x„ = (xp, )"" . . . (xp.)"*" khi n = p^*' .. . p ^ \ 

B a i toan 4.42. Tim tat cd cdc ham so / : Z - » Z thoa man 

f{m + n) + f{mn - 1) - f{n)f{m) + 2, Vm, n € Z. (1) 

Gia i . Neu /(n) = c (ham hang) th i thay vao (1) dUdc 2c = + 2, phuong 
t r inh nay vo nghi?m. V^y f khong phai la ham hang. T i i (1) cho m = 0 ducic 

/(n) + / ( - l ) = /{0)/(n) + 2, V n € Z 
^ [/(O) - l ] / (n ) = / ( - ! ) - 2 , V n e Z . (2) 

Neu /(O) - 1 / 0 th i t i t (2) suy ra / la ham hkng, vo l i . Do do /(O) = 1, suy 
r a / ( - I ) = 2. T£t (1) cho m = - 1 ta dUdc 

/ ( n - l ) + / ( - n - l ) = 2/(n) + 2, V n e Z . (3) 

Tiif (3) thay n bdi - n ta dUdc 

/ ( - n - l ) + / ( n - l ) = 2 / ( - n ) + 2 , V n e Z . (4) 

T i t (3) va (4) suy ra / ( - n ) = /(n), Vn e Z, hay / la ham chan tren Z va (3) 
t rd thanh 

/ ( n - l ) + / (n + l ) = 2/(n) + 2, V n e Z . (5) 

Xet day so (x„)+f^ nhu sau: x„ = /(n), Vn - 0 ,1 ,2 , . . . T i t (5) ta c6 

x„+i + x„_i = 2x„ + 2, Vn e N. 

PhUdng t r inh dac trung - 2A + 1 = 0 cua day so (x„);[^f^ c6 nghi?ni kep 
A = 1, do do 

x „ - ( a + 6 n ) l " + cn2, V n e N . 

Do xo = 1, x i = /( I ) = / ( - I ) = 2, X 2 = 2x1 - xo + 2 = 5 nen ta c6 hg 
r a = 1 r a = 1 
} a + b + c = 2 <^ ^ b = 0 
i a + 2b + 4c = 5 i c = l . 

V^y x„ = n^ + 1 =^ /(n) = + 1, Vn = 0 ,1 ,2 , . . . Do / la ham chan treii 
nen suy ra /(n) = n^ + 1, Vn e Z. T h i i l ^ i thay thoa man. 
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p a l toAn 4.43. Tim cdc ham so f : Z N thoa man dieu ki$n: f khong 

phai la ham h&ng, f{k) < 2013 vd vdi mqi so nguyen x, y, z ta c6 

fix -y) + fiy -z) + nz-x) = 3 [fix) + fiy) + fiz)] -fix + y + z). (1) 

Giai . K i hieu Piu,v,iv) chi vi^c thay bp ix;y;z) bdi bp in,v,w) vao (1). /' (0,0,0)=^/(0) = 0. 

F (x , 0,0) ^ fix) + fi-x) = 3/(x) - fix) => fi-x) = fix), Vx € Z. (2) 

P(x, - X , 0) => /(2x) + fix) + fix) = 6fix) /(2x) = 4/(x), Vx e Z. (3) 

Thvfc hi^n Pix + 1, - 1 , - x - 1) ta dUdc 

hi / (x + 2) + /(x) + /(2x + 2) = 3 [ 2 / ( x + l ) + / ( l ) ] - / ( l ) " 

« =i^/(x + 2) + fix) + 4/(x + 1) = 6/(x + 1) + 2/(1) 

• . =>/(x + 2) = 2 / ( x + l ) - / ( x ) + 2/( l ) , V x e Z (4) 

P =s>/(x + 2) = 2 / ( x + l ) - / ( x ) + 2/( l ) , V x e N . (5) 

D&t x„ = /(n) , Vn e N. T i i (5) ta thu dupe day so (x„ ) thoa man XQ = 0 va 

x„+2 = 2x„+i - x„ + 2/(1), Vn = 0 ,1 ,2 , . . . 

Phitdng t r i nh dac t n m g A^ - 2A + 1 = 0 ciia day so ( x „ ) ^ ^ c6 nghiem kep 
A = ] , do do 

.T„ = (a + 6n) 1" + cn^, Vn e N. n . 

Do Xo = 1 nen a = 0, suy ra /(n) = x„ = 6n 4- cn^, Vn = 0 ,1 ,2 , . . . Thay vko 
(3) ta dUdc 4cn2 + 26n = 4cn'^ + 4bn, Vn = 0 ,1 , 2 , . . . hay 6 = 0. V$y 

/(n) =cn2, Vn = 0 ,1 ,2 , . . . (6) 

Tfit day ket l idp vdi (2) t a dirpc /(n) = cn^, Vn e Z. Do /(n) e N nen r > 0. 

Do / khong phai la ham hang nen r > 0. T i t gia thiet < 2013 ta c6 

15 

^Z''^ 2013 ^ 1784c < 2013 =^ c = 1 (do c = / ( i ) e ; 
.A:=l 

/(x) = x2, Vx e Z. Thir lai thay thoa man. 

"^•2.2 A p dung mot so t i n h chat cua h a m so , 

Tfnh ddn dieu cua ham s6. Th ih ddn dieu cua ham so dOi kh i la mpt 
^^^E en kha hicu qua dfi giai mot so bai toan ve phudng t r i nh ham tren t$,p 
^ iiguyen. Sau day la mpt so l itu y kh i gap ham ddn dieu. 
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• Thiet lap "bat d i ng thi'rc kep" de sny ra dftng thiic c6 Idi. >5' 

• Neu ham / ddn dieu tren N va c6 gia t r i bang nhau ta i v6 so diem thi 
/ la ham hang tren N. 

• Neu / : N* -+ N* la ham ddn dieu th i ta c6 gang khai thac triet dg tap 
.( gia t r i cvia ham /. Chang han: 2 = /(2) < /(3) < /(4) = 4 => / ( 3 ) = 3 . 

neu /(n) > / {n + 1) th i f{n) > / (n + 1) + 1... 

B a i t o a n 4.44. Tlrn tat cd cdc ham so dong bien / : N* —> N* thoa man 

xf{y) + yfix) = [xf {fix)) + yf ifiy))] /(xy), Vx, y e N ' . ( l ) 

G i a i . T i t (1) cho x = y = 1 ta dUdc 

2/(1) = 2/(1)/ (/ (I ) ) ' ° ̂ W-' f (/(I)) = 1. 

Do / la ham dong bien nen tiif 1 < /(I) ta c6 

1 </(I ) </(/(!)) = !=>/(I) = 1. 

Ti t (1) cho y = 1 ta dUdc 

X +/ (x ) = [x/(/(x)) + 1]/(x), Vx € N ' 
< ^ x - x / ( / ( x ) ) / ( x ) , V X G N * 

^/(/(^))/(^) = l , V x € N * 
^ / ( x ) = / (fix)) = 1, Vx e (do / : N ' ^ N*). 

Vay /(x) = 1, Vx e N*. T h u lai thay thoa man. 

B a i t o a n 4.45. Tim tat cd cdc ham so ting thuc syC f iN' -*N* thoa man 
dong thdi hai dieu kien sou: ' "' 
a) f{2n) = / ( n ) + n , V n e N * . 
b) Neu f{n) Id so chinh phuang thi n Id so chinh phuang. 

G i a i . Gia sijf ham so / thoa man cac yeu cau de bai. Do / : N* N* la ham 
so tang thuc su nen: / (n + 1) > /(n) + 1, Vn 6 N*. (l) 
Ta c6: /(n) </{n + I) < • • • < f{n + n) = f{2n) = f{n) + n. 
Do tap hdp {f{n + 1), / ( 7 t + 2 ) , . . . , f{n + n)} c6 n phan tuf nen t i t (1) va (2) 
suy ra 

/(n + l ) = /(n) + l , V n e N * . (3' 

Sijfdung (3) tadUdc: y " " '•"̂  ' i ' 

/(2) = /(I) + 1 
/(3) = /(2) + 1 
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/ ( n ) = / ( n - l ) + l . 

Cong lai ta dUdc: /(n) = /(I ) + (n - 1). Dat a = /(I) e N*. K h i do: 

/(n) = n + a - 1, V n e N * . . _ (4) 
Ixi (4) ta c6: /(n^ + a + 2) = (a^ + « + 2) + n - 1 = (a^ + 2a + 1) = (a + 1)2. 

Do (a 4-1)^ la so chinh phitdng nen theo gia thiet b) suy ra + a + 2 la s6 
chinh phitdng. Mk < + a + 2 < {a + 2)"^ nen: 

+ a + 2 = (a + 1)2 <^ + a + 2 = + 2a + 1 a = 1. -

V9.y f{n) = n, Vn € N*. T h i i lai thay thoa man. 

B a i toan 4.46. Tim tat cd cdc ham so t&ng thxCc s\t f -.N* -*N* thoa man 

/ (n + /(n)) = 2 / ( n ) , V n € N V 

Giai . Gia sii ton ta i ham so / thoa man dieu kien bai toan. Do / tang thi^c 
si^ nen 

fin + 1) > fin) + 1 => / (n + 1) - n - 1 > /(n) - n, Vn G N*. 
Suy ra /(n) - n la mot hain so tang. Mat khac, dat OQ = 1, a„+i = a„ + / (a„ ) . 
Khidoao < aj < . . . , va/(a„+i ) = 2/(a„), do do/ (a„+ i ) -a „+ i = / ( a „ ) - a „ . 
Suy ra c6 v6 han bO (m, n) sao cho /(n) - n = /(m) - m, ma /(n) - n la ham 
so tang nen tijt day suy ra fin) -n la ham h^ng tren N ' . Vay 

fin) + k, Vn e N* (vdi A: la hang so nguyen dUdng). 
Thuf lai thay thoa man. 

Bai toan 4.47 (Belarus 2000). Ton tQ.i hay khong ham f : N* -> N* thoa 
man dieu kien: 

f {fin - 1)) = fin + 1) - fin), Vn = 2 ,3 , . . . (1) 

Giai. Gia silr ton tai ham / thoa man yeu cau hhi toan. T i t gia thiet (1) suy 
"•a ham / tang thitc su v6i n > 2 v i / (n + 1) - /(n) = / (/(n - 1)) > 0. 
^ h u v?ly: fii + 1) - /( i ) > 1, Vi = 2 ,3 , . . . Do do v6i n > 2 t h i : 

fin) = [/(„) _ f(n - 1)] + [fin - 1) - / (n - 2)] + • • • + [/(3) - /(2)] + /(2) 
> n - 2 + /(2) • 

5 « d 6 : / ( „ ) > n - l , Vn = 2 ,3 , . . . C ) \ , ' 

" (1) suy ra: nuu: • . • W 3 M V , •€ 

f if in - 1)) < / (n + 1) ̂  / if in)) < fin + 2), Vn = 1, 2 ,3 , . . . (3) 



M a ham / tang thvtc svT nen t\i (3) suy ra: 

/(n) < n + 2, Vn = 2 , 3 , . . . , (4) 

Tit (4) va (2) suy ra vdi moi n = 2 , 3 , . . . t h i : 

n - 1 < / ( n ) < n + 2 n - 1 < / ( n ) < n + 1 . 

N h u vay: / (/(n - 1)) = f{n + 1) - /(n) <n + 2-{n - 1) = 3. Nhung tir (2) 

ta lai c6: 

/ ( / ( n - l ) ) > / ( n - l ) - l . 

Suy ra: / ( n - 1) - 1 < 3 n - 2 < /(n - 1) < 4 =^ n < 6, v6 H. Vay khong 

ton tai ham so thoa man yen cau bai toan. 
B a i toan 4.48 (Baltic M O ) . Tim tat cd cdc ham so / : N * -> N * thoa man 

/(O) = 0 , / ( I ) - 1; 
/(O) < / ( ! ) < / ( 2 ) < . . • 
nx^ + y') = fHx) + fHy),Vx,yeW. 

G i a i . Gia sii ton tai ham so / thoa man dieu kien bai toan. Ta c6 

/(2) = / ( l + l ) = 2 ; / ( 5 ) - / ( l 2 + 22) = 5. 

Xet day so (.T„) nhu sau: XQ = 1 , x„+i =3:^ + 1 . De dang chiing m i n h ( .T„) 
la day tang nghiem ngat v a l im x „ = +00. Bang phUdng phap quy nap, ta 

chiing minh dUcJc /(a;„) = a;„, Vn € N . Neu /(m) = f{m + 1) t h i 

/ ( ( m + 1)2 + 1) = 1 + f\m + 1) = 1 + f{m) = f{m^ + 1). (1) 

M a / (m^ + 1) < / (m^ + 2) < • • • < / (m^ + 2rn + 2) nen tijf (1) suy ra 

firn^ + k) = f{m^ + k = 1,.. .,2m +2. 

Bkng quy nap suy r a ton tai v6 han so m sao cho 

fim^ + k) = f{m'^ + l),k^l,...,2m + 2. (2) 

Chon m du 16n sao cho ton tai n de cho 
x „ , i „ + i e [m^ + 1, + 2m + 2]. 

K h i do tiif (2) suy ra x „ = / ( x „ ) = / ( x „ + i ) = x „ + i , dieu nay m a u thuan vî i 

(xn) la day tang nghiem ngat. Suy ra / la ham tang thvtc sU. Ta c6 x „ > 

, 1 - / ( I ) < 2 = /(2) < /(3) < /(4) < . . . < fin) < < / ( x „ ) = x „ . 

Suy r a f{n) = n , Vn € N * . T h i i lai t a thay ham so /(n) = n, Vn € N * tbo '̂ 
man dieu kien bai toan. 

p a l toan 4.49. Tim tat cd cdc cap ham so f,g -.N ~>N thoa man he thtCc: 

/(n) + / ( n + g(n)) = / ( n + l ) , V n G N . (1) 

G i a i . TiJT (1) suy ra: / (n + 1) > /(n), Vn e N hay / la ham so khong giam 
tren N . Gia sti c6 n G N sao cho g{n) g{n) > 1. K h i do: 

fin + 1) = /(n) + / (n + gin)) > fin) + / (n + 1) =^ /(n) < 0 ^ /(n) = 0. 

Tii do: /(O) = / ( I ) = . . . = / ( n - 1) = /(n) = 0. 
Xet tap hdp A = {n e N|fif(n) ^ 0}. N l u A la tap v6 han t h i vdi moi so t u 
nhien n, luon c6 m > n sao cho gim) 7̂  0, suy ra /(n) = 0. Tu: do ta co 

/{n) = 0 , V n G N . v , 

Ta xet triTcJng hdp A c6 hufu han phan t i i . Goi m 6 ^ la so 16n nhat ciia A. 
Khi do: gin) = 0, Vn > m va /(O) - / ( I ) = / ( m - 1) - /(m) = 0. 

• Xet trudng hap m = 0. K h i do 5(0) ^ 0, gin) = 0, Vn = 1, 2,... va 
/(O) = 0, / (n + 1) = 2/{n), Vn £ N * . Vay /(n) = 2"-Ka, Vn e N * (vdi 
a = / ( I ) e N) , /(O) = 0. 

• Xet tru5ng hdp m > 0. Ta can xac dinh gia t r i ham / tai cac diem 
n > 771 va gia t r i ham g tai cac diem n < m. Ta se chilng minh r i n g vdi 
n > m t h i /(n) = 2"-"'-^6, vdi b = / ( m + 1). That vay, vdi n > m , ta 
CO gin) = 0, suy ra / ( n + 1) = /(n) + / (n + gin)) = 2/(n), vay 

fin) = 2/(n - 1) = 2 V ( n - 2) = • • • = 2 " - - " V (n - (n - m - 1)) 

= 2 " - ' " - V ( m + 1) = 2"-"'-'6 (vdi 6 = / ( m + 1)). 

Ta chi xet trudng hdp 6 = / ( m + 1) 7^ 0. Vdi n < m. Ngu ^(n) > m - n 
thi gin) + n > m + 1. K h i do: '~- <•'.(; 

/ (n + 5(n)) > / ( m + 1) ^ /(n) + / (n + ^(n)) > fin) + / ( m + 1) 
• . - = > / ( " + ! ) > /(n) + / ( m + 1) = / ( m + 1). 

Mat khac vdi n < m ta lai c6: 

n + 1 < m + 1 => /(n + 1) < / ( m + 1) /(n + 1) = / ( m + 1) (v6 l i ) . 

Vay ta phai c6 gin) < m - n. Thay n = m vao (1) ta dUdc: 

/(m) + / ( m + 5 ( m ) ) - / ( m + l ) 

^ 2 ' » + p M - " » - i / ( m + 1) = / ( m + 1) =• gim) - 1 = 0 gim) = 1. 



San khi thi't lai ta ket luan: cac cap ham so thoa man yeu can de bai la: 

/(n) = 0, Vn e N ; g{n) tuy y 
f n ]ch\ < m / V ( k <m-n khi n <Tn 

2. T i n h chat c u a anh xa . 
B a i toan 4.50 (De nghi t h i Olympic toan quoc te - 1995). Chiing mink rdng 
tSn tai mot vd chi mot ham so / : N * —» N * sao cho: 

/ ( m + / ( n ) ) = n + / ( m 4-95), V m , n e N ' . (1) 

19 
Gid tri cua tdng ^ f{k) b&ng bao nhieu ? i^.)" , :M 

G i a i . Gia suf ton ta i ham so thoa man yeu cau cua bai toan. Ta chiJng minh 
ham so / la ddn anh. That vay, gia suf / ( n i ) = / ( n 2 ) , ta c6 

• / (/(n i ) + / ( I ) ) = / ( / ( n 2 ) + / ( ! ) ) 
" ' =^nx + / (/( I ) + 95) = n2 + / (/( I ) + 95) n i = n j . 

Vay / la ddn anh. Vdi moi n e N * , ta c6 

/(/(n) + / ( I ) ) = n + / ( / ( I ) + 95) = n + 1 + /(95 + 95) = /(95 + / ( n + 1)). 

Suy ra / ( n + 1) + 95 = /(n) + / ( I ) . Tir do vdi moi n 6 N * t h i 

'' fin + 1) - /(n) = / ( I ) - 95 = a, vdi a = / ( I ) - 95. 

Suy ra /(n) - / (n - 1) = • • • = /(2) - / ( I ) - / ( I ) - 95 = a, dan dgn 

/(n) - 95 = na =>/(n) = na + 95, Vn € N * . 

Vdi /(n) = no + 95, Vn € N * , thay vao phuong t r i n h ham (1) ta c6 

. fim + fin)) = n + / ( m + 95) 
* ^ n a ^ + ( m + 9 5 ) a + 9 5 = n + ( m + 95)a + 9 5 ; 

=^0^ = 1 a = 1 (vi neu a = - 1 t h i /(n) ^ N * k h i n > 95). 

Vay fin) = n + 95. Thut lai , ta thay /(n) = n + 95, Vn e N * thoa man cac 
yeu cau bai toan va theo tren t h i no la ham so duy nhat thoa man yeu cau 
de bai. K h i do 
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, .!, = ; J2 fik) = ^ (A; + 95) = 1995. 
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B a i toan 4 . 5 1 . 71m tdt cd cac song anh f,g,h -.N* -* N * thoa man 

/ 3 ( n ) + g^in) + h^in) = 3ngin)hin), Vn € N * . (1) 

G i a i . Gia siif ton ta i cac song anh /, g, h thoa man cac yeu cau de bai. Sii 
dung (1) va bat d i n g thiic Cauchy ta dUdc 

3ngin)hin) = /^(n) + g\n) + h\n) > 3VfHn)gHn)hHn) = 3/(n)p(n)/i(n), 

Dau " = " xay ra khi va chi khi /(n) = gin) = kin). Suy ra /(n) < n, Vn e N * . 
(2) 
Do do / ( I ) < 1, ma / ( I ) G N * nen / ( I ) = 1. V i the nen ta cd 5(1) = /i(l) = 1. 
Gia s'.lr fik) = gik) = hik) = fc, Vfc < n . Ta se chiing minh 

/(n + 1) = n + 1 = 5 (n + 1) = ; i (n + 1). 
That vay, gia sii / (n + 1) = m , theo (2) suy ra / ( n + 1) < n + l = > - m < n + l . 
Mat khac, do / la song anh nen t i l / (n + 1) = m va gia thiet quy nap suy ra 
m > n + 1. Do do m = n + 1, hay / (n + 1) = n + 1. TiX day ket hdp vdi viec 
dau " = " trong bat d i n g thutc Cauchy xay ra ta c6 5 ( n + l ) = / i ( n + l ) = n + 1 . 
Vay theo nguyen l i quy nap suy ra /(n) = gin) = /i(n) = n , V n e N * . Thiir lai 
thay thoa man. 

Bai toan 4.52. Tim tdt cd cac ham so f : N* ^ N* thoa man 

f if (/{"))) + / if in)) + fin) = 3 n , Vn e N * . (1) 

G i a i . Gia sii ton ta i ham so / thoa man cac yeu cau de bai. TiJt (1) cho n = 1 
va sii dyng / : N * -» N * ta dUdc 

/ (/ mm+/ ( / ( I ) ) + / ( I ) = 3=^f{f (/(I))) = / (/(I)) = / ( I ) = 1. 

Gia sir/(A;) = fc, Vfc < n, ta cluing minh /(n+1) = n + 1 . Gia s i i / ( m ) = / ( n 2 ) , 
tif (1) suy ra 

3^1 = / (/ ( / ( n i ) ) ) + / ( / ( n i ) ) + / ( n i ) = / (/ ( / ( n 2 ) ) ) + / ( / ( n 2 ) ) + / ( n 2 ) = 3n2 

do do n i = n2, suy ra / la ddii anh. Ta c6 /(m) > n, vdi m > n (v i neu 
/(m) < n t h i theo gia thiet quy n?ip, ton ta i A; < n < m sao cho /(m) = fik), 
" l a u thuan vdi / la ddn anh). Sii dung di6u nay ta difdc ^ ^ ^ ^ 

/ ( n + l ) > n = > / ( n + l ) > n + l 

=>f if in + 1)) > n + 1 / (/ if in + 1))) > n + 1 . 

^ / ( n + 1) + / if in + l))+f if if in + 1))) > 3(n + 1). (2) 

(1) suy ra dau " = " d (2) xay ra, do do 

fin + 1) = / if in +l)) = f if if in + 1))) = n + 1 . 



V^y theo nguyen l i quy n^p suy ra / ( n ) = n ,Vn e N * . Thilr lai t h i y thoa 

man. 
B a i t o a n 4.53 (Romania National Olympiad 2013). Tim tat cd cac dan dnh 
f :Z-^ Z thoa man:\f{x)-f{y)\ ( i ) 

G i a i . Gia sii dOn anh / thoa man cac yeu cau de bai. TVong (1) thay x bai 
y + 1, ta dildc 1/(2/ + 1) - f{y)\ 1, Vy € Z . M a |/(y + 1) - f{y)\ N * nen 

l/(?y + r ) - / ( : ' / ) ! = i . V i / e Z . (2) 

/ ( l ) = a + l -
/ (1 ) = « - 1 -

Dat /(O) = a. T i f (2) t a c6 T ,r i 

| / ( 1 ) - / ( 0 ) | = 1 ^ 1 / ( 1 ) - a | = l<=> 

• Ti irdi ig hop 1 : / ( I ) = a + 1. Ta se chiing minh bang quy n^p r i n g 

f{n) = a + n , Vn e Z . 

Ta CO /(O) = a + 0, / ( I ) = a + 1. Gia sii v6i A: G N t h i 

/(ifc) = a + A:,/(fc + 1) = a + (A; + 1). 

K h i do si'r dung (2) ta dirdc . ' 

|/(fc + 2) - / ( f c + 1)1 = 1 ^ |/(fc + 2) - a - (fc + 1)1 = 1 

(3) 

/(A: + 2 ) - a - A : - l = l 
/(fc + 2 ) - a - f c - l = - l ^ 

/(fc + 2) = a + (fc + 2) 
/(fc + 2) = a + A;. (4) 

Do / la don anh va f{k) =a + k nen t i l (4) suy ra f{k + 2) = a + {k + 2). 

Theo nguyen l i quy n^p suy ra 

/ ( n ) = a + n , Vn € N . 

Sii dung (2) ta diidc 

! / ( - ! ) - / ( 0 ) | = 1 = 
f ( - l ) - a = l 
f l - l ) - a = - l 

/(-!) = a + 1 
f i - l ) = a - l . 

M a / ( I ) = a + 1 va / la ddn anh nen / ( - I ) = a - 1. Gia sut vdi A; € N t h i 

f{k) = a + k, f{k-l) = a + {k-l). 

K h i do suf dung (2) ta dildc |/(A; - 1) - f{k - 2)| = 1, hay 

r a + A ; - l - / ( A ; - 2 ) = l ^ \ - 2) = a + {k - 2) 
,a + k - l - f l k - 2 y = - l ^ [ flk-2) = a + k. 
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/ la ddn anh va f{k) = a + A; nen /(A; - 2) = a + (A; - 2). Theo nguyen \i 
quy n?ip suy ra 
' f{n) = a + n , Vn = 0, - 1 , - 2 , - 3 , . . . (6) 

(5) va (6) suy ra (3) dung. 
• Trirdng hop 2 : / ( I ) = a - 1. Tudng t u trudng hdp 1, chumg minh dudc 

/ ( n ) = a - n , Vn e Z . (7) 

Thtf lai thay hai ham so xac dinh bcii (3) va (7) thoa man cac yeu cku de bai 
va do cung la t i t ca cac ham so can t i m . 

B a i t o a n 4.54 (Olympic Toan C H Sec nSm 2007). Xet tat ca cdc ham so 
y : N* —> N * thoa man diiu kien: f{mf{n)) = nf{m), '^m,n 6 N * . Hay tim 
gid tri nhd nhat cua /(2007). 

G i a i . Goi S la tap hdp cac ham so / thoa dieu kien bai toan. Gia svt f e S, 
dat a - / ( I ) . Chon m = 1 ta dUdc 

/ ( l . / ( n ) ) = n . / ( l ) = na=^ / ( / ( n ) ) = na. (1) 

Chon n = 1 ta dUdc 

/ ( m / ( l ) ) = l . / ( m ) ^ fima) = f{m). (2) 

Ta chiing ni inl i / la ddn anh. That vay, gia sii / ( n i ) = / ( n 2 ) , ta dUdc 

/ ( / ( " i ) ) = / ( / ( " 2 ) ) n i a = n2a n i = n2. 

Vay / la ddn anh. Tfr (2) ta c6 f{na) = / ( n ) na = n, Vn e N * , suy ra 
a = 1 hay / ( I ) = 1. Ta c6 / ( / ( m ) . / ( n ) ) = n . / ( / ( m ) ) = n m = / ( / ( m . n ) ) . 
Suy ra 

/ ( m . n ) - / ( m ) . / ( n ) . (a) 

Vai ;j la so nguyen to bat k i , gia sii / (p ) = u.v, vdi tt, u G N * . Ta c6 

P=fif{p)) = f{u.v) = f{u).f{v). ' 

Do do f{u) = 1 hoSc / ( i ; ) = 1. Gia sii / ( u ) = L ta dUdc " ' 

u = f{f{u)) = f{l) = 1. 

^uy ra / (p ) la so nguyen to. K h i do f{n) la ham chuyen cac so nguyen to 
^'lac nhau thanh cac so nguyen to khac nhau. Ta lai c6 2007 = 3^.223 va 
/(2007) = /2(3) . /(223). Do do d6 nhan dirdc gia t r i nho nhat cua /(2007) ta 
P'lai chon ham / ( n ) sao cho / ( 3 ) , /(223) la cac so nguyen to nho nhat, khac 
"^hau. Hign nhien, neu ta chon dildc ham / ( n ) sao cho 

g 7(3) = 2,7(2) = 3,7(223) = 5,7(5) = 223 
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thi gia t r i nho rihat ciia /(2007) = 2̂ .5 = 20 (vi f{n) > /(n)). Ta xay dung 
ham / : N* -+ N* nhu sau: ' ' 

/(I) = 1, /(2) = 3, /(3) = 2, /(5) = 223, /(223) = 5, 
• /(p)=p,Vp€P\{2;3;5;223}, ^ ' 

va vdi n = p^p^^ ...pt thi fin) = /'̂ ' (pi )/*^ (p^) ... f"' (pm) • 

Khi do /(n) thoa cac dicu kien: • , . , 

/(I) - 1; /(/(n)) = n, Vn e N*; /(mn) = /(m)./(n), Vm, n e N* . 

Do do fin) € 5. Vay gia t r i nho nhat ciia /(2007) = 20. J'' 

4.3 Cap so cong va phifdng trinh ham tren N, Z 

Trong bai nay ta se trinh bay mot so ki thuat cO ban de giai phiidng trinh 
ham tren N, Z c6 lion quan den cap so cpng. Sau day la mot so hni y klii giai 
toan. 

• Neu fin + 1) - fin) = fin) - / ( n - 1), Vn € N* (hay / ( n + 1) - fin) la 
hang so) thi day s6 { / ( n ) } „ la cap s6 cong. 

• Neu day so {/(n)}^^^ la cap so cong thi no co so hang dan /(I ) , cong 
sai d = /(2) - /( I ) , s6 hang t6ng quat /(n) = /(l) + ( n - 1 ) [/(2) - /(I)], 
hay CO dang /(n) = an + b. 

l i t 

• Mot dau hieu de d\i doan day so { / ( n ) } „ lap thanh mot cap so cong la 
bac ci'ia cac bien khong vUdt qua 1. 

Bai toan 4.55. Tim tat cd cac ham so / : N* —» N* sao cho 

fifi"') + fi")) = rn + n, Yni, n 6 N*. . , . . (1) 

Giai. Gia sOt ton tai ham so / (n ) thoa yeu can bai toan. Khi do / la d()ii 
anh. That vay, gia sijf / ( n i ) = /(n2). Ta c6 

+ /(I)) = /(/(n2) + /(I)) ni + 1 = n2 + 1 ^ m = 7)2-

Vay fin) la dOn anh. Tit (1), chon m = n, ta dUdc 

/(2/(u)) = 2n, Vn e N*. (2) 

TiJt (2) ta CO 

/(2/(n)) = 2n = (n + 1) + (n - 1) =/(/(n + 1) + / ( n - 1)) 
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=^2/(n) = fin + 1) + /(n - 1) • ••. , „̂ ^ 
= ^ / ( n + l ) - / ( n ) = / ( n ) - / ( n - l ) , V n G N * . ,;. : (3) 

Ti l (3) suy ra /(n) - /(n - 1) = • • • = /(2) - /(I) = a. Do do ^̂̂^̂̂  ^ 

/(n) = / ( n - l ) + a 
/ ( n - l ) = / ( n - 2 ) + a 

iW - f ; I i 

/(2) = /(!) + a 

Cpng lai ta dupc /(n) = (n - l)a + /(I) , thay vao (2), dan tdi 

/(2/(7i)) = 2n ^ 2na2 - 2a^ + (2/(1) - l)a + /(I) = 2n ' ) ' 
^ l - 2 a 2 + ( 2 / ( l ) - l ) a + /(l) = 0 

fa = 1 
=̂  \/(l) = 1 (vi neu a = - 1 thi /(I) = - 1 ^ N*). 

Do do fin) = n, Vn e N*. Thii lai thay thoa man. Vay /(n) = n, Vn e N* la 
ham so can tim. 

Nhan xet 4. Til (3) thay r&ng day so {/(n)}„ la cdp so cong, do do theo 
cong thiic tdng qudt cua cap so cong ta c6 fin) = ( n - l)a + /(I) va cong vice 
con lai clii la tinh / ( I ) , a. Ta c6 thi chUng minh day so {/(n)}„ la cdp so 
cong theo each khdc nhu sau: Gid sii m, n, p, q Id bSn so nguyen duong thoa 
man m + n = p + q. Tic (1) ta ed 

/(/(m)+/(n)) = /(/(p) + /(g)). 

Do f la don anh nen /(m) + /(n) = /(p) + fiq). Tic day suy ra 

fin) - fin _ 1) = /(n - 1) - /(n - 2) = • • • = /(2) - /( I ) . , , 

Vay day {/(n)}„ la cdp so cong v6i so hang ddu / ( I ) , cong sai a = /(2 ) -/( l ) . 

Bai toan 4.56. Tim tat cd cac ham so / : N -> N thoa man 

f ifim) + fin) + fip)) =m + n + p,\'m,n,pe N. (1) 

Giai. Gia sii ton tai ham so /(n) thoa ycu cau bai toan. Khi do /(n) la ddn 
^nh. That vay, gia sii /(ni) = /(nz). Ta c6 

A/(ni) + /(I) + /(I)) = /(/(n2) + /(I) + /(I)) ^ m + 1 + 1 = n2 + 1 + 1-

^ay m = n2, do do / la ddn anh. T i i (1) cho n = p ta dUdc T 

/(/(m) + 2/(n)) = m + 2n, V m . n e N . (2) 



V i m + 2n = (m + 2) + 2(n - 1) nen tiT (2) suy ra 

' / (/(m) + 2/(n)) = / (/(m + 2) + 2/(n - 1)). 

Ma / la ddn anh nen 
/(m) + 2/(n) = / (m + 2 ) + 2 / ( n - l ) . 

(3) thay n bdi m + 2 ta diXdc 

^ . / ( m ) + 2/(m + 2) = / ( m + 2 ) + 2 / ( m + 1 ) 

«^/(m + 2) - / ( m + 1) = / ( m + 1) - / ( m ) . 

T i t (4) suy ra day so {/ (m) }^ la cap so cong, do do /(m) = am + 6, Vm 6 N 

(a, 6 la cac hang so t u nhien). Tijr (1) cho n = m vhp - m ta. dUdc 

/(3/(m)) = 3m, V m € N . (5) 

Thay /(m) = am + 6, Vm G N vao (5) ta dUdc 

i , a (3am + 36) + fc = 3m, Vm 6 N 

•«>3a^m + 3a6 + 6 = 3m, Vm € N 

(4) 

., „ dooeN.beN 

3ab + 6 = 0 
a = l 
6 = 0, 

Vay /(m) = m, Vm G N. T h i i lai thay thoa man. 

B a i toan 4.57 (Moroccan Mathematical Olymp.ad-2012). cac so 

f : ZI'ihoa man 

f{f{a) + f{b)) = a+b-h ya,beZ. (1) 

Gia i . Tvl (1) cho 6 = 1 diMc / (/(a) + /( I ) ) = a, Va E Z , nhu vay de thay / 
la mot song anh tren Z. Dat = k; f-\0) = I, ta. c6 k ^ I v& vl 

nen ta c6 /(a) + / ( -a ) = fc; /(a) + / ( I - a) = /, Va G Z, dieu do dan dh 

/(a) = / - / ( I - a) = / - [fc - /(a - 1) ] = / - A; + /(a - 1), Va G Z. 

Vay day /(O), / ( I ) , . . . , /(a - 1), / ( « ) lap thanh cap so cpng vdi cong sai ' ^ L 

T i i day, neu dat /(0) = m, the th i theo cong thurc ve cap so cong c6 nĝ O • 

/(a) = (/-fc)a + m, V a G Z . J 

T i l do fix) = (/ - k)x + m, V.T G Z , suy ra H 
.(• /(/(a;) + /(0)) = /( (/-/: )x + 2m) = ( ; - / : ) 2 i + 2 m ( / - f c ) + m . | 
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K^t hop vdi (1) ta dudc 

{I - kfx + 2m{l -k)+Tn = x + 0-l,Vxe (2) 

p6ng nhat dg co (/ - A;)̂  = 1; 2m(Z - fc) + m = - 1 , vi§c (/ - k)^ = 1 c6 the 
dan den kha nSng / - fc = 1 tuy nhien neu the th i t\t (2) dSn den dieu khong 
the xay ra la 3m = - 1 . Tom lai la Z - /c = - 1 va m = 1, thiJt lai th i t h i y rang 
hain so / ( i ) = l - x , V I G Z thoa man cac yeu cau de bai. 

Bai toan 4.58. Tim tat cd cdc ham so / : Z —> Z thoa man 

/(x + y) = /(x) + /(y), V x , y G Z . (1) 

Giai. Gia silt / la ham s6 thoa man yeu cau de bai, khi do t a c6 (1). 
Cach 1. Trong (1) lay x = y = 0 ta dUdc /(O) = 0, lay y = - x ta dvtdc 

/ ( - X ) = - / ( X ) , V X G Z . (*) 

Trong (1) lay X = n G N* va 2/ = 1 ta dUdc 

/ ( n + l ) = / ( n ) + / ( l ) , V n G N * . ? 

Nhu vay, day so / ( I ) , / (2 ) , . . . , / (n ) , . . . lap thanh cap so cong c6 cong sai 
d = / ( I ) , so hang dau / ( I ) , do do 

/(n) = / ( I ) + (n - 1)/(1) = / ( l ) n , Vn G NV 

Ket h0p vai /(O) = 0, suy ra f{n) = / ( l ) n , Vn G N. Vcii n G Z , n < 0, ta c6 

fin) = / ( - ( - n ) ) ' ° ^ ' ^ - / ( - n ) ' ' ° - = > ' ' - / ( l ) ( - n ) = / ( l ) n . 

Suy ra /(n) = an, Vn G Z (c la hang so nguyen). T h i i l9,i thay thoa man cac 
yeuciu de bai. 
Cach 2.Trong (1) lay y = x ta dUdc i;^. 

. . . . /(2X) = 2 / ( X ) , V X G Z . , (2) 

'^ong (2) lay X = 0 ta dUdc /(O) = 0. TiT (1) va (2) va bkng phudng phap 
nap ta chiifhg minh dudc ,̂ 

/(nx) = n / ( x ) , V x G Z , V n G N . 

^ ^ i g (1) i4y y = -xvh sii dyng /(O) = 0 ta difdc ' 

/ ( - X ) = - / ( X ) , V X G Z . 

Vay khi n = - 1 , - 2 , . . . , sur dung (3) va (4) t a c6 

f{nx) = / ( - n ( - x ) ) = - n / ( - x ) = n/(x),Vx G 

(3) 

(4) 

(5 ) . 



Tit (3) va (5) suy ra 'i} ''rr • 
/(ni) = n / ( i ) , V x e Z , V n e Z . (6) 

Tvc (6) lay I = 1 ta dUdc /(n) = cn, Vn € Z ( c = /( l ) la hang so). Thii lai 
thay ham so /(n) = cn, Vn e Z (c la hSng so nguyen) thoa man cac ygu ckn 
de bai. - . . o . , i 

Lvtu y. 

• Ky thnat giai ciia bai toan 2.214 cl trang 278 da duoc lap lai a each 2 
ciia bai toan 4.58. 

• Ket qua cua bai toan 4.58 rat quan trong, dUdc diing de giai nhieu 
phuong trinh ham tren Z, ching h?in cdc bai toan 4.82 4.83. 

Bai toan 4.59 (Indonesia Mathematics Olympiad 2008). Tim tat cd cdc 
ham so / : N* —• N* thoa man 

f{mn) + f{m + n) = f{m)f{n) + 1, Vm, n € N* . , , (1) 

Giai . Dat X = / ( I ) , y = /(2), z = /(3), t = /(4). K i hi?u P{u,v) chi viec 
thay m hdi u va thay n bdi v vao (1). 

P ( l , l ) = > x + 2/ = x2 + l (2) 
,,,, „ P(\,2)=>y + z = xy + \) 

P ( l , 3 ) = ^ 2 + ( = xz + l (4) 

P(2,2)=>2i = 7/ + 1. (5) 
,.2 _ J 

Thay (4) vao (5) ta dildc 2z + y"^ \ 2xz+ 2 <^ z = —. Tilt day ket 
2{x - 1) 

hop vdi (2) va (3) ta dudc 
2 , ( x 2 - : r + 1 ) 2 - 1 

x 2 - x + l + ^ ^ ^ ^ - ^ = x ( x 2 - x + l ) - f l 

2 ( x 2 - 1 + 1 ) 2 - 1 
^ - - - ^ 2 ( x - l ) 
=•2x3 _ + 2x + (x^ - X + 1)2 - 1 2(x'' - 2x3 + 2x2 _ 
=•6x3 - 8x2 + 4x + (.r2 - X + 1)2 - 1 = 2x'' 

=•6x3 _ g^2 + 4^ + ^4 ^ .̂2 _ - 2x + 2x2 ^ 

^x* - 4x3 + 5x2 - 2x = 0 =• 
= C x ( x - l ) 2 ( x - 2 ) = 0 = ^ x e { l , 2 } (do x = / ( I ) e N ' ) . 

ThUc hien P( l ,n ) , ta dUdc 
/(n) + /(n + 1) = /(l)/(n) + 1, Vn € N ' \/,.: • 
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=>/(n+l ) = [ / ( l ) - l ] / ( n ) + l , V n € N ' . - ' ( 6 ) 

• • Khi /(I) = 1, ttr (6) suy ra /(n) = 1, Vn e N*. Thuf l^i thay thoa man. 
1 • K h i / ( I ) = 2, tiJt (6) suy ra 

B f{n + 1) = /(n) + 1, Vn e N* oA; IAJ: <M • .; • 

=j./(n) = /(I) + (n - 1) = n + 1, Vn 6 N*. \' ' ' 

^ H b i } 1̂ .1 thay thoa man. 
^ K l t luan : Cac ham so thoa man yeu cau de bai 1^ • 

/(n) = 1, Vn e N* va /(n) = n + 1, Vn e N* . 

^ B h a n xet 5. Khi giai phiCOng trinh ham trong Z, ta thudng diing mot ki 
^Kkudt ddnh gid rat dac. tntng ala tap Z, do Id: a > b a > b + I. 

Hbu toan 4.60. Tim tat cd cdc ham so / : N* N* thoa man: 

/ ( n + l ) > / ( n ) , V n e N * . (1) 
^Kv / ( / ( n ) ) = n + 2016, V n e N * . (2) 

^R&i. Neu ton tai n e N* sao cho /(n + 1) = /(n) thi 

H / ( / ( n + l ) ) = /(/(n))''°4^\ + l ) +2016 = n +2016 (vol i ) . 

H&y /(n + 1) > /(n), Vn € N*, suy ra f{n + 1) > /(n) + 1, Vn € N*. Do do 

+ 2016 = / (fin)) => fin + 2016) = / (/ (/(n))) = /(n) + 2016 (3) 

• / ( n + 2016) > /(n + 2015) + 1 > /(n + 2014) + 2 > • • • > /(n) + 2016. (4) 

Bit (3) va (4) suy ra /(n + 1) = /(n) + 1 = /(n - 1) + 2 = • • • = /(I) + n. Do 
B • (̂") = " + a, Vn € N* (a = /(I) - 1). Thay vao (2) ta diTdc 
BK^ n + 2a = n + 2016 >(4-a = 1008. 

V^y/(n) = n + 1008, Vn e N*. Thri l^i thay thoa man. 

Bai toan 4.61. Ttm tat cd cdc ham so / : N -» N thoa man 

f{2x + 3y) = 2/(x) + 3/(2/) + 4, Vx, y € N* . (1) 

^ i a i . K i hieu P(u, v) chi viec thay x bdi u, thay y bdi v vho (1). 

P(x + 3, y) ^ / (2(x + 3) + 3y) = 2/(x + 3) + 3f{y) + 4, Vx, y € W. (2) 

P(x ,y+2)=>/(2x + 3(y+2)) = 2/(x)+3/(j/ + 2 )+4 , V x , y e N ' . (3) . 

^ay (2) trit (3) theo ve ta difdc 

2 [/(x + 3) - /(x)] = 3 [f{y + 2) - /(y)], Vx, y € N ' . (4) 
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TiJt (4) cho 2/ = 1 ta ditdc 

2 [fix + 3) - fix)] = 3 [/(3) - / ( I ) ] , Vx € N ' . (5) 

Do 2 va 3 nguyen to cung nhau nen t i t (5) suy ra f i x + 3) - fix) la hang s6 
va chia het cho 3: fix+ 3) - fix) = 3c, Vx € N * (c la hang so). Thay vao (4)-
3 Ifiy + 2) - fiy)] = 6c, \/y € N* hay /(y + 2) - /(y) = 2c, Vy e N * . Tom lai 

r /(x + 2) = f i x ) + 2c, Vx e N ' ^ ( f i x + 3) = /(x + 1) + 2c, Vx e N ' 
I / ( X + 3) = f i x ) + 3c, Vx € N * =^ I f i x + 3) = fix) + 3c, Vx € N * . 

Suy ra /(x + 1) = /(x) + c, Vx e N * . Vay day so {fix)}^^^ lap thanh cap s6 
cong, do do /(x) = cx + d, Vx € N * . Thay vao (1) ta dUdc 

c(2x + 3y) + d = 2(cx + d ) + 3 ( c y + d) + 4, V x e N * . 

Hay d = - 1 . Vay ham so can t i m c6 dang f i x ) = cx - 1 , Vx € N * , v6i c la 
hang so nguyen, c > 1 . 

C h u y 1. Ta ghi nhd cdc kit qua sau: Cho a,b,c la cdc so nguyen duong, 
khi do 

\ c:b : I c:a vd c:b =^ dab. 
\ia,b) = l l ( a , 6 ) = l 

B a i toan 4.62. Tim tat cd cdc ham so f : N* ^ N* thoa man 

f \ l ) + f\2) + • • • + f\n) = [/(I) + /(2) + . • • + / ( n ) ] ^ Vn = 1 , 2 , . . . (1) 

G i a i . T ir (1) lay n = 1 ta dUdc /^(l) = f \ l ) ̂  / ( I ) = 1 (do / : N * -» N*). 
TiJf (1) ta CO 

/3(l) + A 2 ) + .-- + / V ) + / V + l) 
' =[/(l) + / ( 2 ) + - - + /(n) + /(n+l)]2 

= [ / ( ! ) + / ( 2 ) + - . - + / ( n ) f 
+2/(n + 1) [/(I) + /(2) + • • • + fin)] + f\n + 1). (2) 

Tir (1) va (2) suy ra 

f\n + 1) = 2fin + 1) [/(I) + /(2) + • • • + fin)] + /^(n + 1) 

(S) <t:̂ An + l ) - 2 [ / ( l ) + /(2) + -.- + /(n)] + / ( n + l ) . (3) 
• =^/2(n + 2) = 2 [ / ( l ) + /(2) + --- + /(n) + / ( n + l ) ] + / ( n + 2). (4) 

Lay (4) trijf (3) ta dUdc , 

/ 2 ( n + 2) - / 2 ( n + 1) = / ( n + 2) + / ( n + 1) 

' 4 8 6 , 

^ [/(n + 2) + f i n + 1)] [/(n + 2) - / ( n + 1) - 1] = 0 
4^/(n + 2) - / ( n + 1) - 1 = 0 ^ /(n + 2) = /(n + 1) + 1. 

Tir (5) t a c o • 

/(1) = 1 ' 
/(2) = / ( I ) + 1 

I /(3) = /(2) + 1 

(5) 

f i n ) = f i n - 1) + 1. 

Cong lai ta dUdc /(n) = n, Vn = 1 ,2 , . . . Ta c6 1 + 2 + • • • + n = 
2 

Mat khac bang quy nap ta chiing minh dUdc ' ' 

1^ + 22 + . . . + n3 = 
n ( n + 1] n2 

, V n = 1,2,.IV; 

Vi the nen 1^ + 2^ + . . . + n3 = (1 + 2 + • • • + n ) ^ Vn = 1 ,2 , . . . Do do ham 
so f i n ) = n, Vn = 1 , 2 , . . . thoa man cac yeu c i u de bai. 
L t f t i y. Ban doc hay lien he bai toan 4.62 nay vdi bai toan 3.33 d trang 407. 

4.4 Phi^dng trinh ham tren tap s6 hi?u ti 

• Ta biet rang tap so hQu t i Q la tap hdp cac so c6 dang — , vdi m € I.-
n 

I nen vi^c t i m ham / tren Q thudng dUdc tit:\
va n G N * . Do N c Z c ([ 
hanh theo cac budc sau: 

V',!: - T i m ham / tren N . 

- T i m ham / tren Z . 

- T i m ham / tren Q. , 

^ • K h i da t i m dudc ham / tren Z, d l t i m dUdc ham / tren Q ta thudng 
qua bu6c trung gian do la t i m / ^ - ^ , vcii n € Z\. f 

|» K h i da t i m ditdc cong thiJc cua ham / tren N (cong thilc ciia ham / 
tren Q + ) , ta thudng diing t inh chSn, le ciia ham so d l suy ra cong thiJc 
cua ham / tren Z (cong thiic cua ham / tren Q) . 

Viec giai phtrdng t r i n h ham tren Q la rat quan trong v i khi giai phudng 
t r inh ham tren R ma c6 them gia thiet lien tuc, ddn diou,. . . , neu da t i m 
dudc ham / tren Q t h i dung day so ta se suy ra dUdc ham / tren R 
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( chang h a n b a i t o d n 2.214 6 t r a n g 278, b a i t o a n 2.264 d t r a n g 3 2 1 , bai 
t o a n 2.167 6 t r a n g 217.. .) . 

B a i t o a n 4 . 6 3 . Tim cdc ham so / : Q —> Q thoa man dieu kien: 

'i f{x + y)-f{x-y) = 2f{y),^x,yeQ. - 'v ( i ) 

G i a i . T r o n g { ! ) cho a: = y = 0 t a di ldc / (O) = 0. C h o x = 0 t a ducfc: 

/ ( - ? / ) = - / ( y ) . V y e Q . 

C h o y = x,t?i diWc: f{2x) = 2 / ( x ) , Vx £ Q. , , 
C h o X = 2y t a (hruc / ( 3 y ) - /(?/) = 2f{y),Vy e Q, hay 

/ ( 3 x ) = 3 / ( . x ) , V x e Q . 

T a se chiirng m i n h v d i m o i n e N * t h i : f{nx) = n / ( x ) , V x e Q . (2) 
H i c u n h i c u (2) d i i n g k h i n = 1, n = 2. G i a s i i (2) d u n g t 6 i n = A; (A: e N*) , 
t i i c la : f{kx) ^ fc/(x),Vx e Q. K h i do: 

f[{k + l ) x ] = f{kx + x) = f[{k - l ) x ] + 2 / ( x ) = {k+ 1)/Cx), Vx e Q. 

V a y (2) c u n g d u n g k h i n = k + 1. T h e o nguyen l y q u y n a p suy r a (2) dung 

v d i m o i n G N * . T r o n g (2) Ian l u d t cho x = l , x = —ym,n€ N * , t a dilOc 
n 

n 

Suy r a : / ( - ) = ( - ) / ( l ) => / ( x ) - ax , Vx 6 Q , x > 0 (a = / ( I ) € Q ) . 

Vd i X e Q, X < 0, t a c6: / ( x ) = - / ( - x ) = - a ( - x ) = ax. L a i do / ( O ) = 0 nen 

/ ( x ) = a x , V x 6 Q , a e Q , 

h a m nay t h o a m a n d i6u k i e n b a i t o a n . V a y n g h i e m cua b a i t o a n l a : 

/ ( x ) = a x , V x e Q (a l a h l n g s6 h i i u t i ) . 

B a i t o a n 4 . 6 4 (D6 t h i c h i n h thi fc O l y m p i c 3 0 / 0 4 / 2 0 1 2 ) . Tim cdc ham so 

/ : Q —» R thoa man phucfng trinh ham 

, / ( x + y ) + / ( x - 2 / ) = 2 / ( x ) + 2 / ( y ) , V x , 2 / e Q . (D 

G i a i . T r o n g (1) cho x = y = 0 t a duoc / (O) = 0. C h o x = 0 t a dUdc 

, f{-y) = f{y)yy&Q. 

C h o 2/ = X , t a dUdc 
/ ( 2 ^ ) = 4 / ( x ) , V x € Q . 
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• C h o X = 2y t a diTdc f{3y) + fiy) = 2 / ( 2 y ) + 2 / ( 7 / ) , Vy € Q , suy r a 

K / ( 3 x ) = 9 / ( x ) , Vx e Q. ; \ 

• Xa se c h i i n g m i n h v d i m o i n e N * t h i 

• / ( n x ) = n^fix),Wx e Q. ' ' ' (2) 

H||i^n n h i e n (2) d u n g k h i n = 1. G i a s i i (2) d u n g t d i n = A; (fc e N * ) , t i i c la 

W f{kx) = k^fix),^xeQ. , , 

^ K h i do 

^ f t / ((A: + l ) x ) = / (A:x + x) = - f {{k - l ) x ) + 2/(A;x) + 2 / ( x ) 

M i = -{k - l ) V ( x ) + 2k'fix) + 2 / ( x ) = (A: + l ) V ( x ) , Vx € Q . 

Hr$,y (2) c u n g d u n g k h i rt = A; + 1. T h e o nguyen l y q u y nap suy r a (2) d u n g 
^ • b i m o i n e N * . T\t (2) suy r a v d i m o i m, n e N * , t a c6 

I / , i , = /(„.i)=„v(i)-/(i) = fli^ ! • 

^ V d o 

H ' = ^ / ( ^ ) = G Q , x > 0 (a = / ( I ) ) . 

^ r a x € Q , x < 0, t a CO fix) = fi-x) a ( - x ) 2 = ax^. L§d do / ( O ) = 0 nen 

fix) = ax^ ,Vx G Q, a G R , 

^ H t l nay t h o a m a n d ieu k i e n ba i t o a n . Vay n g h i e m cua b a i t o i n l a : * , . 

H|i: / ( x ) = a x ^ V x G Q (a la hang so). 

L i f i i y . N g u t h a y t a p xac d i n h Q b d i R t h i t h e m g ia t h i e t h a m / l i en tuc 
(xeni ba i t o a n 2.273 d t r a n g 329). • - • 

B a i t o a n 4 . 6 5 . 71m tat cd cdc ham f : Q ^ Q sao cho / ( I ) = 2 vd 

/ ( x y ) = / ( x ) / ( 2 / ) - / ( x + y ) + l , V X , 2 / G Q . • (1) 

^ i a i . T r o n g (1) lay 1/ = 1 t a ditdc 

/ ( X ) = 2 / ( X ) - / ( X + 1 ) + 1 , V X G Q ^ , ( ^ - ; - , : , 0 



<^f{x + 1) = f{x) + 1, € Q -xi = 
=^f{x + n) = fix) + n, V i € Q, Vn € N 
=j>/(n) = / ( I + (n - 1)) = / ( I ) + n - 1 = n + 1, Vn € Z. 

Trong (1) thay a: = - , y = n, ta dudc W 

n 

Vai moi X e Q th i x = — , m e Z, n e N*, ta c6 
n 

= ( m + l ) ( - + l ^ 

+ 1: 

m ± + 1 - , n + l - - + l = x + l . 
n 

Thiif lai thay thoa man. Vay c6 duy nhat mgt ham so thoa man cac yeu cau 
de bai la 

f{x)=x + l,VxGQ. 
Lvtu y. Tiong bai toan nay, neu thay gia thiet / : Q Q b6i / : K R thi 
bai toan se rat kho, tuy nhien da dUdc giai quyet d bai toan 2.198 d trang 
254. 
B a i toan 4.66 (Balkan 2003). Tim tat cd cdc ham so f -.Q-^R thoa man 
(long thdi cdc dieu kien sau day v&i mqi x, y e Q: 

(1) / ( 1 ) + 1 > 0 

(2) fix + y)- xfiv) - yfix) = fix)fiy) - x - y + xy 

(3) fix)=2fix + l)+x + 2. 

G i a i . Gia sii ham so / thoa man cac yeu ckn de bai. Dat gix) = fix) + x-
K h i do tir gia t l i i c t suy ra haui so .9 : Q —» R thoa man cac dieu kien sau: 

(4) 5 ( 1 ) > 0 
(5) 5(x + j / ) = 3 ( x ) 3 ( 2 / ) , V x , y e Q 
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(6) ^(x) = 2 p ( x + l ) , V x , y 6 Q . 

J l i e o cac dieu ki§n (4), (5), (6), ta c6: 

5(1) = 2.7(2) = 2.9(1 + 1) = 2[gil)f =^ gil) = i . 

gil) = gil + 0) = gil)giO) 5(0) = 1. 

1 ' 

1 - g{0) = gix - x) = gix)gi-x) ^ p ( - x ) = Vx 6 (7) 

TCf (7) suy ra chi can t i m ham g tren tap h(?p Q+ cac so hihi t i dudng ta se 
suy ra dUdc ham g tren Q. Ta c6: ,,,1 . ; 

/ 

gin) = g 

C O 71 s6 1 J 

1 

l=^gil) = g(n.^]=g' 

I 
1 1 1 
- + - + • • • + -
n n n 

\ c6 n s6 -

n 

n 

S u y r a : , ( ^ i ) = ( ^ i y ' , V n = l , 2 , . . . \, 

Vdi mpi 7- e Q + , khi do t6n tai m, n € N* sao cho: r = - . Do do: 
n 

m.- 1 
5 1 -. ( r ) = , ( ^ ) = , 

vai X e Q, X < 0, khi do - X e Q+, sii dung (7) va (8) ta dirdc: 

2) 1 ' -

9{x) = 1 1 • . ' 

(8) 

(9) gi-x) 2-(-^) 2 

Tit (8) va (9) va /(O) = 1 suy ra: gix) = 2"^, Vx € Q. 
Nhu vay: / ( x ) = - x + 2"^, Vx e Q. T h i i lai thay thoa man. 
Ket luan: ham so can tun : / ( x ) = - x + 2"^, Vx e Q. 

Bai toarv 4.67. Tim tat cd cdc ham so f : Q ^ Q thoa man diiu kien 

f{f{x)+y)=x + fiy),Vx,yeQ. j . , , . , , (1) 
Ta C O / la ddn anh. That vay, neu / ( a ) = fib) t h i r 

a + fiy)=fif{a)+y)^fifib) + y) = b + fiy)=^a = b. 
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T r o n g (1) , cho x = 0, t a dufcfc • i,, . 

/ ( / ( 0 ) + 2/) = / ( y ) = ^ J / + / ( 0 ) = 2/=>/(0) = 0. 

T r o n g (1), cho y = 0, t a dittJc / ( / (x) ) = x, V i e Q . T r o n g (1) t h a y z bo i 

fix) va s i i d u n g / {f{x)) = x, e Q , t a dUdc j 

fix + y) = f{x) + fiy).Vx,yeQ. ) ^ : . . ( i . , 

T i M n g t u n h u b a i t o a n 2.214 0 t rang .278 , suy r a / ( x ) = ax, Vx 6 Q . T h a y 

vao (1) t a r u t r a = 1 a = ± 1 . T h i i l a i t h a y J{x) = x va / ( x ) = -x thoa 

m a n cac y e u cau de b a i . 

Bai toan 4.68. 71m tat cd cdc ham so f : Q"*" Q"*" thoa man dong thdi 
cdc diCu kien sau [Q^ la tap cdc so hHu ti duang): ^ 

/ ( x + l ) = / ( x ) + l , V x e Q + (1) 

/(.r^) = f{x), Vx G Q + . (2) 

G i a i . T r o n g (2) l ay x = 1, t a dUdc / ( I ) = [ / ( l ) ] ^ m a / ( I ) > 0 nen / ( I ) = l . 

D o d o sit d i i n g p h u r f n g p h a p q u y n a p va (1) sny r a 

!{n) = n, V n £ N * ; f{x + n) = f{x) + n, Vx € Q + , V n G N * . 

T a t i n l i / ( r ) , v 6 i r = - G Q"*" b k n g each t i n h b a n g h a i each g i a t r i / ( ( r + q^f q \

T a CO 

.f{ir + ^f) = [nr + q')Y=[fir) + q']\) 

M a t khac , do (r + q'^f = + Sr^g^ + 3rq* + Sr^g'^ + 3,-g4 + ,̂6 g j ^ . 

. («i f / {('• + <l'f) = fir') + ^r'q' + 3rq' + (4) 

T i t (3) va (4) suy r a 

, " fir) + ^fir)q^ + 'if{r)q' + q" = / ( r^ ) + 3r^q' + Zrq' + q^ 

I ^if{r)q' + if{r)q* - Sr^g^ + ^rq' ^ f\r) + f{r)q^ = + rq' 

^ [fir) ~ r] [ /(r) + r + rŷ ] = 0 ̂  / ( r ) = r. 

T h i i l a i , t a k e t l u a n : C o d u y n h a t m o t h a m so t h o a m a n y e u cau de ba i la 

• • ' •" / ( x ) = x , V X G Q + . 

L t f u y. D o d i t d o a n dUde / ( x ) = x nen t a c6 gang l a m x u a t h i e n / ( r ) -
t r o n g phop b i f in d 6 i t h a n h ti'ch n h u ci t r e n . T r o n g vice g ia i p h i l d n g t r i n h h a i " 
t h i k i t h u a t t i n h b a n g h a i each n h u t r o n g Idi gia i t r e n t h u d n g dUdc s i i dung ' 
M u c di'ch ci ia viee t f n h b a n g h a i each la d i n den m o t he p h U d n g t r i n h , t i l do 
r i i t r a / ( x ) . B a n doc hay t i m hiSu t h e m k l t h u a t nay b a i 2.2: P l i U d n g phaP 
t f n h theo hai each (ci t r a n g 160). _ , 
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gai toan 4.69. Tim tat cd cdc ham so f : Q + —> Q + thoa man dong thdi 
cdc dieu kien sau (0"̂  id tap cdc so h-Uu ti duong): 

f{x + l ) = f{x) + l , V X G Q + 

/(x2) = /2(x), V X G Q + . ,. • 

Hu'o'ng dan. T U d n g t u ba i t o a n 4.68. / : " 

Bai toan 4.70 ( D e c h i n h t h i i c O l y m p i c 30/04/2003). Tim tat cd cdc ham 
so f - Q^ Q ihoo- ''^o.n / ( I ) = 2 va 

fixy + y)= fix)f{y) - f{x + 1) + 2, Vx, y € Q. (1) 

G i a i . T r o n g (1) cho y = 1, t a dUdc ; 

/ ( x + 1) = 2/ (x) - / ( x + 1) + 2, V X G Q 

^ / ( x + l ) = / ( x ) + l , V X G Q . (2) 

Tii (2) va siif d u n g p h i t d n g p h a p q u y nap , t a e h i i n g m i n h dUde 

/ ( x + n) = / ( x ) + n, Vx G Q, V n G Z . V (3) 

T i t (1) cho y = x, t a d i ldc i, ^ ik) .{D it) 

/(x2 + x) = (.T) - / ( x + 1) + 2, Vx G Q . ' ' '• (4) 

Vdi m o i r G Q, d a t r = ^, p G Z , g G N * . S i i d u n g (4) va (3) t a dUdc i ' 

f{ir + q)^ + {r+q))=[f{r + q)f-Hr + q + l) + 2 , , , , 

= [fir)+Q]^-fir)-q-l + 2 

= [f{r)]' + {2q-l)f{r)+q''-q+l. (5) 

M a t khac . 

f (ir + q)^ + (r + q)) = / (r^ + r + 2rg + q"^ + q) ^^'^^ , 

J ... , = / ( r 2 + r ) + 2 r g + g2 + g 

= [f{r)f-f{r+l) + 2 + 2rq + q'' + q 

= lfir)f-fir)+2rq + q^ + q + l. (6) 

T i t (5) va (6) cho t a 

[fir)]' + i2q - 1) / ( r ) + q ' - q + l = [fir}f - fir) + 2rq + q"" + q + I 

^2qfir)-q = 2rq + q^2fir)-l=2r + l ^ /(r) = r + l . 

l a i , t a ket l u a n : C o d u y n h a t m o t h a m so t h o a m a n y e u cau de ba i la 

H / ( x ) = x, V X G Q + . 



Bai toan 4.71. Cho n G N, n > 2 wa xet ham so / : Q -> Q thoa man 

f (x" + y)= x^-'fix) + / (/(j/)), Vx, 2/ e Q. 

a) Gid sit rhng /(2014) # 0. Tinh f (2014). 
h) Tim ham so f. 

Giai . Tijf (1) cho x = 0 ta ducic f {y) = f (/(y)), Vy e Q. Vdi x = 1 va j / = Q 
ta dildc / (/(O)) = 0 =^ /(O) = / (/(O)) = 0. Trong (1) cho x = 1 ta duoc 

/ ( l + y) = / ( l ) + /(2/), V y e Q . (2) 

a) Txs (2) chiing minh quy nap ta dado 

f{n) = n / ( l ) , Vn € N*. (3) 

Ta CO 0 = /(O) = / ( I + ( - l ) ) ' ° = i ' ^ / ( l ) + / ( - I ) ^ / ( - I ) = - / ( I ) . Tir do 

/ ( x - 1) fix) + / ( - I ) = / (x) - / ( I ) , Vx e Q. (4) 

Tfr (4), rhi'mg minh quy nap ta ditdc 

/ f^V- ' "•.(;>::, / ( - n ) = - n / ( l ) , Vn e N*. (5) 

Ket hop vdi (3), (5) va /(O) = 0 ta ditdc 

/ ( n ) = n / ( l ) , V n e Z . (G) 

Dat / ( I ) = - , p € Z, (J € N*. Vdi n € N* va n la boi ciia (7 ta c6 n / ( l ) G Z va 
q 

(1) 

V ( / ( " ) ) = fin) ^ / ( n / ( l ) ) = n / ( l ) n [ / ( l ) ] 2 = n / ( l ) . 

Do do tvr (6) va tCr gia th i l t / (2014) ^ 0 suy ra /(2014) 2014. 
t) TiT (1) cho y = 0 ta dUdc 

/ ( i n ) = x " - V ( x ) , V X G Q . 

TH (1) va (7) suy ra 
/ ( x " + y) = / ( x " ) + / ( y ) , Vx,yGQ. 

• Neu n = 2A;, k e N* thi vdi moi x 0, t i l (7) ta c6 

/ ( X ) = ^ . ^ = - / ( ^ ) . , 

(7) 

(8) 
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N Meu n = 2Z - 1, Z G N* thi t\i (8) cho y = - x " ta du<?c 

o = / (x" ) + / ( - x " ) , V X G Q . • • • I : -

g(3i the nen vdi moi x 7̂  0 ta c6 

fi-T.) = - fix), Vx G Q. TCr (8) va bang phudng phdp quy n^p ta chiing 
minh diwc ^^^^^^ ^ pfix""), Vp G N, Vx G Q. 

Vdi moi V 6 N*, ta co / ( - p x " ) = - / ( px " ) = - p / ( x " ) , Vx G Q. Vay 

/ ( p x " ) = p / ( x " ) , VpeZ ,VxGQ. (9) 

Vdi moi - e Q, u G Z, g G N*, ta cd 

f(-\ f ( l ^ ^ 

Ma / ( I ) = f [ " - , 

f{^)-'im.n.. 
fix) = / ( l ) x , Vx G 

(10) 

nen t ^ (10) suy ra 

• .. (11) 
d cau a) ta da chiing minh dUdc / ( I ) = 0 hoSc / ( I ) = 1. Do do t i i (11) suy 
ra fix) = X , Vx G Q lioSc / (x ) = 0, Vx G Q. Thu lai thay thoa man. V9,y c6 
hai ham so thoa man cac yeu c lu de bai la: • 

fix) = X , Vx G Q; fix) = 0, Vx G Q. . '̂ '̂ '̂  

Bai toan 4.72. Tim tat cd cac ham so f :Q-^Q thoa man 

' xfiyz) + yfiz) + z = f ifix)yz + fiy)z + fiz)), Vx, y, z G Q. (1) 

^iai . K i hi$u P(u, v, w) chi viec thay x bdi u, thay y hdi v, thay z hdi w vho 
Thuc hien P(x ,0 ,0) ta dudc x/(0) = / ( / (O)), Vx G Q. Suy ra /(O) = 0. 

ĥwc hien P(0,0 ,x) ta dUdc / ( / ( x ) ) = x, Vx G Q. T\i day de dang chiing 
"»nh (ludc / la song anh tren Q. 

P ( - l , 1,1)=^! = / ( / ( - I ) + 2/(1)) / ( / ( - I ) + 2/(1)) = / ( / ( ! ) ) - 5 
=• / ( - I ) + 2/(1) = / ( I ) =^ / ( - I ) = - / ( I ) . 



Do do P(0, - 1 , 1 ) - / ( I ) + 1 = 0 / ( I ) = 1. Thuc hi?n P ( 0 , i , 1) dupe 

x + 1 = / ( / ( i ) + i ) , V i e Q 
= > / ( / ( 2 ; ) + l ) = /(/(x + l ) ) , V X G Q 

^ / ( x ) + l = / ( x + l ) , V x € Q . 

Tijf (2), bkng phUdng phap quy nap ta chiing minh dil^c | 

fix + n) = fix) + n, V i € Q, Vn e Z . ' (3) 

T i t (3) lay a; = 0 d\X0c fin) = n, '^n & Z . Vdi p, g la cac so nguyen vkq^Q. 

Tit (2) suy ra (3) dung vdi n = 1. Gia (3) dung tdi n = 

0 , / ( ^ ) . ) . / ( f ) / ( . ) . , 
\ 

9 + /(</) =f{p+Q) 
/ 

/(a: + A;+ 1) = / (a: + A:) 

^ (A; 6 N * ) . K h i do 

/ I o ^ ^ — : ^ 1. 

f(x) 
ik^ + 2kx)fix) + 1 

+ 1, 

Vgly /(x) = X, Vx € Q. T h i i lai thay thoa man. 

B a i toan 4.73 (De t h i chon hoc sinh gioi cac trudng Chuyen khu v\jtc Duyen 
Hai va Dong Bang Bac Bo). Tim tat cd cac ham so f : QXQ*+ {Q*+ Id tap 
hop cdc so hHu ti duang) thoa man: 

fix) + fiy) + 2xyfixy) = y ^ ^ . Vx, y G Q ; . (1) 

G i a i . 
Bvtdc 1 . Chiing minh / (1) = 1 . Cho y = 1 vao (1) va dat / (1) = a ta c6 

/ ( x ) + a + 2x/(x) = - ^ = > / ( x 4 - l ) ^ „ • (2) 

Suy ra 

/ ( x + 1) ( l + 2 x ) / ( x ) + o ' 

/P) = ± = l ; / ( 3 ) = ^ = ^ ; / ( 4 ) = ^ ^ ^ , 

4 

M$t k h ^ , cho X = y = 2 vao (1) ta dUdc 2/(2) + 8/(4) = ^ = 1. Suy ra 

1 

- + - -r r - 9 = 1 =^ a = 1 / ( I ) = 1 . 
2 7 + 5a + 4a2 ' 

BiTdc 2. Bkng quy ng,?, ta chutng minh vdi mpi n = 1 ,2 , . . . t h i 

/ ( x + n) = 
(n2 + 2 n x ) / ( x ) + l " 
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Vav tif (3) ta cd f f n + i ) - / ( I ) 1 

(n2 + 2 n ) / ( l ) + i -(;7;:7^-Hay^ 

/ ( « ) = ! Vn = 1,2, f?.^ 

Bi^dc 3. Chiing minh / / I 
n 1 \ 

T . V n = l , 2 , . i / 

TVong ( 3 ) t h a y x = i d i r d c / / ^ n + l 

trong (1) ta dudc 

, n 

(n2 + 2 ) / 

/ I / ( x ) + / 

i t ) 

^/(n) + / f -

^ ^ / ( n ) = i n e n / / ' l l 

x + -

(4) 

(5) 

. Cho 2/ = 1 
+ 1 

+ 2 = 1 

/ 
1 

n + -

= + 2 + ^ 

Budc 

= n2. 

9 

?^ That v8y vai (», -») = 1, ds. X = „ , , = i ,„„^ ^ , 
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Cho X = — trong (3) ta c6 • • 
m 

/ 1 \ ( m ) 1 

m \m/ \ J \m/ 

i^} =!'/(<7) = ^ , V ( 7 e Q , g > 0 . 

Cuoi cung de kiem tra / (x) = thoa man phitdng t r inh ham da cho. 

4 .5 Mot so phLfdng phap khac va toan tong hdp 

B a i tokn 4.74. Tim cdc ham so / : N* N ' , 5 : N* — N* thoa man 

+ [/(y)]''(^) - X + y, V.X, y e (1) 

G i a i . Gia suf / va 5 la hai ham so thoa man cac yeu cau d& bai. Trong (1) 
lay X = y = 1, ta d U d c 

. ., . = l (do 5 ( 1 ) ^ 0 ) . 

Trong (1) lay X = 2, y = 1, ta d U d c 

[/(2)]«(') + = 3 =^ [/{2)] '( ' ) = 2 ^ { = 2 

Trong (1), cho y = 1, ta ditoc / ( x ) = x, Vx e N*. T i t do, trong (1) lay 
X = y > 2, ta d U d c [/{x)p(^) = x, Vx £ N* , i > 2. M a / ( x ) = x nen g(x) H 1-

Thilf lai thay hai ham so / ( x ) = x, ^(x) = 1 thoa man cac yeu cau de bai. 
B a i t o d n 4.75. Ttm cdc bo ba ham so {f\g\h) xdc dinh tren N*, nhq.n 9^^ 
tri trong N* vd thoa man diiu ki$n 

[f{x)fy^ + [g{y)]^^'^ + [/i(z)]/(^) = X + y + z, Vx, y, 2 e N* . (D 

G i a i . Trong (1) lay x = y = z = 1 ta d U d c 

[ / ( l ) p ( i ) + [3(l)l''(») + [Ml)K^'^ = 3 
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=> ([/(i)] '^'^ [5(1)]"^'^ = (1; 1; 1) => / ( I ) = ^(1) = Ml) = i- ' 

Trong (1) lay y = z = 1, ta d U d c / ( x ) = x, Vx € N*. Tudng t U , ta d U d c 

g{x) = X , Vx e N*; h{x) = x, Vx € N ' . 

ThiJ lai thay khong thoa man, v i d i n g thiic + y'^ + z'^ = x + y + z khong 
dung khi ta chon (x; y; z) = (2; 2; 2). Vay khong ton t?d b p b a h a m so ( / ; g; h) 
thoa man cac yeu can de bai. 

B a i toan 4.76. Tim tat cd cdc ham so / : Q -> Q thoa man : 

f{Tn + n) = — ^ V m , n e Q * . (1) 
/ ( - ) + / ( - ) 

i , rn n j ; , , . ^ ; ; , .„ 

G i a i . K i hieu P{u, v) di c h i viec thay m bcii u va thay n hdi v v a o (1). 
P{^,^)^fmfim) + f{-m)] = l,^meQ' ' 

^ / ( - m ) = - ^ - / ( m ) , V m e Q - . '^^'^ (2) 

Ta CO P{-m, - n ) f{-m - n ) = — V T n , n e Q*. K i t h0p 

fi~) + n--) 
m n 

vdi (1) va (2) thu d U d c 

- / ( m + n) = — ^ = ^ , Vm, n G Q ' 
f(—) 4. —I: f(L) 

/(O) / ( m + n) 

Tir (3) thay n bdi - m va dat c - £ Q, ta du^c . .. ^ 

1 1 2 
c - - = - < t ^ c = - < = ) - c ^ = 2<=>c = ±\/2, c c c 

'^^u thuan vdi c e Q. Vay khong ton tai ham so thoa man yeu cau de bai. 

^ a i t o a n 4.77. Ttm tat cd cdc ham so / : Z -> Z thoa man / ( I ) = 1 vd 

f {xf ( y / ( / ( z ) ) ) ) = z / ( y ) / ( / (x ) ) , Vx, y, z € Z. (1) 
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Giai. Gia sii ham / thoa man yeu cau de bai. TVong (1) cho a: = z = i ^^xac 

f if (y/(/(l)))) = f{y)f (/(I)) f (/(y)) = fiy), Vy 6 Z. (2) 

Trong (1) cho X = y = 1 ta dU0c V, vA< ' J 

f if if if (z)))) = z'^i'Vc/Cy)) = y, Vy G Z. (3) 

T i l (2) vk (3) suy ra /(x) = x, \/x € Z : Thi i l^i th4y thoa man. ' 

Bai toan 4.78. Tim tat cd cdc ham so / : Z -» Z thoa man: y, n ' 
/(x + y/(a:)) = /(x)+x/(y) , Va; ,yeZ. (1) 

Hifdng d i n . Ki hi§u P{u, v) chi vi§c thay x hdi u va thay y bdi v vao (1), 
De thay /(x) = 0 la nghiem ham cua bai toan. Tiep theo gia sijf /(x) ^ 0, ta 
se chiing minh f{x) = x. Ta c6 

P(x,0)=>x/(0) = 0, V x e Z . .̂j 

Suy ra /(O) = 0. Neu /(I) 1 thi P (l, ^ ) =!> /(I) = 0, mSu thuan. 

Do do /(I) = 1. 

P ( l , y ) ^ / ( l + y) = l + /(y), V y € Z . (2) 

Do /(O) = 0, /(I) = 1 nen t i i (2), bang phttdng phap quy n?ip, ta chiing minh 
dUdc: /(x) = x,Vx € Z. 

Bai toan 4.79. Ttm tat cd cdc ham so / : N* -+ N* thoa man 

/ = C/;J, Vm, neW,n>m. (1) 

Giai. TiT (1) ta c6 /(I) = / {Cl) = c j f j j = 1. Vdi n > 2, ta c6 

^ r /(n) - 1 = / ( " - 1) ^ [ fin) = fin - 1 ) 4 - 1 (2) 
/ ( n ) - l = / ( n ) - / ( " - l ) ^ [ / ( n - l ) = l . (3J 

Tir (3) suy ra /(n) = 1, Vn € N*. Thii lai thay thoa man. Tit (2) ta c6 

/(I) = 1 
/(2) = /(l) + l 
/(3) = /(2) + l 

/W = / ( n - l ) + l . 
Cong lai ta dudc f{n) = n, Vn € N*. Vay c6 hai ham so thoa man cac 
cau de bai la /(n) = 1, Vn € N ' va /(n) = n, Vn G N*. 

/ ( x + | ) = / ( x ) + M + 2 y , V x , y G Q - . (1) 

Thay x 1 vao (1) ta dudc: . ,,,, }V 

Tir (2) va (3) suy ra: '̂ • 

/(x) + 2x + l = /(l) + Z(|)+2x,VxGQ+ 

^/(x) + l = /(i) + Z|f),VxGQ+ 

1 - 1 
= / ( ! ) - ! , V x € Q + " /(1)J 

^ [ / ( l ) - l ] [ / ( x ) - / ( l ) ] = o , V x e Q + . (4) 

m ) - 1 "So 2̂1 ^-'^ ' ' ^ ' " ^ (4) suy ra /UJ - 1. Do (2) nen vdi moi n G N*, taco: 

/(2) = /(!) + 3 
/(3) = /(2) + 5 

60 

I / ( n ) = / { n - l ) + 2 n - l . 

K lai ta dUdc: 

fin) = /(I) + 3 + 5 + • • • + (2n - 1) = 1 + 3 + 5 + • • • + (2n - 1) = n^. 

^ ir vCly: /(n) = n^, Vn G N * . (5) 

/ ( x + l ) = /(x)+2x + l 
/(x + 2) = /(x + l ) + 2 ( x + l ) + l 
fix + 3) = fix + 2) + 2(x + 2) + 1 ( 

(2) ta c6; 

/(x + n) = /(x + n - 1) + 2(x + n - 1) + 1. 
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Cong lai t a dUdc: 
; ( ^ + n) = / { x ) + 2 [ x + (x + l ) + --- + (x + n - l ) l + n 

/ n (n 
= f{^) + 2 ( nx + 2 

= / ( i ) + 2 n x + n 2 , V x e Q + , n e N * . (6) | 

T i l ( 6 ) t a c 6 : ' 

Tiit (1) va (5) suy ra: 

(7) va (8), suy ra vdi mpi m, n 6 N*, ta c6: 

•' V m / m 2 \m/ \rn/ 

V?Ly /(x) = x 2 , Vx € Q+. T h i i hi thay thoa man. 
Ket l i ian: c6 duy nhat mot ham so thoa man yen cku de bai la: 

/(x) = x2 , Vx e Q+. 

B a i toan 4.81 (Pan African 2010). Ton tai hay khong ham so f : Z-> Z 

thoa man: f{x + f{y)) = f{x) - y, Vx,y e Z. (1) 

Gia i . Gia sijf ton tai ham so / : Z - » Z thoa man (1). Ta chiing minh / la 

song anh. Gia sii / (x i ) = / ( X 2 ) . Kh i do: 

' fix) - X , '"^'^ f{x + / ( X i ) ) = fix + / ( X 2 ) ) fix) - X2 X I = X 2 . 

V?Ly / la ddn anh. Gia sii t e Z, khi do ton tai A; = 1 + /(/( I ) -t) va: 

/(fc) = / ( l +/ (/ ( I ) - 0)'°= V(l) - [/(I) - = «• 

• V^y / la tokn 4nh, suy ra / 1^ song &nh. TiT (1) cho x = 1 va y = 0, ta d\i0c-
'. f{l + /(O)) = / ( I ) . Ma / la song anh non tft day .suy ra: 1 + /(O) = 1 h»y 

/(O) = 0. T ir (1) cho X = 0, ta dUdc: f{f{y)) = -y, Vy e Z. Nhu v^y (1) tr^ 

thknh: > , , /n^ 
/(x + /(y)) = / ( x ) + / ( / ( y ) ) , V x , y 6 Z . (2) 
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Ma / la song dnh nen t i t (2) suy ra: ) ^ . , , 

fix + y) = /(x) + /(y), Vx, y e Z. ' (3) 

Tit (3), dp dung ket qua bai todn 4.58 d trang 483, suy ra: 

fix) = ax, Vx € Z (o = /(I ) la hang so nguyen). 

Thay vao (1) dUdc: ^ , 

a (x + ay) = ax - y, Vx, y € Z , 

<^a\, Vx, y e Z ('• 

<^a2 = - 1 . 

Di§u v6 l i nay cluing to khong ton ta i ham so / : Z —» Z thoa man (1). 

Ba i toan 4.82 (France Team Selection Test 2007). Tim tdt cd cdc ham so 
/ : Z —» Z thoa man: 

fix-y + fiy))=fix) + fiy),Vx,yeZ. (1) 

Giai . K i hi$u P(u, v) chi phep thay x bdi u va y b6i v vao (1). Dat /(O) = a. 

f P(0, 0) => /(a) = 2a =^ /(a) - a = a. I' P(0, a) =4. /(a) = a + /(a) =4> a = 0 /(O) = 0. 
P(0, x) =^ / (/(x) - x) = /(x), Vx € Z. (2) 

Thuc hien P (x ,/ (y ) - y) t a dUdc 

/ (:r - fiy) + y + f (/(y) - y)) = /(x) + / (/(y) - y), Vx, y e Z. (3) 

Thay (2) vao (3) ta dUdc / (x + y) = /(x) + fiy), Vx, y G Z. TiT day, ap dung 
ket qua bai toan 4.58 ci trang 483, suy ra 

fix) = ax, Vx € Z (a = /(I) la hkng so nguyen). • ' 

Thay vao (1) ta dUdc: 

aix -y + ay) = ax + ay, Vx,y e Z 

^ (a^ - 2a) y = 0, Vy e Z 

^ l y a 6 {0,2}, do do c6 hai ham so thoa man cac yeu cau de bai la 

, ; ,„ fix) = 0, Vx e Z va fix) = 2x, Vx € Z. , 
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B a i toan 4.83 (Hong Kong Team Selection Tests 2008). Gid sit ham s6 
/ : Z Z thoa man / ( I ) = 1, /(2) = 20, / ( -4 ) = - 4 va 

f{x + y) = f(x) + fiv) + axy{x + y) + bxy + c{x + y) + 4, Vx, y e Z , (1) 

trong do a, b, c Id nhUng h&ng so nguyen. 
a) Tim ham so f. 

b) Gid sit f{x) > mx'^ + (5m + l)a; + 4m, Vx € N . Hay tim gid tri nho nhdt 

cua m. 

G i a i . K i hieu P(u , v) chi vi$c t h a ^ x bdi u va thay y bdi v vao (1). 

a) P(0; 0) => /(O) = - 4 ; P(0; y) ^ cy = 0, Vj/ e Z , suy ra c = 0. 

P ( l ; - 1 ) => - 4 = 1 + / ( - I ) - 6 + 4 ^ / ( - I ) = 6 - 9. 

P ( - l ; - 1 ) / ( - 2 ) = 2 / ( - l ) - 2a + 6 + 4 = - 2 a + 3& - 14 

P ( - 2 ; - 2 ) / ( - 4 ) = 2/(-2) - 16a + 46 + 4 = -20a + 10b - 24. 

Do do - 4 = -20a + 106 - 24 <^ 20a - 106 = -20 <^ 2a - 6 = - 2 . * (2) 

P ( l ; l ) = > / ( 2 ) = 2/(l ) + 2a + 6 + 4=i .2a + 6 = 1 4 . (3) 

Tir (2) va (3) ta c6 a = 3, 6 = 8. Vay: 

}{x + y) = /(x) + f{y) + 3x?;(x + j/) + 8x?; + 4, Vx, 7/ € Z . (4) 
Xet ham so y : Z —> Z nhu sau: 

g{x) = fix) - (x^ + 4x2 _ 4) ^ ^(^) ^ ^(^) ^ (^3 ^ _ 4) 

Thay vao (4), suy ra, v6i mpi x € Z va y € Z , ta c6 

g{x + y)+x^ + y^+ 3xy(x + y) + 4(x + y)^ - 4 

=5(a:) + 5(2/) + (â ^ + 4x2 - 4) + (y3 + 4y2 - 4) 

,̂  • +3x7y(x + y) + 8xy + 4 
=y(^) + ff(2/) + x^ + y^ + 3xy(x + y) + 4(x + y)2 - 4. 

N h u vg,y y ( x + y) = g(x) + y ( y ) , Vx, y 6 Z . Tiif day, ap dung ket qua bai toan 

4.58 6 trang 483, suy ra 

g(x) = ax, Vx € Z (a = 5(1) la hang so nguyen). 

M a y ( l ) = / ( I ) - 1 0 nen a = 0. Do do g{x) = 0, Vx G Z hay 

/ ( x ) = x ^ + 4 x 2 - 4 , V x e Z . 

T h i i lai thay ham so / ( x ) = x^ + 4x2 - 4̂  Vx € Z thoa man cac yen cau de 

bai. 
6) fix) > mx2 + (5m + l ) x + 4m, Vx € N . K h i do 

x^ + 4x2 - 4 > ^^2 ^ _̂  _̂  4^^ Vx e N 
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<=>x^ + 4x2 - x - 4 > ^(^2 + 5a; + 4)_ Vx e N ' • ^ ^ • 
^ ( x + l ) ( x - l ) ( x + 4) > m ( x + l ) ( x + 4 ) , V x € N ' ' v - ' 
<^x - 1 > m , Vx e N . 

Vay gifi. t r i nho nhat ciia m la - 1 , dat dUdc khi x = 0. 

B a i toan 4.84 (Canada-2008). Tim tat cd cdc ham so f : Q —> Q thoa man: 

/ ( 2 / ( x ) + / ( y ) ) = 2x + y , V x , y e Q . (1) 

G i a i . Trong (1) cho y = x ta dUdc: / (3/(x)) = 3x, Vx e Q. " ' ' (2) 
Trong (2) thay X bdi 3/(x) ta duoc:/(9x) = 9/(x), Vx e Q. (3) 
T i l (3) cho X = 0, thu dUdc: /(O) = 0. Cho x 0 va (1) ta dirdc: 

/(/(2/)) = y , V y e Q . (4) 

Cho y = 0 vao (1) thu dUdc: / (2/(x)) = 2x, Vx € Q. Nhu vay (1) viet 1̂ ,1: 

/(2/(x) + /(y)) = / ( 2 / ( x ) ) + / ( / ( y ) ) , V x , y e Q . (5) 

TOf (4) ta chiing minh dUdc / la song anh (tUdng t\f bai toan 1.4 ci trang 6), 
do do vdi moi u,v e Q, luon c6 x, y e Q sao cho: 2/(x) = u va /(y) = v. Tvt 
do, ta c6: fin + v) = f (2/(x) + /(y)) = / (2/(x)) + / (/(y)) = fiu) + fiv). 
Nhu vay: /(u + v) = fiu) + fiv), Vu, vsR. (6). 
Tir (6), tUdng t u nhu bai toan 2.214 ci trang 278, suy ra /(x) = ax, Vx e Q. 
Thay vao (1) ta r i i t ra a2 = 1 <=> a = ± 1 . 
Ket luan: fix) = x va /(x) = - x . 

Bai toan 4.85. Tim cdc f,g :Q->Q thoa man Ai M T 

f{x + g{y)) = gix) + 2y + / (y) , Vx, y 6 Q. (1) 

G i a i . Nhan xet rang neu /(x) thoa man (1) t h i /(x) + c (c la hang so hOu 
ti) cung thoa (1). V i vay c6 t h l gia sti /(O) = 0. K i hi?u P(u , v) chi vi^c thay 
X bdi u va y bdi v vao (1). ^̂ ^̂  , 

P ( - t f ( 0 ) , 0 ) = > / ( 0 ) = y ( - y ( 0 ) ) + / ( 0 ) ^ . r y ( - y ( 0 ) ) = 0 . ^ 
^ ( -5(0) , -5(0)) =^ / (-fl(O)) = -2y(0) + / (-5(0)) O 5(0) = 0. 

Thirc hi$n P(x ,0 ) ta dUdc fix) = gix), Vx e Q. NhU v^y (1) trd thanh 

fix + fiy)) = fix) + 2y + fiy), Vx, y £ Q. (2) 

K i hieu Q(u, v) chi viec thay x b6i u va y bdi n vao (2). 

^ Q (x - /(x) , x) =^ fix) = / (x - /(x)) + 2x + /(x) , Vx G Q. 



Suy ra f {x - f{x)) = -2x, Vx 6 Q. Tit day chx'tng minh dUdc / la song anh 
tren Q. T\i (2) cho x = 0 t a dUdc _ ̂ y, ^ 

/ ( / ( y ) ) = 22/ + / ( y ) , V y e Q . (3) 

Ti)t(2) va (3) suy ra 

/ ( ^ + / ( y ) ) = / W + / ( / ( y ) ) , V x , y G Q . (4) 

Do / la song anh tren Q nen tijf (4) ta c6 

, : , fi^ + 2/) = / ( x ) + f{y), Vx, 2/ € Q. (5) 

Tir (5), tUdng t u nhu bai toan 2.214 d trang 278 ta chfmg minh dUdc 

^«'> fix) = ax, Vx € Q (a = / ( I ) la hang so hOu t i ) . 

Thay vao (2) ta dUdc 0 

( a ( x + ay) = ax + 2y + ay, Vx,yeQ 

'v. <^a^y = 2y + ay, Vx, y € Q 
<=>a2 - a - 2 = 0 a e { - 1 , 2 } . 

Vay 

fix) = 2x + cvk gix) = 2x (c la hKng s6 hOu t i ) . (5) 

!• : / ( x ) = - X + c va g(x) = - X (c la hang so hi iu t i ) . (6) 

Thijf lai , thay f va g xac dinh bcii (5) va (6) thoa man cac yeu cau de bai. 

B a i t o a n 4.86. Tim tat cd cdc so nguyen duong k sao cho tdn tai dung k 

ham so f : Q—> Q thoa man 

fix + y) = kfix)fiy) + fix) + fiy), Vx, y € Q. (1) 

G i a i . Dat / i (x) = fc/(x) + 1, Vx € Q. K h i do (1) t r d thanh 

hix + y)-l _ jMx) - 1 hi^j) - 1 ^ hix) - 1 ^ hiy) - 1 Q 
I k k k k A: ' ' 

<=>hix + y) = hix)hiy), Vx, y € Q. (2) 

D6 thay cac ham /i(x) = 0, hix) = 1 thoa man (2). Tiep theo xet / i (x) ^ •̂ 
K h i do ton tai XQ e Q sao cho /i(xo) 7^ 0. Theo (2) ta c6 

hixo) = hix + (xo - x)) = hix).hixo - x ) , Vx e Q. ' 
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Suy ra /i(x) ^ 0, Vx e Q va /i(x) = ( | + f ) = ( f ) ] ^ > 0,Vx € Q. N h u 
vay ta dat ln / i ( x ) = p(x) (/i{x) = e^^ '̂). K h i do ham g xac dinh tren Q va 

e9(x+!/) = e.9W.e.9(j')^ V x , y e Q 

<f=^e9(i+!/) = efl(x)+s(y)^ Vx, y € Q 
<^i;(x + y ) = 5 r ( x ) + i ? ( y ) , V x , y e Q . ' ' ' ' 

Tifdng t i t nhit bai toan 2.214 d trang 278 ta chft ig minh dugc 

gix) = gil)x, V x e Q . • ' 

Vay = e'*''^, Vx € Q. Nhung ham nay khong thoa man dieu k i f n 
h.Q-^Q- Do do A-= 2. I ' 

, B a i t o a n 4.87. Tim tat cd cdc ham / : Z -> Z thoa man , 

/ (m + fin)) = / ( m + n) + 2n + 1, Vm, n e Z. ^ ( ! , , (1) 

G i a i . TiJt (1) thay m bdi m - n ta dUdc 

/ ( m + [ / ( n ) - n ) ) = / ( m ) + 2 n + l , V m , n e Z . 

Tit day, bang phUdng phap quy nap, ta chiJng minh dUdc 

/ itn + k[fin) ~ n]) = / ( w ) + fc(2n + 1), Vru, n , fc € Z. (2) 

Tir (2) lay k = fip) - p ta dUdc 

/ (m + [fip) - p ] [ / (n ) - n]) = / ( m ) + [/(p) - p](2n + 1), Vm, n, p £ Z 
>/('" + [/(") - n][fip) - p\) = firn) + [fin) - n ] (2p+ 1), Vm,n ,p € Z 
H / ( p ) - p l ( 2 n + l ) = [ / ( n ) - n ] ( 2 p + l ) , V n , p e Z (3) 
^ / ( n ) - n _ / ( p ) - p 

2n + l 
, / ( n ) - n 
' 2n + l 

2 p + 1 

= c, Vn € 

V n , p e Z \ | - i | ' 

(C = / ( 0 ) G Z ) ^ 

^-/Cn) = c(2n + 1) + n, Vn € Z\ - i 

=*'/(n) = ( 2 c + l ) n + c, Vn e 

'Ti' (3) cho p = - 1 ta dUdc / 
V V 

1 
(2n + 1) = 0, Vn e Z. Suy ra 

2 J = ~2' '̂ '•'P '̂̂ ^ ^^^^ 

fin) = (2c + l ) n + c, Vn G Z. , 

507 

(5) 



Thay (5) vao (1) dxtac. 

(2c + 1) [ m + (2c+ l ) n + c] + c = (2c + 1) {m + n) + c + 2n + I, ^Tn,ne Z. 

Chpn m = n = 0 suy ra , .ŝ  

(2c + 1) c = 1 2c2 + c - 1 = 0 c = - 1 (do c = /(O) € Z ) . 

V^y / ( i ) = -a; - 1, Vx € Z . T h i l lai thay thoa man. j ^̂^̂^̂  ., ,̂ 

B a i toan 4.88 (Romania National Olympiad 2008, Grade 9) . nm tdt cd 

cdc ham so / : N * —» N * thoa man: 
f{x^ + fiy))=xf{x) + y,^x,y€W. • ,Q '. (!) 

G i a i . T i l ( l ) l i y x = 1, y = 1, t a d U d c / ( I + / ( I ) ) =/(1)+1. Dat c = 1+/(1), 
khi do / (c) = c. Tir (1) lay x = 1, ta dudc 

/ ( l + /(2/)) = / ( l ) + y , V 2 / e N * . (2) 

T i t (2) thay y bdi /(y) + 1 ta diWc 

/ (1 + / ( I ) + y) = / ( I ) + / ( y ) + 1 , Vy 6 N * 
<S) , „ ^ y ( j ^ + c) = y(y) + c , V y e N * . 

Gia s\t f{y + kc) = /(y) + fcc, Vy G N * (A; € N * ) . K h i do 

/ (y + (fc + l)c) - / (y + c + /cc) = /(y + c) + fcc = /(y) + c + fcc 
= /(y) + (fc + l ) c , V y e N * . 

Theo nguyen ly quy nap suy ra 

J{x + kc) = f{x) + kc,^xeW,^k&W. (3) 

T i i (3) lay x = c, ta dUdc 

/ ( ( A ; + l ) c ) = /(c) + fcc, V A e N * 
=J./((fc+l)c) = ( A ; + l ) c , V A ; e N ' . 

Suy ra / {kc) = kc, VA; € N * . T i t (1) cho y = c, t a dUdc 

/(x^ + c) - x / ( x ) + c, V X G N * 

= * / ( x 2 ) + c = X/(x) + c, Vx G N * (do suf dung (3)). 

N h u vay /(x^) = x/(x) , Vx G N * . T i l day thay x bdi c + 1, ta dildc 

/(c2 + 2c + 1) = (c + l ) / ( c + 1) /(c2 + 1) + 2c = (c + 1)[/(1) + c]. ('I) 

Theo (3) t h i /(c^ + 1) = / ( I + c.c) = / ( I ) + ĉ . Thay vao (4), ta dudc 

/ ( l ) + c 2 + 2 c = ( c + l ) [ / ( l ) + c] 

=^fil) + + 2c = c/(l) + c2 + / ( I ) +c=>c= c/( l ) . • • 

M a c G N * nen suy ra / ( I ) = 1 va c = 2. Do do theo (3) t h i ' ' 

/ ( X + 2) = /(X) + 2 , V X G N ' . ,.^„.,, (5) 

T i t / ( I ) = 1, /(2) = 2 va (5), bSiig quy nap, ta chiing minh dUdc 

/ ( X ) = X , V X G N * . ^ (6) 

T h i i lai thay rkng ham so xac dinh bdi (6) thoa man cac yeu cau de bai. 

B a i toan 4.89 (International Zhautykov Olympiad-2012). Ton tai hay khong 

hai so nguyen m, n vd ham so / : R —» R thoa man dong thdi hai dieu kien: 

fifix)) = 2/(x) - x - 2, VX G R . 

m<nvdf{m) = n. , 
(1) 

(2) 

G i a i . Gia sii ton ta i hai so nguyen m , n va ham so / : R —» R thoa man 
cac yeu cau da noi trong de bai. Dat n - m = fc vdi /c G N . Tir (2) ta c6 
/ ( m ) = m + k. Dat m j = f{m). K h i thay m vao (1), ta thu dUdc: 

n , i „ f{mi) = mi + {k-2). 

Dat m 2 = / ( m i ) . K h i thay m i vao (1), ta t h u ditdc / ( m 2 ) = m 2 + (fc - 2.2). 

• Ci't dat lion tiep kieu nip = / ( m p _ i ) va the vao (1), ta se thu dUdc 

. ; ; / ( m p ) =mp + {k- 2p), Vp G N * . 

• Co 2 kha nang xay ra: , • , 
o Neu A; ch§jn, tulc la A: = 2r, t h i k h i do / ( m ^ ) = m ^ , the m r vao (1) t a c6: 

nir = 2mr - m r - 2 0 = - 2 (v6 ly ) . , 

o Neu A; le, tdtc la A: = 2r + 1 , t h i khi do / ( m r ) = m r + 1, the m r vao (1) ta 
CO / ( m r + 1) = m r . T i l day lai the m r + 1 vao (1) r u t ra « 

m r + 1 2mr - ( m r + 1) - 2 0 = - 4 (vo ly ) . , , j 

Hy cau t ra Idi la khong ton t9,i. • 

Bai todn 4.90. Cho ham sd / : N * -» Z thoa man 

f{x + \fiy)\}=x+J{y),\/x,y€W. (1) 

^^t m — min {/(x)|x G N * } . Chitng minh rdng /(x) = x, Vx > m . 
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G i a i . K i h i ?u P{u, v) ch i vi§c thay x hdi u vhy hdi v vao (1 ) . 
• G i a s i i t o n t§d a € N ' sao cho |/(a)| < a. 

P(a- |/(a)|,a) => f{a) =a- |/(a)| + /(a) |/(a)| = a ( m a u t h u t n ) . 

V i the |/(x)| > X , Vx <E N * . • (2) 
• G i a s i i t o n t a i a e N * sao cho f{a) < 0. ThUc hi§n P ( - / ( a ) , a ) t a duoc 

/ ( - 2 / ( r t ) ) = 0, d i eu nay m a u t h u a i i vd i (2), v i - 2 / ( a ) G N * , do do 

/ (x ) > 0 , V x e N * . (3) 

T t t (3) va (1) suy r a / : N * N va . 

f{x + fiy))=x + f{y),^x,yGN\) 

D o m = m i n { / ( x ) | x e N * } nen t o n t a i y e N* sao cho / (y ) = m . Vd i mo i 

X > m , t a CO X - m = xn e N* va 

/ (x ) = /(xo + m ) = f (xo + / ( T / ) ) = X O + f{y) = X Q + m = x . 

B a i l o a n 4 . 9 1 . Tim tat cd cnc ham s6 f : Z -* Z thoa man / ( x ) 7^ 0 vdi 

mot x^Ova ^^""/^ f ^ - f - + - f - , Vx, y € Z . (1) 
f{xy) / ( x ) /(y ) 

G i a i . K i h i eu P{x,y) l a phep the ( x ; y ) vao (1) . 

- ' f = M-̂ < '̂"̂ -
T r i f o i n g h d p 1 : /(O) 7̂  0. 

P ( 0 , 0 ) ^ l = - ^ ^ / ( 0 ) = 2. 

P ( l , 0 ) =^ ^ = + 1 ^ [/(I) + 1] [/(I) - 2] = 0. ' 

• X e t / ( I ) = - 1 . 

P ( x , l ) = . : ^ ^ ^ = - ^ - l ^ / ( x ) + / ( x + l ) = l , V x e Z . (2) 

T i r (2) cho X = 2 t a dvtdc: /(2) + /(3) = 1 ^ /(3) = - 1 . 

T i f (2) cho X = 3 t a di tdc: /(3) + /(4) = 1 =^ f{4) = 2. 

B a n g q u y nap , t a chi 'mg m i n h dUrtc: 

, / X _ / 2 k h i X = 2k, keZ / Q ) (|:>, •'̂•̂^ - 1 - 1 k h i X = 2 n + 1, n e Z . "̂̂̂  
T h i i l a i : g ia sijf h a m / xac d i n h bd i (3). K h i do: 
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- K h i X va y c u n g chan, t a c6: -j—- + = ^ f ^ = 1, vay 
fix) f{y) f{xy) 

h a m / xac d i n h b d i (3) t hoa m a n (1). 

- K h i X va y cung le, t a c6: J - + J - = - 2 , Z ^ ± l l = -1 = _ 2 , 
fi^) f{y) fixy) - 1 

vay h a m / xac d i n h b d i (3) t h o a m a n (1). 

- K h i X va y khac t i n h chan le, t a c6: 

1 ^ 1 ^ 1 / ( x + y ) ^ - l ^ 1 H / (y ) 2' f{xy) 2 2 ' ,,. . 

^Sp* vay h a m / xac d i n h b d i (3) thoa m a n (1). • ' ' , ' 

^H, N h u vay h a m / xac d i n h bd i (3) t hoa m a n (1 ) . ,.,,,1 

B • X e t / ( I ) = 2. 

• P(.,. )-=aLi_l)=^ + i - / ( x + . ) = . + ^ , V . . Z ^ (4) 

H|' T i f (4) suy r a neu / (x ) = 2 t h i / ( x + 1) = 2, / ( x - 1) = 2/ (x ) - 2 = 2. 
bo do / ( x ) = 2. Vx e Z . T h i i l a i thay dung . 

» r f & n g h d p 2: /(O) = 0. 

• P ( x , - x ) ^ 0 = - i - + - i — =^ / ( - x ) = - / ( x ) , Vx e Z ^ . 

• p(2, -i)^zm = i _ _ L ^ + _ 2 = 0 [ -̂ gj 1 
^ R » - X e t / ( I ) = 1. 

P ( x , l ) ^ ^ ^ ^ ^ = - ^ + l : ^ / ( x + l ) = / ( x ) + l , V x e Z . 

T\t day bang q u y nap , t a ch i i n g m i n h d i idc : / ( x ) = x , Vx € Z . De t h a y 
^H|t h a m nay t h o a m a n cac yen cau de ba i . .,s n _ ,,s. 

H» X e t / ( I ) = - 2 . P(2, l ) ^ M = i - i = 0 = ^ /(3) = 0, t r a i vd i g ia 

t h i e t fix) ^ 0 vd i m o i x 0. ' -

^£'t l uan : cac h a m so t h o a m a n yen cau de ba i la: 

/ ( X ) = 2, Vx 6 Z ; / ( X ) = X , Vx 6 Z ; / (x ) = { ^^ ^ = 
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B a i t o a n 4.92 ( D l t h i Olympic Toan Quoc te nam 2012). Tim tat cd cdc 
ham so f : Z "Z thoa man : vdi a, b, c la cdc so nguyen sao cho a + 6 + c = o 
thi 

f{af + fibf + fief = 2f{a)f{b) + 2/ (6) / (c) + 2 / ( c ) / (a ) . ( l ) 

G i a i . Tir (1), l4y a = 6 = c = 0, ta d u d c 3/(0)2 ^ 5^(0)^ ^ /(O) = 0. Vai 
b = -a, c = 0, suy ra, v6i mpi a € Z, ta c6 

fiaf + f{-af = 2 / ( a ) / ( - a ) ^ [/(a) - / ( - a ) ] ^ = 0 ^ / ( - « ) = / ( a ) . 

Vdi c = - a - 6, ta d U d c 

}\af + j{bf + / ( a + bf = 2f{a)f{b) + 2f{a + b).[f{a) + fib)], Va, b € Z. (2) 

K i hieu Piu,v) chi vi§c thay a hdi u va thay 6 bcii v vao (2). Thitc hien 
P(a, - 6 ) , ta d i t d c 

/ ( a ) 2 + / {6 )2 + fia - 6)2 = 2 / (a) / (6) + 2/ (a - 6)[/(a) + fib)]. (3) 

Lay (2) t r i i (3), ta duoc 

fia + 6)2 - fia - 6)2 = 2[/(a) + / (6 ) ] ( / (a + 6) - / ( a - 6)]. 

Nhit vay, vdi mpi so nguyen a va 6 thi / ( a + 6) = / ( a - 6) hoac 

/ ( a + 6 ) + / ( a - 6 ) = 2 [ / ( a ) + / {6) ] . 

Vdi a = 6 = 1 ta d U d c / (2 ) = 0 hoac / (2 ) = 4/(1) . 
TriTctng h d p 1 : / (2 ) = 0. Thi.rc hien P(a, 2), ta d i l d c 

/ ( a ) 2 + / ( a + 2)2 = 2/(a + 2) / (a ) , Va,6 6 Z 
- t * [ / ( a ) - / ( a + 2)l2 = 0, V a , 6 e Z 
^ / ( a ) = / ( a + 2),Va,6 6 Z . (4) 

Neu a chan (a = 2/c, fc € Z) t h i t i t (4) suy ra / (a ) = / (2 ) = 0. Neu a le th i tCr 
(4) suy ra / (a ) = / ( I ) , do do / (a ) = e, vdi e la hang so nguyen. 
T r i f d n g h d p 2 : / ( 2 ) = 4/ (1) . Dat / ( I ) = e. Ta cd /(O) = O ê, / ( I ) = I'-̂ e-
/ ( 2 ) = 2'^c. Gia /(fc) = A:̂ ,̂ vdi A: € { 1 , 2 , . . . , n } . Thitc hien P ( l , n ) , ta dildc 

r,2 + r? f̂;2 ^ y ( „ ^ ^ + 2(n2 + l),/-(n + \)c 

^ [ / ( n + 1) - (n + l ) ' e ] [ / ( n + 1) - (n - 1)^1 = 0. 

• Neu fin + 1) = (n - l ) 2 e th i th\fc hien P (n + 1 , 1 - n) , ta d U d c 

• " • 2 (n - l )4e2 + IGe^ = 2 (n - 1)^6^ + 16(n - l )2e2 ^ 

<t4>16e2 = 1 6 ( n - l ) 2 e 2 ^ ( n _ l ) 2 = i = ^ „ ^ 2 . " 
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Do do / ( 3 ) = e. Thuc hien P ( l , 3 ) , ta diroc , ; . 

2e2 + / ( 4 ) 2 = + 4 / ( 4 ) e ^ / ( 4 ) 2 = 4 ^ / ( 4 ) ^ f / r 4 ^ = Q 

L / ( 4 ) = 4 e = / ( 2 ) . 
N l u / (4 ) 7̂  0 th i 

P(2,2) ^ / ( 2 ) 2 + / ( 2 ) 2 + / ( 4 ) 2 = 2 / (2 )2 + 4 / (2 ) / (4 ) 
^ / ( 4 ) 2 = 4 / (2 ) / (4 ) ^ / ( 4 ) = 4/(2) . , 
=^ / (2 ) 4/(2) / ( 2 ) = 0, 

den day ta gap mau thu§,n v i dang xet / ( 2 ) ^ 0. Vay / ( 4 ) = 0. \^ '• 

P(a, 4) =^ fia)' + fia + 4)' = 2fia + 4)fia) ' ^, 

=> fia) = fia + 4), Va e Z. . 

i O khi n = 4k 

e k h i n = 4 A ; + l • . , . . , r " 
4e k i l l n = 4yt + 2 ' 

w , ^ k l i i n = 4A,- + 3. 

i :4:V^l'z"-' ••̂ >-̂ " " " » P t a / ( „ , = A , v„ e N, 
Nlur vay : fin) = en^, Vn 6 Z (e la hkng so nguyen) (5) » ^'(") = {e k h i n = i + 1 e la hang s6 nguyen) (6) 

i ( 0 khi n = 4k 
I / ( " ) = { c kh i n le (fc e Z, e la hang so nguyen). (7) 
p I 4e khi n = 4A; + 2 
hu; lai : 

• Gia sir / la ham .so xac dinh hdi (5). Vdi a, 6, c la cac so nguyen thoa man 
a + 6 + c = 0, ta CO 

• f ( - f + m' + fic)' = e^a' + b' + ,4^ '•''-^-•''•''^ 

m 2 fia) fib) + 2/(6) / (e) + 2 / (c ) / (a) = 2eHa'b' + , V + c'a') 9 

M a a + 6 + c = 0 n e n 

+ 6^ + c" = (a2 + 62 + c 2 ) ' - 2 (a262 + 62c2 + c2a2) 

= [(o + 6 + c)2 - 2(a6 + 6c + ca)]' - 2 (a262 + 62c2 + c2n2) 

= ( -2(a6 + 6c + ca)p - 2 (0^62 + 62c2 + c2a2) 

=4 [(«262 + 62^2 + c2a2) + 2a6r(a + 6 + r)] - 2 (a262 + 62r2 + c2a2) 
=2(a262 + 62c2 + c 2 a 2 ) . 
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D o do, tit (8) va (9) suy r a 

f{af + fib)' + f{c)' = 2/(a)/(6) + 2/(6)/(c) + 2/(c )/(a) . 

Vay h a m so xac d i n h bcri (5) t h o a m a n cac yeu ciu de b a i . 

• G i a s i i / l a h a m so xac d i n h bcii (6) va a, 6, c 1^ c ^ so nguyen t h o a man 
a + b + c = 0. K h i do, t r o n g ba so a, b, c c6 ha i so le va 1 so chSn. Vay 

/(a)2 + f{bf + f{cf = 2e' = 2/(a)/(6) + 2/(fc)/(c) + 2/(c )/ {a ) . 

D o do h a m so xac d i n h b d i (6) t hoa m a n cac y eu cau de ba i . 

• G i a sijf / l a h a m so xac d i n h b6 i (7) va a, b, c la cac so nguyen thoa man 

a + h + c = 0. D o va i t r o cua a, b, c. t r o n g (1) la b i n h d ia i g va a + b + c = Q 

nen ch i can xe t cac t r i l d n g hdp sau : 
o Tr ixdng hop a le, fc le, c = Ak. K h i do 

f{af + + }{cf = 2e2 = 2/(a)/(6) + 2/{fc)/(c) + 2/(c )/ {a ) . 

o T r i rdng hop a le, 6 le, c = 4A; + 2. K h i do 

+ J{bf + = 18R2 = 2/(a)/(6) + 2/ (6 )/ ( r ) + 2/(c )/ (a ) . 

Vay h a m so xac d i n h b d i (7) thoa m a n cac y eu cau de ba i . 

K e t l u a n : cac h a m so thoa m a n yeu cau de ba i difdc xae d in lv bd i (5) , (6), (7). 

• IS: %. • f 

2;:. :,. :•: 
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j ' ' • ' ' . ; 0 ! 3 - ^Su; ,rf)'/ j 

Chu'dng 5 r ^ H - - ' 

i ' I e r r 1 r i i ' . . . • 

SiJ dung day so de giai mot so 
dang phi:fdng tr inh ham 

n 

5.1 PhLTdng trinh ham dang Yl o-ifi ( ^ ) 9 (x) = 0 
5 . 1 . 1 C a c h g i a i . 

Xet phUdng t n n h h a m : 

^ Oi/i ( x ) + 5 (x ) = 0, v 6 i / „ ( x ) = . . . ) ) 

(v6i f{x) la h a m c a n t im; a j , 0 2 , . . . , a„ l a cac so hang so cho t r u 6 c ) . 

• G i a s i i / l a h a m so thoa de bai. V d i moi x thuoc tap x a c dinh c i i a h a m 
so f{x), t a xay diTng day so (u„) n h u sau: u^i •lui 

uo = x, ui = f{uo) = fix), 

"2 = / ( " i ) = / ifix)),n„+i = / ( u „ ) , V n e N . 

• T i m so hang t 6 n g qu4 t c i ia day (u„), t fr do suy r a UQ v a ui = fix). 

I • T lu ' t lai v a ket iuan. - o f-rn i 

|wu y. K i thuat xet day so n h u the nay da dUdc sit dung trong m u c 4 .2 .1 : 

W dung niQt so t inh chat c i ia day so (d trang 464). ^ ^ 

^ • 2 C a c bM t o i n . [t) tii i) < izy, K t o a n 5 . 1 . Tim tat cd cac ham so f : [0; +00) [0; +00) thoa man 

/ (x ) + / (/ (x ) ) = 2 x , V x > 0 . (1 ) 

515 



G i a i . Vdi moi x G [0; +00) ta xay di^ng day so (u„)„ nhu sau: 

UQ = X,Ui = /(7/.0) = f{x),U2 = / ( M I ) , . . . , W n + l = /(w„),. . . 

Do u„ = /(u„- i ) e [0; + 0 0 ) nen u„ > 0, Vn e N. Trong (1) lay a; = u„ duoc 

i t „ + 2 + i t „ + i - 2u„ = 0,Vn = 0 ,1 ,2 , . . . ; , . t O i .. 

Phildng t r i n h dSLc t rung 4- A - 2 = 0 c6 hai nghiem la 1 va - 2 . Do do 

n„ = a + /3(-2)",Vn = 0 ,1 ,2 , . . . 

C d c h l . T a c 6 
2n 

0 r,2n+l 
0 < U2„+i =^ 0 < a - ^.2'^"+' /3 < a . (^2; 

< / ? < a . f ^ j , V n = : 0 , l , 2 , . . . ' 

1 ^ 2 n + l 

- " • ' . 2 1 
(2) 

T i t (2) cho n - » + 0 0 va sii dung nguyen l i kep ta dUdc /? 0. Vay: 

{ = g = 5 ^f{x) = x. 

Do X lay t u y y trong [0; + 0 0 ) nen: 

/(x) = I , Vx G [ 0 ; + 0 0 ) . 

Th\lt lai thay thoa man. Vay c6 duy nhat mot ham so thoa man dc bai la 

f{x) = i , V x > 0. " 

C a c h 2. Do UQ = x,ui = f{x) nen 

Do do 

u„ 

/2x + /(x) x - / ( x ) 

( -2 ) " , Vn = 0 , l , 2 , . . . ' (3) 

. Neu X - f i x ) > 0 t h i tfr (3) ta c6 ^hm^U2„+i = -cx), suy ra ton t ^ i n £ 

sao cho U2n+i < 0, mau thuan. v t^?! ^ 
• Neu X - /(x) < 0 t h i t i l (3) ta c6 ^ l i m ^ w 2 n = - 0 0 , suy ra ton t g i n e 
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>ao cho U2„ < 0, mau thuan. 
Vay /3 = 0 hay /(x) - x = 0. Do x lay tuy y trong [0; + 0 0 ) nen: 

/(x) = X , Vx e [0; + 0 0 ) . 

Thur lai thay thoa man. Vay c6 duy nhat mot ham so thoa man de bai la 

/(x) = x , V x > 0 . . . 

i B a i toan 5.2 ( D u tuyen I M O 1992). Cho a, b la hat sS thyCc duang. Tim tat 
cd cdc ham so f : [0; + 0 0 ) —» [0; + 0 0 ) . sao cho: 

/(/(x)) + a/(x) = 6(a + 6 ) x , V x € [0;+oo). . (1) 

; G i a i . Gia sil / la ham ,s6 thoa dc bai, khi do ta c6 (1). Vdi moi x € [0; + 0 0 ) , 
' ta C O dinh x va xay dUng day (u„) nhu sau: 

; uo = X , Ml = / ( M O ) = /(x) , M2 = / ( M l ) = / {fix)),Un+1 = /(u„), Vn G N . 

'T\t (1) thay x hdi Un G [0; + 0 0 ) ta dudc: 'iiyi ' 1'' • 

u„+2 + aun+i - t (a + 6)M„ = 0, Vn G N . 

Phudng t r i n h dXc t n m g cua day so { M „ } la A^ + aA - b{a + b) = 0. PhUdng 
tr inh nay c6 liai nghiem la va - ( a + 6), do do 

Un = a.b" + p [-{a + b)]" , Vn = 0 ,1 ,2 , . . . (p la hang so se tlm sau). 

Ta C O Un = / ( M „ _ J ) G [0; + 0 0 ) . Vay M „ > 0,Vn = 0 ,1 ,2 , . . . Ta c6 ,t,w ' 

0<U2n=^P>-
b \ 

a + b 

2n 

0 < M2„+, ^ p < 
( b 

a + b 

a 
2n+l 

Hdn niia 0 < < 1 nen t i i 
a + b 

-[—b) " - ^ ^ ( ^ J « .Vn = 0 , l , 2 , . 

cho n ^ + 0 0 va suf dung nguyen ly kep ta dUdc 0 = 0. Vay M „ = a6", Vn 
i IT day ta c6: 

G N . 

\ ab => f{x) = 6x. 

J h i i j ^ i thay ham so /(x) = 6x, Vx G [0; + 0 0 ) thoa man cac veu cau de bai. 
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B a i t o a n 5 . 3 . Tim tat cd cdc ham so f : [0; + 0 0 ) [0; + 0 0 ) thoa man 

/ { / ( x ) ) + 4 / ( 0 : ) - 2 1 3 : = 2009, V x G [ 0 ; + 0 0 ) ( i ) 

G i a i . G i a s i i / l a h a m so thoa de ba i , k h i do t a c6 (1) . V 6 i m o i x e [0; + 0 0 ) ^ 

t a C O d i n h x va xay d i t n g day (un) n h i t sau: 

uo =x, ui= / (uo) = f{x),U2 = / ( u i ) = / ( / ( x ) ) . . . , u „ + i = / ( u „ ) , V n e N . 

T i r (1) thay x bd i u„ e (0; + 0 0 ) t a di tdc: i'.< 

u„+2 + iun+i - 21u„ = 2009, V n = 0 , 1 , 2 , . . . 

P h u d n g t r i n h dac t rUng + 4A - 21 = 0 c6 cac n g h i ^ m la 3 va - 7 do do: 

7 i „ = n . T + fl{-7T + a, Vn = 0 , 1 , 2 , . . . 

vdi 0 la hang so se t i m sau, con so a t hoa m a n phuong t r i n h 

a + 4a - 21a = 2009 ^a = -

• i i. I . _ 2009 ' 

2009 

16 

= ^ u „ = a . 3 " + / 3 ( - 7 r - ^ , V n = 0 , l , . . . 

V i un = / ( u „ - i ) e [0; + 0 0 ) nen u„ > 0 ,Vn G N. D o do vd i m o i n e N t a c6 

0 < U 2 „ 0 < Q . S ^ " + /37^" -j2n 2009 

16 
P>-a- + 

2009 

,̂  „ , , V ' / 

16 

16.72n-

[ 7 ) 16.72"+! • 

2009 

Bd i vay 

f3V" 2009 ^ 

I 7 / 1 6 . 7 2 n - ^ - I 7 

2009 
16.72n+l 

, V n = 0 , l , 2 , . . . 

T i r day cho n — + 0 0 va si't d u n g nguyen l y kep t a d iMc (3 = 0. Vay 

u„ = a . 3 " - ^ , V n = 0 , l , 2 , . . . 
16 

D o do ta C O 

txo = Q -
2009 

16 
= x, ui= fix) = 3 a -

2009 

16 
= 3 

/ 2009 \ 2009 

16 • 

V i j ; lay ba t k i t r o n g t ap xac d i n h ci ia h a m so / nen 

k(Sm U -.1.,. fi^) = 3 i + ^ , V a ; € [0; + 0 0 ) . > 
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Thiir la i thAy t h o a m a n . Vay co d u y nha t m o t h a m so t h o a m a n de ba i l a 

2009 -
/ ( x ) = 3 x + ^ , V x e [ 0 ; + o o ) . 

B a i t o a n 5 .4 . 71m tat cd cdc ham so f : [0; + 0 0 ) —> [0; + 0 0 ) thoa man 

/ (/(x) + 3) + 2/(x) - 35x = 15, Vx e [ 0 ; + 0 0 ) . ' (1) 

Htf<3ng d i n . D a t / ( x ) + 3 = ^^(x) thay vao (1) t a dUdc 

/ ( 5 ( x ) ) + 2 [ 5 ( x ) - 3 ] - 3 5 x = 1 5 
« . g ( 5 ( x ) ) - 3 + 2 [ p ( x ) - 3 ] - 3 5 x = 15 

{g{x)) + 2g{x) - 35x = 24. ., ^ 

B a i t o a n 5 .5 . Tim tat cd cdc ham so f : [0; + 0 0 ) —» [0; + 0 0 ) thoa man 

f if ifix))) + 4 / (fix)) - 3/(x ) - 18x = 0, Vx G [0; + 0 0 ) (1) 

G i a i . G i a sit f l a h a m so t h o a dc ba i , k h i do t a co (1). V d i m o i x G [0; + 0 0 ) , 
t a CO d i n h x va xay d u n g day ( t i „ ) nhir sau: 

no = X , M l = / ( 7 / . 0 ) = / ( x ) , W2 = = / (/(x) ) , ...,Un+i= f{un),yn G N . 

T i t (1) t h a y x b d i u„ G [0; + 0 0 ) t a dUdc: ' 

i | , U n + 3 + 4u„+2 - 3u„+i - 18u„ = 0, V n = 0 , 1 , 2 , . . . 

^ • ( d n g t r i n h + 4 A 2 - 3A - 18 = 0 co ngh i em A i = 2, A2 = A3 = - 3 , do do 

H Un = Q . 2 " + iPn + 7) ( - 3 ) " , Vn = 0 , 1 , 2 , . . . 

H|u„ = / ( i/ „ - i ) G [0; + 0 0 ) , nen M „ > 0 ,Vn G N . Do do vd i m o i n G N t a co 

0 < U2n =^ 0 < a .22" + (2/?n + 7) 3^" =^ 20n3'^" > - a . 2 2 " - 73' 2n 52n i 2 n , 2 n 

2 \ ^ " 1 1 
a -U ' 2n ^ ^ ^ n 

Doo 

% 0 < a .22 "+ i - (2/3n + 7 + /3) 32 " + i =^ (2/3n + 7) 3^"+' < a.2^"+' - p.3^"+' 

2/3n + 7 < a . 
/2V"+' 
V 3 y 

(2 
a 

2 n + l 

. J - - / ? . i - - 7 - L 
2n 2n ' •2n 

(2) cho 7i + 0 0 ta dirdc (i < 0. Suy ra /? = 0. Do do 

u„ = a . 2 " + 7 ( - 3 ) " = 2 " , V n = 0 , l , 2 , . . . . 

(2) 

(3) 



2 n + l 

• Neu 7 > 0 t h i do lira ( - ^ ) = - l im ( ^ ) = - o o nen t i t (3) 

suy ra u„ < 0 vdi n Ic va du 16n, don day ta gftp man thuan. 

• Neu 7 < 0 t h i do hm ( ) = hm ( - ) = + o o nen t i t (3) suy ra 
n->+oo \ I j n—»+oo \ l ) 

u„ < 0 v6i n chan va du 16n, den day ta gap man thuan. 
• Vay 7 = 0 va u„ = a.2", Vn = 0 ,1 ,2 , . . . . Do x = uo = Q va /(x) = u i = 2a 
nen /(x) = 2x. Do x lay tuy y trong [O; +oo) nen /(x) = 2x, Vx G [0; +oo). 
T h i i lai dung. 

L i f u y . Ta c 6 the chilng.minh /? = 0 tuong t u nhit chiing minh 7 = 0 nhu 

sau: Ta c6 
r / 3 \
a  +  (/3n + 7 ) 

i i „ = 2" 
V 

,Vn = 0 , l , 2 , . . . (4) 

. Neu ^ > 0 t h i t i t (4) suy ra u„ < 0 vdi n le va du l(3n. 

• Neu /3 < 0 t h i t i t (4) suy ra u„ < 0 v6i n ch&n va du 16n. 

• Vay /3 = 0. 

B a i toan 5.6. Tim cdc ham so f : [0; + 0 0 ) ^ [0; + 0 0 ) thoa man 

.2\ 
/ ( / W ) + / (x )= 26 + X . 

Hitdng dan giai. Dat a = 26''°°\a thu d U d c /(x) = 263'~'x, Vx e [0; + 0 0 ) 

B a i toan 5.7. Tim tat cd cdc ham so f : [0; + 0 0 ) [0; + 0 0 ) thoa man 

/ (fix) - x) = 2 i , Vx > 0. 

G i a i . TiJt tap xac dinh cua ham / suy ra /(x) > x, Vx > 0. Dat: 

g{x) = fix) - X , Vx G [0; + 0 0 ) . 

Ket hdp vdi (1) ta ditdc: 

9 (gi^)) = / {9{^)) - 9{x) = f (/W - x) - fl(x) = 2x - g(x) . 

N h u v^y ham so g : [0; + 0 0 ) -» [0; + 0 0 ) thoa man: - ' ' ' - i ; . 

fr.s -l 5 ( x ) + 5 ( 3 W ) = 2 x , V x > 0 . ^ ^ ( . 

T i t (2), sii d y n g ket qua bai toan 5.1 d trang 515, t a d U d c : 

• • ' p(x) = x, VxG [0;+oo). 

Do do: /(x) = 2x, Vx G [0; + 0 0 ) . T h i i lai thay thoa man. 
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(1) 

(2) 

B a i toan 5.8. Tim tat cd cdc ham so f : [0; + 0 0 ) [0; + 0 0 ) thoa man 

/ ( x / ( 2 / ) ) + / ( y / ( i ) ) = 2 x 2 / , V x , y G [0 ;+cx,) . ' (1) 

G i a i . Trong (1) cho x = 1/ = 0 d i t d c /(O) = 0. Trong (1) cho x = j/ > 0 d U d c 

/(x/{x)) = x 2 , V x > 0 . . . . (2) 

fls T a se chufng minh / la d d n anh. Gia sii / ( x i ) = / { X 2 ) . K h i d o 

UL. f / ( I l / ( x i ) ) = / f x , / f x 2 ) ) t h e ^ ( 2 ) r X 2 = / ( X 1 / ( X 2 ) ) 

• | ; I / ( : r 2 / ( x 2 ) ) = / ( x 2 / ( x i ) ) ^ \ = f{x2f{x,)) ^ 

^ K , Cong lai va s i i dung (1) ta d U d c xf + xl = 2x\X2 ^ x\ x^- Vay / la d d n 

^ • ^ h , suy ra / ( I ) 7̂  /(O), hay / ( I ) 7^ 0. Trong (2) cho x = 1 ta d U d c 

/ ( / ( l ) ) = l = ^ / ( l ) . / ( / ( l ) ) = / ( l ) . 

/ ( I ) = 1 
/ ( l ) = - l ( l o a i ) . 

• • (3) 

Suy ra 

/ (/ ( I ) ./ (/(I))) = / (/(I)) ' ' 1 ^ ^ ' ^ [/(1)]2 = 1 o 

Vay / ( I ) =3 1. Trong (1) l a y 2/ = 1 ta ditdc >i 

/(x) + /(/(x)) = 2 x , V x > 0 . 

Theo bai toan 5.1 c) trang 515, ta d U d c /(x) = x, Vx G [0; + 0 0 ) . T h i i lai thay 
thoa man. Vay c6 d u y nhat mot ham so thoa man d e bai l a /(x) = x, Vx > 0. 

B a i toan 5.9 (De t h i chon d o i tuy6n Singapore n a m hoc 2001-2002), Tim 
tdt cd cdc ham f : [0; 1) —> [0;3) thoa man dieu kien 

. v w . / (/(x) ) + /(x) = 1 2 x , V x > 0 . (1) 

[Giai. Gia siSf / la ham so thoa d e bai, khi d o ta c6 (1). V6i m p i x G [0; 1), ta 
CO d i n h x va xay d U n g d a y (u„) nhit sau: 

Uo = X , = / ( u o ) = /(x) , U 2 = /( t i l ) = / ( / ( i ) ) , . . . , un+i = f{u„)yn G N . 

Tiuf (1) thay x bdi u„ G [0; 1) ta d U d c : u„+2+u„+i - 1 2 u „ = 0, Vn = 0 ,1 ,2 , . . . 
.Phudiig t r i n h d a o t r i m g cua d a y so {u„} la 

f ' A2 + A - 12 = 0 ^ A G {3, - 4 } . 

C>o d o : u„ = a . 3 " + /3 ( - 4 ) " , Vn = 0,1,2, ... v d i (3 la h k n g s o s e t i m s a u . Ta 
Co 

wn - / ( w n - i ) G [0 ;1) . 
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D o d 6 v 6 i T n Q i n = 0 , l , 2 , . . . t a c 6 ,. ^^^^^ 

, 0 < U2„+i =^ 0 < a.3 ^4 P \^47 . 

/ 3\2n / g s Z n + l . 

Bdi vay - a I - j < /? < a f - j , Vn = 0 ,1 ,2 , . . . TiJt day cho n - » +oo 

va Slit dung ngiiyen l y kep ta dUdc P - 0. Vay u„ = a.3", Vn = 0 ,1 , 2 , . . . Do 

do t a CO 

UQ = n = X, ui = f{x) = 3a = 3x. 

V i I lay bat k i trong [0; +oo) nen / ( i ) = 3x, Vx € [0; +oo). T h u lai thay thoa 

man. Vay c6 duy nhat mot ham s6 thoa man dfi bai la 

, V . ; , . ,1 / ( x ) = 3 x , V x e [0;1). 

5.1.3 X a y diAig day so thong qua h a m ngi/cTc. 

B a i toan 5.10 (De th i HSG Quoc gia - 2012). Tim tat cd cac ham so f xdc 

dinh tren tap so thiic R, lay gid tri trong R va thoa man dong thdi cac diiu 

kien sau: 
(1) / la toan anh tit: R den R ; 
(2) / la ham so tang tren R ; 
(3) fifix)) = fix) + I2x vdi moi so thuc x. 
Gia i . Neu /(x) = /(y) th i /(/(x)) = /((/(y)) nen t\l (3) suy ra 12x = 12y, 
do do X = y. Vay / la ddn anh. Ket hdp vdi (1) ta c6 / la song anh. Goi 
la ham ngUdc ciia / t h i do (2) nen cung la ham tang. Thay x = 0 vao 
(3) ta ditdc /(/(O)) = /(O). Do / la song anh nen t t t day suy ra /(O) = 0. 
Lay hai vg ta suy ra /-'(O) = 0. Dat /_„(x) = r\r^•••{r\x))), n 
Ian, de thay /_„ la ham tang va /-„(0) = 0. Xet day (a„ ) vdi 

ao = / ( x ) , o i = x,a„ ^ / " ' ( a „ _ i ) (vdi n = 2 ,3 , . . . ) . 

Thay x bdi / " ' ( a „ _ i ) vao (3), ta dUdc a„_2 = a„_i + 12a„. Giai phudng t r inh 

sai phan nay, t a t i m diMc , 

/_„(.) = /-K) = = i i ^ ( - 3 ) - . + 5£iM4-. 
Xet vdi X > 0, CO dinh. Kh i do / - n ( x ) > 0 vdi nioi n (do /_„ la ham tang). 

3x + f{x) > 0. Cho n = 2fc, n = 2A; + 1, ta thu dUdc 

, , , , , | ^ 4 y ^ ^ - ' ^ 4 x - / ( x ) | ^ 4 y ^ ^ ^ / ( x ) - 4 x 
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Cho A; - » + 0 O ta thu dUdc 4x < /(x) < 4x, suy r a /(x) = 4x. Tit A6 /(x) = 4 * 
vdi mpi X > 0. Vdi X < 0, c6 dinh. Khi do /-„ (x) < 0 vdi moi n, 3x + /(x) < Q. 
Hoan toan tUdng t u ta ciing suy ra /(x) = 4x vdi moi x < 0. K i t hop cac 
trudng hdp ta dudc /(x) = 4x, Vx e R. T h i i lai t a thay ham nay thoa man 
phrtdng trinh ham ban dau. Vay /(x) = 4x la ham duy nhat thoa man cac 
yeu eau bai toan. 
Lifti y. Van de 6 bai toan V M O 2012 la ham so / xac dinh tren tap so thuc 
R, lay gia tri trong R, phUdng trinh dac trung x ^ - x - 1 2 = : 0 c 6 nghiem - 3 
va 4 (nghiem am c6 tri t\iyct doi bo hdn nghiem dUdng, cac bai toan trudc 
thi nghiem am c6 tri tuyet doi Idn hdn nghiem dudng), do do neu lam bang 
phUdng phap tUdng tU thi khi n —> +oo khdng suy ra dtfdc ket qua mong 
muon. V i the t a phai cho n -oo va vi vay c i n diing den f~^. Do la diem 
khac biet can ban va cung la y mdi ci ia bai V M O 2012. 

Ba i toan 5.11 (Brazilian MO, 2012). Tim tat cd cac toan anh j 

/ : (0 : + 0 0 ) ^ (0 : + 0 0 ) ' 

thoa man 2i ./(/(x) ) = /(x) (x + /(/(x))), Vx > 0. , . i 

Gia i . Ta CO (1) tUdng dUdng vdi 

2x/ (fix)) =xf{x) + f{x)f (/(x)), Vx > 0 

— 
/(x) 

1 1 

/ ( / ( ^ ) ) X 

(1) 

(2) 

Neu ton tai x > 0 va y > 0 sao cho /(x) = f{y) th i /(/(x)) = f{f{y)). T i i 
(2) ta CO 

1 1 _ _ 2 _ _ _ 2 _ 
/(/(x)) + x ~ f{x)~J{y) 

1 1 

fifiy)) y 

1 1 
X / ( u o ) 

Un+1 = 

Vay / la ddn anh, suy ra / la song anh, do do ton tai ham so ngUdc f~^. V6i 
nipi X € (0; +oo), ta c6 dinh x va xay dUng day (u„) nhu sau: 

- - ^ , V n e N . 

^rong (1), thay x bdi u„ = / (u„_ i ) > 0, ta dUdc 

2u„+i -- u „+2 +Un, Vn e N 
- Un+1 = Wn+ l - U „ , Vn £ N. >̂  

Nlm vay day so (u„) la cap so cpng cd cong sai d = ui - UQ = 

do 

J - - i . D o 
fix) X 

u„ = u , + (n - l ) d = + (n - 1) 
1 

fix) 
, Vn e (3) 
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, _ J _ < i th i t i f (3) suy ra l im u„ = -co, do do ton tai n du 16u 
f{x) X n - ^ + o o 

aao cho un < 0, mau thuan vdi gia t h i l t / : (0 : +oo) ^ (0 : +oo). 

, Ngu J _ > i t h i ta xay dung day s6 (a„) nhu sau : "/^ 

Oo = 

iff!-

Trong (2) thay x hdi r\an+i) ta dvfdc a„+2 + a„ = 2a„+i, Vn € N. Tuong 
tU nhu tren ta thu dvidc 

a„ = ai + (n - l ) ( a i - O Q ) = - + ( " - 1) , Vn € N. (4) 

T i t f4) va do > - nen ta suy ra Um a„ = -oo, dan td i ton tai n dii 
V ' X ' n - . + c x ) 

Idn sao (ho a„ < 0, mau thuan vdi /"^ : (0 : +oo) ^ (0 : +oo). 
Ca hai trudng hop deu dhi tdi mau thuaii. Vay ta phai c6 

= - ^ / ( x ) = x . 

Do ta lay x tuy y trong (0; +oo) uen suy ra f { x ) = x, Vx 6 (0; +oo). T h u lai 

thay thoa man. x 

B a i t o a n 5.12. Tim cdc ham so f -.R - * R lien tuc. tren R va thoa man 

/(/(x)) = /(x) + 2x, V x e R . (1) 

G l a i . Neu f { x ) = /(y) th i /(/(x)) = /((/(y)) nen tiT (1) suy ra 2x = 2y hay 
X = y, do do / la ddn anh. KSt hdp vdi gia thiet / lien tuc suy ra / la ham 
d.m diou thi.fr sir tron R. Tir (1) lay x = 0 ditrtc / (/(O)) - /(O) /(O) = 0. 
Tr i^dng h d p 1: / la ham tang thitc sU tren R. Ta chiing minh / la toan 
anh. Gia .su a € R. Neu /(x) ^ a, Vx € R th i do / lien tuc tren R nen 
/(x) > a, Vx 6 R hoac /(x) < a, Vx 6 R. Neu /(x) > a, Vx e R th i 

1. h;;y x 'ij f {/(x)) > /(a) > a => /(x) = / (/(x)) - 2x > a - 2x 
ii = > / ( x ) > a - 2 x , V x e R 

=^f{-n) > a + 2n, Vn € N ' i ; 

=>0 = /(0) >_/(-n) > o + 2n, V n e N * 

Ma 0 > a 4- 2n, Vn € N* la dieu vo l i nen khong th6 c6 /(x) > a, Vx € R-
Neu /(x) < a, Vx 6 R th i 

/ (/(x)) < /(a) < a ^ fix) = f {fix)) - 2x < a - 2x 

=>/(x) < a - 2x, Vx e R 
^ 0 = /(O) < fin) <a-2n,Vne N* 

1 I 

Ma 0 < a - 2n, V/t e N* la dieu v6 l i nen khong the cd /(x) < a, Vx e R 
Vay ton tai x e R sao cho /(x) a, hay / la toan anh, suy ra / la song anh 
do do ton tai ham so ngirdc /- ' . Do / la ham tang nen cung la ham 
tang. Ta cd 

/(O) = 0 ^ / - I (/(O)) =f-\Q)^o = / - I ( 0 ) . 

Tir (1) thay x bdi /"^ (/~^(x)) ta ditdc 

/ (./• (/-• (/-'(-)))) = / ir' (f-'i^r))) + 2 / -1 (/- i (x ) ) , Vx g R 
= / - I (x) + 2 / - ' ( / -1 (x)), Vx e R. ^ (2) 

Vdi X > 0 ta cd /^'(a:) > /^'(O) = 0 va vdi x < 0 ta cd /~' (x) < /"'(O) = 0. 
Vdi nidi > 0, ta xay ditng day so ((/„) nhu sau: 

I no - x, m = f-'ix), U2 = f-' (/-'(x)) = f-\ui), Un+i = / - ' ( « „ ) . 

Dc thay rang vdi moi n e N th i u„ > 0. Tir (2) lay x = u„ ta dUdc 

2?/.„+2 + " n + i - " « = 0, Vn = 0 ,1 ,2 , . . . • ; : 

Phudng t r inh dac tnmg cua day so (u„) la l i g \

2A^ + A - 1 = 0 < ^ A 6 

Vay u„ ci + f^2 ( - i r , Vn = 0 , l , 2 , . . . D o M o = x , = / - i ( x ) nen 
••••":' • O i l 

2x + 2f-'ix) , C i + C2 = X 

- C i - C2 - U i = x - 2 / - ' ( x ) 

.„s= ^£lip£) (• ) \„ = 0,1,2,.^ 

• N l u X - 2/~ ' (x) < 0 th i l im U2„ = ^ " ^ { '̂̂ ^ < 0, suy ra ton t§ii n sao 
n—»+oo 3 

£2„ < 0, mau thuan. ' 

1 X - 2/- i (x ) > 0 th i l im u2„+i = ^^LllLA^ < 0, suy ra tdn t?ti 

cho U2„+i < 0, mau thuan. V' qn/; i i: ' i V 

! 
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V^y x + 2f-^{x) > 0, Vx > Ohay / " ' ( x ) = ^ , V i > 0 hay / ( x ) = 2x, Vx > 0. 

Tirdiig tvr ta chunig minh dUdc / ( x ) = 2x, Vx < 0. Vay / ( x ) = 2x, Vx e R. 
T h i i lai thay thoa man. 
Trtfdng h d p 2: / la ham giam thuc s\f tren R. V6i x > 0 ta c6 / ( x ) < 0, vai 
X < 0 ta CO / ( x ) > 0. Vdi moi x 7̂  0, ta xay dyng day so ( i ; „ ) nhit sau: 

Vo = X, Vi= fix), V2 = f{f{x)) = fivi), v„+i = f{v„). 

T\l (1) lay X = i;„ ta dUdc 

Vn+2 - f n + i - 2v„ = 0, Vn = 0, 1, 2, . . . . /,< ! 

Phudng t r i n h dac trUng ciia day so (i;„) la 

i = 2^ =>^n = c i ( - l ) " + C22" , Vn = 0 , l , 2 , 

Do VQ = X, vi = f{x) nen < 

' 2 x - / ( x ) x + / ( x ) \ 
3 ' 3 

^,„=&-jmz}i^i-±imi,,n^0.1.2.^.. ' 
o 

Do / gia^Ti thuc su nen ^ = = / K W W < Q, Vn = 0 ,1 ,2 , . . . 
V„ Vn Vn-0 

Neu X + fix) 0 t h i 

l im ^ = hm [ / W - 2 x ] ( - l ) " 4 - 2 [ x 4 - / ( x ) ] 2 " ^ 
„li?'oo t;„ « " + o o [ 2 x - / ( x ) ] ( - l ) " + lx + / (x ) ]2» ' 

do do vdi so t u nhien n du Idn, ta c6 > Q, den day ta gap mau thuan. 

Nhir vay: 
fix) = - X , Vx ^ 0. 

Ket hdp vdi /(O) = 0 dvtdc / ( x ) = - x , Vx € R. Thvt lai thay thoa man. 
Cac ham so thoa man yeu can de bai la 

fix) = 2x, Vx € R ; fix) = - x , Vx € R. 

B a i l o a n 5.13. Tim cdc ham s6 / : R -» R lien tuc tren R va thoa man 

M M . /(/(x)) = / ( : r ) + x , V x € R . (D 

G i a i . N l u fix) = fiy) t h i / ( / ( x ) ) = / ( ( / ( y ) ) nen t i f (1) suy ra x = y, do d6 
/ la ddn anh. Ket hdp vdi gia thiet / lien tuc suy ra / la ham ddn dieu thvf^ 
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sir tren M. TiT (1) lay x = 0 dUdr / ( / ( O ) ) = /(O) /(O) = 0. 
• TnttJng hdp 1: / la ham giam. Lay x e M* bat k i . Ta c6 d juh x va xay dvtng 
,iay so {a„) nhU sau: 

oo = X, a„+i = / ( o „ ) , Vn € N . '„ :> 

TCr (1) thay x hdi a„ ta dUdc ; 

a„+2 - a„+i - a„ = 0, Vn e N . 

Phitdng t r i n h flac tnrng r'^-r-1 = 0 c6 2 nghiem r i = - — , r2 = ^ . 

Do do (In = Ar'{ + Bi-J^, V7i e N . T i t ao = x va ai = / ( x ) ta c6 he 

r / H - B = x ^ I A . R \) -r2X n x - fix)' \r,A + r,B = fix) ^{A,B)-^ , ^ 

Vi the . - / - ' . . I ' 

„„ = l / M - - 2 x k r - l / M - - x | , - ; ^ ^ 
r i - 7-2 

Do / ddn dieu thUc sU nen -^^^^ ~ {^^^ c6 dSu khong d6i, dan td i c6 
X - 0 a„ 

dan khong doi vdi moi n. V i the ' / . ^ — — ^-^ -^— c6 dau 
[ / ( a ; ) - r 2 x ] r J ' - [ / ( x ) - r i x ] r ^ 

khong dcii vcJi moi n. Neu / ( x ) - r\x ^ 0 t h i l i . 

/ [ / ( x ) - r 2 x ] r r ' - [ / ( x ) - n x ] r r ^ \ ' " 

do do vdi so tu nliion n d i i Idn, ta c6 > 0, suy ra > 0, Vrj € N , 

|dac bict — > 0, dan td i > 0, dieu nay mau thuan vdi / la ham giam. I ao X 

JL / ( x ) = n x = i ^ ^ x , Vx 7̂  0. 

k t hdp vdi /(O) ^ 0 ditdc / ( x ) = ^—^x, Vx e R. T h i i lai thay thoa man. 

WVu(~:)iig hdp 2: / la ham tSng. Tudng tU nhu bai toan 5.12 ta chi'mg minh 

WN^ f la song anh nen ton t^i ham ngudc f~^. TrUdng h^p nay ta c6 the 

W i h bay giong het n h u d bai toan 5.12 hoSc la t r i n h bay n h u sau: Dat 

W ^ ( ^ ) = rHr'-ifHx))), n ]kn, ta c6 /_„(0) = 0. Xet day (a„) vdi 

i "0 = fix),ai = x,an = / " ' ( a „ _ i ) (vdi n = 2 , 3 , . . . ) . 
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Thay . bai - du.c a„_ . = a „ . , . a.. P h . . n g _ t n n h 

d? . t rung + A - 1 = 0 cua day s& (a„) c6 hai nghiem Ax - — 

, _ Z l ± ^ Do do a„ = >IA? + V i ao = = x ngn ta c6 h§ 

= — — 1 ""s = o • 
^ - ^ r. = -̂ Kh i do A i n = 1, A^r^ = 1. Ta c6 

, x-X2f{x)-n-x + h M ^ r ^ - \ 

X - A 2 / ( x ) ^ _ n - l ^ A i/WjL^^-n-1 > Q 

=. [x-A2/(x ) ] r r " - ^ + [ A i / ( x ) - x ] r , < 0 

- ' = ^ [ A x / ( x ) - x l r — ^ < [ A 2 / ( x ) - x ] r r " - . . 

T i l (2) lay n = 2fc ta dvfdc 

[A j ( x ) -x ] r,-^''-^<[A2/ (x ) -x ] r r ^ ' ' - ^ 

(r,\''-' ^ (do Ai/(x) - x < 0, r^'"-' < O). 
=^[7j ^ A i / ( x ) - x ^ 

T i f (2) lay n = 2fc - 1 ta dvldc 

lA,/(x)-xlr2^'=<[A2/(x)-xlrr^'= 

('A 

(2) 

A 2 ^ M ^ (do Ai/(x) - X < 0, rr^* > 0). 
^ A i / ( x ) - x ^ 

Nhit v§,y ta c6 

/ r s N - ' " ' ' A2/(x) - X ^ 
[yj < A x / ( x ) - x 

-2fc 
, Vfc = l , 2 , , 
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Tif day cho k —> +oo ta dudc 

A2/(x) - x = 0=> f i x ) = ^ => /(x) = r 2 X /(x) = ^ - y ^ x , Vx > 0. 

tiVtu y. Tiif dieu kieii / : R R la toan anh va tang nghiem ngat tren R, ta 
CO the chi ra / la ham lien tyc. Do do bai toan 5.10 se dudc giai titdng tvr 
xihvC bai toan 5.12, 5.13. Sau day ta se dila ra each chiing minh k i t qua vifa 
noi d tren du6i dang mot b6 de nhu sau: 
B6 dg. Neu / : R —» R /d toan dnh va la ham so tang nghiem ngi^t tren R 
thi f Id, ham so lien tuc tren R. 
Chufng m i n h . Vdi moi day so (x„) sao cho l im x„ = a, ta can chiing minh: 

lirn / ( x „ ) = / ( a ) . , , 

Dat Un - sup{x„ ,x„+ i , . . . } , Vn = inf { x „ ,x „+ i , . . . } . Kh i do ta c6 l im u„, 
n->+oo 

l im Vn Ian liTdt la gidi h9,n tren va gidi han dudi cua day so (x„ ) , suy ra: 
n->+oo 

l im Un = l im v„ = a. 
n — • + 0 0 n—>+oo 

De thay (u„) la day giam, (t;„) la day tang va: v„ < x„ < u„, Vn = 1,2,... 
Do / la ham s6 tang nen: /(u„) < /(x„) < /(u„), Vn = 1,2,... (1) 
Do (u„) la day giam va bj chan dudi (bdi t i i ) va / la hkm. tang nghiem ngat 
nen day (/(u„)) day giam va bi chan dudi (bdi f { v i ) ) , do do day (/(u„)) hoi 
tu: l im f(un) = b. Mat khac do / la toan anh nen 3z e R : f ( z ) = b. Tijt 

T I - . + 0O 

do ta dUdc: . 

^hrn^ / ( « „ ) = f { z ) , / ( « „ ) > f{z) w„ > z, Vn = 1,2,... (2) 

Do (v„) la day tang va bi chan tren (bdi u i ) va / la ham tang nghiem ngat 
nen day {/(vn)) tang va bj ch$,n tren (bdi / (u i ) ) , do do day (/(u„)) hpi tu : 

lim f{vn) = c. Mat khac do / la toan anh nen 3teR: f { t ) = c. T i t do: 
Tl—+ + 00 

l im f{vn) = m,fivn)<m^vn<t,\/n^l,2,../''' (3) 

% t khac, f{vn) < f{un), Vn = 1,2,... nen chuyen qua gidi han ta diTdc: 

fit) < fiz) ^t<z. (4) 

Tir (2), (3), (4) ta thu ditdc: v„ < t < 2 < u„, Vn = 1, 2 , . . . . ' (5) 
Tu (5) chuygn qua gidi han, ta dUdc: z = t =• a, suy ra: 

l im / ( u „ ) = l im fiv„) = fia). ' (6) 
,,.1 n—>+oo n—>+oo 
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Ket hrip (6) va (1) ta d\rdc: lim f{x„) = f{a). Nhu vay / la ham so lien 

tuc tren IR. 
C h u y 1. Mot so kien thxCc da duoc trinh bay d muc 2.6.1 (c? trang 259) vh 
mot so ket qua lien quan sc diMc neu ra sau day nham muc dich giilp ban doc 
hiiu thau ddo, tUdng tan tat cd cdc chi tie.t trong chiing minh bo de d tren. 

• D i n h nghia. Day con {xn^]k cua day so {xn]n " ^ P ^ day ma cdc phdn 
cua no duoc trich tit day { X T I } „ ra, trong do cdc chi so Uk thoa man diiu 
kien: 

lim nk - + 0 0 , ni < 7i2 < • • • < nk < njt+i < • • • 

• V i d u . Xet day so {xn}n=i • ^hi do day {xn]n=\ con cua chinh no 
vdi cdc chi so Uk = k. Day so { x 2 , i } ^ ^ {tiic Id day so X2, x^, XQ, . . . ) la 
mot day con cila { x „ } ^ ^ . Day so { x 2 „ - i } ^ ^ i {tiic Id day x\, xs, x s , . . . ) 
Id mot day con cua {xn]n=v ^^"•'^ day so { x 2 „ } ^ ^ , , {x2n-\}n=\ gut 
Id hai day con k^. nhau cua day {x„},"^f^. 

• D i n h nghla. Neu day con {x„^}j. {cua day so { x „ } „ ) hoi tu thl gidi 
han cua no duoc goi Id gidi han rieng cua day so { x „ } „ . 

•i • V i d u . Xet day so { x „ } + ^ vdi x„ = ( -1 ) " . Vn = 1 , 2 , . . . Khi do day 
so nay khong co gidi han, tuy nhien 1 vd —I Id cdc gidi han rieng cua 

{•^n}n=l' ' i l " X2„ = 1 m lim X2„- l = - 1 . 

• D i n h nghia. 

I2\ Gidi han rieng Idn nhdt cila day so { x „ } „ dUdc goi Id gidi han tren 

cHa no vd ki hieu Id lim x,, {hay lim supx„). 

^ - Gidi han rieng be nhdt cila day s6 { x„ }^ duac goi la gidi han dudi 
' cHa no vd ki hieu Id lim x„ {hay lim infx„). 

' : 6 D iil n-'+oo n-.+oo 

• Q u y \tdc. Neu sup Ixn, Xn+i, • • •} = +oo vdi moi n thi lim x„ — +oo. 
i > n->+oo 

Neu mi {xn, Xn+i, •••} =-oo vdi mQi n thi lim x„ = - o o . 
' , n->+oo 

rfVy • • VI •} 
• D i n h ly. Moi day so thuc (x„) deu cd gidi han tren vd gidi han dxldi-

ChiJng m i n h . Vdi moi n, ddt: 

un = inf {x„ . x „ + i , . . . } , bn = sup {x„ , X „ + l , . . . } . 

Khi do (a„) Id mot day tang, (6„) Id mot day gidm vd 
On < a:„ < 6„, Vn € N* 
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(a„ CO the /a — oo vd bn c6 the la +oo). 

- Neu ^lim bn = -oo thi do .T„ < fc„, Vn 6 N* nen lim x„ = -oo. 
n—»-foo 

Vay: ^lirn^ x„ = -oo = ^lim^ 6„ = ^lirn^ sup {x„ , x „ + i , . . . } . 

- Neu ^ Hrn^ 6„ = +oo thi day (x„) khong bi chdn tren. Do do 

lim . T „ = + 0 0 = lim 6„ = lim sup { x „ , . T „ + I , . . . } . 

n—'+00 n-'+oo n—>+oo 

- Gid sic lim 6„ = 6 € M. Ta chitng minh b Id gidi han rieng Idn 
n-'+oo 

nhdt cua day ( x „ ) . Gid sit I Id mot gidi han rieng cua ( x „ ) , khi do. 
ton tai mot day con (xfc„) c t ia day ( x „ ) sao cho lim Xfc„ = I. 

n-'+oo 

Vi Xfc„ < bk„, Vn e N* nen qua gidi han ta duOc I < b. Vay chi 
can chiing to b cung la mot gidi han rieng cua day ( x „ ) . Tic dinh 
nghia cila b\ ra rdng ton tai phdn t-ii x , j cua day so ( x „ ) sao 
cho 6i - 1 < X i , < 6i. Gid sii J2 Id mot so nguyen Idn hdn ii. Vi 
bj.^ = sup {xj2,xj2+i , • • •} Tien ton tai so nguyen t2 > J2 sao cho 

- - < X i j < 6_,2- Bang quy nap ta nhan dUdc hai day so {bj„)^ 

vd ( x i „ ) „ , nhUng day con cua (6„)„ vd ( x „ ) „ sao cho 

bj^-^<xi„<hj„, Vn = 2 ,3 , . . . , , 

Hien nhien lim 6, = lim = 6. Do do lim Xj„ - 6. 

Vay b Id mot gidi han rieng cHa day (x„) vd 
n->+oo 

lim x„ = lim supx„ = lim sup {x„ , x „ + i , . . . } . 
n-'+oo n-'+oo n-'+oo 

Tuong tu ta chiing minh diCdc 

lim x„ = lim inf x„ = lim inf {x„ , x „ + i , . . . } . 
n—>+oo n—>+oo n-'+oo 

L\iu y. Tic each chiing minh tren ta thu dudc ket qua rat quan trgng: 

lim . T „ = lim supx„ = lim s u p { x „ , x „ + i , . . . } 
n—'+00 n-'+oo n-'+oo 

lim x„ = lim i n f x „ = lim inf { x „ , x „ + i , . . . } . 
n—»+oo n-'+oo n->+oo 

Dicu nay li gidi. tai sao gidi han tren cua day (x„) vd gidi.han diXdi cua 
day (x„) cdn ducfc ki hieu idn luat la: 

lim supx„, lim infx„. 
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He qua. . 
'•; — Vdi THQi day bi ch^n {x„), neu x Id gidi hQ,n tren cua day thi Ve > 0 

chi ton tai mgt so hHu hfin so hang cua day sao cho Xn > x + e. 
- Vdi moi day bi ch&n {xn), neu x la gidi han dudi cua day thi Ve > 0 

chi ton tai mot so hHu han so hq,ng cua day sao cho Xn < x - e. 

Ta cung cd thi phdt biiu h$ qua nay nhu sau: 

J - Vdi moi day bi chdn ( . T „ ) , neu x la gidi hg,n tren cua day thi Ve > 0, 
tdn tai no € N* sao cho 

~ x„ < X + Vn > no. 

- Niu x la gidi han dudi cua day thi Ve > 0, ton tQ,i no € N* sao cho 

x„ > X - £, Vn > no-

Chufng m i n h . Ta chiing minh y dau cua he qua, con y sau Id tUdng tu. 
Goi: M = sup { x i , X 2 , . . . , x„ , . . . } . Neu x = M thi 

x„ < M,Vn = 1,2,...=^ x„ < M + £,Vn > l.Ve > 0. 

Neu X < M, ta chi can xdt nhUng e > 0, du nho sao cho x + e < M. 
Neu trong doan [x + e; M] cd v6 so so hang cua day (x„) thi day (x„) se 
CO gidi han rieng Idn han x, dicu nay mdu thudn vdi dinh nghia cua x. 

He qua. 
- Vdi moi day bi chdn (x„), neu x la gidi han tren cua day thW/e > 0 

vd Vfc e N, tdn tai Uk > k sao cho x„^ > x - e. 
- Vdi moi day bi chdn (x„), neu x la gidi han dudi cua day thi Ve > 0 

vd Vk e N, ton tai uk > k sao cho x„^ < x + e. 

Chufng m i n h . Chdng han ta chiing minh y dau. Gid sit phdn chiing 
rdng ton tai e > 0 vd ton tai k > 0 sao cho x„ < x - e, Vn > fc. Khi do 

Urn x„ < X - e < X . 
n—>+oo 

Diiu nay mdu thuan vdi gid thiet. 
Ta de dang say ra dinh ly sau day. 

D i n h ly. Day (x„) hoi tu khi vd chi khi no bi chdn vd 

.,; lim x„ = lim x„. 
n->+oo n — + 0 0 
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D i n h ly. Day (x„) c6 gidi km {hUu hm hodc ±oo) khi vd chi khi 

lim supx„ = lim infx„. , 
H 
m Khi do lim x„ = lim supx„ = lim infx„. 
• n—•+(» n—>+t» n—>+oo 
• Chufng m i n h . Di^.u ki.en can Id hien nhien. Gid sic 
• lim supx„ = lim infx„ = J?: 

• Khi do: lim an = I vd lim 6„ = /. Vi Un < Xn < 6„, Vn € N* nen sii 

H I dung nguyen li k^p suy ra lim x„ = / . • ,.>. M , 
n->+oo 

K&i toan 5.14 (Olympic Chau A Thai Binh Dudng nam 1989). Tim tat cd 
B cdc song dnh, tang / : R -+ K thoa mdn: 

I / ( x ) + / - i ( x ) = 2x, V x e R . (1) 

hi$u chi ham ngUdc cua f. 

^•idi . Gia sii ham so / thoa man cac yeu cau de bai. Til (1) thay x b6i / ( x ) 

m / ( / ( x ) ) - 2 / ( x ) + x = 0 , V x € K . (2) 

H f i y X 6 R bat ki . Ta co dinh x va xay diTng day so (a„) nhif sau: 

WL>, ao = X , a„+i = /(a„), Vn e N. 

^Ht (2) thay x bdi a„ ta difdc 

an+2 - 2a„+i + a„ = 0, Vn e N. ; j f . : 

^•itrdng trinh die tnmg - 27- + 1 = 0 c6 nghi§m k^p A = 1. Do do: 

WM, a„ = .4n + J5, Vn € N . 

m''^[f{x) = ar=A + B ^ { A = f{x) - x. ' 
• Vfiy: a„ = [/(x) -x]n + x, Vn e N. (3) 

• hi?u: = a„. Khi do (3) suy ra /(")(0) = n/(0) va (3) viet I?ii: 

P /(") (x) - /(") (0) = [/(x) - x] n + X - / ( " ) (0) ^ 

^ =^/(") (x) - (0) = [fix) - X - /(O)] n + X . (4) 

Theo gia thiet ta c6 / la song anh, tang tren R nen f^"\x) > f^"HO) neu 
I > 0 va /("Ha;) < /("HO) neu x < 0. (5) 
Vai I > 0 thi / ( x ) - X - /(O) > 0, vi neu / (x ) - x - /(O) < 0 thi 

lim ( [ / ( x ) - x - / ( 0 ) ] n + x) = -oo, flft n-»+oo 
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theo (4) suy ra vdi 71 dn Idn ta c6 /(")(a;) < f ^ " ^ { 0 ) , mau thuan vdi (5). Tirong 
t i t ta cinig chvhig minh diTdc f{x) - x - /(O) < 0 vdi x < 0. 
Vay: vdi a: > 0 th i f{x) - x - /(O) > 0, vdi x < 0 th i f{x) - x - /(O) < 0. (*) 
Trong (1) thay x bdi /"^(x) ta ditdc: 

/ - I ( / - ^ ( x ) ) - 2 / - i ( x ) + x = 0 , V x e E . (6) 

Lay X G E bat k i . Ta c6 dinh x va xay ditng day so (6„) nhu sau: 

''o = x, 6„+i = / - ' ( 6 „ ) , V n e N . , , 

T i t (6) thay x bdi 6„ ta dmc: .^t, ,̂11 

6„+2 - 26„+i + 6„ = 0, Vn e N 

=>6„ = Cn + D, Vn e N. 

Ta co: | 2x - /(x) = / - i ( x ) = 6i = C + D ^ \  =  x - /(x). 
V i vay: 6„ = [ i - /(x)] n + x, Vn 6 N. (7) 
K i hieu: / ( - " ' ( i ) = bn- Kh i d6 (7) suy ra /(-")(0) = -n/ (0 ) va (7) viet lai: 

/(-n) (^, ) _ y ( -n ) (o^ ^ _ [_̂ (_,.) _ ^] + _ /(-n ) (0) 

l - ^ =>/(- " ) (x ) -/ ( - " ) {0 ) = - [ / ( x ) - x - / { 0 ) ] n + x. (8) 

Ta CO / la song anh, tang tren R nen cung la song anh, tang tren R, do 
do f - ^ ' ^ x ) > /(-")(0) neu X > 0 va f^-"Hx) < /(""'(O) neu x < 0. (9) 
Ti~t (8) va (9), titdng t u nhU tron ta chi'mg minh duclc: 
Vdi X > 0 th i fix) - x - /(O) < 0, vdi x < 0 th i /(x) - x - /(O) > 0. (**) 
TCr (*) va (**) suy ra: /(x) = x + /(O), Vx € R. T h i i lai thay ham so 

/(x) = X + ft, Vx € R {a la hang so tuy y) 

thda man car yen cau de bai. 
Cach khac . De thay rang ham /(x) s x thoa man cac yeu cau de bai. Tiep 
theo gia sir /(x) ^ x, tiic la ton tai a 6 R sao cho /(a) ^ a. Kh i do ton tai 
bytOsaa cho f{a) = a + b. Theo (1) ta c6 ,̂  ^ 

/ (/(")) + r ' (/(«) ) = 2/(«) ^ / ( « + 6) + a = 2(a + b)=> f{a + h) = n + 2h. 

Bang quy nap, ta chiing minh dacJc 'f̂  

/(a 4-n6) = a + (n + 1)6, Vn e N*. 

Lay X bat ky nkm giiira a va o + 6. Gia sii /(x) = x + c. L i l u ^ i tudng t i t 
tren ta dUdc 

/(x + nc) = X 4-(n + l)c, Vn e N*. 
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V i ham / tang thuc sif nen x+c phai nam giura /(a) = a+b va f{a+b) = a+2b. 
Tir do bang cjuy nap, ta cung c6 x + nc phai nam giOa a + n6 va a + (n + 1)6. 

Q, — X (X ~t~ I) — X 
Nhif the c nam giCa 6 H va 6 + vdi mpi n. Suy ra c = 6. Do 

n n 

tv^y /l-^) = X + 6, thut l§ii thay thoa man. V^ly c6 hai ham so thoa man cac 

yeu cau de bai la ' ,, 

I' /(x) = X, /(x) s X + 6 (vdi 6 da noi d tron). 5.2 Phu'dng t r i nh ham dang f{x) = f{g{x)) 

Xet phitdng t r inh ham dang: /(x) = f{g{x)), trong do g la ham so cho trade, 
Jkf la ham so can t i m vdi gia thiot lion ti.ic tren tap xac dinh. -
• E d c h giai. 

^ • Lay a la mot gia t r i t i i y y thuoc tap xac dinh cua ham so / va xayd img 
^ day so thich hop (x„)^f°i vdi x i = a. Hdn niJa day (x„ ) thoa man dong 
^ thdi cac dieu kien: 

m o /(a) = / (x i ) = / ( X 2 ) = • • • = /(x„ ) = /(x„+i) = • • • 

o Day (x„ ) hoi t u ve 6. 

^B' • S\t dung t inh lien tuc ciia / de suy ra /(a) = /(6). Do do / la ham htog. 

^ B i u y 2. Thudng thi ta xay ditng day so (x„)^f^ nhu sau: f"̂ '-*'' 

Wk xi = a, Xn+i = g{xn) hoac xi ^ a, x„+i=g'^{xn) (Vn = 1, 2,...) ' 

• ? t 5 - ' (x„ ) = {y: g{y)= x „ } ) . 

toan 5.15. Tim tat cd cdc ham so f : (0; +00) —> (0; +00) sao cho f Id 
ham lien tuc tren khoang (0; +00) vd: 

f2x + l- ^'-^^''^ fix) = f 
\x + 4 , V x e (0; +00). 

^ ^ i a i . Gia sii / la ham so thoa man de bai. Vdi moi a > 0, ta xay d>;ng day 

so (xn)t-i i ihu sau: x , = a, x„+i = ^ ^ ^ , V n = 1,2,... Kh i do ,,,, 

f{a) - / (x i ) = / ( X 2 ) = • • • = /(x„) = / (x„+i ) = 

^ 6 = v / 2 - l , k h i d 6 6 -

r)vl ' ,^^ 

4 + 6 . Ta CO 

"n+l - 6| = 1 + 2x„ 1 + 26 
4 + x„ 4 + 6 

i±±+8xn + 2bxn - 4 - x„ - 86 - 26x„ 
(4 + 6)(4 + x„ ) 
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\Xn - h\ 
(4 + 6)(4 + x„) 

7 7 
Ma 6 > 0 va i „ > 0,Vn € N* nen - — — r < — , V n 6 N * . Do do 

7 / 7 \  /  7  \

\ .  \ X n + l  -  b \  — \ X n  -  b \  y  —  j  \ X n - l  -  b \  •  •  •  <  —  j  \ x x  -  b \

7  

V§,y |.x„ - 6| < ( — ) " ~ ^ \a-h\. T\t day cho n +oo suy ra l im x„ = 6. V i 

/ lien tuc tren (0; +oo) nen ta c6 

/ ( a ) = l im / ( a ) = l im / ( . T „ ) = / ( l im x^) = f{V2 - 1). 
" • • — n_»-l-nn n—++00 

n-»+oo 

Vay v6i mpi a G (0; +oo) th i f{a) = / ( \ / 2 - 1 ) , tiic la / khong d6i t rc i i khoang 
(0; +oo). Thijt lai thay thoa man. Vay tat ca cac ham so can t i m c6 dang: 

f{x) = C, Va; e (0; +oo) (vdi C la hang so diXOng). 

L i f u y . N h u vay / la ham hang tren day so (x„) , sii dung ket qua nay va 
t inh lien tuc ciia ham / , chuyen qua gidi han ta suy ra dUdc / la ham h ing 
tren tap xac dinh ciia no. 

B a i t o a n 5.16 (De du tuyen th i Olympic toan quoc te-1982, de thi HSG 
toan 12- T P Ho Chi M i n h nam hoc 2003-2004). Tim tat cd cdc ham lien tuc 
/ : R —• R thoa man dieu kien 

/ ( x 2 ) + / ( x ) = x2 + x , V x e R . (1) 

G i a i . Gia sut / la ham so thoa man dg bai. K h i do ta c6 (1), Ta dat 

' > ' / ( x ) - x = f / ( x ) , V x e R , 

va chiing minh g la ham hang. De thay g la ham so lien t y c tren R va 

g{x) = -g{x^),yxeR. (2) 

Trong (2) lay x = 0, ta dUdc ^(0) = - 5 ( 0 ) <^ g{0) = 0. Trong (2) l§y x = 1 
ta dUdc (/(I) = -g{\) <=> ^^(1) = 0. Trong (2) thay x bdi - x , ta dUdc 

5 ( - x ) = - 5 ( x 2 ) , V x € R . 

Ket hop vdi (2) dUdc g{x)= g ( - x ) , V x e R. Nhu vay g la ham so c h i n tr^n 
R, do do ta chi can chi'mg minh g la ham hang vdi x > 0. Trudc het ta clui 
y rang vdi x > 0 th i g{x) = -g (x^) = g (x ' ' ) , do do g{x) = g (x ' ' ) ,Vx > 0-

5 3 6 

\ d i mpi X > 0, thay x bdi x 4 ta dupc g{x) = g ^x^ j , V x > 0. Lay a > 0 t i i y 

y, xet day {xn}^^i nhu sau: 

x i = a, Xn+i = x | , Vn = 1,2,. . . ,,. 

I K h i do ' i ? - f ( ' ; O v ; 

g ( x „ + i ) = 5 ( x , l ) = 5 ( x „ ) = 5 ( x „ _ i ) = --- = g ( x i ) = g ( a ) . 

Xn = (x„_ i )7 = { x n - 2 ) ^ = . . . = { x i ) 7 r ^ = a i ^ . 

Mk g la ham so lien tuc nen ta c6 i^i .j.-,;) ..„ (.j ( '̂ict 3tih c ••' 

Vg-y g (x) = 0, Vx e R. Suy ra / (x) = x, Vx 6 R. T h i i lai thay thoa man. Do 
fll||l6 duy nhat mot ham so thoa man de bai la / (x) = x, Vx e R. *! 

^ H B M t o a n 5.17. 71m tat cd cdc ham lien tuc / : R —> R thoa man dieu kien 

^B; / ( x ) + / ( x 2 ) = x^ + x ^ V x e R . 

^Hirdng d a n . Tudng t u bai toan 5.16 6 trang 536, c6 duy nhat mpt ham so 
^Hioa man de bai la: / (x) = x^, Vx G R. 

^ K a i t o a n 5.18. Tim tat cd cdc ham lien tuc / ; R —> R thoa man dieu kien 

/ ( X ) + / ( X 2 ) - 2 X 2 + 2 X + 2 , V X G R . ' '1 (1) 

^ W t f d n g dan. Dat 5(x) = / ( x ) - (x-f-1). Thay vao (1) ta dUdc 

mk y (x) + X + 1 + (x2) + x2 + 1 - 2X2 + 2X + 2, V X G R ""^'' 
H|: ^g{x) + 5(x2) = x^ - f x, Vx G R . 

^Hheo Idi giai bai toan 5.16 d trang 536, ta c6 g (x) = x, Vx G R . Bdi v|,y 

/ ( x ) = 2 X - | - 1 , V X G R. 

^I^lfu y . Phep dat g{x) = f{x) - (x 4-1) dUdc t i m ra nhu sau: Dat L 

^ B ; . g{x) = fix) - [ax + b) (vdi a, h t i m sau). ^ , 

'^hi do / . 

• / ( x ) -h / ( x ^ ) = g{x) + (ax + 6) + ^(x^) + (ax^ + h) 



=9{x) + 9{x'^) + aa;̂  + ax + 2b, Vx € K. (2) 

Ta can t u n avhb sao cho sau khi thay (2) vao (1) ta dUdc mot phudng tr ir i l i 
ham dOn gian hon. Thay (2) vao (1) ta duoc , 

g{x) + g{x^) + ax^ + ax + 2b = 2x^ + 2a; + 2, Vx e K, 
g{x) + ry(,r2) = (2 - a)x'^ + (2 - a)x + 2- 2h, Vx e K. 

Dg cho ddn gian, ta chon a va 6 sao cho , ^ , 

\6 = 0 ^ 1 6 = 1. , i . 1 

Vay ta dat ff(x) = / ( x ) - (x + 1). 

B a i toan 5.19. Cho n e N . Tim tat ca cdc ham so lien tuc f (x) thoa man 

c^/(x) + cif (x2) + • • • + c;;/ (x2") = 0, Vx € R. 

Uvtdng d i n . Xet ham so Gk (x) = C^/ (x) + CjJ/ (x^) + . . . + Cj^/ (x^'^. 

Nhan thay (x) hen tuc va Gk (x) + Gk (x^) = Gk+i (x), VA: e N . T i t gia 
thiet CO 

G„ (x) = 0 G„_i (x) + G„_i (x2) = 0. 

Theo 15i giai bai toan 5.16 t h i G„_i (x) - 0. Tiep tuc nhu vay cho den khi 

• n ' i s : v : i Go{x) = Q^ f{x) = 0,Vx. 

B a i toan 5.20. Tim tat cd cdc ham so lien tuc f : (0; +oo) R thoa man: 

f{x^)-x^f{x) = ^-x,^xe{0;+oo). (1) 

G i a i . Gia sir ham so / thoa man cac yeu cau de bai. Ta c6: 

Dat g(x) = - Vx e (0; +oo). K h i do ham so g lien tyc tren (0; +oo) 
X X 

va theo (2) ta c6: g{x^) = ^(x) , Vx 6 (0; +oo). (3) 
Si3f dung (3) ta dudc: 

J ; : , ; gix) = 9(^x'^) =g[xi^)=--. = g(x^y^n=l,2,... (4) 
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Do l im x 3 " = x" = 1 nen tir (4), sH dung t inh Hen tuc cua ham q. ta ditrtc: 

x 3 " = g I l im x 3 " = g ( l ) . 

\fihvt vay g la ham iikng tren (0;+cx)), do do: \r = c, Vx > 0 hay 
» ^ X X ' ' 

^ ^ ( x ) = cx + - , Vx € (0; +oo). T h u lai thay thoa man. 

^ n i i i toan 5.21 (De t h i HSG toan 12-TP H6 Chi M i n h nSm hoc 1997-1998). 
^ ^ R ^ m cdc ham so f{x) xd.c dmh va lien tuc tren R sao cho 

K / ( x ) / ( x 2 ) ^ i , V x e R . • (1)-

^ K i a i . Gia sir / la ham so thoa man de bai. De thay /(x) / O.Vx e IR. 
K v o n g (1) thay x bdi ~x ta dUdr /(-x ) / (x2) = 1 = /(x)/(x2) ,Vx e R. Vay 
Bf ( -x) = /(x) ,Vx € R, hay / la ham so chan tren M. Tir (1) ta c6 

B /(•̂ •) = 7(^'-^(-''') = 7(74) ^ /(•'•) = e R. (2) 

(2) suy ra /(x) = / ( x i ) , Vx > 0. Tien hanh tifdng t i t nhir bai toan 5.1G 

Wt /(x) = / ( l ) , V x > 0 

H i y ra /(x) = / ( I ) , Vx ^ 0. Ma ham / lien tuc nen tir /(x) = / ( I ) , Vx 7^ 0 
K y ra / ( I ) = /(O), do do /(x) = / ( I ) , Vx e E. Tir (1) lay x = 0 dUdc 
Bo) = ± 1 . Vay /(x) = 1 va /(x) H - 1 . T h u lai dung 

toan 5.22. Cho a e R\. Tim cdc ham so /(x) xdc dinh va lien 
H i c tren (0; +00) sao cho , .-. i.,,„-j, 

R / ( x " ) = / ( x ) , V x e ( 0 ; + o o ) . (1) 

Bi4i . Gia siif / la ham so thoa man de bai, kh i do ta co (1). ' ' ' ' 

» v r 5 n g hdp 1: \a\ 1. Lay o > 0 t i i y y, xet day {x„}^^, nhu sau: 

m x i = a, x„+i = x^.Vn = 1,2,... til • 

• h i do tij (1) ta CO * . 

Wt fU') = f{xi) = f{xf)= f{x2) = fix^) = fix3) = ••• = /(Xn) 

m x„ = (x„_i)'^ = ( x „ - 2 ) " ' - • • • = ( x i ) " ' " ' = a"" 
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M a / l a h a m so Hen t u c nen t a c6 

/ ( a ) = h m f{xn)=f( l i m x„] = f ( l i m a " " ' ) = / ( ! ) . 

V a y / ( a ) = / ( l ) , V a > 0 . 

T r t r d n g h d p 2 : \a\ 1. L a y a > 0 t u y y, x e t day {a ; „ } ;^~ n h u sau: 

' x i = a, X n + i = x , ? ,Vn = 1, 2 , . . . 

T r o n g (1) t h a y x hd\ d i tdc / ( . x ) = / ^ x ^ ^ V x € (0; + 0 0 ) . K h i do 

. / ( x „ + i ) = / = / ( x „ ) = / ( x „ _ i ) = ••• = / ( x i ) = / (a) 

x „ = ( x „ _ i ) ° = ( x „ _ 2 ) ^ = ••• = ( x i ) ; ^ = a ^ ^ . 

M a / l a h a m so hen tuc nen t a c6 ( f 

/ ( a ) = h m / ( x „ ) = / f h m x „ ) = / f h m a ^ ' ) = / ( l ) . 

\ % / ( a ) = / ( l ) , V a > 0 . D o d o 

/ ( x ) = C, Vx > 0 ( C l a hang so bat k i ) . '̂"'̂  

T h i i l a i d u n g t h a y t h o a m a n . 

B a i t o a n 5 . 2 3 . Tim cdc ham so f{x) lien tuc tren R vd thoa man dieu kien 

/ ( x ) = / ( s i n x ) , V x € K . 

G i a i . G i a s i i / l a h a m so t h o a m a n de ba i . L a y x G R t i i y y. X e t day so 
{xn}n=i i i h u sau: xi - s i n x , x „ + i = s i n x „ , V n = 1,2, . . . K h i do ; 

U / . . / W = / ( x i ) = / ( x 2 ) = - - - = / ( x „ ) = . - . 

T r i f d n g h d p 1 : 0 < x i < 1. D o u > s i n u , V u € [0; 1] nen 

x i > s i n x i = X 2 > s i n x 2 = X 3 > • • • > x „ > x „ + i > 0. 

Vay t o n t9.i l i m x „ = X Q > 0. H o n nQa v i o (x ) - s i n x l a h a m so l i en tuc 
n->+oo 

nen t t t • 
x „ + i = s i n x „ , V n = : 1,2, . . . 

cho n —> + 0 0 t a dirdc X Q = s inxo l o = 0. V i h a m so / ( x ) l i e n t u c t r e n R 
nen 

^ " ' i ' / ( 0 ) = / ( x o ) = / ( l i m xn") = h m / ( x „ ) = / { x ) 

T r i t c J n g h d p 2 : - 1 < x i < 0 0 < - x i < 1. D o u > s i n i t , V u G (0; 1] nen 

- . E l > s i n ( - x i ) = - X 2 > s i n ( - X 2 ) = - X 3 > • • • > - x „ > - x „ + i > 0. 

D o do: x i < s i n x i = X2 < s i n x 2 = X 3 < • • • < a;„ < Xn+i < 0. Vay t o n t^i 

l i m x „ = xo G [ - 1 ; 0 ] . H o n nOa v i ^ ( x ) = s i n x l a h a m so l i e n t y c nen t i r 

x„+i = s i n x „ , V n G N * , cho n - * +00 dUdc X Q = .sinxo X Q = 0. V i h a m so 
/ ( x ) l i en t u c t r e n R nen 

/ ( O ) = / ( x o ) = / ( J r n ^ x „ ) = ^ l i r n ^ / ( x „ ) = / ( . ) . 

Vay t r o n g m p i trUcJng hdp t a deu c6 / ( x ) = / ( 0 ) , V x G R. D o do sau k h i t h i i 
la i t a ket l u a n : / ( x ) = C, Vx G R ( C la hang so b a t k i ) . 

B a i t o a n 5 . 2 4 ( O l y m p i c t o a n B u n g a r i - v o n g 3-1997). Tim tat cd cdc ham 
so lien tuc / : R —» R thoa man . , , ^ , 

(1) f{x)=flx'+t , V x G , 

G i a i . Tit (1) suy r a / ( x ) = / ( - x ) , V x G R. D o do t a chi can t i m / ( x ) t r e n 
niSta k h o a n g [0; + 0 0 ) . L a y a > 0 bat ky . T a xe t ha i t r u d n g h^p . 
T V i ^ d n g h d p 1 : 0 < a < 1. T a xe t day s6 { x „ } + ^ i n h u sau: 

x i = a , x„+i =xl + -,\/n = l,2,... 

K h i do 

/ ( • ^ n + l ) = / = / Ĉ n) = / (x„_i) = ••• = / ( x i ) = / (a). (2) 

B a n g q u y n a p t a c h i i n g m i n h dUdc x „ < ^, V n = 1, 2 , . . . . M a t khac t a c6: 

.1; 

X n + l - X „ = x „ - - > 0 , V n = l,2,.. .^y^'- ' ' '"^^ 

' day so { x „ } + ^ i t a n g va b j chan t r e n nen hoi t u . D a t l i m x „ = a. K h i 
3 , n->+oo 
flo tiit he thdic t r u y h o i cua { x „ } + ^ j , cho n -foo, t a duqJc 

i \ 

2 J 
= 0 <^ a = J . ' 

2 
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Vay l im x„ = - . V i / la ham lien tuc nen theo (2) ta c6 
n— '+00 

f{a)= l im f{xn) = f( l im = f (l 

TrifcJng hdp 2: a> - . Ta xet day so {xn}n^i nhu sau: 

x\ a, Xn+\ \lx„ - - , Vn = 1,2,...^ 

K h i do Xn = xl_f_i + -,Vn - 1,2,... va 

/ ( • r „+ i ) = / ( x'i+i + -j =f{x„) = f{Xn-l) = f{x:) = f{a). (3) 

Hieu iihien day { x n } , ! ^ bi chan ditdi bdi so 0. Mat khac ta c6 

2 

1 
- — \l Xn — - X„ — 

1 
- I - -

< 0 , V n = 1.2,.. . 

Vay day so {xn}^^^^ giam, suy ra day nay hoi tu . Tudng t u nhu trudiig hop 
1 / 1 \ ' 

1, ta chiing minh dudc l im x,, = va / (a) = / - la hftng so. Vay tat 
r i — + 0 O 2 \2 J 

ca cac ham so can tim la 

* " f (j;^ = c, Vx e R (vdi C la hang so t i iy y ) . 

N h a n xet 1. Ta xay dUng day {x , , } sao cho / la ham hang hen day {x,,} 
I'd day nay phdi hoi tu. Thudng thl dot vdi phUdng trinh ham f{x) = f{g{x)) 
chi CO hai trUdng help sau day: xi = a, x„+i = g{xn) (V?i = 1,2,...) 
x i = a, .r„+i = g-^ix„) ( V n = l , 2 , . . . ) {vdi g-^ {xn) = {y : g {y) ^ x„})-
Trong do tritdng hap dau Id dan gidn, con trUdng hap sau ta Idm nhU sau 
{lay tncdng hap 2 cxla bdi todn vita roi de minh hoa): Ta tlm y sao cho 

r + -^=x„=^y=dxr^--. 

Vay ta xet day {x„},"^~ nhU sau: xi = a, x„+i = )J^n- ^ , V n = 1,2,.. . 
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(1) 

I?ai toan 5.25. Tim tat cd cdc ham so lien tuc tren R vd thoa man diiu 
kirn 

Ht^dng dSn. Tudng t u bai toan 5.24 d trang 541. 

B a i toan 5.26 (Chon dpi tuyen Viet Nam thi toan quoc te nSm 2007). Tim 
tat cd cdc hdm so f lien tuc tren R vd thoa man diiu kien 

/ ( x ) = / ( x 2 + f + 1') V x e R . 
3 9J (1) 

Gia i . 
C a c h 1. Ta CO 

(i)^7(S = / ( ( x + l ) V ^ j , V x " e (2) 

Trong (2) thay X bdi a - i , u dudc 
D 

i 2 y , Vx e R. (3) 

Xet ham so g : 
"lur sau: ^ (x) = / _ ^ j , g R. K h i do g lien tuc 

/ t \ 
tren R. Theo (3) ta co g{x) = g 

• . 2 4 d trang 541, suy ra g la ham hang tren R, do do 

K. f(x) = C, Vx e R (C la hang so tuy y ) . 

C a c h 2 ( t i l p n6i tit (3). Tiong (3) thay x bdi -x suy 

,Vx e R. Theo ket qua bai toan 

ra 

1 \ / 1\ 
= / — X 

1\ 
, V x e R . ' (4) 

•̂ '•or.g (4) thay x bdi x + 1 ta dudc / ( x ) = / ( - x l ) , Vx e R. ^ (5) 

% a e R bat ky. Ta xet cac trudng hop sau 

^ue,ng hc,p l : < , < 1. Ta xet day s5 ( x „ } - nhu sau: 

xi^a, x„+i = x 2 + ^ + 1 _ V „ ^ 1 _ 2 , _ . . -



Khi do 

Ta cUtog minh d>,»c - i < x , < i , Vn = 1.2 V»y day (x„) bi c h , „ . M « 

khactaco i^h'A mm • , / 0 

V9,y day so { i n } , t : ^ tSLiig va bi chSii tren iieu hoi tu. Dat Hm x„ = a. Khi 

do t\X he thi'tc tniy hoi rna {a:„}^^j, cho n —• +00. ta diMc 

Vay Urn x „ = ^. V i / la ham Hen tî c nen theo (2) ta c6 

/ \N 

\t. n—»+oo \̂ n—•+(» J X"^ / 

Trvrdng hdp 2: a > i . T a xet day so {x„}j^5j nhu sau: 
o 

' " - l + v / 3 6 x „ - 3 „ , ^ 
: inOf i . i ' i M i p a ; i = a , x„+i = , V n = l , 2 , . . . 

Bang quy nap de dang suy ra x „ > ^, Vn = 1 ,2 , . . . T a c6 , 

6x„+i + 1 = v/36x„ - 3 ^ 36x^^1 + 12x„+i + 1 = 36x„ - 3 

Vay • •; , 

{ / (x„+,) = / (xl^, + f ! ^ + 1̂  = / (x„) = / (x„_j ) = ••• = / (a). (3) 

Theo tren, day {xn}n^i bi chan dudi boi so \ Mat khac ta c6 

' ' ' _ - 1 + v/36xn - 3 _ _ v/36xn - 3 - 6.T„ - 1 : : 

6 6 
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^ 3 6 x „ - 3 - (36x1 + 12xn + l ) 

6 (v/56i„ - 3 + 6x„ + 1) 

- 3 6 x 2 ^ 2 4 x „ - 4 " ' - (6xn - 2) 2 

6 (v/36x„ - 3 + 6x„ + 1) 6 ( V 3 6 x „ - 3 + 6x„ + l ) ~ ' 

wy^y day so {x„}+f°i giam, suy ra day nay hoi tu. Tudng tu nhu trudng hdp 

• , ta chUng minh dudc hm x„ = ^ va / (a) = / f ^ ) la hang so. 
K ' n-.+oo 3 V 3 / 
^ 2 1 1 2 
Trifdng hdp 3 : - - < a < - - . Khi do - < - a < -

o o 3 3 

Theo trudng h^p 1, ta c6 / ^ - a - = / (̂ ^^ Theo (5) ta dUdc 

0 < - a - l < l 
3 - 3 ' 

/ ( « ) = / 

^ 2 1 1 
Trifdng hdp 4 : a < - - . Khi do - a > - - a - - > - . Theo trudng hdp 2, 

ta CO / (̂ ~n - = / (̂ ^̂ . Theo (5) ta dUdc / (a) = f (^-a - = f (J" . 

T\t bon trudng hop tren, suy ra / (a) = / (^\^'^^ ^ ^- f ^km hang. 

Thut lai thay thoa man. V?Ly tat ca cac ham so can tim la / (x) = C , Vx 6 
R (vdi C la hang s6 tiiy y). 

fiTu y. Trong each 2, c6 the giai nhanh hdn nhu sau: T U (2) suy ra vdi moi 

€ R, ton tai ?t > — sao cho f{x) = f{u). Do do tir trudng hdp 1 va trudng 

hop 2 suy ra f{a) = f 6 K. Khong cSn x€t hai trudng hqjp 3 va 4. 

Bai toan 5.27. Tim tat cd cdc ham so lien ty,c tren E vd thoa man diiu 

, V x € R . 

tludng dan. Tuong tu bai to4n 5.26 d trang 543. 

Bai toan 5.28. Tim tht ca cdc ham s6f:R^R Hen tuc tren R .d thoa 
^an dieu kien: . t 

/ , x , = / ( . = - | , ^ ) , V . . 

^Wdng dan. Tuong tu bai toan 5.26 d trang 543. 

! ! ! I ' ' 
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B a i t o a n 5.29. Cho 0 < fc < - . Ham lien tuc / : R -+ K thoa man 
4 

, , / ( x ) = / ( x 2 + fc),Vx-eR. 

Chting minh rdng f Id ham hhng tren R. • • 

G i a i . De thay / la ham so chSn tren R, do do ta chi can chiing minh / la 

ham hang vdi i > 0. Tt t gia thiet 0 < ./c < - suy ra phaong t r i n h x = k 

CO hai nghiem ditdng. Goi a i , 02 la hai nghiein do va gia su en < 02. K h i do 
• r ;5 - • i J - - - , , 2 . ' 'S'' 

a j + fc = a i , + K = a2-

Lay a > 0 tuy y. 

T r i f d n g hcJp 1: a < a2 (a 7̂  a i ) . Ta xay dung day {x„}^^i nhit sau: 

x i = a, X n + i = 1^ +/c, Vn = 1, 2 , . . . 

Khi do 

/ [xn+x ) = f{xl + k)=f (x„) = / (x„_i) = ••• = / ( x i ) = / (a). 

T r u ' d n g h d p l a : ai < a < 02- Ta c6 ai < x i < 02. Gia siif ai < x„ < 02. Khi 

flj < x̂ , < 03 flj + A: < x̂ , + /c < a2 + A: fll < x„+i < 02-

Theo nguyen ly quy nap suy ra aj < x„ < 02, Vn = 1, 2, . . . Mat khac 

" • • ' • ' X n + i - x„ = x^ - x„ + A; < 0 (do ai < x„ < 02). 

Vay ta da chiing minh dUdc dav {x„ } hoi t i i . Dat l im x„ = x. K h i do 

x = x^ + fc<»x = ai hoac x = 02, ta loai trudng hdp x = 02 do day (x,,) 

giam. 

T r u ' d n g h d p l b : 0 < a < ai. Bang quy nap, chiing minh ditdc vdi nigi 
n e N* t i l l X , . < ai. Mat khac: 

x„+i - x„ = x^ - x„ + A: > 0 (do x„ < a i ) . 

Vay day { x „ } ^ ^ tang va bi chan tren nen hoi t u . Dat l i m x„ = x. K l " 
do X = x^ + A, tiic la .7: = ai hoac x = a2, ta loai trudng hdp x = a2 ^° 
x„ < ai vdi moi n . Tom lai khi a < 02 (a 7̂  a i ) , t h i l im x„ = a i . Khi do 

/ \ 
/ ( a ) = l im f{xn) = f l im x„ = / ( a i ) . 

T r v f d n g h d p 2: a > 02. Ta c6 ai + 02 = 1 => a > 02 > - > - > A:. Vay 
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xay dimg day {x„}+^i nhu sau: x i = a, x„+i = v/x„ - A;, Vn = 1, 2 , . . . K h i 
do c - "x 1 

/ (x„+i) = / {xl+i +k)=fixn) = f (x„_i) = ••• = / ( x i ) = / (a). 

Ta CO x i = a > 02. Gia sii x„ > a2. K h i do ' " ~ • .*> ' 

x„+i = yjxn- k > \/a2- k = = a2 . ' x )\ f) 

Theo nguyen ly quy nap suy ra x„ > a2, Vn € N * . Mat khac „ 

—(x'̂  — x„ + A;) 
x„+i - x„ = x/x„ - A; - x„ = " " < 0 (do x„ > 02). 

Vx„ - A; + x„ 
Nhif vay day { x „ } + ^ giam va b i chan du6i nen hoi t u . Ta chiing minh diidc 

l im x„ = a2. Do do /(a) = hm / (x„) = / ( l im x„ ) = / (02). 
n—>+cx) n—>+oo Vn—'+00 / 

' K m l a i : ^ ^ J ^ ' -

-Vdi a < a2 (a ^ a i ) ta CO / (a) = / (a i ) . /rf l ^ i X 

l l -Vdi a > 02 ta C O / ( a ) = 7(02). 

•k -Vdi a = ai ta CO/(a) = / ( a i ) . hy 

IP -Vdi a = a2 ta CO/(a) =/(aa) . " 

Do do de chiing minh / la ham hang, ta can chting minh / (ai ) = / (02). Xet 

day so {unj^^i nhu sau: u„ = h 02, Vn = 1,2, . . . K h i do l im u„ = a2 
n n—>+oo 

va u„ < a2, Vn = 1 , 2 , . . . Do do / (u„) = / (o i ) . Cho n —» -|-oo va sii dung 
tinh lien tuc ciia ham / suy ra . 

f f- / ( a i ) = l im f{un)=f[ l im u „ ) = / ( a 2 ) . 

„ - . + o o \n^+oc J . ^ 
Mat khac /(O) = f{k) = / (a i ) . Vay /(a) = /(a i ) ,Va > 0, t i ic la chiing minh 
duoc / la ham hang tren [0; -f-oo). Suy ra / la ham hang tren R. 

C h u y 3. Tuang til nhu cdc bdi todn 5.24 d trang 541, 5.29 d trang 546, ta 
9idi duac phUdng-trinh hdm sau: 

I /(x) = / ( a x 2 + 6 ) , V x € R . (*) 

"^ong do f Id hdm so can tim vdi gid thiet lien tuc tren R, phuang trinh 
* = ax"^ -\- b CO nghiem thuc khong dm. Con phuong trinh hdm 

/(x) = / ( m x ^ - I - n x - h p), Vx e R 

gidi bang each dua ve phudng trinh hdm (*) {xem bdi todn 5.26). 
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B a i t o a n 5 .30 . tdt cd cdc ham s6 lien tucf.R-^R thoa man: 

/ x 2 + 4 x - 3 ^ (1) 

G i a i . T a c6 

(1) ^ fix) - 5 i = / 
+ 4 x ^ 3 ^ - ( X 2 + 4 I - 3 ) , V X G R . (2) 

. / \ f(^\ Vx e R. V i f l i en t u c t r e n R nen X e t h a m s6 g n h u sau: g{x) = f{x) 5x, v x fc 

h a m g l i en t u c t r e n R. T i t (2) t a c6 g{x) = g 

9{x) 

K 5 

, V x e R . 

/ x 2 - 7 \ 

,Vx e R, hay 

(3) 

TYong (3) t h a y x b d i x - 2 t a ditdc 9{x-2) = g j ' ^ ^ ^ ^ - ^̂ ^̂  

X e t h a m s6 h : R R n h u sau: Kx) = g{x- 2 ) ,Vx € R. K h i do tvt (4) t a c" 

h{x) = h 
' + 3 \ 

, V X G R . 

C O 

(5) 

\i 

V i 5 l a h a m l i en t y c t r e n R nen h cung l a h ^ m Hen t y c t r e n R. T t t (5) suy 

r a h l a h a m chan , vay t a ch i can xe t t r e n [0; +oo ) . X e t phUdng t r i n h 

, a;̂  + 3 2 . o n 5 ± v / l 3 
x= ^ x^-hx + i = Q'<^ x= . 

. .1 --i r"' 

0 < A, < Ai, Ai = . - L — , A2 = . 

^Suang ^ h t 0 < « < A., « # A , X a , d « day s6 (x„) n t a saui ' 

lo = a ; X n + i -
x 2 + 3 ( 6 ) 

Trtt&ng hdp l a : M < a < X2 ̂  M < xo < A2. G i a s^ X, < x „ < A^. K h i do 

X l < x l < A: 
A? + 3 , x ^ + 3 , Al + 3 

< A i < x „+ i < A2. 
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Theo nguyen If quy n?ip suy r a A i < x „ < A2,Vn e N , hay day ( x „ ) bi ch^n . 

T a C O 

x2 + 3 x2 - 5x„ 4- 3 „ , J , 
x„+ i - x „ = x „ = — — < 0 (do A i < x „ < A2). 

Vay day ( x „ ) la day so giam, suy ra c6 g i6 i han h i h i han. D a t lim x „ = a , 

V I ( x „ ) la day so giam nen « < XQ a < A2. T i t (6) cho n -* + 0 0 t a duoc 

a = ^ ^ - ^ t ^ "^"^^^ a = A i l i m x „ = A i . 
5 n—>+oo 

Tr t f cJng hdp l b : 0 < a < A i . T a c6 0 < X Q < A i . G i a s i i x „ < A i . K h i do do 
x^ + 3 A^ + 3 

x„ > 0 nen x^ < Af ^ — < - J - — => x „+ i < A i . Theo nguyen H quy 
5 5 

nap suy r a x „ < A i , V n € N, hay day ( x „ ) bi c h i n tren. T a c6 

x2 + 3 x2 - 5x„ + 3 „ , , ^ , 
Xn+X-Xn = ^ Xn = — ^ > 0 ( d o x „ < A i ) . 

Vay day ( x „ ) la day so tSng, suy r a c6 gicii han h i h i han. D a t lim x „ = /?, 
n—>+oo 

vi vdi moi n t h i x „ < A i nen /3 < A i . T i r (6) cho n —> + 0 0 ta duoc 

•
+ 3 d o fl<Ai 

^ - ^ ^ ^ ' l i = X,=> lim x „ = A i . ^ 
5 n—>+oo ^ 

Vay trong trudng hop 1, ta C O lim x „ = A i . T r o n g (5) thay x bdi X Q , x i , . . . , 
n - > + o o 

x„,..., ta diMc 

/i(a) = /i(xo) = /i (x i ) = • • • = Ma ; n ) , Vn G N .^ i/lJ ' jp .AtO (7) 

Do ham h lien tuc nen t i t (7) t a c6 

•

h{a) = h m h{u) = lim /t(x„) = / i I l im x „ ) = / i ( A i ) . 

Trtrdng hdp 2 . a > A2. T a xay dUng day so ( x „ ) nhu sau: 

xo = a ; x „+ i = y/bxn - 3, Vn e N . ' (g) 

Gia sijf x „ > A2. K h i do x „+ i = \/5x„ - 3 > v^5A2 - 3 = ^ A f = A2. Theo 

Nguyen l i quy nap suy r a x „ > A2, Vn G N . Bcli vay 

_ - (x^ - 5 X n + 3) 
Xn+l - X n = \/5x„ - 3 - x „ = " i < 0 (do x „ > A2). 

V5x „ - 3 + x „ 
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Day {xn) giam va b i chan dxldi bdi A2 nen hoi t u . Dat l im Xn = L, v i vdi 

mpi n t h i x„ > A2 nen L > A2. TiT (8) cho n -y +00 ta dUdc 

L = — - — <=̂  L = A2 hm Xn ' A2. 
3 n->+oo 

Tudng t u trirdng hdp 1, suy ra h{a) = h{X2). Tom lai: neu 0 < a < A2, a Ai 
th i h{a) = /i(Ai), con neu a > A2 t h i h{a) = /i(A2). Vay h se la ham hang neu 
ta chiing minh dUdc /t(Ai) = /i(A2). Xet day so (y„) nhu sau: 

2/n = - - + A2 ,Vne N . 

K h i do 0 < 2/n < A2, hm y„ = A2. Ta c6 h (y„) = h{Xi) va .n ^ 
n—>+oo 

' / i ( A i ) = l i m h{Xi) - hm /i(2/n) = h l i m j/„ ) = h{X2)-
n—>+cx> n-»+oo yn—>+CXD y 

Vay h{a) = C,\/a& [0; +00) (C la hang so). Suy ra h{a) ^C^a^ M. Do do 
g{x) = C, Vx € M. Suy ra f{x) = 5a; + C, Vx € R (C la hang so). Thiif lai thay 
thoa man cac yeu cau ilk bai. 

B a i toan 5.31 (Do nghi t h i Olympic 30/04/2011). Tim tat ca cdc ham so 
lien tuc / : R —> R thoa man dieu kien 

f{xy) = f + ( x • - y ) ^ V x , y e R . (1) 

G i a i . Gia sii / la hain so thoa man yeu cau de bai. Tiong (1) lay y = 1 dUdc 

f i x ) ^ f ( ' ^ ] + { x - l ) \ y x e R 

^f{x) + 2x = f 
x2 + l 

+ 2 
+ 1 \ , V x e 

^g{x) = g 
x 2 _ + l \ 

2 ) 
, Vx 6 R, v6i g{x) = fix) + 2x, Vx S R. (2) 

V i / lien tuc tren R nen ham g lien tuc tren R. T i t (2) suy ra g la ham chan, 
do do ta chi xet tren [0; +00). Vdi a > 0 bat k i . 
TrifcJng h d p 1. 0 < a < 1. Xet day so (x„) nhu sau: 

Xo 
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Bang quy nap ta chfmg minh difdc 0 < x„ < l , V n € N. Lai c6 

Xn+l - Xn = - Xn = i^IL-ZiL > 0 .T„+i > x„,Vn 6 N . 

Vay day (x„) tang va b i chan tren nen co gidi han hfm han. Dat l im x„ = L. 
n—>+oo 

TCt (3) cho n —> +00 ta dUdc • 

r 2 , 1 

L = — — < ^ L ^ - 2 L + 1 = 0 < ^ L = 1 = > l im .r„ = i . • 
2 n—>+oo 

Trong (2) lan ludt thay x bdi xo, x i , . . . , x„ ta dUdc J l \\!w!̂ '>l " • 

9{xo)=^g\^-\-j =gix,)=9\^-^j =g{x2) = ---^g{xn),Vn€K 

Tit <i (H) = g (.7„),V7i, € N, cho n —• +00 va siif dung t inh hen tuc ciia ham (j 
tadUdc£((o) = 5 ( l ) , V a G [0 ;1]. (4) 
Tri:rdng h d p 2. a > 1. Xet day so (x„) nhu sau: 

Xo = a ; Xn+i = V2x„ - 1, n = 0,1, 2, . . . (5) 

Vdi mpi n e N ta c6 x„ > 1 va 

f- 2x„ - 1 - x^ - ( x „ - 1)2 
X „ + i -Xn = v/2i7=T - X „ = " = / < 0. 

s/2xn - 1 + x„ v/2x„ - 1 + x„ 
Vay day so (x„) giam va bi chan dudi bdi s6 1 nen c6 gidi han hi iu han. Dat 

lim i „ a, kh i do a > 1. TiT (5) cho n +00 ta dudc 
n—+00 

i,T;i.' 

Q = \/2Q - 1 ' ' ° < ! ^ ~ ' = 2a - 1 4:̂  a = 1 l im x„ = 1 . ' " ' I " - ' 
n-»+oo 

Titdng t u nhu d trudng hdp 1, ta chvhig minh dUdc: g{a) = g{l),\fa > 1. (6) 
TCt (4) va (6) suy ra g{a) = 5 (1) , Va > 0, ma g la ham ch&n nen 

9(a) = (7(1), V o e R . 

Vay / ( i ) = - 2 x + C, Vx € R (C la hang so). T h i i lai thay thoa man. 

Bai toan 5.32. Tim cdc ham so lien tuc / : R —» R thoa man dieu kien 

jL f{3xy)+5{x-y)^ = f{x'^ + y^)+5xy,\/x,yeM.. (1) 

Bw9ng d S n . T iong ( 1 ) , thay y bdi ^ ta dUdc 

/ o 1 2x\ 1 \1 
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^f{x) -5x = f 

<^g{x) =g[x +-

- 5 

I, V i e vdi g{x) = / ( i ) - 5a;, V i G M. 

Silf dung ket qua bai toan 5.29 b trang 546, ta ditdc ket qua ' . v-

/(x) = 5x + C, V i € R (v6i C la hang so). - • 

B a i toan 5.33. Tim cdc. ham so lien tyc / : R -» R thoa man: 

Htrdng d i n . Tirong tir bai toan 5.31 (ci trang 550). ^ ) ft 

B a i toan 5.34. Tim tat cd cdc ham lien tuc / : ( - 1 ; 1) -> R thoa man: 

( 2x 
fix) = f ^ l ^ , . . V x e ( - l ; l ) . 

G i a i . hky a G ( - 1 ; 1) \} tuy y. Ta xay dung day {xn}t=i nhir sau: 

Xi - a, Xn+l = i Z j A z 3 , V n = l , 2 , . . . , 

K h i do 

2Xn 
l + xl 

Xn-l 

1 + 4-1 Xn-l 

+ 1 - 2 0 ^ ^ + 1 - 4 - 1 1 - ^ 1 - 4 - 1 
= I n 

V i vay 

/(x„ ) = / 

Nhan xet rang vdi - 1 < x < 1 va x =̂  0 ta c6 

x'< x2 ^ 1 - 2x2 + X^ < 1 - X2 O (1 - ^2)2 ^ J _ 
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< ^ l - x 2 < y/l - x2 1 - 2v/l - x2 + 1 - x2 < 3.2 

1 - Vl - x2 < |x| ^ 1 - V l - X2 

X 
< 1. 

I 
Vay - 1 < x„ < 1, Vn = 1 ,2 , . . . , nghia la day so {xn}t=i bi chSn. 
Trifdng hdp 1 : - 1 < a < 0. K h i do - 1 < x„ < 0,Vn G N * . Ta c6 x„ < 0 va 

1 - x2 - v / l - x2 < 0 ^ 1 - x2 < ^ 1 - x2 

^ 1 - 2x2 + x^ < 1 - x2 <^ X* < x2 x2 < 1 (̂ ^̂ ĝ) 

V i vay x„+, - x„ = ^ ~ ~ - x„ = 1 " 4 - v^l - ^ ^ ^, ^.^ 
Xn Xji 

{xn)n hoi t u . Dat l im x„ = fo, khi do - 1 < & < 0, do do tir 

xt 

x„+i = 

x„ (1 + y r : ^ ) 1 + v / r ^ 

, V n = 1,2,... 

cho n —> +00 diTdc 6 = l> -1<6<0, „ 

Tru-dng hdp 2: 0 < a < 1. K h i do 0 < x„ < 1, Vn G N * . Lap luan tuong t u , 
ta thay rang { x „ } + ^ la day giam, do do hoi t u va ta cung chiJng minh dUdc 
nh^oo " {^n};t=^ luon hoi t u va l im x„ = 0. Vay 

Dieu nay chiing to / la ham hang tren ( - 1 ; 1). 

B a i toan 5.35. Tim tat cd cdc ham lien ty.c J : [ - 1 ; 1] - » R thoa man:. 

2x 

H u d n g dan. Do / lien tuc tren [ - 1 ; 1] nen / lien tuc tren ( - 1 ; 1) va 

l in i /(x) = / ( - I ) , l i m /(x) = / ( I ) . 
X — 1 + i -»l - _ J 

Theo bai toan 5.34 ta c6 

/(x) = C, Vx G ( - 1 ; 1) (C la hang so tuy y ) . 

Ta lai c6 

/ ( . ! ) = l im / ( x ) = l im C = C, / ( - I ) = l im /(x) = l im C = a 
x->l- z->l- 1-^-1+ I - . -1 + 

Vay /(x) = C, Vx G [ - 1 ; 1] (C la hkng so tuy y ) . ; . ^ •/ 
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B a i t o a n 5.36. Tim tat cd cdc ham lien iuc / : R —» K thoa man 

B a i t o a n 5.37 (De th i HSG quoc gia nam 2001). Cho g{x) = ^. Hay 
1 "T* X 

tim tat cd cdc ham f xdc dmh, lien tuc tren khodng ( -1 ; 1) vd thoa man he 
thitc 

t , . .v, ( l - x 2 ) / ( f f ( x ) ) = ( l + x 2 ) V ( x ) . V x e ( - l ; l ) ^ 

H i f d n g d a n g i a i . ^ 

(1 - x^) /(3(x) ) = (1 + x2 ) ' / ( : r ) ,Vx € ( -1 ; 1) . J .y, 
v 2 . i L ^ / ( ^ ( , ) ) = ( i - x 2 ) / ( x ) , V x e ( - i ; i ) , r 

(1 + X 2 ) 

•0 f = ^(O.Vx € ( -1 ; 1), vdi .^(x) = (1 - x 2 ) /(x). 
\ + X / 

5.3 Phu 'dng t r i n h h a m d a n g af{x) + bf{g{x)) = h{x) 

Xet phuong t r inh ham dang a/(x) + bf{g{x)) = h{x), vdi a, 6 la cac hang so 
thuc, g{x) va h{x) la cac ham so da biet, / la ham so can t i m . 

5 .3.1 C a c h g i a i i f 1 

Lay x i l a mot gia t r i tuy y thupc t|,p xac djnh cua ham so / ( x ) va xay dung 
day so (x„) nhu sau: 

3:„+i = ,(7(x„), vdi moi n = 1,2,... 

Neu (x„) la day so tuan hoan t in c6 th§ giai phudng trinh ham bang phUdng 
phap the. Neu day (x„ ) hpi t u (thudng xuat hi§n trUdng hdp nay khi gia thiet 
cho / la ham so lien tuc) th i ap dung phuong phap chuyen qua gidi h^n. 

5.3.2 Suf d u n g d a y t u a n h o a n 

B a i t o a n 5.38. Tim cdc ham so f xdc dinh tren ''̂ \ 3 > ""3 | "̂''̂  
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G i a i . Gia sii / la ham s6 thoa man d l bai, khi do ta c6 (1). Uy la mot 

gia t r i tuy y trong K\- , j , ta xay dung day s6 nhu sau: 

x„ + 1 ' 
1 - 3Xn 

Taco , 

_ X i + 1 _ X 2 + 1 _ X i - 1 _ ^ 3 + 1 _ 

Vay ( i „ ) la day so tuan hoan chu ky 3. Trong (1) lan ludt thay x bdi x i , X2, X 3 
taduoc: , 

f / ( X i ) + / ( X 2 ) = X 1 

I / X 2 ) + / (X3 = X 2 lO ..: 
[ /(•'^3) + / ( x i ) = X 3 . yip.j,, , 

Giai he nay vdi in f{x\) ta dUdt 

/ ( . , ) = 2 ( X . + X 3 - X 2 ) = - ( ^ X , + — - _ j 

_ 1 9xf + 6xf - x i + 2 
" 2 ' ' 9 x f - l . 

Do x i lay t i iy y trong j^J " ^ n sau khi t h i i lai ta c6 ket luan: Co 

duy nhat mot ham so thoa man dA bai la 

,̂ , 9x^ + 6 x 2 - x + 2 ^ r 1 n 

B a i t o a n 5.39. Gidi phuong trinh ham: 

/ W + / ( ^ ) = l + x- ,Vx^O , l . 
(1) 

G i a i . Ta xay dung day s6 ( x „ ) „ nhu sau: 

^ i e l R \ { 0 , l } , . „ . f ! i z i J l i , V n > 2 . , 
x„_i 

Khi do X 2 = X 3 - = — X 4 = = X I . Nhu vay ( x „ ) . 
Xl X2 X\ 1 X 3 

la day tuan hoan chu ky 3. Trong (1) thaj^ x = X j (vdi i = 1, 2, 3) t a dirdc 

k f/ ( 3:i) + / ( x 2 ) = l + x i 
{ + / X 3 = 1 + X 2 

(./(^a) + / ( x i ) = 1 + 1 3 . 
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Giai he phitong t i i i i h dUdc / ( i i ) = ^ ( x i + — + ^ ) . V i x i 6 R \} 

tuy y, nen / ( x ) = i ( x + - + 7 ^ ) , Vx € R \1}. Thilf lai , ta thay nghiem 

nay thoa man bai toan. 
B a i l o a n 5.40 (Cuoc t h i T i m kiem Tai nang Toan hoc Quoc te vong 19). 
Gid su rang ham f thoa man phuong trinh ham sau: 

2/ (x ) + 3 / 
/ 2 x + 29 

X - 2 
= lOOx + 80. (1) 

Hay tlm / ( 3 ) . 

G i a i . Gia sii / la ham so thoa man de bai, khi do ta c6 (1). Lay x i la rngt 
gia t r i tuy y trong R\, ta xay dvtng day so (x„) nhu sau: 

' 2x„ + 29 . >. 
2:71+1 = 

I n - 2 
- ,Vn = L 2 , . . . 

Ta C O 

4x1 + 58 
2x1 + 29 2x2 + 29 _ xi - 2 

X 2 = Xi = — — - =• 
Xi - 2 X 2 -

+ 29 

2x1 + 29 

X I - 2 
- 2 

33x1 

" 3 3 " 
= X I . 

Vay day (x„) la day so tuan hoan,xhu ky 2. Trong (1) Ian lu^t thay x hd'i 
x\, X 2 ta dildc: 

f 2/(xi) + 3/(x2) = 1 0 0 x i + 8 0 
\/(x2) + 3/(xi) - 100x2 + 80 

4/(xi) + 6 /(X2) = 200x1 + 160 

„: , , , r ^ I - 6/(x2) - 9/(xi) = - 3 0 0 x 2 - 240 

j j) - 5/(xi) = 200x1 - 300x2 - 80 

=^/(xi) = - 4 0 x 1 + 6 0 . ^ ^ ^ - ^ + 16 

,^ ^ , ^ / ( 3 ) = - 4 0 . 3 + 60.35 + 16 = 1996. 

B a i t o a n 5.41 (Costa Rica Final Round 2006). Gid st? rhng ham f thoa 
man phuang trlnh ham sau: 

2001N 
X H \ 

fix) + 2 / 

Hay tlm / (2004). 

_2_ 
x - 1 

= 4014 - X. 

•1 > 

HiTolng d a n . Day s6 (x„ ) , vdi 

2001 
2 2x„ + 2001 , 

la day tuan hoan chu k i 2. 

B a i t o a n 5.42 (Belgium Flanders Math Olympiad 2006). Tim tat cd cdc 
ham so f : R\{0,1} ^ R thoa man 

l - x j ' ' x{l - X ) \ ^ 0..\'> . 

H\idng d a n . Day so (x„) , vdi x„+i = — , Vn = 1,2, . . . la day tuan hoan 
1 Xfi 

c h u k i 3 . 
L i f t i y. Sau day ta se liet ke mot so ket qua nham giiip ban doc nhanh chong 
nhan ra day tuan hoan. »< -

D i n h l y 1 . Ham so f{x) = p - x thoa man dieu kien f{f{x)) = x, Vx e R. 

D i n h l y 2. Ham so / ( x ) = {vdi c ^ 0,ad - 6c ^ 0) thoa man dieu 
cx + a . ,. . . 

kien { j r n ^ = 1 , 2 , 1 ^« c/ii khi 

f kn ^ 
a + d = 2cos—, A;6 { l , 2 , . . . , n - l } , (n, A;) = 1. 
ad -bc=l " 

H e q u a 1 . Cho ham so f{x) = °^ ^ {vdi c ^ 0, ad -hr.^0). Khi do ncu 

n + d=Othlf{f{:r))=x. _ 

D i n h l y 3. Ham so / ( x ) = ^ (vdi c ^ Q.ad - he ^ Q) thoa man dieu 
cx + a 

kien p = 1 khi vd chi khi a + d = 2cos — , vdi k e {1,2,...,n - 1.}. 

H e q u a 2. Cho ham so f{x) = ~ ^ {vdi c 5 ^ 0, ad - 6c 7̂  0). Khz do neu 

\ld-b^cll thiiaU{x))) = x. 
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Dinh ly 4. Cho ham so f{x) = — { v d i sinA ̂  0). Khi do 
(sin X)x + cos A 

^̂  (cos 2A)x - sin 2A 
^ ^ " ) ^ = ^ ( ^ ^ " » ^ ( s i n 2 A ) z + cos2A 

!. .̂ • f ^ ^ ffftrr \\\x - sin3A 
• / 3 W ^ = / ( / ( / W ) ) = ( , i „ 3 , ) , + eos3A ' ^ l - ' 

(cosnA)! - sinnA , , , 
(sinnAja; + cosnA 

He qua 3. Cho ham so f{x) = (^"^ ^)-^ " ^ (^^j gjnA / 0). Khi do 
• ^ (sinA)x + cosA ^ ^ 

* h{x) = x<^cosZ\=\^\='^{k&Z). 

5.3.3 Suf dung day hoi tu 
Bai toan 5.43. Tim tat cd cdc ham lien tuc / : R K thoa man 

/ W + / ( | ) = y . V x e R . (1) 

Giai . Dat g{x) = — va xay ditng day (x„)„ nhir sau: 
o 

^ x i e E , . T „ = (7(x„_i).Vn> 2. 

Vi day (!„) khong tuan lioaii uen ta khoug th6 dita (1) ve pliUdug t i iul i dai 
2 

so CO liitu han phitdng trinh nlur cac bai toan tixldc. Nhitng vi Xn = xi ( - ) " " ' 
3 

nen lira x„ - 0, Vxi 6 R. Thay x bdi x i , X 2 , . . . , x„_i vao (1) ta dUdc 
)l—-oo 

is'nh nivm a'oAV (0 -V •• iv> 0 %. ' „ 04 man xi 

" ' • /(x2) + /(:':3) = ^ , 

/{x„- i ) + / ( x „ ) = ^ . 

Tu do f {:,•:) + {~irf{xn) = ^(.'•1 -X2 + --- + ( - l ) "x„_ i ) . Suy ra 
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Do fix) lien tyc /(O) = 0 nen khi chuygn qua gidi han ta du<3c 

25 
9x 

ixay /(a;) = TT^.'^s: e R. Thur l?ii thay thoa man. 

L i ^ y. Co the dat fix) = gix) + khuT — til (1). 

^ai toan 5.44. Tim cdc ham so / : R —• R lien tuc tai x = 0 va thoa man 

nfinx) = fix) + nx, Vx € R (1) 

trong rfo n > 1 Id so ttt nhien c6 dinh nao do). 

Giai. Gia siir ham so / thoa man cac yeu cau de bai. TVong (1) lay x = 0 
diMc /(O) = 0. Dat fix) = gix) + , , Vx G R. Khi do g la ham lien tuc 

— 1 
tai 0, g(0) = 0 va 

n ginx)+ 
n 2 - l = g{x) + nx 

+ nx,Vx e R 

n^x <^nginx) + = + ^ ^ 

<»p(nx) = -p (x ) ,Vx€R 

Vai moi X , E R, xet d i y ulm saur i * „ = 2 , vt = 1 ,2, . , Khi do 

lira Xk = 0. 
••+00 i 

Xfc+i = X I - , lii 

Trong (2) Ian litgt thay i b6i xi, 12, . . . , X i t _ i ta duf̂ c: 

# 1 / I N * - ' 

= - 3 ( 2 : 2 ) = (^-J 3 ( 1 3 ) = • • = (^-j 5(2;fc). 

% (-C1) = I - 1 y (̂ fc)- VA; = 1 , 2 , . . . Tfr day, va do g la ham lien tyc 

' ^ 1 0 nen cho it -+ + 0 0 ta dir(?c: 5 ( 2 : 1 ) = O.5 (0) = 0. Do xi lay tuy y trong R 

'î n g (x) = 0, Vx e R. Do do ta c6 /(x) = . Vx e R. Sau khi thii lai ta 

luan: Co duy nhat mot ham so thoa man d' bai la 
nx 
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Lifu y. Phep dat /(x) = gix) + tim ra nhu sau: Tvt gia thi i t c6 

/ (nx ) - -fix) = X 

n 
1 / 1 \ ^ ^ ( ^ ) _ i / ( a ; ) = Q / n i - - . x j (v6i a tim sau). 

Ta can c6 

X = a 
1 

nx . X 

V?iy ta bien doi (*) thanh 

finx) - i / ( x ) = - 1 V n 
.(nx) n 

n 2 - l 

^ 5 ( n x ) = ^ff(x), vdi g{x) = f{x) - ^ ^ 5 ^ 

. X 

. X . 

nx Do do ta CO phep dat / (x) = 5(x) + ^^jZi;-
Bai t o a n 5.45. Tim cdc ham so f : R R lien iuc taix = 0 va thoa man 
(H,) .. .. c ,, 3n/(nx) = 2fix) + nx, Vx G R. 
itrong do n > 1 /d so tir n/iien co ffin/i nao (fd). ^ 
HUdng d a n . TUdng ti^ bai to4n 5.44 (6 trang 559). 
Ba i t o a n 5.46 (Dl thi hoc sinh gioi Tinh Gia Lai nSm hpc 2001-2002). Tim 
tat CO, cdc ham so lien toe / : R -» M, sac cho: 

/ (9x) - ^ / (6x) + i / ( 4 x ) = 6x, Vx G R. (1) 

Giai . Ta se van dyng each giai bai t o ^ 1.120 d trang 85 vao bai to to nay 
D^t fix) = y + gix). Khi do hain g lien tyc tren R va do (1) nen 

5(9x) - ^fl(6i) + ^fl(4x) = 0, Vx e R 

^ 5 ( ^ ^ ) - + \)9{\^) + ^\\)9i.^) = 0, Vx G R 
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^(^x) - - p ( - x ) 3 1 
5(5^) - 35(x) = 0, Vx € R 

/i(^x) - i / i (x) = 0, Vx G R (^vdi /i(x) = gi^x) - ^gix)^ % 

<^hix)=^-hi^x),\/xeR I K ! -C rr 

>hix) 

Do ham h hen tuc tren R va /i(0) = 0 nen tit (2) ta c6 

/i(x) = lim /i(x) = lim 
n—»+oo n-»+oo 

1 " / 2 " \ 
= o.;i(o) = 0, Vx G R. 

3 1 1 2 ' ( U , . : 

ny gi^x) - -gix) = 0, Vx G R hay ^(x) = ^gi^x), Vx G R. Tudng tî  nhil 
2 ' 3^ 

tren ta dvroc gix) = 0, do do / (x) = y . Thil l̂ ii thay thoa man. ; 
Bai t o a n 5.47. Ttm tat cd cdc ham so lien t\tc f :R-^R, sao cho: ^ ^ ' 

9/(8x) - 9/(4x) + 2/(2x) = lOOx, Vx G R. (1) 
5 Hxidng dan. Dat g(x) = fix) - - x , thay vao (1) dUdc 

9ff(8x) - 95(4x) + 25(2x) = 0, Vx G R 
^9gix) - 95 (I) + 2g (J^ = 0, Vx G R. (2) 

L i ^ y. Phep dat gix) = / (x) - - x diTdc tim ra nhir sau: Dat / (x ) = gix) + cx, 
thay vao (1) dUdc 

9 [p(8x) + 8cx] - 9 [5(4x) + 4cx] + 2 [5(2x) + 2cx] = lOOx. 
Chon c de 72cx - 36cx -h 4cx = lOOx, Vx G R, liic nay 40cx = lOOx, Vx G R, 
suy ra c = - va ^(x) = / (x ) - ^x. 

5.3.4 SuT d u n g d a y t r u y hoi t u y e n t i n h ; 
Bai t o a n 5.48. Cho ham so f : (0; -|-oo) -» (0; +00) thoa man ' 

/ (4x) + 2010/(2x) = 2011/(x), Vx > 0. (1) 
^ ; 'h • •III'.''. Chiing minh r&ng ton tq.i so thi/c k> 1 de' fix) = /(fcx),Vx > 0. 
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G i a i . Vdi moi x > 0, dat / ( 2 " i ) = u„, n = 0 , 1 , . . . Ta viet lai (1) nhu sau: 

f{2^x) + 2010/(2'.T) = 2011/(2° .T ) , Vx > 0. 

T h a y i b d i 2x ta dUdc /(23x) + 2010/(22x) = 2011/(2ix) ,Vx > 0. Tong quat, 

ta C O 

/(2"+2a;) + 2010/(2"+^x) = 2011/(2"x), Vx > 0 
=J>u„+2 + 2 0 1 0 u „ + i - 2 0 1 1 u „ = 0 , n = 0 , 1 , 2 , . . . 

Phircmg t r i n h d i e t r i tng cua day so la + 2010A - 2011 = 0. Suy ra 

Ai = 1, Aa = -2011 = > u„ = aA^ + 6A? = a + 6(-2011)". 

V i / ( x ) > 0 nen u„ > 0, Vn > 0. Neu 6 > 0 t h i v6i n le va du Idn ta c6 u„ < 0, 

khong xay ra. Neu 6 < 0 t h i vdi n chan va d i i Icin ta c6 u„ < 0, khong xay 

ra. Vay 6 = 0 va u„ = uo hay la / ( 2 " x ) = / ( x ) , Vn = 1 , 2 , . . . V i > 0. Bai toan 

da dUdc chiing minh. 

B a i toan 5.49. Tim cdc ham / : Z —» R thoa man dieu kien 

{ 
/ ( 0 ) ^ 0 , / ( l ) = 5 , (1) 

G i a i . Trong (1) cho ^ = n G Z , y = 1, ta dUdc 

/ ( n + l ) + / ( n - l ) = / ( " ) / ( ! ) . 

D . t / ( . ) = . n , ta d . . c n „ . . = \u. - u „ - . u o ^ 0 , / ( l ) = = P h - n g 

t r inh d.c t rung A - ^ A . 1 = 0 c6 n g h i , . 1 . A. = 2, A. = ^ • T . d6 ta suy ra 
2 

Trong (1) cho X = l , y = 0, t h i / ( l ) / ( 0 ) = 2/(1) /(O) = 2 = uo nen ' 

do do / ( n ) = ti„ = 2" + hay la / ( x ) = 2^ + ; ^ , V i e Z . ThuT Igi ta thay 

ham so vtfa t h u diroc thoa man bai toaii . 
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5.4 SiJ dung day so trong phL^dng trinh ham da thiJc 
va mot so bai toan khac 

B a i toan 5.50. Vim tat cd cdc da thiic hi so thifc P{x) khong dong nhdt 
khong vd thoa man 

P(1960) = 1992, P{x) = x/P(x2 + 1) - 33 + 32, Vx > 0. 

G i a i . Gia suT P{x) la da thiic thoa man de bai. K h i do ta c6 

P(x2 + 1) = [P(x) - 32]2 + 33, Vx > 0. 

Suy ra P (1960^ + l ) = (1992 - 32)^ + 33 = 1960^ + 33. Goi XQ = 1960, ta c6 
xo + 32 = 1992, P(xo) = xo + 32 (do P(1960) = 1992). Xet day { x „ } nhu sau: 

xo = 1960, x i = x g + l , x„+i = x 2 + l , V n = 1 ,2 , . . . 

K h i do P(xo) = xo + 32 va 

P ( x , ) = P{xl + 1) = [P(xo) - 32]2 + 33 = xg + 33 = (xg + 1) + 32 = X I + 32, 

P(x2) = P(x? + 1) = [P(x i ) - 32]^ + 33 = X ? + 33 = (x? + 1) + 32 = X2 + 32. 

Bang quy nap ta ditdc ^ 

P ( x „ ) = x„ + 32,Vn = 0 , l , 2 , . . . (*) 

V i day so {xn}n=o la day tfing nghiem ngat nen til (*) suy ra P(x) = x + 32. 
Sau khi t h i i lai ta ket luan: Co duy nhat mot da thiic thoa man de bai la 

" P ( i ) = x + 32. 

Jai toan 5.51. Cho m Id so nguycn diCOng le. Tim cdc da thiic he so thijtc 
P(x) thoa man P(2010) = 2016 vd P(x) = V^C^^"* + 1) - 7 + 6, Vx e K. 

G i a i . TiT gia thiet ta c6: P (x"» + 1) = [P(x) - e]"* + 7, Vx e R. 
Dat P (x ) = Q ( x ) + x + 6 t h i ta c6 [Q{x)+x\^ = Q ( x ' " + l ) + x ' " va Q(2010) = 0. 
Xet day so (u„) xac dinh bcii ui = 2010 va u„+i = u;;* + 1. De thay day (u„) 
tang nghicni ngat, do do tap hdp {u„|n = 1,2,. . .} c6 vo han phan t i l . Ma 
Q(n„) = 0, Vn > 1. nen Q{x) = 0, Vx 6 R, tiic la P(x) = x + 6. T h i i l^ii thay 
thoa man. 

B a i toan 5.52 (De nghi t h i Olympic 30/04/2004). Tim tat cd cdc da thiic 
he so thuc P(x) thoa man , 

P(x) - 30 = ^/pl^+^) - 34 + 2,Vx > 0 vd P(2004) = 2034. 
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K i t quk. Co duy nhat mpt da thiic thoa man de bai la ' 

P(x) = 1 + 30 

B a i t o a n 5.53. Cho hai da thiCc hi so thuc P{x) vd Q{x) thoa man 

P{l + x + Qix) + iQix)f) =Q{l + x + Pix) + (P(x))2), Vx € R. 

Chring minh neu phMng trinh P{x) = Q{x) cd nghi^m thi/c tht P{x) = Q{x). 

G i a i . Gia sut a € R ma P{a) = Q{a). Xet 

6 = 1 + a + Q{a) + {Q{a)f = l + a + P{a) + {P{a)f. 

Tut gia thiet suy ra P{b) = Q{h). De y rSng h=- + aM Q{a) + I l 2 

> a. Do 

do neu xet day so (x„ ) , vdi XQ = a vk 

x„+i = 1 + x„ + Q{xn) + {Q{xn))\n = 0 ,1 ,2 , . . . ' 

th i chiing minh biing quy nap theo n theo c4ch nhu tren t a c6 

Xo < Xi < X2 < • • • < Xn < Xn+1 < '~ * ''' 

va P{xi) = Q{xi), Vi = 0 ,1 ,2 , . . . Tiir do suy ra P{x) = Q{x). 

B a i t o a n 5.54. Tim cdc da thiic P(x) e R[x] thoa man P(0) = 0 vd 

Pix'^ + 1) = iP{x)f + l,Yx£ R. (1) 

G i a i . Ta c6 P(0) = 0, P ( l ) = 0^ + 1, P(2) = 1^ + 1, P(5) = 22 + 1. (2) 
Xay dung day so (a„) nhu sau: ao = 0 va a„+i = + 1, Vn e N. Ta c6 
a i = 1 > ao- Gia sii a„+i > a„. Do a„ > 0, Vn € N* nen a^^^ > a^, dan tdi 
a„+2 = a-n+i + 1 > + 1 = a„+i. Theo nguyen 11 quy n^p suy ra day (a„) 
tSiig thuc sit, do do day (a„) gom vo so so hang phan biet. Do (2) nen 

P(ao) = ao, P{a i ) = a i , P(a2) = a2. , V ' 

Gia sur P{ak) = ajt (fc e N) . K h i do sil dung (1) ta dUdc 

P(afc+i) = P{al + 1) = (P{afc))^ + 1 = + 1 = a^+i. 

Theo nguyen l i quy nap suy ra P(a„) = a„, Vn 6 N. Xet da thiic he so tW^ 
Q{x) = P ( i ) - X . Do P(a„) = a„, Vn € N nen Q{x) nhan a„ lam nghiem vcii 
moi n e N. V i day (a„) gom v6 so so h^ng phan bi§t nen suy ra Q{x) = ^ 
hay P(x) = X . T l n l lai thay dung. Vay c6 duy nhat mot da thiic thoa man 
cac yen cau d l bai, do la P(x) = x. 

B a i t o a n 5.55. Tim tat cd cdc da thiic bac le P(x) 6 R[x] f/ioa mdn 

P(x2 + 1) = (P(x))2 + 1, Vx e R. 
(1) 

G i a i . ' l V o n g ( l ) thay X b a i - x d i r o c P ( x 2 + l ) = (P(_a;))2 + l Vx F R 9̂̂  
Tir (1) va (2) suy ra P^x) = p 2 ( - , ) , Vx 6 R, hay V + ^' ^ ^- (2) 

[P(x) - P ( - x ) ] [P(x) + P ( - x ) ] = 0, Vx G R. (3) 
T i i (3) suy ra i t n h i t mot trong hai da thiic P(x) - P ( - x ) , P(x) + P(~x) se 
CO vo so nghicm nen no se la da thiic khong. Do deg(P) le nen 

P ( x ) + P ( - a ; ) = 0 , V x 6 R . (4) 
T i i (4) cho X = 0 ta dUdc P(0) = 0. Den day sii dung bai toan 5.54 ci trang 
564 ta dUdc P (x ) = x. 

B a i t o a n 5.56. Tim cdc da thiic P (x ) e R[x] cd deg(P) > 1 vd thoa man . 

P(x2 + 1) = (P(x))2 + 1, Vx e R. ~ - , (1) 

G i a i . 
T r i f d n g l i d p 1 : P(0) = 0. Sii dung bai toan 5.54 6 trang 564 ta dii0c 

P(x ) = X , Vx e R. 

T r t r d n g hdp 2: P(0) 5̂  0. Gia si5 P(x) = a„x" + o „ _ i x " - i + • • • + a i x + OQ, 
vdi ao ^ 0. Thay vao (1) dUdc 

1^ (a„x" + a „ _ i x " - ' + --- + a i x + ao)^ + l 

B =a„(x2 + l ) " + a„_i(x2 + l ) " ~ ^ + . . . + ai (x2 + l ) +ao , Vx € R. 

H sanh h f so ciia x diidc 2aoai = 0 ai = 0. Sau do so sanh he so x^ dUdc 

t 2a3ao + 2aia2 = 0 03 = 0 (do ai = 0). 

Tiep tyc qua t r i n h nay ta dUdc nhiing he so cua x mu le bang 0. Do do 
P (x ) = Q(x2), 6 day Q{t) la da thiic. TiT (1) ta c6 

Q ((x2 + 1 ) ' ) = P (x2 + 1) = [P(x)]2 + 1 = [Q(x2)]' + 1, Vx e R. (2) 

et da thiic H{t) sao cho H{t) = Q{t - 1). Thay vao (2) diidc 

F ( ( x 2 + l f + l j = [ i / (x2 + l ) ] ^ + l , V x e R . (3) 
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Do t^p h(?p { i ^ + l|a: e R } c6 v6 s6 phan tvi khac nhau nen tit (3) suy ra 

H (x2 + 1) - [Hixf -l=O^H{x^ + l) = {H{x)]'' + 1, Vx 6 E. (4) 

Nghia la H{x) thoa dieu ki§n bai toau va deg{H) < deg{P). Neu H{0) = o 
th i theo tren 

• /'[ •> H{x) = X => P(x) = Q (x2) = H{x^ + l) = x^ + l. 

Neu H{0) ^ 0 th i tien hanh titong t u nhu doi vdi P(x) , ta thu ditdc da thilrc 
H i ( x ) cung thoa man yeu cau d l bai va deg(//i) < deg{H). De thay qud 
t r inh nay tiop tuc chi hfni han bir6c, nghia la don mot thcri difim chac chan 
se den da thiic x. Suy ra neu mot da thiic P(x) thoa man t inh chat (1) th i 
nase t r img vcii nipt da t h i k nao do trong day 

Po{x) = X , P,(x) = x^ + 1,..., P„+i(x) = P„(x2 + 1 ) , . . . 

NgUdc lai, bang each k i l m t ra trvte tiep th i moi da thiic trong day tren thoa 
man dieu kien bai toan. 

Ba i toan 5.57. Tim tat cd cdc da thitc P{x) € R[x] thoa man P(0) = 0 vd 

P ( i ^ + x + l ) = p 3 ( x ) + P(x) + l , V x € R . (1) 

G ia i . Xet day so (a„) nhu sau: ao = 0 va a„+i = + a„ + 1, Vn G N. Ta c6 
ai = 1, ao < rti. Gia sijf a„ < a„+i, khi do 

an+2 = a^+i + «n+i + 1 > + a„ + 1 = a„+i. 

Theo nguyen l i quy nap suy ra day (a„) la day so tang nghiem ngat, do do 
t$,p hop {a„|n € N } c6 v6 han phan t i i . Ta c6 P(0) = 0 => P(ao) = ao- Gia 
siJt P (a „ ) = a„ (vdi n G N), khi do 

P(a„+i ) = P{al+a„ + l) =''^ P^(a„) + P(a„ ) + 1 = + a„ + 1 = a„+i • 

Theo nguyen l i quy nap suy ra P(a„ ) = a„, Vn G N. Ket hdp vdi tap hdp 
{a„|n e N } CO v6 han phan t\t suy ra da thi'rc P(x) - x c6 v6 so nghiem, dan 
tdi P(x) - X = 0 <^ P(x) = X . Thir lai thay thoa man. 

Ba i toan 5.58. Tim tat cd cdc ham so tang thuc / : N* N* thoa man 

/(n + /(n)) = 2/ (n ) ,VnGN* . 

Gia i . Gia sii ton tai ham so / thoa man dieu kien bai toan. Do / tang thiic 
sir nen: / (n + 1) > /(n) + 1 / (n + 1) - n - 1 > f{n) -n,'ine N*. 
Suy ra f{n)-n la mpt ham so tang. M$t khac, d^t ao = 1, Un+i = a„ + /(an)-
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Kh i doao < ai < . .., va/(a„+i ) = 2/(a„), do do/ (a„+ i ) -a „+ i = / (a „ ) -a „ . 
Suy ra c6 v6 h?in bp (m, n) sao cho / ( « ) - n = f{m) - m, ma f(n)-n la ham 
so tang nen tii day suy ra /(n) - n la ham hang tren N*. Vay 

/(n) = n + k, Vn G N* (vdi A; la hang so nguyen diTdng). 

Thiif lai thay thoa man. 

B a i toan 5.59. Tim tat cd cdc ham so f : (0;+oo) —» (0;+oo), thoa man: 
Vdi moi x > 0, y > 0, ta luon c6 

f{x).f{y) = (3f{x + yf{x)) {vdi0€R,0>l cho trUdc). (1) 

G ia i . Neu /(x) = r thoa man (1) th i = ftr.'^°S^c = /?. Ta chiing minh 

fix) > l , V x G (0;+oo). 

Gia siir ton ta i XQ > 0 sao cho /(XQ ) G (0; 1). Kh i do thay x = XQ, y = 

vao (1) ta dUdc 

^0 \ 

1 -

1 - f{xo) /(xo) =/?> 1, v o l i . 

end J(yo) G [1;/?). Xet day so dirdng (x„) nhu sau: 

XI > 0, x„+i = a;„ + yo/(x„), Vn = 1,2,.. . 

Tit (1) ta thu dudc 

fiXn+l) = fiXn + yof{x„)) = 
0 

.f{Xn) = - . . = 
0 / ( . r i ) . 

Do l im 
n - » + o o 

fiyo) 
0 - 0 ngn „_|im^/(x„) = 0, mau t h u i n vdi /(x) > 1 vdi 

mpi X > 0. Ket hdp vdi (1) ta c6 " " 

0f{x + yf{x)) > flf{x) ^ fix) < / ( x + y/(.T ) ) ,Vx,y G (0;+oo). 

Suy ra / la ham so tang (khSng giam) tren (0;+oo). Gia sijf /(x) > 0, vdi 
moi X G (0; +oo), suy ra ham / dong bion (tang nghiem ngat tren (0; +oo)). 
Trong (1) doi vai tro ciia x va y t a nhan dUdc 

/ (x + yfix)) = f{y + xf{y)l Vx, y G (0; +oo) 
^x + yfix) =y + xfiy), Vx, y G (0; +oo) 

(11 
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^ i + / M = l + Z M , v . , y € ( 0 ; + o o ) 
y ^ ^ y .. 

/ ( £ ) _ i = M _ l , v . , , . ( 0 ; + o c ) 
X X y y 

^^""^ - 1 = a , V x 6 (0; +oo ) (Q la h k n g s6) 
X X 

=i^f{x) = ax + iyx& (0; +oo) . :• f ; 

T h i l l a i t h a y v d i m g i h l l n g so a t h i h a m so f{x) = Qa; + 1 , Vx € (0; +oo ) khong 

t h o a m a n (1). Vay t o n t a i x i > 0 dO / ( n ) = fl.VdiO < x < n, v i h a m / 

k h o n g g i am nen 

0 < fix) < f{xi) ^ 0 < fix) fix) = P (do fix) >f3,Vx> 0) . 

Vay fix) = pyx e (0; x j ] . T r o n g (1) thay x = x j , y = x i , t a t h u dudc 

/ 2 ( x i ) = /3/ (x i + x i / ( x i ) ) ^P^ = Pf HP + l ) x i ) =>p = fiip+ l)xi). 

Lap luan tUdng tU t a dUdc: fix) = j8,Vx e (0; (/3 + l ) x i ] . 
T i e p t u c q u a t r i n h nay, theo nguyen l y quy nap t a t h u dvTdc 

• • • ' / ( x ) = /?,Vxe ( 0 ; ( / 3 + i r x i ] , n = l , 2 , (2) 

Do l i m iP + l ) " ! ! = +0O, nen vd i m p i x > 0, t o n t9,i no € N * , sao cho 
n-»+oo 

X 6 (0; iP + l ) " " ! ! ] , theo (2) suy r a fix) = p. V&y fix) - /?,Vx > 0, t h i i lai 

thay dung . T a c6 ke t l u a n : H a m so d u y n h a t t h o a m a n yeu cau ba i t o a n la 

. ...,„i>- / (x ) = / ? , V x € (0 ;+oo ) . 

B a i t o a n 5 . 6 0 . Tim tat cd cdc ham so f : [0; +oo ) - » [0; +oo ) thoa man 

/ ( / ( x ) - x ) = 2x, V x > 0 . (1) 

G i a i . T t t g ia t h i e t suy r a / (x ) > x , Vx > 0, do do 

/ (/(x) - x ) > fix) - X =^ 2x > fix) - X ^ fix) < 3x, Vx > 0. 

N h i r v^y t a t h u di tdc: x < fix) < 3x , Vx > 0. (2) 

X e t ha i day so ( a „ ) , (6„ ) n h u sau: a i = 1, 6i = 3 va 

•̂̂  a „ + i = —7—, bn+i . 
On an 

T a CO a „+ i - 6„+i = - ^ = txi day kgt hdp vd i a, < k 
On On flnOn 

suy r a a„ < b„, V n = 1 ,2 , . . . De thay a„ > 0 va 6„ > 0. T a se chuti.g m i n h 
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bang q u y nap r k n g ( a „ ) l a day t a n g va (6„) la day g iam. T a c6 m = 1, ftj = 3, 

02 = 3 , &2 = 3. V$.y a i < a j , 6 i > 62- G i a sijt a „ _ i < a„ va 6 „ _ i > 6„. D o h a m 
< + 2 

so fit) = ngh i ch b ien t r e n (0; +00 ) nen 

_ 62 + 2 6„_i + 2 . a„ + 2 o „ _ i + 2 

a„+i = - 7 > - r = a„ , hn+i = < -JL±2L± = 5 
" n - i a„ a „ _ i " 

Vay theo nguyen If q u y n9,p suy r a vd i m p i n t h i a„ < a „+ i va 6„ > 6„+i. 
T o m la i t a da c6 | VJ> * 

1 = "1 < a2 < • • • < a „ _ i < a„ < 6„ < i „ _ i < • • • < 61 = 3. 

D a n t d i ha i day ( a „ ) va (6„ ) cung ho i t u . D a t a = l i m a „ , 6 = l i m 6„ t i f 
n—+00 n-.+oo 

_ 6+ 2 
(3) cho n ^ +00 t a dUdc 

6 = 
„ ^ 2 vd i d i eu k i en 1 < a, 6 < 3 

t a ditdc a = 6 = 2. Vay l i m a„ = l i m 6„ = 2. T i r (2) t a c6 ' ' ^P 

a i x < / (x ) < 6 1 X , Vx > 0. 

G i a s i i 

a „x < / (x ) < 6„x, Vx > 0. 

Tit (5) t h a y x b d i / ( x ) - x t a dUdc 

anlfix) -x]< fifix) - x ) < 6„ [/(x ) - x ] , Vx > 0 

=>an[/(2:) - x] < 2x < 6„ [/(x ) - x ] , Vx > 0 

• ^ " ^ ^ x ^ ^ ^ ^ ^ ^ o ^ ^ ^ ^ ^ ^ ^ 

(4) 

(5) 

bn an 
=^an+lX < fix) < bn+lX, Vx > 0. 7 n 

Theo nguyen If quy nap suy r a (5) d i i n g vdi mo i n = 1, 2 , . . . , do do t i i (5) 
cho n ^ + 0 0 t a dUdc 2x < / ( x ) < 2x, Vx > 0 hay / (x ) = 2x, Vx > 0. T h i i 
la i t h a y t h o a m a n . 
Lu fu y . " 

• M p t Id i g ia i t h a t l a hay va d?p, dac b ie t l a k l t h u a t xay d u n g ha i day so 
pho i hdp ( a „ ) va (b„ ) , dc tvif (2) t a t h u d i ldc (5) , r o i tv[ (5) cho n ^ +oo 
de t h u dUdc ba t d i n g t h i i c chat hdn bat d i n g thiJc (2), do l a 

2x < f{x) < 2x, Vx > 0. 

• B a i t o an 5.60 nay ch fnh la bai t oan 5.7 (d t r a n g 520), v i vay ban doc 
nen x e m la i di c i i ng c6, gh i nhan t h e m phUdng phap, k l t h u a t giai bang 
each s i i d u n g day so. 



ChtfcTng 6 ' 

Mot so phi:fdng trinh ham 
tong quat. Bat phi:fdng trinh 
ham 
6.1 PhL^dng trinh ham v6i doi so bien d6i c6 tinh 

quay vong vdi he so bien thien 

6.1.1 D a n g a{x)f{x) + b{x)f{p-x) = c{x) 

Trong muc nay ta xet phUdng t r inh ham 

a{x)f{x) + bix)f{p-x) = cix),\/xeR (1) 

trong do f{x) la ham can t i m , p la hang so thiic cho tixxdc, a{x), b{x), c{x) la 
cac ham cho trttdc. Trong cac tai lieu hien hanh ngudi ta thucing giai bSng 
each trong (1) thay x bdi p - a; ta ditOc 

a{p - x)f{p - x) + b{p - x)f{x) = c{p - x), Vx € M, (2) 

Tir (1) va (2) suy ra /(x) . Trong trudng hop c6 duy nhat mot ham so / thoa 
man (1) t h i 16i giai tren se di den k i t qua (Xem lai muc 1.2.2: Phuong tr inh 
chiia hai bieu thutc f{A), f{B), d trang 10). Tuy nhien trong truc)ng hop c6 
v6 so ham thoa man (1) t h i each giai tren khSng c6 tac dung, bdi v i liic 
do phUdng t r i n h (2) cung chinh la phildng t r i n h (1). Sau day ta se dita ra 
thuat toan S c6 thfi t i m ham / thoa man (1) (ke ca trucJng hdp (1) c6 vo so 
nghiem). Viec chiing minh t inh dung din ma. thuat toan nay phai sut dung 
den cong cu toan t i i dai so, mot kien thiic vUdt ra ngoai chiTdng t r i n h pho 
thong, do do khong dUdc t r inh bay 6 day. Co dieu rat thu v i la thuat toan 
nay de sii dung va khi sii dung thuat toan nay d6 t i m dUdc ham / t h i ta lai 
CO the t r i n h bay lai Idi giai lioaii toan sd cap. 
Btrdc 1. T i m 
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= I Hx) - a(p - x ) - b{x) + b{p - x)l 

« i (•̂ ) = \ n{p - x) + b{x) - b{p - x ) ] , ' ^ 

A ( ^ ) = \) + a(p - x ) - 6(x) - 6(p - x ) ] . \ 

Bxidc 2. Xac dinh fi{x) va /2(x) t ^ he 

r a (x )/ i (x ) + /3(x)/2(x) = (Pic)(x) . 
f Uii^)fiix)+M^)Mx) = {P2c)(x), (3) 

TVong (16 ( A r : ) ( x ) = ^-[r{x) + dp - x) ] , {P,c){x) = ^[c{x) - c.{p - x ) ] . 

Bi fdc 3. N l u he (3) v6 nghiem thi khong c6 ham s6 nao thoa man (1). N l u 
fi(x) va /2(x) thoa man h? (3) t h i ham / can t i m la 

fix) = (Pi/i ) (x) + (P2/2)(x), Vx e R, 

trong do: (Pi/i ) W = i [ / i ( x ) + - x)] , (P2/2)W = ^[/2 (x) - / 2 ( p - x ) ] . 

Sau day la mot so bai toan ap dung thuat toaii tren. 

Ba i toan 6.1. Ttm tat ca cac ham so / : R -» R thoa man 

{x^ + x + l )/(x) + (x2 - X + l ) / ( - x ) = 2(x2 + 1), Vx G R. (1) 

Hifdng dan. 

Cach 1. T a c 6 a ( x ) = x 2 + x + l , 6 ( x ) = x 2 - x + l , c ( x ) = 2(x2 + l ) . Vay • 

a(x) = ^ [a{x) + a ( - x ) + 6(x) + 6 ( -x ) ] = 2x2 ^ 3. 

l^i^) = \Hx)-a{-x)-b{x) + b{-x)\ 2x. 

" 1 W = ^ [aW - a ( - x ) + 6(x) - 6 ( -x ) ] = 0. 

^1(2;) = \ + a{~x) - b{x) - 6 ( -x ) ] = 0 . 

(Pic)(x) = l [ c ( x ) + c ( - x ) ] = 2(x2 + 1), (P2c)(x) = l [ c ( x ) - c ( - x ) ] = 0. 

Xet he . . . v i w , . 

r(2.r2 + 2)/,(x) + 2.x/2(.r) = 2.T2 + 2 
t0/i (x) + 0 / 2 ( x ) = 0 . 

^ thay ho tron c6 vo so nghiom va tat ca cac nghiem don c6 dang , 

xh{x) 
3:2 + 1 . 

1/2 (x) tuy y. 



Do V9,y 
{Pih)ix) + {P2h)ix) 

1 
X2 + 1 r2 + l 

=1 + 

2 + Mx) ( l - ^ ) + M-x) - 1 ) 

2(x2 + 1) 
[/2(X) - hi-x)]. 

Do do, tat ca cac ham so can t h i i deu c6 dang 

/ ( x ) = 1 + 
x2 - X + 1 

2(x2 + l ) 

trong do /2 la ham so tuy y, xac dinh tren R. 
C a c h 2 (L&i giai sd cSp) . Ta c6 

x2 - X + 1 

[ / 2 ( X ) - / 2 ( - X ) ] , V X G E , 

Ta se chiing m i n h (1) tUdng dudng vdi 

X2 - X + 1 

l / W - / ( - a : ) ] , V x e E 

/ ( x ) = 1 + [ / 2 ( x ) - / 2 ( - x ) ] , V x e R 
2(x2 + 1) 

/ 2 l a h a m so xac dinh tren E , tuy y. 

(2) 

(3) 

De thay r i n g neu ham / thoa man (3) t h i / thoa man (1). Neu ham so / 

thoa man (1) t h i do c6 (2) nen / c6 d^ng (3). Vay tat ca cac hkm so thoa 

man de bai deu c6 dang 

•" ^ ^ " " ^ " ^ t ( x 2 + ^ i ) ^ ' - ^ ^ ( ^ ) - f 2 { - x ) ] y x € R, 

trong do /2 la ham so xac dinh tren R, tuy y. 
C a c h 3. Vdi mpi x e R, t h i (1) viet l ^ i 

(x2 + X + 1 ) / ( X ) + (X^ - X + l ) / ( - x ) = (X^ + X + 1) + (x2 - X + 1) 
<^(x2 + X + I)fix) - (x2 + X + 1) = {x2 - X + 1) - (x2 - X + l)f{-x). 

D o d o n e u x e t ham so 5 nhu sau: ^(x) = ( x 2 + x + l ) / ( x ) - ( x 2 + x + l ) , Vx € K> 

t h i (1) tUdng ditdng vdi g{x) = -g{-x), Vx e R. Til day sijf dung bai toan 

1.52 6 trang 31, ta difdc g{x) = - [h{x) - h{-x)], Vx G R. Vay ham so can 

t i m c6 dang: 

fM 2 (x2 + x + l ) + [ M x ) - M - x ) ] 
. = , 2(x2 + x + l ) 
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trong do h l a h a m so xa<: djnh tren R, tuy y. 
L t f u y Trong each giai 3, t a d a dat an phu dg dUa phuong tr inh h a m vdi 
h§ so t.ien thien ve phuong trinh ham vdi h f so hang, each nay so cap v a de 
hieu, tuy nhien c6 mot so bai toan, khong ton tai phep d6i bien nho c6 the 
dua dude ve phUdng t r i n h vdi he so hSng. 

B a i t o a n 6.2. Tim tat ca cac ham so / : R —> R thoa man 

(x2 + X + 2 ) / ( x ) + (x2 - X + 2 ) / ( - x ) = 2(x2 + 2), Vx € R. 

6.1.2 D a n g a{x)f{x) + b{x)f{h{x)) = c ( x ) 

Trong muc nay t a x6t phUdng trinh h a m • 

a ( x ) / ( x ) + 6 (x ) / ( / i ( x ) ) = c (x) , Vx € D. (-.d m (1) 

trong do / la h a m can t im, a ( x ) , 6(x), c (x) , h{x) \k cac h a m cho trudc va h a m 

so h thoa m a n dieu kien h{h{x)) = x, Vx G D. 
T h u a t t o a n d § g i a i p h i T d n g t r i n h h a m ( 1 ) . 

B i f d c 1. T i m ^ - ' J -

a(x) = i [a(x) + a(/i(x)) + b{x) + b{h{x))], 

P{x) = ^[a{x)-aihix))-hix) + hih{x))], 

|: « l ( x ) = \ - fl(A(x)) + b{x) - hih{x))], 

f Plix) = I [a(x) + a ( M x ) ) - 6(x) -

B i fdc 2. Xac dinh / i (x) va /2 (x) t i t h^ { s i 

r a ( x ) / i ( x ) + /3(x)/2(x) = (Pic)(x) 
t a i { x ) / i ( x ) + /3 i (x ) / i (x ) = (P2c)(x), 

Trong do '* • 

( A c ) ( x ) = -[c{x) + c{hix))], (P2c)(x) = - [ r ( x ) - c(/i(x))]. 

Bxidc 3. Neu h ? (2) v6 nghi§m thi khong c6 h a m so nao thoa m a n (1). Neu 
va /2 (x) thoa m a n h? (2) t h i h a m / can t i m la 

f{x) = ( P l / l ) ( x ) + {P2/2)(x), Vx G D, , ; , 

trong do 

( P l / l ) ( x ) = i [ / l ( x ) + / l ( M x ) ) ] , (P2/2)(X) = ^ [ /2 (X) - /2 ( / l (x) ) ] . 

I 
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N h a n xet 1 . Khi h{x) = p-x thi phuang trinh ham ta dang xet si trd thanh 
phtiOng trinh ham da, xet d muc 6.1.1. 
C h u y 1. Neu hai ham so a{x) va b{x) thoa man diin kien :<!.• • 

thi phuang trinh ham 

a{x)f{x) + h{x)f{h(x)) = cix),\/x€D 

{vdt ham h thoa man dieu kien h{h{x)) = x) se c6 v6 so nghi^m. 

B a i to4n 6.3. Tim tat cd cdc ham so f thoa man diiu kien 

x'^fix) + / ( - ) = 2x, V i / 0. (1) 

Hxidng d a n . 
C a c h 1 . Ta c6 

a{x) = I ^ b{x) = 1, c(x) = 2x, h(x) = 

Vay 

Trong (1) lay x = 1 ta dUdc / ( I ) = 1, lay i = - 1 ta dUdc / ( - I ) = - 1 . Xet 
he an la ( / i ( x ) , /2 (x)) (vdi dipu kien x 1 va i ^ - 1 ) 

f ( £ ! i l ) ! ; , „ ^ £ ; ^ , , , „ . f i * l . . . . . 
2x2 

«>(.r2 + l ) / l ( x ) + (x2 - l)/2(x) = 2 X 

r /2(x) tuy y 
2x . ( l - x 2 ) / 2 ( x ) 
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Vay tat ca cac ham so can t i m deu c6 dang 

, , 2x 1 
, V x ^ O , 

trong do h la ham xac dinh tren R, tuy y (do / ( I ) = 1 va / ( - I ) = - 1 cung 
thoa man cong thiifc nay). 
C a c h 2 ( L d i giai sd cap thiJ n h 4 t ) . Ta c6 (1) tUdng dudng v6i 

/(x) = 2x 
+ x2 + 1 ^ X2 + 1 

Ta sc chufng minh (1) tUdng dUdng v6i 

r/ N 2x 1 

, V x ^ O . . 

/2(X) - /2 
/ I 

, V x ^ O 

(2) 

(3) X2 + 1 x2 + 1 _ 
/2 la ham xac dinh tren R, t i iy y. 

Ta kidni t ra diTcJc mpi liani / c6 dang (3) dcu thoa (1). Neu ham / thoa (1) 
thi do (2) suy ra / c6 dang (3). Vay tat ca cac ham s6 can t i m deu c6 dang 

N 2x 1 
x2 + l ;2 + l /2(x) - /2 ( - , V x ^ O , 

trong do la ham xac dinh tren R, t i iy y. 
C a c h 3 ( L 5 i g i a i sd cap thuT h a i ) . Ta c6 

( i ) < ^ x / ( x ) + l/(^i) = 2 , V x ^ o 

^ y(x) + y = 2, Vx ^ 0 (vdi 5(x) = x / ( x ) , V x O) 

,̂ <t^/i(x) + / i (̂ )̂ = 0 , V x ^ O (vcii/i(x) = - l + p ( x ) , V x 7 ^ 0 ) 

<(=»/t(x) = - / t f - Y v x ^ O 

^ M x ) = ^ ^ 

^ Mx) = ^ 

Vxy 

/i(x) - / i f - ^ 

;c(x) - fc ( i 

,Vx?^0 

f r i r f n i t t t jj/r,' 
, V x ^ O . 

v^i fe la ham so xac dinh tren R, t i iy y. \%y ham tat ca cac ham so thoa man 
yeu cau d l bai deu c6 dang 

fix) = 
2 + k{x) - it ( -

2x 

575 

, V x ^ O , t 



v6i k la ham so xar. dinh tren R, tuy y. 

B a i t o a n 6.4. Tzm tat cd cdc ham so f thoa man diiu kien 

MHO I - (2 + smx)f{x) +(2 + s i n ^ ^ ) / ( ^ 3 3 ) = 0, Vx 7̂  1. 

B a i t o a n 6.5. Tim tat cd cdc ham so / : R —» R thoa man diiu kien: 

• (v^x2 + 1 - v^x2 _ 20x + 101 - 2) / ( l O - x) '• '•• 
+ (yx? + 1 - V'x2 - 2 0 x + 101 + 2 ) f{x) = 4x - 12, V i e R. (1) 

G i a i . Gia sii / la ham so thoa man de bai, kh i do ta c6 (1). Trong (1) lay 
X = 5 ta dvt0c 0 = 8. Dieu v6 l i nay chiiug to khong c6 ham so nao thoa man 
de bai. 
B a i t o a n 6.6. Tim tat cd cdc ham so f thoa man dicu kien ' 

: - 3 \ 
V x - l y 

= 1, V x ^ l . ^ 

B a i t o a n 6.7. Tim tdt cd cdc ham s6 f:R\{0,-l}thoa mdn 

/ W + x / Q ) = x + l , V x ^ ( 0 , - l } . (1) 

G i a i . T a c6 

. (1). 

, Vx ^ {0, - 1 } . 

Ta sc chi'nig minh (1) tUdng difclng vdi ^ 

9 W - 9 ( - ) , Vx i (C - 1 } , 

(2) 

(3) 

vdi g l a h a m so xac dinh tren 
ren R\, - 1 } , tuy y. Ngu ham / xac dinh bcii (3) 

thi 
5 ( - ) - 9 W 

Xt: . 

, Vx i {0, - 1 } 
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do do 
/ ( x ) + x / f - ) = x + l , V x ^ { 0 , - 1 } , ' 

suy r a h a m / thoa man (1). Neu ham / thoa man (1) thi do (2) nen suy r a 
/ CO dang (3). Vay tat c a cac ham so thoa man cac yeu cau de bai deu c6 
d^ng 

fix) = 1 + 
x + 1 

9ix)-9i-) , Vx i {0, - 1 } , 

vdi g la ham so xac dinh tren R\, - 1 } , tuy y. 

B a i t o a n 6.8. Tim tat cd cdc day {xn}n=o ^won hodn icqng tinh) chu ky 2 
vd thoa mdn y 

[2 + ( - l ) " ] x „ + [2 - ( - l ) " ] x „ + i = 4, Vn = 0 ,1 , 2 , . . . 

B a i t o a n 6.9. Tim tat cd cdc day {xn}n=i ^'^o.n hodn nhdn tinh chu ky 4 vd 
thoa mdn 

[1 + sin(27rlog4 n) - sin(27r log4 2n)]x„ 
+ [ - 1 + sin(27r log4 n) - sin(27rlog4 2n)]x2„ 

|. •. =2[cos(27rlog4n)-cos(27rlog4 2n)], V n = 1 , 2 , . . . 

6.1.3 fix) + b{x)[f{x) + f{hix)) + f(hihix))) = c (x) 

Trong muc nay t a xet phuong trinh ham 

fix) + bix) [fix) + f{hix)) + / ( / ( / . ( x ) ) ) 

— ms S B c i , , " 

= c(x), Vx G D. (1) 

trong do / la ham can tim, 6(x), c (x) , / i(x) la cac ham cho trirdc va ham so h 

thoa man dieu kien / i^ / i ( / i (x) ) j = x, Vx e D. 

T h u a t t o a n . \ t, / " 
Bi fdc 1 . T i m \ 

bix) = -[bix) + b{hix)) + b(hihix))j 

c(x) = ^ [c(x) + c(/i{x)) + c ( / i ( / i (x ) ) ) 

3udc 2. T i m ^(x) t i i phiTdng trinh ^ 

gix) + bix)gix) = cix). 

T a t c a cac ham so can tim deu c6 dang 

fix) = c(x) - 6(x) [gix) + g{hix)) + g(/i(/i(x))) 
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B a i toan 6.10. nm tat cd cdc day { i „ } ( n = 0 , 1 , 2 , . . . ) tudn hoan {cQug 
tinh) chu ky 3 vd thoa man: Vdi moi n = 0 , 1 , 2 , . . . , ia cd 

[2 + cos ^ ] x „ + [ - 1 + cos ^ l x „ + i + [ - 1 + cos ^ ] x „ + 2 = 3 s i n ( 1 ) 

G i a i . De thay (1) tvtdng dudng vdi 

. 2mr 1 L 2n7r^ 
i „ = sin 3 -^3 

1 - c o s - ^ 1 (x„ +x„+i + i „ + 2 ) > V n e (2) 

Ta chi'mg minh (1) titdng dildng vdi 

trong do {j/„)(n = 0 , 1 , 2 , . . . ) la day s6 tuan hoan (cong tinh) chu ky 3, tuy 

y. 

Gia sii day {x„}{n = 0 , 1 , 2 , . . . ) c6 dang (3). Khi do vi JM = y n + 3 , V n € N 

nen 
2 ( n + l ) 7 r 1 

Xn+i = sin + -

2 ( n + 2 ) 7 r 1 
Xn+2 = sm h -

1 - cos 

1 - cos 

2 (n+ l)7r 
3 

2(n + 2)7r 

x„+i + Xn+2 = - sm — + - I 2 + cos 

3 

2n7r^ 

(yn + y n + i + y n + 2 ) , V n e N 

(yn + yn+i + ! /n+2) ,VneN 

(2/n+yn+l +2/n+2),Vn€ N. 

Do do 

2n7r\ , 2n7r\ s 

2 + cos — 1 X„ + ^ - 1 + cos — j (Xn+l + Xn+2) 

= 2 + cos 
2n7r\ 2nn 1 / , 2n7r\ , ^ , 

sin — + - I I - cos — 1 ( y „ + y„+i + yn+2> 

2n7r 1 / „ 2mr \ , , N 
- sin - T - + - 2 + cos - — (l/n + 2/n+l + yn+2) 

A 3 y L 
/ 2n7r\ 

+ -1 + cos —— 
V 3 y 
„ . 2mv 2mT . 2mr . 2nn 2n-n 2mx 

= 2 sm — - — h cos —— sm — — h sm — cos —— sm —— 
o 3 3 3 3 3 

. + ^ ( y „ + y „ + i + y „ + 2 ) . 0 = 3 s i n ? ^ , V n = 0 , l , 2 , . . . , ^ ^ , „ 

Vay day { x„ } (n = 0,1, 2 , . . . ) thoa man (1). 
Gia sii day so { x „ } ( n = 0 ,1,2, . . . ) thoa man (1). Khi do vi c6 (2) nen day 
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{:c„}(n = 0 , l , 2 , . . . ) codang (3). 

Ket luan: Tat ca cac day so thoa man yeu cau de bai deu c6 dang 

Xn = sm — + - ( 1 - cos — ) ( y „ + y„+i + y„+2), Vn = 0 , 1 , 2 , . . . , 

trong do (2/„)(n = 0,1, 2 , . . . ) la day so tuan hoan (cong tinh) chu ky 3, tuy 

B a i toan 6.11. Tim tat cd cdc ham so / : R\} — R thoa man diiu 
kien: Vdi mpi x e R\ ta cd 

{x^ -5x + 6)f{x) -
x - 1 ^ U - 1 ' - (2x - 3 ) / 

x-3\ 
x-2 

= 3a; - 6. 

Hi^dng d a n . Gia sii / la ham so thoa man cac yeu cau de bai. K h i doi 

{x-3)f{x) ^ / 
X - 1 

/2x-3\
x-1 x-2 V x € R \ { l , 2 } . (1) 

Xet ham s6 5 : R\, 2} ^ R nhu sau: g{x) = {x - 3)/(x), Vx e R\. 
T d (1) ta CO 

t ^ , /'2x - 3 , 
9i^)+9 \^ J +9 

fx-3 
X 

- | j = 3 , V x e r \ { l , 2 } 

= 0 , V x e r \ { l , 2 } . (2) x - i ; • • " V x - 2 

vdi h la ham s6 / i : R\} - R, h{x) = ^(x) - 1, Vx e R\. T a c6 

/ 2 x - 3 ^ (2) ^ h{x) = -

Ta se chiing minh 

{2)^hix) = ^ 

2h{x) - h 

2fc(x) - k 

X - 1 
-h 

x - 3 y 
x - 2 y 

2 x - 3 \ 
- i t 

x - 3 
x - 2 

, V x e R \ { l , 2 } . (3) 

, V X G R \ { 1 , 2 } (4) , x - i y 

l^trong do k la ham s6 xac dinh tren R\, tuy y) . De th4y mpi hhm s6 
^c6 dang (4) deu thoa man (2). Ngudc lai, mpi ham thoa man (2) thi do (3) 

CO dang (4). Vay (4) <̂  (2). 

6.2 Bat phu-dng trinh ham 

Bat phUdng trinh ham la mot van d6 kha la ngay ca vdi hoc sinh chuyen 
toan. Cung nhu chiing minh bat ding thiic kho hdn chiing minh ding thiic, 



giai bat phudng trinh kho hon giai phiTdng trinh, phep giai bat phudng trinh 
ham cung kho hon phep giai phUdng trinh ham. Trong bai nay ta se trinh 
bay mpt so phudng phap giai bat phudng trinh ham thong dyng. 

6 .2 .1 SuT d u n g p h e p t h e . V ' -

Cung nhu trong phUdng trinh ham, phep the la mpt ky thuat ddn gian ma 
rat hi iu I'ch de thu dUdc cac he qua hu6ng den viec xac dinh dUdc ham s6. 
Chii y la de xac dinh dUdc gia t r i cua ham so / ta i mot d i i m XQ txl mpt bat 
d i n g thiic, ta can kep hai phi'a gia t r i cua / ( X Q ) . 

B a i t o a n 6.12 (Pan African Olympiad 2008). Tim tat cd cdc ham s6f:R-^u 
thoa man: 

f{:r + y)<f{x)+f{y)<x + y,^x,yeR. (1) 

G i a i . T i l (1) cho x = y = 0, ta dUdc: 

/(O) < 2/(0) < 0 <^ 0 < /(O) < 0 <^ /(O) = 0. 

T i t (1) lay y = - X , ta dUdc: ' 

in . . . i 0 < / ( x ) + / ( - x ) < 0, Vx e E 
<^fix) + f{-x) = 0,yxeR 

, ^ / ( - X ) = - / ( X ) , V X € R. : (2) 

T i t (1) lay y = 0, t a dUdc: / ( x ) < x, Vx e M. (3) 
SiJt dung (2) va (3), ta dUdc: - / ( x ) ^ f{-x) < - x => / ( x ) > x, Vx G K. (4) 
T i t (3) va (4) suy ra: f{x) = x, Vx 6 R. Thijf lai thay thoa man. Vay c6 dung 
nipt ham so thoa man cac yeu cau de bai la : / ( x ) = x, Vx G R. 

B a i t o a n 6.13 (Olympic Toan Lien Bang Nga - 2000). Tim tat cd cdc ham 
/ : R —» R thoa man diiu kiin j , . 

/ ( x + y) + / ( y + 2) + / ( 2 + x ) > 3 / ( x + 2y + 3z), V x , y , 2 G R . (1) 

G i a i . Trong (1) cho y = z = 0 ta dUdc 2 / (x ) + /(O) > 3 / ( x ) , suy ra 

(£.) fix) < / (O), Vx G R. (2) 

L?d cho y = x v a 2 = - X ta d i t d c / ( 2 x ) + 2/(0) > 3/(0) , suy r a ' 

..̂  / ( x ) > / ( O ) , Vx € R. , . (3) 

Tiit (2) va (3) ta dUdc / ( x ) = /(O) = C, Vx G R. T h i i lai thay thoa man. V^y 
/ ( x ) = C, Vx G R (C la hang so, tuy y) la ham so can t i m . 
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K thoa man dSng thdi cdc B a i t o a n 6.14. Tim tat cd cdc ham so f -.1 
dieu kiin sau: 
(1) / ( x + y ) > / ( x ) + / ( y ) , V x , y G R . A , 
(2) / ( x ) > 0, Vx G R. 

G i a i . Trong (1) l i y x = y = 0 dUdc /(O) > 2/(0) ^ /(O) < 0. Theo (2) l ^ i 
C O /(O) > 0. V^y /(O) = 0. Do do 

do (2) 

0 = / (0 ) = / ( x + ( - x ) ) > / ( x ) + / ( - x ) > 0 / ( x ) = 0, Vx G R. 

V^y / ( x ) = 0. T h i i lai thay thoa man. 
B a i t o a n 6.15. Cho trudc a G R. Tim tat cd cdc ham so / : R - » R thoa 
man dony thdi cdc dieu kien sau: 
(1) / ( ^ + y) > / ( x ) + / ( y ) , V x , y G R . 

I (2) fix) > ax, Vx G R. 

G i a i . Dat / ( x ) = ax + hix), Vx G R. T\t gia thiet (1) suy ra 

I a(x + y) + hix + y) > ax + hix) + ay + / i (y) , Vx, y G R 
I <^/i(x + y ) > / i ( x ) + / i ( 2 / ) , V x , y G R . 

Wmit gia thiet (2) ta c6 a^iv Hi 
• hix) > 0, V i G R. (4) 

^ D o (3) va (4) nen ap dung bai toan 6.14, ta dUdc / i (x) = 0 / ( x ) = ax. Thvt 
thay ham so / ( x ) = ax thoa man cac yeu cau de bai. 

B a i t o a n 6.16. Tzm tat cd cdc ham so f :R -*R thoa man dong thdi cdc 
dieu kien sau: 
(1) / ( x + y ) < / ( x ) + / ( y ) , V x , y G R . 
(2) fix) < 0, Vx G R. 

G i a i . Trong (1) lay x = y = 0 dUdc /(O) < 2/(0) ^ /(O) > 0. Theo (2) lai 
CO /(O) < 0. Vay /(O) = 0. Do do 

do (2) ^ 
0 = / ( 0 ) = / ( x + ( - x ) ) < / ( x ) + / ( - x ) < 0 / ( x ) = 0, Vx G R. 

(3) 

Vay / ( x ) = 0. Thur lai thay thoa man. 

f^Ur^2?<^<^^fHf' K^J^^hak 1979). Cho ham s6 f •.R-.R thoa man: 
U / a: + y) < / ( x ) + / ( y ) , Vx, y G R. 
(2) fix) < 0, Vx G R. 
Chihig minh r&ng / ( x ) = x, Vx G R. ', 



Giai. D$,t f{x) =x + h{x), Vx e E. T i l gia thiet (1) suy ra 

x + y + hix + y) <x + h{x) + y + h{y), Vx, y € R 
'^hix + y)<hix) + h{y),\/x,yeR. (3) 

T i l gia thiet (2): /(x) < x, V i e R ta c6: /i{x) < 0, Vx e R. (4) 
Do (3) va (4) nen ap dung bai toan 6.16, ta dildc h{x) =Q=> f{x) = x. Thut 
lai thay ham so /(x) = x thoa man cac yeu cau de bai. 

Bai toan 6.18. Ttm tat cd cdc ham so / : R -» R thoa man: 
(1) fix + y)< fix) + fiy) - 4, Vx, y € R. (,. 
(2) fix) < 4 + 2017x, Vx G R. 

Giai. Dat fix) = 2017x + 4 + hix), Vx € R. Tit gia thiet (1) suy ra 

2017(x + y) + hix + y)< 2017x + /i(x) + 2017j/ + Vx, y 6 R 
«./i(x + y) </i(x) + /i(y), V x , y e R . (3) 

Til gia thiet (2) ta c6: /i(x) < 0, Vx € R. (4) 
Do (3) va (4) nen ap dung bai toan 6.16, ta dUdc /i(x) = 0^ fix) = 2017x+4. 
Thii l^i thay ham so fix) = 2017x + 4 thoa man cac yeu cau de bai. 

Bai toan 6.19 (Olympic toan Sinh vien toan quoc nSm 2004). Tim cdc ham 
so f thoa man ddng thdi cdc dieu kien sau: 
(1) fix) > ê oo-'x̂  Vx G R. 
(2) /(x + y)>/(x) ./(y) , Vx,yGR. 

Giai. Dat fix) = e^^^^'^gix). Tit (1) suy ra 5 ( 1 ) > 1, Vx G R. Tit (2) ta c6 

. ^ e20'"'(-+'')g(x + y) > e^'^'^gix).e-^'^'ygiy), Vx, y G R 
'»9(x + y) >.'?(x).5(7/), Vx,yGR. 

V a i X = y = 0 ta dudc { ĵgj I g(0) = 1. Suy ra 

1 = g(0) = g (x + (-x)) > y(x)y(-x) > 1, Vx G R. 

Do do gix) = 1 =• fix) = ê oo''̂ . Thut l§d thay thoa man. 

Bai toan 6.20 (De thi Olympic 30/04/2013 toan 10). Cho ham so f : Z-> 1 
thoa man cdc dieu kien: /(I) = 1 vd: 

/(n + 3) </(n) + 3, Vn G Z ( l ) 
fin + 2012) > fin) + 2012, Vn G Z. (2) 

Tinh /(2013). 
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Giai . Ta c6: 

d o ( l ) 
/(n + 2013) = / ( ( n + 3.670) + 3) < /(n + 3.670) + 3 

<• ••</(n)+3.671 =/(n) +2013. (3) 
do (2) 

/(n + 2013) = /( (n + l)+2012) > / ( n + l ) + 2012. (4) 

Tit (3) va (4) suy ra: 

fin + 1) + 2012 < fin) + 2013 fin + 1) < /(n) + 1, Vn G Z. (5) 

SuT dung (5) lien tiep ta dUdc: ; > i 

• /(n + 2012) </(n) +2012, VnGZ. (6) 

Til (6) va (2) suy ra: /(n + 2012) = /(n) + 2012, Vn G Z. (7) 
TH (7) cho n = 1 va suf dung /(I) = 1, ta dudc: /(2013) = 2013. 
Bai toan 6.21 (Cupc thi todn vung Flanders nude Hi-1999). Xdc dmh tat 
cd cdc ham / : R - » R i / d / : R - » R thoa man ddng thdi cdc dieu kien 
1) Vdi moi X, y G R : 2/(x) - y(x) = fiy) -y _ , i 
2) Vdi mQi x G R ia cd fix)gix) > x + 1 

Giai. 
Cach 1. Thay x = y vao 1) ta dUdc 2/(x) - gix) = fix) - x,Vx G R, hay , • 

/(x) = g ( x ) - x , V x G R . b 

Thay /(x) = ^(x) - x vao 1) ta dUdc \ 

2[g(x) - x)] - gix) = giy) - y - y, Vx, y G R 
^ y ( x ) = 2x - 2y + y(y), Vx, y G R. 

Thay y = 0 vao ta dUdc g(x) = 2x + a, vdi a - y(0). Tit do /(x) = x + a. 
Thay /(x) = x + a va ^(x) = 2x + a vao 2) ta dupe 

(x + a)(2x + a) > X + 1 , V I G R ,' 

«-2.r2 + ( 3 a - l ) x + a 2 - l > 0 , V X G R . . : ^ ^ 

«.A = 9 a 2 - 6 a + l - 8 a 2 + 8 < 0 < = > ( a - 3 ) ^ <0<^!>a = 3. A , , . , 

fcy /(x) = X + 3 va gix) = 2x + 3. Thii Igd thay thoa man 1) va 2). Tom 

fix) = X + 3, Vx G R va y(x) = 2x + 3,Vx G R . ' 

Cach 2. Dat /(O) = a. Thay y = 0 vao 1) ta dUdc ^ ^ ''''' ^ ' ' 

2/(x)-5(a:) = a,VxGR 
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Thay a; = y vao 1) ta dUdc 2/(a;) - 9{x) = fix) - x,Wx e R , hay 

/(a;) = g ( i ) - x , V i G K . ^ ^ 

V§,y ta CO h? 

vi ' r 2/(x) - g(x) = a ^ f /(x) = x + a . 

Den day lam tUdng trr n h i l e a c h 1. • « ! ( i ) Ĵ v i ' 

B a i toan 6.22. Cho trUdc cdc so thuc a, c, d, chiing to rhng ton tai nhieu 

nhdt mot ham so / : K K thoa man diiu kien: 

fiax + c) + d<x < fix + d) + c,yx eR. (1) 

Gia i . Neu a = 0 t h i t ir (1) suy r a : / ( c ) + d < x, Vx e R. Dieu nay kh5ng 
X — c 

diing, Chang han kh i x = fic) + d- 1. Vay a 7̂  0. TVong (1) thay x b6i — , 

ta dildc: fix) +d< ^ , Vx € M. (2) 

Trong (1) thay x bdi x - d, ta dvtdc: x-d< fix) + c, Vx e R . (3) 

T i t (2) va (3) suy r a , vdi mpi x € R th i : 

j.-d-c< fix) < — d = 4 - x - d - c < — d^x-c< (4) 

Neu a = 1 th i (4) dung. Neu a ^ 1 th i t a luon c6 the chon dUdc x de cho (4) 
khong dung. Vay t i t (4) suy r a a = 1. Liic nay (1) t r d thanh: 

/(x + c) + cf < X < /(x + d) + c, Vx G R 

r /(x + c ) + d < X, Vx G R , r fix) + d < x - c , V X G R 
} [ : , + rf5+c>x,VxGR ^ 1 /(x) + c > x - d , V x G R 

=>x - d - c </ ( x ) < X - d - c, Vx G R 

=>/(x) = X - d - c, Vx G R. 

T h i i lai ta thay ham so fix) = X - O ( - C , V X G R thoa man (1), suy ra digu 

phai chiing minh. 

B a i toan 6.23 (Olympic toan Chau A Thai Binh Dudng -1994). Tim tat ca 
cdc ham so / : R ^ R, thoa man cdc diiu kien • : 

/(I ) = 1; / ( - I ) = - 1 ; /(^) < /(O)'^^ € (0; 1) ; N 
/(x + y) >/ ( x ) +/ ( y ) ,Vx ,2/GR ; /(x + y) </ (x ) + /(2/) + l , V x , y G K . 

Gia i . Theo giii thiet ta c6 ^^^j 

/ ( x - H ) > / ( x ) + /(l) = /(x) + l . 

fix) = /(x + 1 - 1) > fix + 1) + / ( - I ) = /(x + 1) - 1. 

Vay A4, 

fix) + 1 < /(x + 1) < fix) + 1 /(a; + 1) = f(x) + l,\fxe R. 

Ta CO 1 = /( I ) = /(O + 1) = /(O) + 1 ̂  /(O) = 0. Vay 

1 = /( I ) = fix+l-x)< fix) + / ( I - x) + 1 =^ fix) + / ( I - x) > 0 (*) 

Vdi 0 < X < 1, ta CO 0 < 1 - X < 1, suy ra 

/(x) + / ( I - i ) </(O) +/(O) = o ' ° 4 * V ( x ) + / ( I - x) - 0. 

Vay fix) = / ( I - x) = 0, Vx G (0; 1). Tom lai: 

fix) = 0 , vdi 0 < X < 1 ; /(x + 1) = fix) + 1, Vx G R. 

Suy ra /(x) = [x],Vx G R, th i i lai thay thoa man. 

B a i t o a n 6.24. Cho ham so f :Q+ -^R vd thoa man diiu kien 

. fy \fim + n) - fim)\ Q+. 

Ching minh r&ng Yl fi'^'') - fi'^') 
t = i 

< 

n 

kik + 1) 

(1) 

, VA: G N*. 

Giai . Trong (1) thay m = n = 2*, ta dUdc |/(2'+i) - /(2')| < 1. Vdi i = 17̂ , 
ta CO 

|/(2 ' ) -/ (2 ' )| ' u:,i5Hri 

< fi2') - fi2'-')\ 1/(2'=-!) - fi2'-')\ ...+ /(2'+i) - /(2') <k-i 

Vay E 1/(2'=) - / ( 2 ' ) | < E (fc - z) = ^ ^ V ^ -
•.1 nijod iiUi 

Ba i toan 6.25. Cho so k Id so thuc duang. Tim tat ca cdc ham so / : R R 
thoa man diiu kien: Vdi moi so thuc x, y, z thi 

fixy) + fiyz) + fizx) - k [fix)fiyz) + fiy)fizx) + fiz)fixy)] > ^ . (1) 

Giai . Trong (1) cho x = y = z = 0 ta dUdc 

/(O) - kmf > 1. ^ 4^^[/(0)]^-^4A:/(0) + l ^ ^ ' 



^[2fc/(0) - 1]2 < 0 ^ 2km -1=0<^ /(O) = — . * 

Tudng t u ta dUdc / ( I ) = ^ . T^ong (1) cho y = z = 0 ta dudc 

3/(0) - A; [/(x)/(0) + 2/2(0)] > ^ ^ " ^ 2k ^2A:2 

2ifc 2 2A; - 4fc 2 " 4A: ''^ ^ - 2A;' 

Trong (1) cho x = j/ va z = 1 ta difdc 

/(x2) + 2/(x) - k [2 fix) + /(l)/(x2)] > A , Vx € R 

(2) 

>/(x2) + 2/(x) - 2fc/2(x) - ^ > ^ , Vx e M 
fix') ^ 3 

2 - 4A;' 
,-4fc/(x2) + 8A;/(x) - Sk'^fix) - 2kfix'^) > 3, Vx S R 

^2A:/(x2) + 8it/(x) > 3 + Sk'^fix), Vx G R. (3) 

TiJf (2) suy ra 2A;/(x2) < 1, vay t\l (3) ta c6 

3 + 8A;V^(a;) < 1 + 8fc/(x), Vx e R 
X t ^Sk'^fix) - 8kfix) + 2 < 0, Vx e R 

' ; . -»[2fc/(x) - i]2 < 0, V i e R 
' ' >»2A;/(x) - 1 = 0, Vx e R 

. . / ( x ) = l , V x e R . 

ThiJt lai thay hhm so /(x) = , Vx e R thoa man cac yeu cau de bad. 
1 

LvtvL y . Do ta di.r doau fix) — — nen trong cac bien doi ta deu hucing tdi 

bieu thi ic [2A:/(x) - 1]. , j ^ 

B a i toan 6.26. Xdc dmh tat cd cac ham so f : ( l ; + o o ) -+ ( l ; + o o ) thoa 
man dieu kien 

/ ( x ' " y " ) < [ / ( x ) ] ^ . [ / ( y ) ] ^ , V x > l , 2 / > 1 ( m > 0 , n > 0 ) . (1) 

G i a i . Trong (1) lay y = x > 1 va m = n = - > 0 ta dUdc 

•'̂  / ( x ^ ) < [ / ( x ) ] ' , V x € ( l ; + o o ) , V s > 0 . 

Tir (2) ta dUdc /(x) = / ( ( x * ) » ) < [/(x*)]», suy ra 

fix) < [fix')Y, Vx € (1 ; +oo), Vs > 0. 

(2) 

(3) 

586 

Do fix) > 1, Vx > 1 va ham so p(x) = x " (vdi Q > 0) dong b i l n tren (0; +oo) 
nen tiit (3) suy ra r. 

fix)'- < fix% Vx € (1 ; +oo), Vs > 0., (4) 
T i t (2) va (4) suy ra 

/(^') = [fix)]-, Vx e (1 ; + 0 0 ) , Vs > 0. (5) 

Dat /(e) = k. V(5i moi x > 1, dat I n i = s (liic nay x = e*). Trong (5) lay 
X = e ta dUdc 

/(e^) = [ / ( e ) l ' - ^ / ( x ) = A : l ^ , V x > l . 

Thiir lai : vdi /(x) = k"^, Vx > 1 (A; la hang so Idn hdn 1), ta c6 

I n x > 0 A : i ^ > => /(x) > 1. 

M a t k h ^ (•'• , ^ ; * ' ; ' ' ? v . > B i ft) . 

/ ( x " V ) = fc^^^f^, [ / ( x ) l ^ [/( i/) ]^ = A : 3 ^ . " . 

O d o ^ 

fix'"y") < [ / ( x ) ] ^ . l/(?/)]^ <^ A;'••<-"'«") < fc^^+^dsi; 

(6) ln(x'"j/») - 4 m l n x 4 m l n x ' 

ra (o (6) la bat d i n g thufc dung vi ap dung 

4 1 1 
1 > • 

A B-A+B 

ta suy ra vdi X > 1 va m > 0, n > 0 th i 

1 1 
+ -. : > 

, Vyl > 0, B > 0 

4 r n l n x ' ^ 4 m l n x 4rnInx + 4 n I n y ln (x ' "y " ) 

/ay ham so can t i m la 

fix) ^kr^, Vx > 1 (fc la hang so Idn hdn l ) . ' ' 

Whiiu khi can chUng minh khong cd ham so nao thoa man de bai. Di lam 
Vuac dim nay ta thiCdng dung phiCdng phdp phdn chiCng. 

^ a i t o a n 6.27. Ton tai hay khong ham so f : (0; +oo) —• (0; +oo) thoa man 
dieu kien: Vdi mgi x > -2013, y > 2013 ta cd 

/2 (x + 2013) > / (x + y) [/ (x + 2013) + y - 2013]. (1) 



G i a i . Gia sii ton tai ham / thoa man cac yeu cau dg bai. 
• Vai moi 2 > t > 2013, thay x = t- 2013, y = z-t + 2013 vao (1) duoc 

fit) > fiz) im + z-t]=> j^YTT^t - ^^'^ 

Vay / la ham giam tren khoang (2013; +oo). 
• Co dinh XQ thuoc (2013; +oo) va chon n e N * sao cho nf{xo + 1) > 1, tsic 

1 ^ 
la f{xo + 1) > - . Vdi /c = 0 ,1 , . . . , n - 1, ta CO xo + 1 > xo + - , suy ra 

n 

^xo + ^ ) > / ( x o - M ) > ^ . 

Theo (2) ta c6 

3-0 + 

1 ^ ^ 
n V n 

- 7 7 — ^ v 
/ _ 

1 
+ -

n 
n / xo + -

Xet ham so '^{i) = — t G (0 + oo). Ta c6 <^'(i) 

ham / doug bien tren (0; +oo). Do do 

1 

( n < + 1 

+ 1 

2 > 0, suy ra 

fc + l 
> 

k 

n 

( xo + -
77. 

JU, to; t 

1 
n _ 1 

- 1 , 2n 
+ 1 n . - + l 

> = i-- (3) 

T i t (3) cho A; chay t i t 0 , 1 , . . . , n - 1 roi cong lai ta ditdc 

/ (xo) - / (xo + 1) > ^ ^ / (^0 + 1) < / (xo) - ^• 

• Chon m G N * sao cho m > 2/(xo). K h i do 

/ ( x o + m ) < / ( x o + m - l ) - i < / ( x o + m - 2 ) - 2 . i ;| 

< ••• < / (xo) - m . - < 0 . 

Dieu nay man thuan vdi /(x) > 0, V i G (0; + o o ) . Vay khong ton tai ham so 
/ thoa man yeu cSu de bai. 
L i T u y . Thitc ra "goc" cua bai toan 6.27 la bai tpan 6.28 sau day: 

B a i toan 6.28 (Olympic Sinh vien Quoc te n S m 2000). Ton tai hay khong 
ham so f : (0; + o o ) (0; + o o ) thoa man dieu kien 

/ 2 (a;) > / ( i + y) [/(x) + J/], Va; > 0, 2/> 0. 

6.2.2 Su* d u n g t m h d d n d i e u c u a h a m so 

Trong chvfng minh bat dang thiic v a giai bat phudng t r inh , t inh d d n dieu 
cua h a m so thitdng difrtc si't dung mot each c6 hieu qua. Titdng t i t nhif vay, 
trong phep giai bat phudng t r inh ham, t inh d d n d i e u la mot t i n h chat manh 

t ma chung t a c6 the khai thac. 

B a i toan 6.29 (Romania District Olympiad-2011). Tim tat cd cdc ham s6 
i / : [0; 1] M thoa man 

|x - yf < |/(x) - f(y)\ \x -y\,Wx,ye [0; 1]. (1) 

G i a i . K i hieu P(u, v) chi viec thay x hdi u, thay y bdi v vao (1). T i t (1) cho 
|: y —• X va s i i dung nguyen If kep ta d U d c 

l im |/(x) - /(y)| = 0 ^ l im [/(x) - f{y)] = 0 =^ l im f{y) = /(x) . ' 
y^x y — x 

Nhu vay / la ham so lien tuc tren [0; 1]. Gia sii a, b la hai so thuoc doan [0; 1] 
I sao cho /(a) = fib). K h i d o P(a, 6) (a - 6)^ < O =^ a = 6, suy ra / la ddn 
; finh. Ket h d p v6i / lien tuc suy ra / ddn dieu thvtc s U . Nhan xet rang neu 
'fix) thoa (1) t h i /(x) + c va - fix) + c cung thoa (1), do do c6 thg gia sii 

I /(O) = 0 va / la ham ddn dieu tang. 

P ( l , 0) =^ 1 < 1/(1)1 < 1 1/(1)1 = 1 ^ / ( I ) = 1 (do / tang va 0 < l ) . 

f Cung nhu tren ta suy r a / ( x ) G [0; 1], Vx G [0; 1]. 

P(x, 0) ^ |/(x)| < |x| => fix) < X , Vx G [0; 1]. -'^'^ '"'̂ ''̂ •̂  '(2) 
P(.r, 1) ^ 1 - / ( . T ) < 1 - X ^ / ( x ) > X , V,r G [0; 1]. , /(3) 

,lj I. l o t ! 

|Ti t (2) va (3) s u y ra fix) = x, Vx G [0; 1). N h u vay (?) 

fix) = X + c, Vx e [0; 1] ; /(x) = - x + 6, Vx G [0; 1] (6, c la hang s o ) . 

j T h i i lai thay thoa man. 

|Bai toan 6.30. Tim tat cd cdc ham / : R -> M thoa man dieu kien 

/ (2.x5 + .x̂  + 2013) < X < 2[/(x)]^ + [fix)f + 2013, Vx G R. 
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Gia i . Ta x§t hh\n tong q u i t hon: Cho 5 : R ^ R 1̂  mot toan anh va la 
ham tang thuc s U . T i m tat ca cac ham / : R R thoa man ^,. , , 

fi9{x))<x<g{f{x)),yxeR. (1) 

Do g la mot toan anh va la ham tang thitc s U nen ton tai hani ngU(?c g \ 
Ta CO g-'^ la ham tang thuc stt, that vay, vdi xi < y i , dat g \ x i ) = X2, 
g-^yi) = y2, khi do 

3 ( 3 : 2 ) = x i < 3/1 = 5(2/2), 3«(>,!- ; 

ma 3 tang th\^c s\f nen X 2 < 2/2, suy ra tang thitc s\X. Tvt do 
do(l) 

fix) = f{g{9-\x))) < g-Hx). (2) 

Do g~^ tang thuc s\X nen vdi x < g (/(x)), ta c6 SI •-- • 

3 - ' ( x ) < 3 " ' ( 9 ( / W ) ) = /(x). ' (3) 

Tir (2) va (3) suy ra f{x) = p " ' ( x ) , Vx G R. De thay ham nay thoa. Vay 
f = g~^ la ham duy nhat thoa man yeu cau bai toan. 

B a i toan 6.31. Cho ham so / : R —> R thoa man: 

> / ( V^ ) ,Vx , y> 

o) ChiCng minh rhng f la ham hang. 
h) Chiing minh rhng niu hat phuang trinh ham (1) duac thoa man vdi moi 
X, y ma xy > 0 thi f nghich bien tren ( - 0 0 ; 0) va dong bien tren (0; + 0 0 ) . 

G ia i . K i hieu P{u, v) chi viec thay x bdi u va thay y boi v vao (1). 
a) P (0,3x) ^ fix) > /(O), Vx e M. (2) 

Mat khac: /(O) = / > 7 
\ J 

( y ^ , Vy G R. 

Do do:/(O) >/ ( x ) , Vx e R. " .3;rv : • 
Tir (2) va (3), ta c6: /(x) = /(O), Vx e R, hay / la ham hang. ThuT lai thay 

thoa man. 
b) Lay 0 < x < y. PhiTOng t r inh an t la h{t) = 2t^ - 3yt^ + x^ = 0 c6 nghiem 
u G (0; y) v i : h{0) = x^ > 0, h{y) = 2y^ - 3y^ + x^ = x^ - y^ < 0. Do do: 
2u^ - Siyii^ + = 0^ x^ = 11^ {3y - 2u). Dat v = 3y - 2u th i ta c6 ?; > 0 va 
X ' ' = u^v. Tir day s i i dung gia thiet, ta duoc: 

: m = / ( ^ ) > / (^) = / (^) = /(.). 
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Nhu the ham / dong bien tren khoang (0; + 0 0 ) . Xet ham so: g{x) = f{-x). 
Khi do vdi moi so thuc x, y ta c6: / . " 

2x + y 

Nhu vay ham so g cung thoa man (1), do do theo chiing minh tren suy 
ra g dong bien tren (0;+oo). Vdi x < 1/ < 0, ta cd - x > - y > 0, do do: 
fix) = g{~x) > g{-y) = f{y). V i the ham / nghich bien tren ( - 0 0 ; 0 ) . 

Ba i toan 6.32 (Romania National Olympiad 2010, Grade 11). Cho cdc ham 
so f, g thoa man cdc difi.u kicn sau : 

/ : R ^ [ 0 , + o o ) , y : R ^ [ 0 , + o o ) , " ' 

/ ( J + W ) > (,«/+l)/(.'), V x G R , y > 0 ; y(x) = c-^/(x), V X G R . 

Chx'Cng mmh rhng f la ham so tang khi va chi khi g la. ham so tang. 

Jiai. Vdi 7/ > 0 va 7i G N ' , ta c6 . j . .. „ ,. » 

/(^- + y) = f(x + n ( ^ ) ) =f(x + {n- 1)(^) + I ) 
«>!> o i i 

>(^.)/(x.(„-i„^,)>-..>(£^,)V,. 
vay fix + y) > (̂^ + i y " / ( , . ) , Vx G R ; Vy > 0 ; Vn = 1, 2 , . . . (1) 

l im f l + - ) = e i i e n l im f ^ + i V ' = l im = e". Do 

16 iCr (1) cho n -* + 0 0 , ta dUdc i rs i 'S -r-, • v ' -

/(x + y) > e ' ' / ( x ) ,VxGR , V y > 0 . (2) 

rit (2) suy ra 
i 

gix + y) = e-^^+^^fix + y) > 6'^^+^^.e^fix) = e'^fix) = ff(x). 

Jpu vay gix + y) > gix), Vx G R, Vy > 0, suy ra g la ham so tang. NgUdc 
Ki, gia si i g la ham so tang tren R. Kh i do vdi x G R, y > 0, ta cd 

I fix + y) = e(^+y^gix + y) > e''e^y(x) = fix) > (y + l ) / (x ) . . " 

K a i toan 6.33 (Olympic Toan Nhat Ban - 2007; India International Mathe
m a t i c a l Olympiad Training Camp - 2012). Tim cdc ham so f : (0; + 0 0 ) -> R 
•|da man dSng thdi hai dieu kten sau: 
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(1) ni-l+S(y)<"-'*^\.ioo. n , 

X y X + y \ I , - \ 

fix) 

G i a i . Xet ham so g : (0; + 0 0 ) — R nhu sau: ^{x) = Vx > 0. Tt t gia 

thiet (2) t a c 6 
• >v • 

Tut day, bang quy nap chiing minh dUdc 
S(nx) < n(/(x), Vx > 0, Vn 6 N. (3) 

Tiir day suy ra 

: V /(nx) < n^fix), Vx > 0, Vn € N. y-̂  (4) 

Tiit (1) lay y = X dtroc 4/(x) < /(2x), Vx > 0, tuy nhien theo (4) t h l 

... / ( 2 x ) < 4 / ( x ) , V x > 0 , \ 

do do /(2x) = 4/(x), Vx > 0. Dan t6 i 

' /(2"x) = 4/ (2 " - ix ) = 4V (2""^x) = • • • = 4"/(2°x) = 4"/(x) , Vx > 0. 

Suy ra 

» (3"x ) = ^ = ^ = ? ^ = r p W , V x > 0 , V „ . N . 

Gia sii 3no G n, 3xo > 0 sao cho ^{noxo) < nos(xo). Kh i do chpn r e N sao 
cho 2'' > no, t a dUdc 

; 2'"5(xo) = 5(2'"xo) = g{2''xQ + TIQXO - UQXQ) 

•. ,̂  < 5 ( n o x o ) + 5 ( ( 2 ' ' - no)xo) 
< nos(xo) + (2 ' - no)g(xo) = 2'5(xo) (vo If). 

Do do tiit (3) t a dtt«?c ' 

g{nx) = ng{x), Vx > 0, Vn € N. (5) 

Vdi moi X > 0 t h i /(x) > 0 v i 

theo (4) 

10/(x) = 2[/(x) + / (2x ) ] </ (3x ) < 9/(x) /(x) < 0. 

Suy ra g{x) < 0, Vx > 0. Do do 

S(x + y) < fl{x) + < 5 ( 1 ) , Vx, y > 0, 
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dan tdi g la ham giam. T i t (5), tUdng t y nhu bai toan 2.214 6 trang 278, ta 
chumg minh dUdc 

g{x) = gil)x, Vx 6 9, X > 0. (6) 

Ma g la ham giam nen t i t (6) va theo theo bai toan 2.167, 6 trang 217, suy 
ra g(x) = ax, Vx > 0. Vay V 

f{x) = ax^, Vx > 0 (a la hkng so khong dudng). 

T h i i l ^ i thay thoa man. 

6.2.3 Suf d u n g day so 

> il": I f ' ' 

Neu nhit phep the la mpt k i thu^t thong dyng khi giai cac bat phitdng t r inh 
ham CO nhieu bien tvf do th i vdi bat phitdng t r inh ham (va phUdng t r inh 
ham) CO mpt bien t i t do, k l thuat day so va lap c6 thg giup ta xac dinh gia 
t r i ham so tai mpt di6m hoac nhving bat dSng thiic ham chat hdn. 

B a i t o a n 6.34 (Belarus-1997). Cho ham f : (0; + 0 0 ) (0; + 0 0 ) thoa • 

/ ( 2 x ) > x + /(/(x)) , V x > 0 . (1) 

ChiCng minh r&ng f{x) > x, Vx > 0. , • f r t l . t M ...... 

X 1 
G i a i . T i t gia thiet suy ra f{x) > - , Vx > 0. Xet day s6 (a„) nhif sau: a i = ^ 

2 

va a„+i = Vn = 1,2,... Ta se chiing minh rkng: 

fix) > a„x, Vx > 0, V n = 1,2,... (2) 

Theo tren da c6 /(x) > a ix , Vx > 0. Gia si5 f{x) > a„x, Vx > 0. K h i do t i t 
(1) suy ra vdi moi x > 0, ta c6 

/ ( x ) > | + / ( / ( | ) ) > ^ + a „ / ( f ) > | + a^| = -X = On+lX. 

Theo nguyen l i quy n^p suy ra (2) dung. Ta c6 

1 + 4 - a„ = i ^ I l - ^ > 0, Vn = l , 2 , . . . 
2 2 . 

Suy ra (a„) la day so tang. BSng quy nap de dang chiing minh ditdc 

,u.u.:'' 0 < a „ < l , V n e N * . " - - . u 
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Vay day (a„) tang va bi chan tren nen C O gidi h£m hihi hsm. D?̂ ^ l im a„ . 

T i f a„+i = ^ Vn = 1,2,. . . cho n + 0 0 , ta difdc: 

a = •*=>̂  (a - 1)'' = 0 a = 1 => l im a„ = 1. 

T i t (2) cho n -» + 0 0 , ta difdc f{x) > x, Vx > 0, dieu phai chihig minh. 
LiTu y. Trong Idi giai tren, hay nhat la biet each xet day so (a„) , de tiit 

l im a„ = 1 suy ra dieu phai chiiiig minh. Con vi^c t i m ra day so (a„) duoc 
n—•+00 
tien hanh tUdng t u nhtt luu y ngay sau bai todn 6.35. 

B a i toan 6.35 (De th i HSG quoc gia nam 2003-bang A ) . Goi F la tg.p hap 
cdc ham so f : (0; + 0 0 ) —> (0; + 0 0 ) thoa man diiu kicn 

/ ( 3 x ) > / ( / ( 2 x ) ) + x . V x e ( 0 ; + o o ) . (1) 

Tim so thuc. a Idn nhat sao cho vdi moi f G F, ta c6 

f(x) > ax, V i G (0; + 0 0 ) . 

G i a i . De thay ham so / ( x ) = ^ , Vx > 0 thuoc F. K h i do vdi moi x > 0 ta c6 

i - - :( X ^ 1 
f{x) > ax ~ > ax ^ a < ~, 

2 ^ 

1 3' 
Vay a < - . V i / ( x ) > 0 nen trong (1) thay x bdi - suy ra 

2 . . . , i , j . i. 

IM / ( x ) > | , V x > 0 . (2) 

Xet day so (rt„) nhu sau: « i = T va 

2Q^ + 1 V « - 1 9 (3) 

Ta se cluing minh bang quy nap theo n rang vdi moi n 6 N* th i 

fix) > a „ x , Vx > 0. (4) 

Do (2) ncn (4) diing khi n = 1. Gia sii da c6 (4) k l i i n = k. K i t h(?p vdi (1) 
suy ra vdi mpi x > 0, ta cd 

/ 
f{x)>f f 

/ 2 x \  f  J 2 x \
V  v 3 ; ; • 3 

594 

+ 9 > "fc / VV3 

2x X 2a? + 1 >a,.a,.- + - = -X = ak+ix. 

Vay (4) cfmg dung kh i n = A: + 1. Theo nguyen If quy nap suy ra (4) dung 

vdi moi n € N* . Tiep theo ta chiing minh l im Q„ = - . Bkng quy n§ip ta de 
n—•+cx> 2 

dang chumg minh dudc day (Q„) la day bi ch^n tren bdi - . T i i do 

a „ + i - a „ = = > 0 . 

Suy ra ( a „ ) la day tang, do do day (Q„) hoi tu . Dat l im ot-n = L , kh i do 
n->+oo 

0< L< (2) cho n - » + 0 0 ta dU0c 

21,2 + 1 , doo<z,<i 1 ir, 

Vay l im Q„ = - . T i i (4) cho n -+ + 0 0 ta dUdc 

fix) > | , Vx > 0, V / G F ^ 

Ibc cac chiing minh tren ta dUdc cac gia t r i a c i n t i m la ^ . 

•Lifu y . Viec chi ra ham so / ( x ) = - , Vx > 0 thuoc F la kha de dang, ta chi 

Bri^c x6t fix) = ax, thay vho 

t / ( 3 x ) = / ( / ( 2 x ) ) + x , V x G ( 0 ; + o o ) . 

dUdc = ^- Con day so ( a„ ) dUdc t i m ra bang phudng phap gia dinh 

^nhu sau: Gia sii da cd day ( Q „ ) thoa (4). K h i do d budc chiing minh quy nap 
ta phai bien doi 

. . . / ( . ( | ) ) . f . . ( / ( f ) ) . | 
2x X 2a? + 1 fl 

> a,.a,.-+ - = - ^ x . 

Vay to t nhat la ta chpn ak+i = '^"'''^ ^ va xay dUng dupc day so ( a „ ) nhiT 

da t r inh bay trong Idi giai. 
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B a i t o d n 6.36. Tim so th'tfc k Idn nhdt de neu f{x) Id, hd,m so tixy j / xac 

dinh tren R thoa man bat phuang trinh ham: 

3 / ( x ) - ^ / ( ^ ^ x J > 1 , V X G R . : , n- (*) 

thl ta luon c6 f{x) > ifc.Vx G R . . . . ' ' 

4 

G i a i . Gia sut ton ta i so tht^c k thoa man bai toan. K h i do v i /(x) = - , Vx € R 

thoa man bat phudng t r inh ham (*) nen ta c6 - > k. Tiep theo, ta se chiing 

minh rang: Neu / la ham s6 t i i y y xac dinh tren R, thoa man bat phudng 

t r inh ham (*) t h i t a luon c6 /(x) > - , Vx € R . T i t (*) thay x bdi — ta dugc 

^ ^ / ( x ) > l + 2W3/ ' ? x V ^ / ( x ) , V x e R 
V4 ; 4 

T i t day suy ra .(•>:+ ;0) B> •̂ 
/ ( x ) > g , V x e R . 

( 1 ) 

( 2 ) 

Ti t (2) CO 

K i t h(?p vdi (1) suy ra j j 

r2 
8 16 64 3 / ( ^ x ) - ^ / ( x ) , V i e R 
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Vay /(x) > ^,Vx 6 R va /(x) > + ^ ^ 3 / ( x ) ' ^ ^ ^ ^ '^S 

4 4 8 ^ ' 
day so (u„) nhu sau: u i = - , u„+i = - g + g\/3u;^ (Vn = 1,2,.. .)• K h i do 

« „ > ^, Vn = 1,2,... Ta c6 /(x) > u i (Vx e R). Gia suf /(x) > u„ (Vx € R), 

khi do 

}{x) > + ^ 3 / > + ^ v ^ = ,.„+i,Vx e R . 

Theo nguyen ly quy nap suy ra 

/(x) > u „ , V n = 1,2,... ( V x e R ) . 

Cung bang nguyen ly quy nap ta chiing minh dUdc day (u„) tang va bi chan 
4 4 ' ' 

tren (bdi so - ) nen c6 gidi han. Suy ra l im u„ = - . T i i do 1 
3. '»-:»Pft_.^ A. . . -.^_> ,-

/(x) = l im /(x) > l im u„ = - , V x e R. 
n->oo n-»oo 3 

Vay so k Idn nhat phai t i m Ik ̂ . " " ^ " 

L t f t i y . Ta da di ing cac ket qua sau: 
l im /(x) = /(x) (vdi /(x) la bieu thiic khong phy thupc vao n). 

n—'oo 
Cho hai day so hpi t u ( i „ ) , (j/„). Kh i do neu X n ^ 2/n, Vn — 1,2,... t h i 

l im x„ < l im y„. 
n—»oo n—>oo 

MCho / ( i ) l a mpt bieu thiic phu thupc vap x, va chp A la mot hkng so. De 
Wiling minh j{x)> A ta xay dung mpt day sp (u„)„ sap chp /(x) > U„ ,VT I 
(/(x) > u„,Vn cung dUdc) va l im u„ = A. K h i dd ta suy ra: 

n—•00 

/(x) = l im /(x) > l im u„ = A. 

t o a n 6.37. 71m tat ca cdc ham so f : (0; +00) —» (0; +00) thoa man 
^ K n ^ thdi cdc dieu kien sau: 

1) f la ham so ddng bien tren khodng (0; +00) 

2)f > 2 / ( i ) , V x > 0 . 

G i a i . Gia sii ham / thda man de bai. Vdi mSi x > 0, x6t day { x „ } nhu sau: 

x i = X , Xn+i = x„ + j ^ i - j , Vn = 1,2,... ' 
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Ta CO / = / ( . „ + j ^ ) > V M> 2 V > • • • > 2 " / ( x i ) . 

Vay ta c6 / > 2 " - i / ( x i ) ,Vn = 1 , 2 , . . . T i i p theo t a c6 

X2 = a;i + 

X 3 = 1 2 + 
1 

X „ = X„-l + 
/ ( x „ - i ) -

Cong lai ta dirrtc 

/ ( x „ - l ) 

V I J - T < L „ . . V n = 1 . 2 , . . . nen 
/(x„) - 2 " - i / ( x i ) ' 

1 1 , 1 ^ , 
X „ < X l + ^TT—T + > + - + ••• + 

= X l + 

/ ( x i ) ^ 2i/ (x - i ) 22 / ( x i ) 

1 / . I 

1 
2 " - 2 / ( x i ) 

v 

f{xi) 

vdi a = X l + 

V^ + 2 + - - - + 2 " -

2 

I N 1 
= X l + 

n - 1 

2 

= a 

1 - > 0 . 

Do / la ham so tang tren khoang (0; +oo) nen tiit x „ < a ta c6 

2''-'fixi)<f{x„)<f{a),^n = \,2,... ^ 

=>f{a)> l im [2"-V(a;i) 
n—»+oo 

= + 0 0 . 

Digu v6 l i nay chijTng to khong c6 ham so nao thoa man de b ^ . 

B a i toan 6.38. nm tat cd cdc ham so f : (0; +oo) (0; +oo) thoa man 

ddng thdi cdc diiu kien sau: 
1) / /a ham so ddng Men tren khoang (0; +oo) 

/ 2008\ ' ' ' ' 
2)1 x+' 

fix) 
> 2009 / ( x ) , V x >0 . 

HvCdng dan. Titdng t u bai toan 6.37 6 trang 597. 
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Ba i toan 6.39. Tdn tai hay khong ham so f : (0; +oo) —• R thoa man 

fix + y)>y[fix)]\\/x,y>0. (1) 

Gia i . Gia sur ton tai ham / thoa man cac dieu kien noi trong de bai. K i hieu 
P(u , v) chi vi§c thay x b6i u va thay y hdi v vao (1). Vdi x > 0: 

Vdi moi a > 0 va x e (0; a]: 

P ( x ,2 « - x) ^ /(2a) > (2« - . T ) [ / (X)]2 > a[fix)]' ^ [ / (x )p < 
a 

V^y f la ham so bi chan tren tren (0; a]. Dat / ( I ) = u > 0 va xet day (x„) 
2 

nhu sau: xo = 1, x „+ i = x „ + —.—r, Vn e N. -
fiXn) 

fixn+i) > 2 / ( x „ ) => / ( x „ ) > 2 " u , Vn > 1. 

2 2 
Do X l = 1 + - va x „+ i < x „ + Vn € N» nen 

1 / 1 . 1 . 1 \ / I N 4 
••'•"̂ ^•^ + d 2 + 2^ + --- + ^ = 1 + - 1 -

u \"-2 y < 1 + - . 
u 

4 
V^y, vdi mpi n = 1,2.. . ta c6 x „ < I H — va / ( x „ ) > 2 "u , ma l im 2 "u = +oo 

U n - *+oo 

nen suy ra ham / khong b i chan tren tren niSa khoang ^0; 1 + - , den day 

ta gap dieu mau thuan. Do do khong ton tai ham so / thoa man cac dieu 
kien da noi trong de bai. 

B a i toan 6.40 (Bulgaria 2008). Tim tat cd cdc ham s6f:R^R thoa man: 

^ fix + y^)>iy+l)fix),yx,yeR. (1) 

Gia i . Dat P(x , y) la menh dg / ( x + y2) > (y + Vx, yeR. 

^ ' P ( x - l , - l ) = » / ( a ; ) > 0 , V X G R . 

Vdi y > 0 t h i : 

t P ( x + y\y) fix + 2y2) > (y + i ) / ( 3 . + y2) > + i )2^(^) 

P(x + 2y2, y) => fix + 3y2) > (y + l ) / ( x + 2y2) > (y + l ) 3 / ( x ) . 
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' . 0 i 
Bang quy nap, t a thu dUdc: 

/(x + n y 2 ) > (y + l ) " / ( x ) , Vx e E, Vy > 0, Vn = 1,2,... (2) 

•,'<)i': j i b («• T t t ( 2 ) , l a y y = - , t a d i r d c : ' 
Tl 

> (^l + i y / ( x ) , V x e ] R ! v n = l , 2 , . . . (3) 

Sli dung (3) hen tiep t a thu dUdc: ^ : 

/ x + - > 1 + i / X + - ) > 1 + - /(a;) 
\

^ / ( x + - ) > l + - / ( : r ) ^ / ( x + ! ) > ! + - /(r) 

^ 0 < /(x) < r / ^ ' ^ t x L ' Vx G R, Vn ^ 1,2,... • \ (4) 

T i t (4) cho n ^ + 0 0 , ta dUdc: 0 < /(x) < 0 /(x) = 0, Vx € M. ThiJt lai 
thay ham so /(x) = 0 , Vx e M thoa man cac yeu cau de bai. 

B a i toan 6.41. Tim cac s6a>\ cho ton tai ham f : (0; +oo) -> (0; +oo) 
thoa man dong thdi cdc diiu kien sau: ., .g' 

2/(x) <x + af (-), Vx > 0 
\ V a / 

r l ; O j : : , /(x) < 2, Vx € (0; 1] 
: /(2016) > 2016. 

(1) 

(2) 
(3) 

G i a i . Vai moi a > 2, de thay ham so /(x) = x + 1, Vx € (0; +oo) thoa man 
(1), (2), (3). Gia Sl i 1 < a < 2 va ham so / thoa man dong thdi (1), (2), (3). 
Dat fix) =x + y { x ) , Vx > 0, khi do g : (0; +oo) (0; +oo) va thoa cac dieu 
kien: 

M^)<ag (^ ) , V x > 0 . 

. 9 ( . x ) < 2 - x , V x e ( 0 ; l ] 
5(2016) > 0. 

T i t (4), thay x bdi ax t a dUdc 

(4) 

(5) 
(6) 

S(ax) < ^g{x), Vx > 0 
V 
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Sli dung (7) hen tiep ta dUdc 

2 <i.y '••n'fftrr , ; ir 
^9ix) > -giax), Vx > 0. 

a , •, -4. :r (7) 

2 , - / 2 \  ,  2  . . . . k _ /2 
5(2:) > - 5 ( 0 2 : ) > - g(a^x) > • • • > - g{a"x), Vx > 0. 

T i t do 5(a"x) < '^gix), Vx > 0. Ket hop vdi (5) suy ra 

9ia"x) < " Vx G (0; 1], n = 1, 2,... j u t ^ i ^'tH-; (8) 

Do 1 < a < 2 nen Um = 0, t i t do 3no G N* : 0 < < 1, Vn > nn. 
2016 

T i i (8) cho X = — ( n > no) t a ditdc 1 •-• x v^nu ,̂ û> ^ I J . M , 

^ ( 2 0 1 6 ) < 2 . | ^ - ^ , V n > n o . (9) 

/ a " 2016\V 
Vi l im f 2 . — - j = 0 ngn tft (9) cho n -> + 0 0 ta ditdc if(2016) < 0, 

mau thuan vdi (6). Vay neu 1 < a < 2 th i khong ton t?ii ham so / thoa (1), 
(2), (3). Do do a > 2 la tat ca cac gia t r i can t i m . 

B a i toan 6.42. Lieu c6 tSn tai khong ham so / : R —> M thoa man 

2 > / ( - 2 — j + | a ; - y | , V x , y G R . (1) 

iai. G ias i i ton tai ham / thoa (1). T i i (1) thay (x, y) bdi ( ^ i ± ^ , x + 3y^ 

C O 

/3x + y ^ _^^fx + 3y 

4 ' 4 y 

, ; ( ^ ^ ) + / ( ^ ) > 2 / ( ^ ) + | x - y l , V x , y 

J gia, thay (x, y) bdi (x, ̂ y ^ ) vao (1) t a thu dUdc 

^l! l^^Ii f )>, (?£+lj ; i|.-„ l ,w ,veR. 

G R. (2) 

(3) ' 
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T u o n g ty, t a cung c6 

Cong tuong ling v c v(3i v6 (2), (3), (4) t a clildc < f T . , , , " .. , ^ 

: ^ ^ ^ ^ ^ > / ( 4 ^ ) : f 2 | . - y | , V x , , e R . , (5) 

Tit (5), tien hanh d a n h gia tiXdng t u nhir tren va tien hanh quy nap vh. chiing 

minh dUdc rang 

M+M > f ( ^ ) + 2"|x - ,1, Vx,y G R; Vn e N. (6) 

Trong (6), cho X = 1 va y = 0 t a diTdc 

+ /(0) 
2 • ' 1 2 

/ V : : ^ m±m^jn)>r, V n e N . (7) 

/ ( l ) + /(0) 
V i khi n la so tU nhien du lOn th i 2" > ' ^ ^ ^ ^ ̂  ' " (,2 j 

the xay ra. Vay gia thiet ve s\f ton t?ii ciia ham / la sai, hay noi mpt each 
khac, khong c6 ham so nao thoa man t inh chat da cho. 

6.2.4 X a y dtftig day so di kep chat hdn 

Doi v6i uhumg bat phitdng tr inh ham "dang kep" 

! •>- 9{x) < fix) < h{x), Vx e Df [f la ham s6 can t im ) , \ 

ta thudng phai "kep chat hdn" bang each xay dUng bat d i n g thutc 

' akGix) < fix) < akH{x), Vx e Df, \/k € N, (*) 

trong do day so (ofc) hoi t u . Sau do, tit (*) cho k —» +oo, ta thu dudc: 

B{x) < fix) < B{x) ^ fix) = Bix), Vx G Df. 

B a i toan 6.43. Ttm tat cd cdc ham so f : [ l ;+oo) -+ [ l ;+oo) thoa man 
dong thdi cdc diiu kicn: 

<f{x)<2{x + l), V x > 1. (1) 

x/(x + l ) = / 2 ( x ) - l , V x > 1. (2) 
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G i a i . Trong (1) thay x bdi x + 1 t a dvrdc «1 ;0»' -*.'?lc>j i-Xo- '••hi v > , 

^ < / ( : E + 1 ) < 2 ( X + 2), V x > 0 . (3) 

Tir (2) CO fix) = x/(x + 1) + 1, Vx > 1. Ket hdp vai (3) dUdc 

fix) < 2x (x + 2) + 1 = 2x2 + 4x + 1 < 2(X + 1)^ Vx > 1. (4) 

, . „ > £ ( £ ± a , l > ( £ ± i ) ! , V . > i . (5) 

TOt (4) va (5) suy r a , , 

^ i l ^ < A x ) < 2 { x + l ) ^ V x > l 

^ : ^ < / ( x ) < v/2(x + l ) , V x > l . (6) 

T i t (G) va (2), sir diing lai each lap luan tren lien tiep A: Ian ta dUdc \ > 

X + 1 
p </ ( x ) < V 2 ^ ( x + 1), Vx > 1. ^ (7) 

. O C T . , 

_ Do l im = 1 nen t i t (7) cho A; - » +oo, ta dU(^ ,\ 
^ H k A:—+0O 

• x + 1 </ (x ) < x + l , Vx > 1. '̂ "̂  

• V a y fix) = X + 1, Vx > 1. Thiir lai thay thoa man. 

H jBa i toan 6 .44 (Terkey TST - 2005). Ttm tat cd cdc ham so 

M / : [0; +oo) - [0; +oo) 

Whoa man 4fix) > 3x, Vx > 0 vd 

W / { 4 / ( x ) - 3 x ) = x , V x > 0 . (1) 

G i a i . T i t gia thiet suy ra vdi moi x > 0, ta c6 
'ill' ,' 

4/(4 f i x ) - 3x) > 3 [4f ix) - 3x] => 4x > 12/{x) - 9x => fix) < ^ x . 

Nhit vay ^ x < fix) < ^ x , Vx > 0. , (2) 

Xet hai day so (a„) va (6,.) nhu sau : ^̂ ^̂  ..̂^ ,̂ , 

3 , 13 36„ + l . 3a„ + l 
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Tifrtng t u nh\ bai toan 5.60, t a chiing minh dU0c l im a„ = 1, l im b„ = 1 
• n—>+oo n—>+oo 

va 
a „ x < / ( a ; ) < 6 „ x , V x > 0 , V n = l , 2 , . . . (3) 

Tir (3) cho n — + 0 0 , ta dUdc x < f{x) < x, V i > 0 hay f{x) = i , Vx > 0. 
Thuf hi thay h a m so / ( x ) = x, Vx > 0 thoa m a n cac yeu cau de bai. 

L i / u y. Bai toan 6.44 nay tuong t\f nhiT bai toan 5.60 d trang 568. 

6.2.5 C h u y § n q u a g i d i h a n 

Viec xet cac diem d ie biet luon la mot ky thuat thong dung khi giai phuong 
trinh h a m va bat phUdng trinh ham. Ben canh cac d i i m hi iu han n h u 0, 1 
thi diem oo la mot diem da,c biet c6 the dUdc khai thac. Neu nixn v\Tng ban 
chat gi<9i han thi nhieu bat phUdng trinh ham giai dudc bang phep chuyen 
qua gi6i han. 

B a i t o a n 6.45 (South Africa National Olympiad 2012). Tim tat cd cdc ham 
so / : N* R thoa man 

f{km) + f{kn)~f{k)f{mn)>l,ym,n,keN*. (1) 

G i a i . Trong (1) cho m = n = fc = 1, ta dUdc 

/ ( I ) + / ( I ) - [ / (1)]2 > 1 ^ [ / ( I ) - 1]2 < 0 ^ / ( I ) = 1. 

Trong (1) cho m = n = 1, t a dUdc f{k) > 1, V/c e N*. Trong (1), tiep tuc cho 
m = n = fc, t a dU0c 

, , , . 2/(fc2) - / ( f c ) / ( f c 2 ) > 1, Vfc € N* ^ + < V 

, " . v ' « - / ( A : 2 ) ' [ 2 - / ( i t ) ] > 1, VA;eN* 'i«< 

, . ' , = • / ( * ; ) < 2, VA:€N*. 

Trong (1) cho m = 1, n = fc, t a dUdc 

m + f{k'')-[f{k)f>i,^keN* 

^f{k^)-m>[f{k)f-2f{k) + l,\/keW 

^ / ( f c ' ) - m > ifik) -1]^ vfc € N * (2) 

i =>/(A:^) > / ( f c ) , V f c e N ' . (3) 
•.- • 

Trong (2), thay k hdi k"^, t a dUdc ' . 
I ' 

.^^J /(fc^') > [/(ik^) - 1]^ + / ( f c 2 ) , Vit 6 N*. (4) 

T i t (4), sut dung (3), suy ra 

" fik'") >[fik)-if + f{k% (5) 
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TUdng ti.r, ta thu dildc day bat phUdng t r inh ham sau : 

fik'')>[fik)-if+m 

fik'')>[f{k)-l]' + f{k''-'). i \  , v : ' • 
Cong lai, t a t hu dUdc 

f{k'') > t[f{k) - 1 ] 2 + f{k), Vfc e N ' . ^ (6) 

Neu ton t?ii A; € N * sao cho f(k) > 1 t h i l im \t(f(k) - 1)̂ 1 = + 0 0 , nhu 

t—+oo 
vay kh i t du Idn t h i t{f{k) - 1]^ + f{k) > f{k^'), mau thuan vdi (6). Do do 
f{k) = l , V f c e N * . Thiit l?ii thay ham so f{k) = l , V f c e N ' thoa man cac yeu 
cau de bai. • 

:6;; 

• lim 
X - . + 0 0 

E 

G 

. l i m M l + f ) _ j ,. a ^ - l , 

X - 1' - — = I n a , lim \ 1 , 
^ J -o X ^ 1 + i ] = e, l im f 1 + - | = e. 

lira ( l + x ) i = e , l im ( l + x ) i = e . 
i->0+ x->o-

> 1 + X , V i e R. 

B a i t o a n 6.46. Tim tat cd cdc ham so / : R R thoa man 

/ ( ^ + y ) < / ( x ) + / ( 2 / ) , v x , j , e i 
fix) < - 1, Vx e R. (1) 

(2) 
G i a i . Theo gia thiet ta c6 

I r fix + 0) < fix) + m /(o) > 0 _ 

I t / ( 0 ) < e O - l = > / ( 0 ) < 0 -̂ ^^7 . V 
i T i i r (1) t a c6 J 

0 = / ( 0 ) = / ( x + ( - x ) ) < / ( i ) + / ( - x ) = ^ / ( a : ) + / ( - x ) > 0 , V x e R . (3) 

T i r ( l ) va (2) t a c 6 < ' - • ;•. 

= / ( 2 " ^ ) < 2 " / ( ^ ) < 2" {c^ - 1), Vx 6 K 

A„» 0 o/M (1) (4) 
^ / ( x ) < v x ^ ^ o , V n e N * . 

2" 
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Do l im = 1 nen tit (4) cho n +oo t a diMc f{x) < x, 'ix ^ 0. Ket 
x—O X 

hop v6i /(O) < 0 t a ditoc 

/ ( x ) < X , Vx € M. (5) 

Vi the / ( x ) + / ( - x ) < X + ( - x ) = 0, Vx e R. Ket hop vdi (3) ta dUdc 

/ ( x ) + / ( - x ) = G , V x € R . 

Do do v6i moi x e R ta c6 / ( - x ) < - x => - / ( x ) < - x / ( x ) > x. Ket hop 
vdi (5) suy ra ham so can t i m la / ( x ) = x, Vx e R. (6) 
T h i i lai: 

• De thay h a m so xac dinh bcii (6) thoa m a n (1). 

• 'l'i6p theo ta rhiii ig minh bat dSiig thiilc > 1 + x , Vx € R de suy ra ham 
J so xac dinh hoi (G) thoa man (2). Xet h a m s o : / i (x) = e^ - {H-x ) ,Vx e R. 

Ta c6: 
h'{x) = - 1, Vx e R. 
/ i ' ( x ) ::=Q4^e^ = \ < ^ X = Q . 

X -oo 0 + 0 0 
h'(x) - 0 + 

1 i -

h{x) 

, Tfr bang bien thien suy ra: /?(x) > 0, Vx e R hay > 1 + x, Vx e R. 
, i Vay ham so xac dinh bdi (6) thoa man (2). 

Ket hian: ham so thoa man yeu cau de bai la: / ( x ) — x, Vx 6 R. ^ 

B a i toan 6.47. Tim tat cd cdc ham so / : R R thoa man iT .; 

• f{^^ + y)<f{x) + f{y),Yx,yGR. 
/ ( x ) ln2013 < 2013"̂  - 1, Vx e R. 

Hudng d i n . Tudng t u bai toan G.46. 
B a i toan 6.48. Tim tat cd cdc ham so / : R —» (0; +oo) thoa man: 

f{x) > 1 + x, Vx 6 R . (1) 
' ' ' / ( x + y ) > / ( x ) / ( y ) , V x , y 6 R . ' / . (2) 

G i a i . Gia sijf ham so / thoa man cac yeu cau de bai. K h i do / ( x ) > 0, Vx € R-
Trong (1) cho x = 0 ta dudc: /(O) > 1. Trong (2) cho x = y = 0 ta dUdc: 

/(O) > [/(O)]^ ^ 1 > /(O) m = 1. 
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Tit (2), bang quy nap, de dang chiing minh dUdc: 

/ ( x i + X2 + • • • + x „ ) > / ( x i ) / ( x 2 ) . . . / ( x „ ) , Vxi e R, i = T7^ 

| / ( x ) > ( l + Vx e R, Vn e N*. , , ,.(0j\ \) 

Dat - = y. Do l im (1 + x ) ^ = e, l im (1 + x ) ^ = e nen ' / . ! ; ; ' ' , ; ' ' ' 
X - . 0 -

Ti t (3) cho n + 0 0 , ta ditdc: / ( x ) > e ,̂ Vx G R. (4) 
do (4) 

Hdn niYa: 1 = /(O) = / (x + ( - x ) ) > / ( x ) / ( - x ) > e^.e"^ = 1. JV qO.i 

V a y / ( x ) / ( - x ) = 1, V x e R h a y / ( x ) = y ^ , V x e R . - " : 
Theo (4) t a c6: / ( - x ) > e " ^ => / ( x ) = — ^ < — = e*. ' ; 

/ ( - x ) e-* 
Vay / ( x ) < e^, Vx e R. Ket hOp vdi (4) ta dUdc: / ( x ) = ê ,̂ Vx e R. T h i i lai 
thay thoa man. 

B a i toan 6.49 (De t h i Olympic Toan Quoc te nam 2011). Cho ham so 
/ : R -> R thoa man 

fix + y)< yfix) + f (fix)), Vx, 7/ e R. - (1) 

Chiing minh r&ng f{x) = 0 vdi mqi x < 0. 

G i a i . Trudc het, chiing minh / ( x ) < 0, Vx e R. Th?Lt V9,y, gia sur c6 a e R 
ma / ( a ) > 0. Trong (1) lay x = a difdc 

f{a + y)<yna) + f{f{a)), Vy e R. 

T i t day cho y —> - o o ta ditdc f{a + y) -oo, suy ra Hm f{y) = -oo. Tiit 
I—>—oo 

(1) cho y = - X ta dUdc ' 

/ ( 0 ) < - x / ( x ) + / ( / ( x ) ) , V x e R 
^ / ( 0 ) + x / ( x ) < / ( / ( x ) ) , V x e R . (2) 

|Trong (2) cho x —» - o o t a dUdc: 

/(O) + x / ( x ) + 0 0 

trong kh i do / ( / ( x ) ) - o o , v6 l i . Vay / ( x ) < 0, Vx e R. Bay gid thay x = 0 
va y = / ( x ) vao (1) ta ditdc 

/ ( / ( x ) ) < / ( x ) . / ( 0 ) + / ( / ( 0 ) ) , V x e R . V 



Tir do ket hdp vdi (1) ta c6 : ' ,(•. '• 

+ < / ( x ) [ y + /(0)] + /(/(0)), V I , 2 / G K . . / (3) 

Trong (3) thay y = /(O) - x dUdc i -̂ > '< '-

. ' / (/(O)) < /(x) [2/(0) - i ] + / (/(O)), V i € E 

hay/(x) [2/(0) - x] > 0, Vx € M. V i f{x) <.0, Vx e R nen neu x < 2/(0) th i 
/(x) > 0, suy ra - v 

/(x) = 0 , V x < 2 / ( 0 ) . (4) 

Lai the y = -/(O) va x = 3/(0) - 1 vao (3) ta dUdc 

0 = / ( 2 / ( 0 ) - l ) < / ( / ( 0 ) ) . 
Ket hcjp vdi /(/(O)) < 0 suy ra /(/(O)) = 0. Mat khac trong (1) cho y = 0 
ta CO 

/W</(/(x-)) : V x e K . 
Do do 

7 ( 0 ) < / ( / ( 0 ) ) < / ( / ( / ( 0 ) ) ) = /(0). 
Tir day suy ra /(O) = / (/(O)) = 0. Vay tir (4) c6 /(x) = 0 v6i moi x < 0. 

B a i t o a n 6.50 (Olympic Sinh vien Quoc te-2001). ChUng minh rhng khong 
ton tai ham so / : M —» M thoa man ddng thdi /(O) > 0 vd 

/ ( x + 2/)>/(x) + 2//(/(x ) ) ,Vx ,y6 (0 ;+oo) . (1) 

G i a i . Gia sii trai lai rang ton tai liam so / : M R thoa man (1) va /(O) > 0. 
Neu nhu / (/(x)) < 0, Vx e R t h i vdi bat k i y < 0 ta c6 

/(x + j / ) > / ( x ) + 2 / / ( / ( x ) ) > / ( x ) . 

N h u the / la ham giam. T i l do do /(O) > 0 > / (/(x)) suy ra /(x) > 0, Vx e R, 
mau thuan. Vay phai ton tai x € R sao cho / (/(x)) > 0. Co dinh x nay va 
cho y - » +CXD trong (1) ta dUdc l im /(x + y) = + 0 0 , do do 

y—'+oo 

»i -
• ' l im / ( y ) - + o o ; l im /(/(y)) = +oo. 

V i the, ton t^i a > 0 va ?̂  > 0 sao cho 

/ ( a ) > 0 , / ( / ( a ) ) > l , 6 > - ^ ^ ^ ± p ^ , /(/(a + 6 + l ) ) > 0 . 

K h i do ta c6 /(a + b) > f{a) + bf{f{a)) > a + ?; + 1 va nhu the 

/(/(a + 6)) = / ( ( a + 6 + 1) + [/(a + 6) - (a + 6 + 1)]) . 
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> / ( a + ft + 1) + [/(a + 6) - (a + 6 + 1)] / {/{a + 6 + 1 ) ) / 
> / ( ( a + 6) + l ) > / ( a + 6 ) + / ( / ( a + 6)) 
> /(«) + 6/ (/(«)) + / if (a + 6)) > / (/(a + b)). 

Den day t a gap mau thuan. Vay khong ton ta i ham / thoa man cac dieu kien 
noi tren, ta c6 dieu phai chiing minh. 

B a i t o a n 6 .51 (Olympic Toan Rumani-2001). Chiing minh rhng khong tSn 
tai ham so f : (0; + 0 0 ) —• (0; + 0 0 ) thoa man dieu kien ^ ^ , 

( 

/ ( x + y ) > / ( x ) + y / ( / ( x ) ) , V x , y € ( 0 ; + c x ) ) . (1) 

G i a i . Gia s i i ton ta i ham / : (0; + 0 0 ) -* (0; + 0 0 ) thoa man (1). K h i do 

/ ( x + y ) > / ( x ) , V x , y e ( 0 ; + o o ) 

do do / l a ham tSng. Trong (1) lay x = 1 ta dUdc , , , , 

/ ( l + J / ) > / ( l ) + y / ( / ( l ) ) , V y e ( 0 ; + o o ) 

^f +-)> f (1)+ f ifil))a:,Vxe(0;+00). 

j ! ? o o + / (/(I)) -J = + 0 0 nen tit (2) suy ra 

(2) 

J m ^ / ( l + x ) = + < x > = . J ™ ^ / ( , ) ^ + ^ 

Trong (1) 1% y = 1 ta dUdc 

+ + / ( / ( - ) ) , Vx 6 (0;+oc) 
^ / + 1 ) - / ( x ) > / ( / ( , ) ) , v x e ( 0 ; + 0 0 ) . (3) Tir do 

s ' t t f ^ t i ^ " ' ^ - - ^<"). - - « t ^ g .hue 

l i m ^ " + 1 ~ ,. , : , 

f(n) ^heo dinh If Stolz suy ra l im = + 0 0 hav lim 
^ ^ n t , i . „ s a . c h o = + o o . B a i v a y 

609 



V6i mpi so tiX nhien n > no, ta c6 /(n) > 5n> n+1. Ma / la ham tftng nen 

/ ( / ( n ) ) > / ( n + l ) . (4) 

Mat kh&c, do / : (0; +00) (0; +00) nen tiT (3), vdi mpi n > no, ta c6 

/ ( n + l ) = / ( n ) + / ( / ( n ) ) ^ / ( n + l ) > / ( / ( n ) ) . (5) 

Vi (4) va (5) mau thuan nhau nen khong ton t^i ham so thoa man cac yeu 
cau de bai. 
Bai toan 6.52 (Olympic T o ^ Sinh vien Toan qu6c-1995). Tim tat cd cdc 

fix) 
ham so / : R —> K thoa man diiu kien lim = 1 vd ,. 

/(x + y) </(x) + /(y), V x . y e K . (1) 

Giai. Trong (1) lay x = 1/ = 0 ditdc /(O) > 0. Tut (1) ta c6 

/(nx) < n/(x), Vx G M, Vn e N * . 

Vay fix) = f ( n . ^ ) < nf ^ / > Vx e R, Vn G N*. TCr do 

0 < /(O) < fix + i-x)) < fix) + fi-x), Vx G R. (2) 

Vdi xo > 0 thi , • , ;"- ^ 

XQ — Xo Xo -~xo "^0 

n n 

n V n 
Xo 

n n 

- i l i , VnGN*. (3) xo 
n 

i->0 X 

n —> +00 ta 

n 
dUdc ^ = = 1, Vxo > 0, hay fix) = x, Vx > C 

Xo -a;o 

Chpn X I ^ 0, theo (2) ta c6 lii 

0 < /(O) < + fi-xi) ^^1 + i-xi) = 0 /(O) = 0. p 

Vay /(x) = X, Vx G R. ThiJt lai thay thoa man. 

6.2.6 Sur dung tinh lien tuc cua ham so ' ' ' * 

Viec sii dung tinh lien tuc cua ham so de giai b i t phudng trinh ham giong 
nhu viec sii dung tinh lien tuc cua ham so de giai phudng trinh ham (Vi vay 
ban doc hay xem lai bai 2.7, ci trang 267: PhUdng trinh ham trong Idp cac 
ham lien tuc). Cac k l thuat van la sii dung lap dg tao ra day so, chuyen qua 
gidi han, sir dung khing dinh: "Ham so / lien tuc khi va chi khi lim ciia ep 
bang ep ciia l im" (cau noi nay toi da suf dung mot Ian d trang 271). Sau day 
la mot so bai toan minh hga. . . . . . u . . . . . . . ' 

Bai toan 6.53. Tim tdtcd cdc ham s6 f :} 
mdn bat phuang trinh ham 

R lien tuc tren R vd thoa 

min{/(x),/(2/)}</(a: + y)<nia^{/(x),/(j/)}, Vx.yGR. (1) 

idi. Titjl) lay y = X ta dUdc /(x) <Ji2x) < fix), Vx G R, nghia la 

.'Sit • • • • • 

(2) 

j2x) = /(x), Vx G R, t i l day tha;y x bdi - ta dirsJc 

/(x) = / ( f ) , V X G R . 

l i dung (2) lien tiep ta dUdc ,̂  

/(x) = / ( f ) = / ( J ) = - - - = / ( ^ ) , V x G R , V n G N - . (3) 

(3) va do / la ham lien tyc tren R, suy ra 

/ ( x ) = lim / ( x ) = lim / ( | ^ ) = / f lim =/(O), Vx G R. 
n - « + o o n-.+oo \2"/ yti—+00 2" y 

ay / la ham hkng tren R, thi i l^i thay thoa man. 

Bai toan 6.54. Cho f : [0; +00) -» R /a mot hdm lien tuc sao cho /(O) = 0 
' thoa man diiu kien: /(2x) < /(x) + x, Vx > 0. Chttng minh ring 

/(x) < x , V x > 0 . _ ,̂ 

iai. Tit gia thiet suy ra vdi mpi x > 0, ta c6 ' * ' ' ' < ^ 

> / ( : r ) < / ( | ) + | + | + J + V x > 0 , VnGN* . (1) 

fx X X X \ X X X 9 
l?c.(2 + 2̂  + 2̂  + --- + 2^) = 2 + 2^ + 25 + --- + 2^ + --- = : ^ = ^ - , . : 

1 - -
2 
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Do / lien tuc tren [0; + 0 0 ) nen tic (1) cho n —» + 0 0 , ta d U d c 7!̂ . ; 

= / ( lim ) + X =/ (O) + I = I , Vx > 0. 
y^n—+00 2"y 

V^y fix) <x,\/x>0. • 

Bai toan 6.55. Tim cdc ham so lien tuc f : [0; 1] —» R thoa man dieu kien 

(1) / ( i ) > 2 i / ( x 2 ) , V i G [0;1]. 

Giai . 
Cach 1. Trong (1) lay .x = 0 ditdc /(O) > 0. Lay x = 1 AMQC 

/ ( 1 ) > 2 / ( 1 ) ^ / ( 1 ) < 0 . 

Vdi 0 < X < ^ , sii dung (1) n Ian ta d U d c : 

/ ( x ) > 2x/(x2) > 2x.2x2/(x2-2) > 2x.2x2.2x2-2 

> . . . > 2"x'+2+2^ + . . .+2"->^(^2") ^ ( 2 x ) V " - " - V ( x ' " ) -
Vi 2x € (0; 1) va / lien tyc nen 

(2) 

lim [(2x)"x2 
n—<+oo 

Tir (3) va (4) suy ra: / (x ) > 0, Vx 6 0; i ^ . 

(3) 

(4) 

(5) 

Vdi X € (0; 1), tir (1) ta c6 f{^) > 2^f{x) =^ f{x) < Ap dyng lien 

/ x A / X ^ 

ti6p ta duoc: / ( X ) < < ^ < - < 

f(x^) 
lim -^^ f = 0 nen t i l (6) ta c6: / (x ) < 0, Vx € (0; 1). 

Ma , . 

Jit (7) va (5) cho ta: / (x ) - 0, Vx 6 

V6i moi x € , ton tai n € N d l x^" < ^. Theo (3), ta c6: 

/ (x ) > 2 " x 2 " - i / ( x 2 " ) = 0 / (x ) > 0, Vx € ^ ; l ' 

(0 

(7) 

(8) 

(9) 
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T\t (9) va (7) cho ta: / (x ) = 0, Vx € ^; l \ 

Ttt (10) va (8) cho ta: f{x) = 0 , Vx e [0; 1). 
(10) 

(11) 
Tff (11) suy ra v6i moi n = 1,2,... thi: / 1 = 0, do do: 

lim / 1 - - = 0 = ^ / lim ( 1 - - ) = 0 = i > / ( l ) = 0. 

Ket hcjp vdi (11) ditdc: / ( x ) = 0, Vx G [0; 1]. Thi i lai dung. 

Bai toan 6.56. Cho cdc s6 nguyen n > m > 1. Tim cdc ham so lien tiic 
/ : R -+ R thoa man: vdi moi bp (xj) ma xi > X2 > • • • > x„ thl 

f{Xm) > ^ ( ^ ' ) + / ( ^ 2 ) + --- + /(x„) 
(1) 

Giai . Lay a > b. Xet cac bo (x^) ma a = xj > xa > • • • > x„ = 6. Do 
n > m > 1 nen m - 1 > 1. Nhu v$y khi cho Xm-x ^ a vh Xm b thi 
X , a vdi 1 < i < m - 1 (do a < X i < x„,_i) va xj -* b vdi m < j < n (do 
xm < Xj ^ 6). Do do, tiit (1), khi cho x„_ i a va x „ ^ 6, kgt h(3p vdi tinh 
Hen tuc cua ham / , suy ra: 

( m - l ) / ( a ) + \n-{m- l)]/(6) 
n m> 

>nf{b) > ( m - l ) / ( a ) + [n - ( m - l)]/(6) 
>{m - l)f{b) >{m- \)f{a) => f{b) > f{a). 

Tudng t ir, c h o x „ ^ a v a Xm+i b, t a t h u diTdc: 

/ ( a ) > - ^ ( - ) - ^ ( - - - ) / W ^ ; ( . ) > ^ ( , ) . 

(1) 

(2) 

Tir (1) va (2) suy ra f{a) = /(6). Vay / la ham hang. Thi i l?ii thay thoa man. 
Lif t i y. Neu ham so / : £ > - » R thoa man: vdi a, b £ D hit ki sao cho a < b, 
ta luon CO /(a) = /(6) thi / la ham hang tren D. 

Bai to^n 6.57. Tim tat cd cdc ham so lien tuc f : R -* R thoa man: vdi 
moi so thuc a, b sao cho a < b, luon ton tai c G (a; b) sao cho: 

/ ( r ) > m a x { / ( a ) , / ( f c ) } . ^ , ^, , 

Giai . Lay hai so a < t tiiy y. Do ham so / lien tuc tren [a; b] nen ton tai gia 
tri Idn nhat tren d o ^ nay. Dat: M = max/(x), A = {x e [a; b]\f{x) = M} . 

[a;6] 
Vi /17^ 0 va bj chan nen ton tai a = mi A, 0 = sup A. Theo dinh If 8 (d trang 
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260), ton t^d day so ixn)n=i trong [a; b] sao cho J^^a^n = sup A = a, vk ton 

tai day so iyn)n^i trong [a; b] sao cho Vim^ yn = inf ^ = /3. Vi ham / hen tyc 

nen ta c6: / \ 
f{a)=f( \im Xn)= hm /{ i„ ) = hm M = M I ^ M 

/(/?) = / f hm y n ) = hm / ( y „ ) = hm M = M . 

V?Ly fia) = m = M. (*) 

• Neu n > a thi theo gia thiet, ton t^i c € (a, a) sao cho: 

/(c) > max {/(a), / (a )} /(c) > /(a) ^ /(c) > M =^ /(c) = M. 

Nhu vay c < a va /(c) = M, dieu nay mau thuan vdi each chpn a, do 
do a = a. 

"̂ •̂  • Neu /3 <b thi theo gia thiet, ton d e (/?, b) sao cho: 

f{d) > max {/(6), /( /?)} ^ fid) > m f{d) >M^ f{d) = M. 

Nhu vay d > /3 va f{d) = M, dieu nay mau thuan vdi each chgn /?, do 
do /? = 6. 

Tom lai, (+) trd thanh: /(a) = f{b). Vay / la ham hang tren R. Thut lai thay 
thoa man. 
Lvtu y. Lien quan den khai niSm Can tren dung va Can dvtdi dung, ban doc 
hay xem lai muc 2.6.1 (d trang 259). 

6.2.7 Mot s6 phvTcfng phap khac va toan t6ng hdp 

Bai toan 6.58 (Canada National Olympiad 2007). Gid sii ham so f xdc 
dinh tren R, nhdn gid tri trong R vd thoa man 

f{xy) + f{y-x)>f{y + x),\/x,yeR. (1) 

a) Hay chi ra mot da thitc khac da thtCc hang vd thoa man ode dieu ki$n tren. 
b) Chiing minh fang f{x) > 0, Vx € R. 

Giai. 
a) Xet da thuTc f{x) =x^ +4, Vx € R. Vdi mgi x va y thuQC R ta c6 

, {\l = fixy) + f{y - x) - f{y + x) = {x^y^ + 4) + (y - x)^ - {y + xf 
= x^y^ - 4xy + 4 = (xy - 2f > 0. 
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Vay fixy) + fiy - x) > / ( y + x), Vx, y e R hay da thiic / (x ) = x^ + 4 thoa 
man cac dieu kien da cho. 
h) Trong (1) thay y bdi ta dudc ,1 

x - 1 • -.H. 

^ ( x - ^ ) + ^ ( ^ - ) s / ( ^ + « ) . V x ^ l 

^ / 

<^f 

Ham so ^(x) -

- f _ _ 
X - 1 

-x^ + 2x 
X - 1 

-x^ + 2x 
x - 1 

+ / f -x^ + 2x 
x - 1 

/ x^ 
X - 1 , Vx V 

> 0, Vx 7̂  1. % 
(2) 

Vx 7̂  1 CO tap gia tri la R vi vdi mpi a G R thi 
—x*̂  + 2x 

phUdng trinh ^ _̂  = a luon c6 nghî m x ^ 1. That vay, ta 0 6 ^ 'MO 

-x2 + 2x 
= a (vdi X 7̂  1) .1 : x - 1 

O - x̂  + 2x = ax - a (vdi x ^ 1) 
^x'^ + (o - 2)x - a = 0 (vdi X 7̂  1). 

(3) 

Ma A = (a - 2)^ +^4a = + 4 > 0 va x = 1 khong phai la nghiem cua (3) 

nen phudng trinh - ^ - ^ = a luon c6 nghiem x ^ 1, .Do do 
X - 1 

(2) / (x ) > 0, Vx G R. 

Ta c6 dieu phai chiing minh. 

Bai toan 6.59. Cho ham so / : N* N thoa man / ( I ) = Ovd '-^ * 

/ (n ) = m a x { / ( j ) + / ( n - i ) + j } , V n > 2. 

C/jTiTiif " ^ " i ^ rfin^ fin) > ~ Vn > 2. 
2 

Giai. Tit gia thiet, ta c6 

fin) = max {/(A;) + / ( n - A:) + Ar} , Vn > 2 

^ / ( n ) > fin - 1) + / ( I ) + n - 1, Vn > 2 (do % it = n - l ) 

= > / ( " ) > / ( n - 1) + n - 1, Vn > 2. 

S'r dung (*) lien tiep, ta diroc 

^, ^ ' • ' / ( 2 ) > / ( l ) + l 

(*) -> 



/(3) >/(2 ) + 2 
/(4) > /(3) + 3 

/ ( n ) > / ( n - l ) + n - l . 

Cong lai , ta diMc 1 \ 

/ ( n ) > l + 2 + 3 + - ; - + ( n - l ) = ^ ^ ^ J ^ , V n > 2 . 

' • V -J / • • 
Ta C O dieu phai chiing minh. \

B a i toan 6.60. Tim tat cd cdc ham so / : M ^ R thoa man 
f{xy) = mBx{f{x + y),f{x).f{y)}, Vx, y e R. (1) 

G i a i . Tiit (1) lay x = 0 ta dildc , j . 

/(0) = max{/(y) ,/(0) ./(y)} , V y e R . (2) 

T i t (2) lay y = 0 ta ditdc /(O) > f{0) <^ 0 < /(O) < 1. Gia sii 3y e R sac 
cho f{y) < 0. K h i do /(y) < /(0)./(y), do do ket hdp vdi (2) suy ra 

/(0) = / ( 0 ) / ( y ) ^ / ( 0 ) [ / ( y ) - l ] = 0 ^ / ( 0 ) = 0. 

Vay (2) t r d thanh 0 = max{/(y) , 0}, Vy e R, suy ra /(y) < 0, Vy € R. 
• N h u vay neu 3y e R : /(y) < 0 th i f{x) < 0, Vx 6 R. Do do theo (1) suy ra 

/(x) = ma^{/(x + 1), / ( x ) . / ( l ) } = /(x ) ./ ( l ) > 0, Vx S R. 

Do do /(x) = 0 = / ( 0 ) , V x e R . 
Con ngu /(y) > 0, Vy e R t h i /(y) > /(0)/(y), Vy € R. Do do (2) t r d thanh 

/(2/) = / ( 0 ) , V y € R . 

V^y /(x) = c, Vx e R (c la h t o g so). Thay vao (1) ta dildc 

' i c = max {c, c^} c e [0; 1]. 

Ham so thoa man yeu can de bai la /(x) = c, Vx e R (c G [0; 1] la hling so). 

B a i toan 6,61 (Morocco National Olympiad 2011, day 1). Tim tat cd cdc 
ham so / : R -» R, thoa man 

' W " • " ' : /(x) = max{2xy - / ( y ) } , Vx G R. (1) 
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G i a i . Tiit (1), t a c6 / ( x ) > 2xy - / ( y ) , Vx, y G R. , (2) 
T i t (2), lay y = X ta d U d c /(x) > x^, Vx G R. ^ ' • (3) 
Tt t (3), suy ra 

2xy - / ( y ) < 2xy - y^ = x^ - (x - yf, Vx, y G R. (4) 

M a {2xy - y ^ } = max {x^ - {x - yf} = x^ nen tCf (4), s u y ra 

2xy - f{y) < max {2xy - / ( y ) } = x^, Vx G R. (5) 

T t t (5), suy ra x^ > max {2xy - / ( y ) } , Vx G R. T i t day SIJT dung (1), ta dudc 

x2 > / ( x ) , Vx G R. (6) 

T i f (3) v a (6) suy ra /(x) = x\x G R. ' (7) 
T h i i l a i : v d i ham so xac dinh b d i (7), t h i v d i moi x G R, ta c6 v 

m ^ {2xy - / ( y ) } = max {2xy - y ^ } = max {x^ - {x - yf} = x^. 

Vay ham so xar. d inh bdi (7) thoa man cac yeu cau de bai. 
Lrfu y. Tvr Idi giai bai toan 6.61, ta thay rSng : neu c6 mot bat d i n g thi'rc 
cho cap S O X , y , c h l n g han nhu x^ > 2xy - y^, t h i trt dieu kien 

fix) > max {2xy - / ( y ) } , Vx G R 

t a c d ngay ham so can t i m la /(x) = x^, Vx G R. Chang han nhif v d i bat 
d i n g thiic 

x^ > x^y + x y 2 - y3 , Vx, y G [0; + 0 0 ) 

t h i t ^ dieu kien •> w , ' : : ) \ 

ta t h u d u d c bai toan sau. 

B a i toan 6.62. Tim tat cd cdc ham s6 f : [0; + 0 0 ) -> [0; + 0 0 ) , thoa man 

fix) = max {x^y + x y 2 - / ( y ) } , Vx G [0; + 0 0 ) . ii^.ji i (1) 
J/€[U;+oo) 

G i a i . T i t (1), ta c6 /(x) > x 2 y + xy^ - fiy), Vx, y G [0; + 0 0 ) . . • (2) 
T i f (2), lay y = X ta d U d c /(x) > x\x G [0; + 0 0 ) . fS) 
Tiit (3), suy r a ' ^ " < ^ -

x ^ y + x y 2 - / ( y ) < x^y + V _ ^3 
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= + x'^y + xy^ - {x^ + y^) (J ! i r i . j r , 

= x^ + xy{x + y)-{x + yf + 3xy{x + y) -
= + 4xy{x + y)-{x + yf 

- -S'^^U = x 3 + (x + y ) [ 4 x y - ( x + y )2] 
= x 3 - ( x + y ) ( x - y ) 2 < x ^ V x , y 6 [ 0 ; + o o ) . (4) 

Ma 

max { x 2 y 4 - x y 2 - y 3 } = max { x ^ - (x + y)(x - y )^} = x^, Vx > 0 
ye[0;+oo) ^ y6[0;+oo) 

nen t i i (4), suy ra 

x^y + xy2 - / ( y ) < max { x ^ y + xy^ - y^} = x ^ Vx € [0; +oo) . (5) 
ye [0;+oo) 

Ti t (5), suy ra max { x ^ y + xy^ - y^} < x^, Vx 6 [0;+oo). Tiit day silf dung 
ye[0;+oo) 

(1), ta dUdc 
/ ( x ) < x 3 , V x 6 [0;+oo). (6) 

Ti t (3) va (6) suy ra / ( i ) = x^, Vx G [0; +oo). (7) 
T h i i lai : vdi ham so xac dinh bdi (7), t h i vdi moi x > 0, ta c6 

max ( x ^ y + xy^ - ?y }̂ = max (x^ - (x + y)(x - y)^} = x ' . 
!/e[0;+c5o) • ye[0;+oo) 

Vay ham so xac dinh bdi (7) thoa man cac you ckn d6 bai. 

B a i t o a n 6.63 (Olympic Toan Sinh vien Toan quoc 2013). Cho a> P >0. 
Hay tim cdc ham so f : (0; +oo) R, thoa man dieu kien 

' • / ( x ) = m a x { x V - / ( 2 / ) : i / > ^ } , V x e ( 0 ; + o o ) . (1) 

G i a i . Tfr (1) suy ra / ( x ) > x"y^ - / ( y ) , Vx € (0; +oo), Vy > x. Tit day lay 
y = X , ta dUdc / ( x ) > x^x'^ - / ( x ) , Vx 6 (0; +oo), hay 

/ ( . T ) > ^ x " + ^ V x e ( 0 ; + o o ) . (2) 

Do (2) nen vdi y > x > 0, ta c6 

(s) x V - / ( y ) < x V - ^ - (3) 

Vdi y > X > 0 va a > /3 > 0, ta co su tudng ditdng sau : 

.,a+0 _a+/3 
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2 ' 2 

Vdi y > X > 0 v a a > / ? > 0, t a CO 

^ ) - ( ! ) ° (̂ ) 

Do do (5) dung, hay (4) dung, do do k i t hdp vdi (3), ta dUdc 

- f{y) < — , Vx G (0; +oo), Vy > x 

=> max { x " y ^ - / ( y ) : y > x } < Vx G (0; +oo) 

= J > / ( x ) < ^ , V x G ( 0 ; + o o ) . 

T i t (6) va (2), suy ra / ( x ) = , Vx G (0; +oo). 

T h i i lai : vdi ham so / xac dinh bdi (7), t h i vdi moi x > 0, ta co > ^ 

max {x"y^ - / ( y ) : y > x } = max | x " y ^ - : y > x | . "^'^ 

(6) 

(7) 

Ta se chiJng minh 

m a x / x - , / ^ " ^ ^ ^ 1 ^"^^ 

max | x y - : y > ^ j ̂  ___ ^ ^p. (8) 

Do (4) nen 

max 
( x V - ^ : y , x } , f ; ! , V x G ( 0 ; . o c ) : (9) 

Mat khax:, vdi y = x thi x"ŷ  _ C ! ! ^ 
2 2 ' 

< max ^ V - ~ ^ : y > x L V x G ( 0 ; + o o ) . (10) 

2 " - dinh bdi (7) thda man 

B a i t o d n 6.64 (Bulgaria 2007). Tzm tdt cd cdc ham s6 f : R R thoa 
man: /(Q) < Q f{x + y)<x + f ( / ( x ) ) , Vx, y G 1 . (1) 

619 



G i a i . Trong (1) thay x hdi 0 vk y hdi f{x), ta dudc: 

/ ( / ( x ) ) < / { / ( 0 ) ) , V x 6 R . (2) 

TCr (1) va (2) suy ra: / ( x + y) < x + f ( / (O)) , Vx, j / € R. '''' "'(3) 
Trong (3), thay x hdi y - f (/(O)) va thay y b6i 1 + / (/(O)) - y, ta dilOc: 

/ ( I ) < 2/, Vy e (4) 

Do thay (4) khong dung, chang han khi chon y = / ( I ) - 3. V^y khong c6 
ham so nao thoa man yeu cau de bai. 

B a i t o a n 6.65 (Chon dOi tuycn Bulgaria 2007). Ttm tat cd a eR sao cho 
tSn tai mot ham so khac ham hdng / : (0; 1] R thoa man: ^ 

a + / ( x + y - x y ) + / ( x ) / ( y ) < / ( x ) + / ( y ) , V x , y G ( 0 ; l ] . (1) 

G i a i . Tir (1) clio x = y = 1, ta diWc: a + / ( I ) + [/(l)]^ < 2 / (1) . Suy ra 

(T) „ ^ f . n M 2 a < - [ / ( ! ) ] ' + / ( ! ) = - / ( I ) - 2 (2) 

• Vdi o < ta lay mpt ham so / : (0; 1] -> ^; min | ^ - a, l | bat k i , t h i 

ham so nay thoa man (1). Thay vay, khi do, voii moi x, y € (0; 1], t a c6: 

a + / ( x + y - xy) + / ( x ) / ( y ) - / ( x ) - / ( y ) 
=« + fix + y - xy) + [1 - fix)] [1 - / (y ) ] - 1 

l 2 

< 0 ^ / ( l ) = - . T i l ( l ) c h o y = l , • Xet a = - . T i t (2) suy ra: / ( I ) - -

ta dUdc: \ \ \f{x) < fix) + ^. Vx G (0; 1] hay / ( x ) > ^, Vx G (0; 1]. (3) 
Trong (1) cho x = y, ta durtc; 

mm mdi ; i ; 

( I ) ' 

i + / ( 2 x - x2) + [/(x)]2 < 2 / ( x ) , Vx G (0; 1] 

<^/(2x - x2) < -[fix)f + 2fix) - i , Vx G (0; 1] 

<^/(2x - x2) < -[fix) - \f + ^, Vx G (0; 1] 

= i . / ( 2 x - x 2 ) < ^ , V x G ( 0 ; 1]. (4) 
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Nliifng tap gia t r j ciia h a m so ^(x) = 2x - x^ tren (0; 1] la (0; 1] nen tCt (4) 
s u y r a : / ( x ) < § , V x G ( 0 ; l ] . •, , (5) 

1 3 V ^ ^ 

Tir (3) va (5), suy ra: - < / ( x ) < - , Vx G (0; 1]. (6) 2 - ' - A 

TCt (6) suy ra ton ta i t = sup { / ( x ) : x G (0; 1]} G 
1 3 
2 ' 4 

. NhUng khi do t h i : 

« = s u p { / ( 2 x - x 2 ) : x G ( 0 ; 1]} 

< sup | - [ / ( x ) ] 2 + 2 / (x ) - J : X G (0; 1 ] | = - t ^ + 2t -

Vay t < + 2i - i <t=i> <2 - t + i < 0 <=> (t-]r] < 0 <^ < = Suy 

ra: fix) = i , Vx G (0; 1]. De thay rang / ( x ) = ^ Vx G (0; 1] thoa man (1), 

nhimg dicu nay lai mau thuan vdi gia thiet / khac ham hang. 

Ket luan: a < -. , 

B a i t o a n 6.66. Tim tat cd cac ham so f -.R -
ditu kieii sau: 

thoa man dong thdi cac 

fix)fiy)<fixy),yx,yeR 
/(a;) + / ( y ) < / ( x + y) , V x , y € R . 

G i a i . Ta se chiing minh ham so / thoa man 

fix)fiy) = fixy),\fx,yeR, 
fix) + fiy) = fix + y),\^x,yeR, 

sau do suf dung bai toan 2.169 ci trang 218 de suy ra ket qua. De thay ham so 
fix) = 0, Vx G IR thoa man cac yeu cau de bai. Tiep theo ta chi xet / ( x ) ^ 0, 
tiic la ton tai a G R sao cho / (a ) 7^ 0. K i hieu P ( x , y ) , Q(x ,y ) Ian lugt la 
khaaig diuh: / ( x ) / ( y ) < / ( x y ) , Vx, y G R; fix) + / ( y ) < / ( x + y), Vx, y G R. 

f Pia\) => / ( a 2 ) / ( l ) < / ( a 2 ) / ( I ) < 1 . . _ 
, \(-a2,1) =^ / ( - a ^ ) / ( l ) < / ( - a ^ ) =^ / ( I ) > 1 "'^'^ " 

/ ( - 1 ) = - 1 . P ( - l , - l ) = > [ / ( - l ) ] 2 < l 
I Q ( - l , l ) ^ / ( ' - l ) + l < 0 

r -1 < / ( - ! ) < ! 1 / ( - ! ) < - ! 
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r P(x, -1) ^ -fix) < fi-x) r -f(x) < f(--x), qAf 1 Qix, -x) ^ fix) + fi~x) < 0 ^ 1 -fix) > fi-x) e : . , 
^ / ( - x ) = - / ( x ) , Vx e M. * ' • 

r P(x, -y) f(x)fi-y) < fi-xy) ( -f{x)f{y) <-fixy) (€; 

1 Fix, y) /(x)/(?y) < fi-xy) ^ I /(x)/{y) < fixy) 

^ { / f x i / f i l ! I f{7y] = Vx, y G M. (1) 

Q ( - x , - y ) / ( - x ) + / ( - y ) < / ( - X - y) 

=> - m - fiy) < -fix + y)=^ fix) + fiy) > fix + y), Vx, y G R. (2) 
T i l ( 2 ) v a g i a t h i e t s u y r a : / ( x ) + /(y) = / ( x + y ) , V x , 2 / G R . (3) 
Tiit (1) va (3), sii dung bai toan 2.169 d trang 218 ta duoc / ( x ) = x, Vx G R . 
T h i i lai thay thoa man. Vay cac ham so thoa man yeu cau de bai la: 

/ ( x ) = 0 , V X G R ; / ( X ) = X , V X G R . , 
B a i toan 6.67 (Olympic Toan Quoc te nam 2013). Ki hieu Q>o la tap hap 
cac so hiiu ti duang. Cho f : Q>o —>R la ham so thoa man ba diiu kien: 
i) Vdi moi x , y G Q>o, ta c6 fix)fiy) > /(xy). 
i t ) Vdi moi x,ye Q>o, ta co fix + y)> fix) + fiy). 
Hi) Ton tai so hiiu ti a > I sao cho /(a) = a. 
Chiing minh r&ng fix) = x, Vx G (Q>o-

G i a i . Trong (i), lay x = 1 va y = a, ta dUdc 

/(l )/(a) >/(a) ^ a/(l ) > a /(I ) > 1. 

TvJt (ii) suy ra vdi n G Z, n > 1, ta c6 / ( n x ) > n / ( x ) , Vx G Q>o, suy ra 

!C« / ( n ) > n/ ( l ) > n =>/(n) > n , Vn G N*. v v : (1) 

„ do(i) do { l ) 
Tac6/ ( g ) / ( - ) > fip) > p (p,qrG N*). Tvtday suy ra 

Q 

,M:H> / ( x ) > 0, Vx G Q>o. (2) 

T i i (2) va (ii) suy ra / la ham tang nghiem ngat tren Q>o. Vdi q la so hiiu 
ti, g > 1, ta CO fiq) > fi[q]) > [q] >q-l. 
• Chiing minh: fiq) > q, vdi q la so hi iu t i Idn hdn 1. Gia suf ton ta i g G Q, 
g > 1 sao cho fiq) < q, kh i do fiq) = g - £, vdi 0 < £ < 1. Ta c6 

<'U .- I ** 1. 'ty 

V,;: ^ (9-£)" = /(<?)"'>'V(9")> 9 " - 1 . 

Do d6 ('^—^^ > 1 - 4r> Vn = 1,2,... Tiif day cho n +oo, ta ditdc 0 > 1-
\ J Q 

v6 li. V$.y vdi mgi q la so hQu ti Idn hdn 1, ta c6 fiq) > q. 
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• Chiing minh: fiq) = q, vdi q la so hiTu t i , ly > 1, Chpn so iiguyen dirong n 
di i idn sao cho a"' — q > 1. Kh i do 

a" = / ( « ) " > /(a") = /(a" " 9 + <?) > /(a" - g) + fiq) > a" - g + q = a". 

(3) Suy ra fiq) = q, vdi q la so hiiu t i , q > 1. 

• Gia sii q G Q>o va g < 1. Kh i do - > 1. Ta c6 = f 
(I 

/ ( <? ) / ( J ) > /(I ) ^ fiq)l > /(I ) ^ / ( ? ) - > 1 ^ /(<7) > <?. 

Vay fiq) > q. Vq G Q>(). Gia sii ton tai so hi iu t i q G (0; i j sao cho fiq) > q. 
Kh i do 

d o (ii) 
finq) > nfiq)>nq,Vn = 2,3,... (4) 

Chon n G N*, dii Idn sao cho nq > 1, khi do tix (4) ta c6 finq) > nq, dieu 
nay mau thuan vdi (3). Vciy, vdi moi so hi iu t i G (0; 1), ta c6 fiq) — q. (5) 
T i t (3) va (5) suy ra fix) — x, Vx G Q>o, dieu phai chiing minh. 

B a i toan 6.68. Cho ham s6 f : Q 
kien: 

• / ( x y ) - / ( x ) / ( y ) , V x , y G Q . 

• fix) < 1 => /(x + 1) < 1, Vx G 

. / r ^ U 2 . 
^2002/ 

/2004 \ 
Tim cac qid tri co the co cua f 

^ \2003 

G i a i . Gia sii ham so / thoa man cac yeu cau do bai. T i t (1) cho x = y = 0 

[0; +oo) thoa man dong thdi cac dieu 

(1) 

(2) 

(3) 

ta dildc: /(O) = [fiQ)f <^ /(oj = 1 Neu /(O) = 1 t in cho y = 0 vao (1) ta 

dUdc: /(O) = / ( x ) / ( 0 ) , Vx G Q hay / ( x ) =̂  1, Vx G Q, dieu nay mau thuan 
vdi (3). Vay /(O) = 0. Bay gid gia sii cd x G Q, x 7̂  0 ma / ( x ) = 0. Kh i do 
vdi moi y G Q, ta cd: ' 

fiy) = f (l-x) = f (^) fix) = 0 (trai vdi (3)) . * * ' " 

Vay vdi moi x G Q, x ^ 0 th i / ( x ) > 0. T i t do bang each cho x = y = 1 vao 
(1) ta ditdc /( I ) = 1, cho x = y = - 1 vao (1) ta ditcic / ( - I ) = 1. Ta co / la 
ham chan v i : 

fi-x) = / ( -1 . x ) - / ( - l ) / ( x ) = fix), Vx G Q. 
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Til (2) suy ra rftng v6i nioi x G N , ta d^n co: / ( x ) < 1. M a / la ham c h i n 
nen / ( i ) < 1, Va- e Z . Bay gicJ gia sii 0 < fix) < / ( y ) . Ta c6: 

( ^ ^ ) < 1 ^ < 1 ^ + < fiy). . , 

Vay, vdi mpi . T , y e Q, ta dcu c 6 : / ( x + y) < max { / (x ) , / ( ? ; ) } . (4) 

K i hieu T la tap help cac so nguyen to. Ta da c6: / ( p ) < 1, Vp e T. Neu 
/ ( p ) = 1, Vp e T t h i dung (1) ta se c6 / ( x ) = 1, Vx e Q\{0} . That v^y, c6 
the xem x = vdi n, rn e N * (do / la ham chftn), kh i do phan tich m , n ra 
thifa s5 nguyen t6 va siif dung (1) se c6 / ( x ) = 1, mau t h u i n vdi (3). Vay ton 
tai so nguyen to p sao cho / (p ) < 1. Lay tuy y € 7\{p}, kh i do: 

(p, = 1 => 3m, n e Z : mp + ng = 1. 

Sii dung (4) ta dUdc: 

1 = / ( I ) = f{inp + 7iq) < max { / ( m p ) , / (nq) } < 1 u -
=>1 = niax{/(7r(p),/(n<?)} . 

do / (p)<l 

Nhung / ( r7 (p) = f{m)f{p) < f{m) < 1 ̂  f{mp) < 1 nen: 

• f(nq) = 1 / ( n ) / { f / ) = 1 =^ / (« ) = / ( " ) = ^ (^o / ( ^ ) < 1, Vx € Z ) . 

Tom lai, vdi moi so nguyen to q # p ta deu c6 /(</) = 1. Bay gid tir (1) va (3) 

ta C O . 2 - ; 1^2002 j / ( 2 ) / ( 7 ) / ( l l ) / ( 1 3 ) 

gia t r i / ( 2 ) , / ( 7 ) , / ( l l ) , / ( 1 3 ) la bang \ Do do / (3) = /(167) = /(2003) = 1. 

Tir do: 
/200-l\ [/(2)lV(3)/(167) ^ f 1 "en p e {7,11,13} 

V 20037 /(2003) [ ^ neup = 2. 
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